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Abstract
In this paper, for viscous incompressible Navier-Siokes equations with periodic
boundary conditions, we prove the existence and uniqueness of the solution
corresponding 1o its Fourier nonlinear Galerkin approximation. At the same time, we

give its error estimates.
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I. Introduction

Despite the considerable increase in the available computing power during ‘the last years.
the integration of Navier-Stokes equation (NSE) on large intervals of time. especially when
Reynolds number is large and flow tends to turbulence. still remains a difficult problem whose
solution is not at hand. Nonlinear Galerkin method (NGM) is numerical schemes for
dissipative PDEs based on Approximate Inertial Manifolds (AIMs)!, where its spatial
discretization relies on a nonlinear manifold. Using this method. we can get higher accuracy
under the same computational scale as that of classical Galerkin methods. thus it makes the
study of long time behavior of the solution and the direct simulation of turbulence possible.

For nonslip boundary conditions, [2], (3} discuss NGMs in finite element and spectral
cases. But they only give the existence of the approximate solutions, and their approximate
forms are unsuitable for implementation. On the other hand. its error estimates are based on
the comparison of NG solution and classical Galerkin one, this could not completely indicate
the advantages of this method.

In this paper, for periodic boundary conditions, we give an easy implemented approximate
form. Firstly, we prove its well-posedness, then directly give its error estimate between NG
solution and true solution.

Setting 2= (—a,x)*, the NSE, in velocity-pressure formulation. reads

S —vhuta-Y)utvo=f  (on RXQ)

V-u=0 (on RxQ) - (1.1)
periodic boundary conditions

u(x,0)=a(x) (on Q)
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Here u and p stand for velocity and pre;sure._v>0 is kinetic viscosity, a the initial velocity field
and f the volume force. Without loss of generality, we can assumeiv~a=0, Sad(x)dx=0
and Snf(x,t)dx=0 (See [4)).
| We will work with Sobolev Spaces of periodic functions identifyi;lg ..Q, VmEs
H () ={p1¢= T crexplik-x], av=is, 314I*Ias|*<+eo}

¥4 K2t
H*(Q)={$:¢€EH™(Q), c,=0}

For any a€R, we define H“(£) by duality and interpolation as usual. We will use
same notations for scalar and vector valued functions. Also, we introduce

H={¢€EH"(Q), divgp==0, in weak sense }
V={¢€H'(Q), diveg=0}, A=HNH'(Q), V=V Hl(.o)
Hereafter, we always use (.,.) and ((-,+))==(V-,V-) to denote the inner products of L’

and H§(S2). For any a€R, |-|, stands for standard H-norm, especially, |-| for that
of L*-norm: And denote lM=supI¢(t)I

Define projection operator Pt H°(Q2)>H ,

Pi= 5 (I-250)hexplib-x1+f, Vi= X froxplif-x]EHY Q)
k(Z' hwno k22

And note that P commutes with derivations. At the same time, we still need to define the
Stokes operator A: VY ¢€ED(A)={¢€EH, A¢€H b A¢-—~—A¢ A can be extended as a
positive defined and selfadjoint operator on H. Thus we can-define the powers of A, A
Indeed, D(A®)={¢€H**(Q),div$==0} is a closed subspace of H*(Q). and | A4°-
is a kind of equivalent norms. of it. It is well- -known that —vA4 can geénerate an analytic
semigroup on H, denoted by {exp[ —vAt]}s,,. and there exist constants ¢, 8>>0 such that

jA%exp[ —vAt]]<cvt"exp[ — 2vét) (>0, a>0) (1.2)
where é depends only on 4. From now on, we use ¢ to represent a generic constant which has
different meanings at different places.

Now, by projecting (1.1) onto H, we find u satisfying
du
7;—+vAu+B(u,u)=Pf

u(0)=a

(1.3)

' and p satisfying Ap=v.-f—v-(4-V)u, where B(u,u)=P(u-y)u.
In following analysis, we need some properties of b(u; v, w) =S°(u~v)v;wdx HL1s
b(us vy, w)=—b(uy w, v) (VsEV, v, w€V)

b(us u, Au)=0 (Vu€D(A4)) (1.4)
b(ws 8, Au)+b(us w, Azk) +b(uy v, Aw)=0 (Yu, w€D(A))
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3 3
and for  si=mytai, m=[s]1(i=1,2,3),if I s>10r Y si=1 buts, 5, 5 %1,

f=l i=l

16(uy vy, w)l<Lclulsolsits fwis, } ( .
. - - e 1.5)
16y v, w) |<clulz T ulzy lol Eloln, ol wlis® Jwip
In addition, for the sake of convenience. we give the weak form of (1.3) here
(50,0) +v((8,0)) +b{u3u,0)=(Pf,$) (V$EV)
(1.6)

u(x,0) =0 (x) " (V%€Q)
II. Fourier NG Approximation and Its Well-Posedness
For n, NE#, ng N, we introduce some finite dimensional subspaces

8N={¢:¢= _NsEkzsN P [ik.x]}

Fy=SyXSyx, Vy=VNFy, V=V Fy

Let Py express the orthogonal projection operator from L*(Q2)* onto Fy, and denote Qy=/—
P.. Now we state some basic properties of them

IPapla<cN= 2181, 1Qudla<cN* ") o<y m, SEH™(Q) (2.1)
Because of n« IV, we can decompose Vy as
VN=Vu@V;v, where VQ=P.VN, VI-V= (IN"Pn)VN=QNaVN (2.2)

Fourier NGM aims‘to search finite dimensional approximation of (1.7) in the form of

sy=v"+uwp, v*€V,, wicV}

governed by
(©3:0) +v((v*,¢)) +b(v*+uwhy v*+wh,0)=(Pf,6) (VEV,)
v((wh, X)) +b(v* v*, X)=Pf,9) (VXEVE) ) (2.3)
o"(x,0)=PL08(x) (v x€8Q)

Using semigroup {eXp[ —vAt]}s,q, we have for the abstract form of (2.3)

s
v"(t) =exp{—vAt1P,a— Soexp[ ~vA(t—s5)1Pu{B(v*+wh,v*+w}) —-Pf}d-s}
(2.4)
wy(t) =v-'A"'Qua{Pf—~B(v*,v")}

Remark 2.1 If N>2n, it is easy to verify B(v*, v")V, . SO w*y=n+&, here
7€V 10 E=9"14-1Q, PfeVc,, and V<, is the complement of V. in V. Thus, no matter what
value N takes, including Nw 400, (2.3) and (2.4) are always finite dimensional systems. Its
computational complexity is dominated by n, especially for autonomous systems.

In the rest we denote by u=v+w the solution of (2.3), and x==y+2 the solution of
(1.6), where  y=P.x, 2z=Q,x.Now we state a useful inequality® as

Lemma 2.1 Suppose T, x and B be positive constants, - 0<C8< 1. Then for continuous

function f:[0,7 ][0, 4 oo) satisfying
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f<at+Bl (1-9)f ()ds  (OI<T)

we have
f()<caexp{cf“t-Ot}  (0<iLT)

where ¢ depends only on 0. Especially, if a=0, we have f{1)=0.

Theorem 2.1 Assume 6€D(A'*), f€C([0,00), H) and |f})<<C, where
C,>0 is a constant. Then there exists some n,€¢", when #<<n& N +o0, (2.3) has a
unique solutiong=yv-w, and there is a constant Co>0 independent of ¢, n, N and u such that
42l <C, .

Proof Obviously, the second equation of (2.3) can define a mapping

D€V ,>w=P(v)EV} (2.5)

In fact, the graph of @ is a sort of AIMs of Galerkin form. We. will use Schauder’s fixed point
theory to demonstrate the existence of the solution of (2.3). First of all, we must .introduce a
bounded closed convex subset as usual

K={¢€C([0,00),V4), I4*¢h<P}=C([0,90),V4) (2.6)

Here p>0 is a certain constant. Now consider the map ¥, K—->C({0,00), V) defined by

Given A€K, find (v,w)€C([0,90), V) XC([0,90), V§) such that

(03,8) +9((0,8)) +b(v+wy v+w,8)=(Pf,) (VEP.) -
»((w,%)) +b(45 A,X)=(Pf,%) | (VXEVR) h
v(x’o) =P,.a(x) (VxEQ)

From the second equation of (2.7) and j4'*j<<P, we know
JA S w) <y~ n= 14 (0= 2C - P?) (V120) (2.8)
Taking ¢==Av in the first equation of (2.7) and noticing (1.4)—(1.5) énd (2.8), we can get
—;- —d%—-ﬂA“’le’+vﬂAuH2= (Pf,Av) —b(wy w,Av)—b(vs w,Av)~b(ws v,Av)
<C,HAvl+cn"ﬂA‘“wI‘IAvI+én'“’|A"‘w|ﬂAv|"
] gv"C}+~}IAvllz-l-cn"v“IA’“wI‘-!-cn“”IA"‘wMAvﬂ"

<IChH | vl on™t 8 (Cy+PY) o on~ ¥4y~ (Cy o+ 0Y) | Ao

If we take n,=cv~43(C,+P*)+ (more precisely, no can be estimated to m>cv=(2*" for
any &> 0 small enough), when n=n, it yields

LA by Aoy I Ch ot (WE0)

Noticing v Ao|*>Aicv] 4% |2Qu,| A**v]* , in which A,>>0 is a constant, the above
expression can turn to be a differential inequality about |.A4'/*v|*. Then integrate it on [0, 7].
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denoting |A'%a|*+2v"*Cy+cv* by M}, we have ,
| |4 %) I<M,  (Vi>0) (2.9)

Obviously, if we take P<M,, ¥ is a mapping from. X into K. On the other hand, because of
(2.8) and (2.9), we have .

"[A“‘(v-l-w)m<c‘v°cy(C1+M3)°2+M°+C”éc° : ¢2.10)

Since V. is finite dimensional and V.cC®(8)%. It iseasy to verify that C*([0,90),V,)
compactly embeds in C ({0,00), V). Thus ¥ also is completely continuous. By Schauder's
fixed point theory, we know that ¥ has a fixed point in K, that is, there is at least a solution
of 23)in K.

Let (vi,w1), '(v;,u),) are™ a couple of solutions of (2.3) and denote uv=uv,—uv,,
w=w, —w, . From (2.4), we know

v(i)=~— S:exp[ ~vA(t—5)1Pa{B(v+w,vi+w) +B(vitwy,vtw)}ds
By the proﬁertics (1.2) and (1.5) and using'the second equation of (2.4), finally we get
f9(t) |<C1§: (t=5)*exp[ — 2v8(t—5) 110 (s) |d's (2.11)

where C, is a constant depending only on M,, C,, & andv. Set g(t)=e€*"%|v(t)]. we
have

0(')<C18:(t—8)'°"g(s)ds (2.12)

Now by using Lemma 2.1, we can immediately get g()=0. Of cause, fo(#)|=0 for 120. -
Noticing (2.5) 'flgain, we can claim that (vy,w;)=(vy,w,). that is, (2.3) has a unique solution
under the sense of L*. '

III. Error Estimates

First of all, we give some priori estimates
Lemma 3.1 Assume a€D(A4). If
~ 1} f=0, there exists a constant k,(a), such that

1 Ax(t) |k (8) ]| Aajexp{ —2v14t] (t=0) (3.1)
i) fEC([0, +oo), H'(R)), there exists a constant L(!) such that
14x(H)I<L(t)  (£>0) (3.2)

Thanks to [6] and [7], we can get following estimates immediately.
Lemma 3.2 Suppose a€D(A). If
i) f=0, there is a¢onstant k(@) such that

§ AV x (1) I<<ki(a)expl —wit] (t>1) (3.3)

ii) fEC'([0,+0o0), H'(R)), there is a constant depending on ¢, which we still denote
by L(1), such that

1A (ISL(E)  (t>1) T (3.4)
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In the rest, we always denote o=min{1/4, 6}. We first consider the error estimate of
homogenous equations

Theorem 3.1 Assume that a€D(.4), f=0. Then there is some n,€.# such that for
any ee(0, 1), when n>n,, there exists a constant C,>0 related on ¢ such that

142 (v —y) () IKCn* ' (n*+ N~ )exp[ — owit] (i=1) (3.5)
Proof Taking ¢=Av, X=Aw in (2.3) and adding them up, by using (1.4), we have
LG A v Ao ) [P=b(oy w, Aw)+b(w; v, Aw)=—b(wy w, Av)

(3.6)
From Theorem 2.1, we know for some mE.#", when n>>n;, we have |4} {v+uw)|<<C,.
Thus by using (1.5) and Agmon’s inequality, we have
[o(ws w, Av)|<clw|]A ?wjldv]'*]| A 0] *<<cCon! | A(v+w) |*

If we take n,>max{n, c» !C;'}, when n>n, . we obtain

LA A0 (120) (3.7)
Therefore

| Aok | 4 alexpl —20mt]  (£0)

(3.8
| A *w)<Sc] A *allexp[ — 4ovit] (t=0) )
Now we set up to deal with the error estimates. Firstly, we give some symbols
e=xX—1t, €, =Y—0, €u=2—W
Obviously, e=e,+es. On the other hand, notice that €y has following decomposition
¢w=PNew+QNew=PNew+QNZ » ‘ (3.9)

Then we have for VXEV}{,,
»((Pyews X))=—(20,X) —b(ess Y, X)—b(vy €., X) —=b(ys 2, X)—b(z; x,X)

Now by using Lemmas 3.1, 3.2 and estimate (3.8), we have following estimates for above terms
| (20, X) |<D2dj¥ | <kin~*exp[ —20v1t] | 42X ]

Clblews gy, X) I<cl A el A Yl A4 XY
<koJ Aajn—'"2exp[ — 20w, ]| A%, A2 X
16(us e,y X) |l A ol A e, AV4X |
LcljAa|n~'*exp[ —20vit] | A" 2e,)jj A2 X
1b(ys 2z, X)|<clAyll4' 2lllx )<<k}l da|’n-*exp[—20vt]1f 4" X
|b(zy %, X) lsdlA“‘Zil'lAMfll!Xﬂ<k3 | Aa|*n-5*exp( —20vt] | A" X}
Thus
[AY*Pyeo | <M n~texp[ —20vit] +Mn~"expl — 20mt] | A %e, |

where Mi=c(ki+43] da)?), M,=(k}|Aa]+1)|Aaj. Therefore
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A eu | <M, (n‘2+N“)eXp[ —20vit]+Mn-'2exp[ — 20vt] [ A %e,| (3.10)
Moreover, by using the formal solutions of ¥ and v, we obtain
] All!e’= —SiA“zexP[ —vA(t—-s)]P,.{B(e. ,y) +B(v,e,) +B(€,,Z) +B(U, ew)
+B(z,e,) +B(€w,v) +B(€wyz2)+B(2,ey)}ds

¢ 3
=-—-S A""’exp[-—vA(f—s)]{Z I,}ds
1 . =
Using (1.2), we can get
N ¢ 8
Au‘e,ﬂ<€8] (t—s)ua-lexp[—20v1(t—,s)]{2 "I‘" }ds (3.1 1)
: i=1

In the following, we give the estimates of | L

Hil=]A4*2~"PoB(e0,y) IS | Ayl A" *es | << holl Aatexpl — 201 (1) 1] 4 e, |
Hal=[1A4"2"""P.B(v,e,) |} 4" vl A' %, |<| Aa)exp[ — 20v1 (1) 1] 4 2, |
sl =14"""PB(e,,2) || Azl 4" e, | kol Al exD[ — 20w, () 1] A! e, |
=41 "PB(v,e0) I<n'1 A vjjen || Aalnt-texp[ — 2071 (1) 1] A ew |
BI el =1A4*2"12P,B(2,e,) || A2l| A" e, | <k, | Aaexp[ — 20v: (t) 1| A %e,| -
Mol =1A"*"12P B(ew,v) I<n*| 4" *vljlew | < | Aa)n*-'exp[ — 20v, (1) ] | 4 *ew |
Hf=1A"""*PuB(ew,2) | <n*| A *2flew | < ko | Ao n*~'exp[ — 20 (1) ]| A %ew |
[yl =143"12P,B(w,e.) I<n*| 4" *wllew |< | Aa|n* - exp[ — 207, (1) 114"y
Together with (3.10), we know that

A .
o Hd<Mexp[ —20vis1| 4 e, | + Miexp{ —donisIn* ™' (n*+N"Y)  (3.12)

f=1

Here M =(ky+1)(Ms+1)|Aa), M.=(ky+1)M,|Aa}. Combine (3.12) and (3.11), it
holds.

14" %,] <Mss: (t—5)*3Yexp [ —20m (t—5) ]| A€, ds
N ¢
+Me -t (n 24N s (t—s)**"lexp[—20vislds (3.13)
!
“Set g(t)=exp[20ovt]]| A" ,j, then we can rewrite (3.13) as

gitHHM, S: (t—s)**'g(s)ds+Man*~'(n"*+N') S‘ {t—s)*-lexp[ —20vs]ds (3,14)
d 0 i

. . ¢ _ 3 1 g, .
It is easy to verify So (t—s)**-lexp[ —20vs] ds<?+27v1é—M—4' Due to Lemma 2.1.
we get
| A% <Ot~  (n=2 4 N Yexp{Mi —20m}t  (1>1) (3.15)

Here we obtained the above inequality for r>1. If we carry out the above procedure for
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t>t,>1. thanks to the definition of M, and Lemma 3.1, we know that there must exist some
to>1 such that M3’*Cov,. So we can claim that there exists somé¢ constant >0
depending only on @, f, v, o and ¢ such that

[AY%e,|<C,Cn* = (n"*+N-YYexp{ —ovit}, (t>1)

If we denote C,=0,0, , then we can get (3.5).
Corollary 3.1 Under the same conditions of Theorem 3.1, we have

[AY  (z—w) |<c(n~*+N"")exp[ —ont]

For inhomogeneous case. we can get following estimate by using the same method.

Theorem 3.2 Suppose a€D(A) and fEC([0,00),H (2))NC'({0.,00),H(NQ)).
For any e€(0,1). there is some constant independent of n and ¥, which we still denote by
L(¢#), such that

1AV (y—v) <L)~ (n*4N-") (t=1)

. 3,16
AV (z—w) IL(E) ("2 +N"1) (t=1) } ( )

Remark 3.1 From Theorems 3.1. 3.2 and Corollary 3.1, we find that the accuracy of
low frequency part is better than that of high ones. In the other words, the final accuracy is
determined by that of high frequency part. How to improve the accuracy of the high frequency
part. is the key problem of the construction of effective algorithms.

Remark 3.2 See E. Weinan®, the author got following estimates for Fourier-Galerkin
method

A2 x —ug) (¢)ISCN-lexp{—ot} (i2>0 homogeneous case) }
(3.17)

A2 —ug)(IIKC(2)N -t (t20 inhomogeneous case )

where uy is the Fourier-Galerkin approximation of (1.6) in V. (3.17) indicates that the
approximate order is O(N-!). ‘And we need to solve a nonlinear evolutionary equation in the
frequency area 1 —N. But from Theroems 3.1. 3.2 and Corollary 3.1, we know that. to obtain
the same error order. we just need to take n=0(N2) for Fourier NGM. At the same time,
noticing the form of (2.3), in fact, we only need to solve a stationary Stokes problém in large
frequency area (n+1)—N. Ipdeed, from Remark 2.1 (especially for autonomous systems). we
only need to solve it in (n'i- 1)—2n. We only solve a nonlinear evolutionary equation in the
relative small frequency range 1—n. It is well-known that the computational complexity for
numerically simulating nonlinear evolutionary equations, mainly comes from time integration
and nonlinearity. As indicated above. the Fourier NGM is helpful to decrease computational
complexity. In other words, under the same computational scale, Fourier NGM can get much
higher precision. Thus it makes the direct simulation of turbulence possible under current
computing ability. On the other hand, this method can get much better approximation for low
frequency part (see (3.5) and the first expression of (3.16)).
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