435538 ¥O% ¥ ® Vol.43, No.3

20004E5 H ACTA MATHEMATICA SINICA May, 2000
MBS 0583—1431(2000)03-0435-10 SCERBRIFES: A
B IR M T B BT i TR M A e Bk
I E FEEL

(BRAXBAFE¥R BFE WL 710049)
(Fax: (029)3237910; E-mail: ktli@xjtu.edu.cn)

B B HAREAPEARBRAZREAY. AUFERYNEHRE €T
ANFABEAHEERAEAZTNUE, WERETRERHF LU RY T &+ KA
/%éi\ﬁlﬂﬁﬁ@ﬁﬁ%ﬂf THNBSEE, TANZMERERANT M XH. K

GRT-RRBAAHWREMAYNFEELY, dTHEFERTFE LHRL
ﬁ:” ﬁ”uiE, E R RERY RS ZAEN. MR T — KRB w5 R
W, StAE AR EARE T —MEMHFRERAYE 2888 T EOR 05T %A
iR it ,n%ifﬁﬁ%ﬁ&;@%mﬁi%ﬂ%‘ﬁ?%ﬁ&&ﬁ%?'TﬁE

Xgtia RUAL; FHEN; AUEHEY
MR(1991) =4} 65M12, 65M60
chE4M 3 0175.29, 0241.82

IMD and a Family of Approximate IMDs

LI Kai-tai HOU Yan-ren
(School of Science, Xi’an Jiaotong University, Xi’an 710049, P. R. China)
(Faz: (029)3237910; E-mail: ktli@zjtu.edu.cn)

Abstract Inertial Manifold with Delay (IMD) is the recent development of the Inerial
Manifold (IM) and Approximate Inertial Manifold (ATM) for the dissipative systems,
which is based on the more precise observation of the interaction between large and
small eddies, that is we believe this kind of interaction is related with the history of
the system instead of implicitly regarding it is instantaneous as in IM and AIM. In
this paper, we present a proof of the existence of IMD with respect to a certain sort
of dissipative system. Becasue the so-called "spectral gap condition” is not necessary
for the existence of IMD, it exists widely. Then we introduce a kind of discrete IMD
and construct a family of IMD. Their error estimations for approximating IMD show
that this kind of method can provide a possible way to construct stable and accurate
algorithms.
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ERI AR, BPFFLL q(t) A1 p(t) APBIFRR ¢ HZIF/MNRFIKRSE EETERAEELB), W
g(t) = ®(p(t)). BR, BHEREHESEIEXR—FRIBREZ L BXREG/MIAEZEN
FHEAE RS X —AEA b, X%EETE?IEE‘HF%‘%& Galerkin 33 (W [3-6]). {HAEXF:
—FRa ARz LB BERE, €481 RIMAMEREFERT SRRA4" FRIE
X —Zk 47 @FE Navier-Stokes ﬁﬁﬁ?\]%*ﬁ%%ﬁ%%%ﬁﬁ%ﬁ%ﬁ%ﬂiﬁﬂﬁﬁ%- i3}
RANTHAETE BRRF XRERUERFE TGRSR, EREHRRAE, B
REH TR EURKX—FE F—FH BB BRFTHEG RELEREH
RERRZS, HUIRES —BHitRBETRENIE. AX—8 EE, WAEERAT4
BHEREHFEERET20M&MG. #—2, BENERE BTREZEENLW, I K
B% DEepspmn—oRiiaf — e f R R, E?Q—Lﬂf?‘]kfﬂ — R i £ WG LA R
BEERREH. FERETFXMER, Debussche A. 1 Temam R.[7 7E 1995 42 AR T B
BRYERIE (Inertial Manifolds with Delay, IMD) B#ar, Bl q(¢) = ¥(p(¢), ¢(t - 7)), XEBE T > 0
R—MEUMERAE. BN B YRIEMEAE T YR RRS BEME KT/
RABREAEEER T URTARES, XMCRLUAEN T RAYIPRSE T I L2, m
HBITAH RS IFE R, EARRER, ASU{OBEHX X Fe R#TITHE.

2 ELEHTRERT

X, RITEHAR R EEE R EARER. HEAERE 7 FEAH
R, B [7] FHRE K, SRR TIEHAEA . RITXERRA BI—FH
ERBRX LR, ﬁﬁﬁﬁ?‘ﬂz‘%&f:ﬁﬂﬁn‘ SRR A
B E AE Banach ] £ LAMRIELRERBEHE
du

=+ Au= (), (2.1)

XHE A B—ASUHTERAN, HENE D(A) £ £ PRBNWETF, f 2 Banach Z[H E 3
Banach Z5[d] F fBET, T E Ml F B € WRAFERE, WE ECF C &, HRBASRESE
MRER. 45, HEEFEE, RITEL |- |x FRATE Banach EH] X PHTEE. HE
A (2.1) E—HEARRIR.

(H1) BAMEEM uwo € E, (2.1) HEM—R u=1u(t) € C’(R+,E) W u(0) = ug, Bf (2.1) WE
X E FR—ANERMELSEEE {S(t) o, 18 w(t) = S(t)uo.

(H2) BE f BN\ E 3| F 947 Lipschitz FELEMLET, & My > 0 J&H Lipschitz F%L
|f(u1) — flu2)lr £ Mi|u1 —uz|lp, Vur,uz € E.
(H3) fBE A W72t & ERESEERE {em M) iso, MAMEEMN t >0 F e H#F CE.
%&'\’ 1‘& {Pn}nE./\f %*%ﬁ&%ﬁ%ﬁﬁj’ i=h AP, = P, A, #iﬁ' Qn=1-PF,. {E%
. {e_AtPn}tzo AT SR A —NEE {e—AtPn}teR§
o [em 4P, (rE) S AZeTM JeT APl (p) S €T, VLD,
o le7MQusmE) S K™ + AS)e Mt |em4Q, |y S €780, Vi 0.

ﬂtﬁt) K>0 %——‘/l\ﬁﬁ) a € [Oa 1) 5%“3‘, E ﬁ F m%%;ﬁ‘%7 {An}nEN *ﬂ {)\n}nEN
RFAERFFBR A > A >0, B2 n TR0 4o - 1.
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ALl Navier-Stokes JrRE R HISRULHT (H1)-(H3). Bt (FER (8-10)),

4= vA (AMBARRAEE),
—vPrA  (Dirichlet R ZMHEE),

H v > 0 HEhIYERE, 7€ Dirichlet IR REEE, P & Leray #EH T f(u) =
F — B(u,u), F BB (BE (2.1) HEBERS, W F 5t 1K), B(,,-) BEYEELRNLE
BT WEMH E, FME FBR AN AKE» MHEE A8 AR n+ 1 DMEHEE,
W (H1) #1 (H3) RRBSLA. T (H2) ZK f, BPRERMLHRETF B(., ), 2R Lipschitz 4L
iy, XTEEz=E ERTER RS, BEES) Navier-Stokes FRERIFERME, FHATH LUK B(-, )
FTFHANRYLE B s, HHAE B PARER, MEEMEE B RIKE B /IbAE. £iX
BB T RBREANE (H2), HARFT REM K 1R

MEEH ne N, HTICELWEEER, i A=, A=A, P=P,, Q=Q,, TEHE
(2.1) H#MF TEBESHTEA

{%+Ay=Pf(y+Z),
o (2.2)
E-ﬁ-Az:Qf(y%—z).
BEMFEA T > 0, HA1EH
Pu(0) =y, Qu(-T)=z_7. (2.3)

BAE, Xt e [-T,0), BRHARE (2.1), B (2.2). #AH (H3) & (2.3) °7[H

0
u(t) = e AT, o 4 /t e~ A= Q f(u(s))ds + e Aty — / e A0 Ppr(u(s))ds.  (2.4)
-7 i

EOHERER t € [-T,0), iC

T(yo, z—1;u)(t) = e T+ 5_ 4 / t e~ AC=9Q f(u)ds + e~ Aty — / ’ e~ A=) pflu)ds. (2.5)
- t
M we C([-T,0], E) BHE (2.4) FAR MENY v BTy, 2—1;-) BRI,
XHE AR 1> 0, &

G, = {u € C([-T,0,E) : |jull, = sup e*u(t)e < —I—oo}.
te[-T,0]

HAVEEXREE L G, B—A Banach 0] (B R [11]), HASIEH

I 2.1 XMBEM T >0,y € PE, 2_7 € QE, (2.5) E XS T(yo, z—_1;) BN G
B G, yBRE.

B (H3), RE—fk, RITTUERE, VneN

1< <p Be(2) (26)

EHE 2.1 7E (H1)-(H3) ®EEART, M A f T > 0 BRI T A&t

KM{Ti—=«
11—«

1
+ My (KB + DAT < 3, (2.7)
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T (yo,2-1;") BEM—RIARIE v(yo,2-1) € G, H ¥ XTF yo M z_r BEEHN, HE:
V(yi, 2 r) € PEXQE, i=1,2,

4
[¥(y, 2L7)(0) = %(y5, 22 7)(0)|p < g(e"Alel_T — 227l + |y — vole)-

EBA 538 2.1 HiFKA1 T B PE x QE x G, B G RUBLgT. EHH—FFHE T XF yo, 2-1
R—BUE4R, WA T (yo, 2—1;-) £ G PEEM—ARNSE ¥(yo, 2-1), HFXEF yo 1 21
RESEY.

W our, up B Gy PEEFNTE, I8 Av = g —ug, Af = flur) — flug) B AT =
T (yo, z-1;u1) — T (y0, z-1;u2), TRF A (H2) I (H3) "[F

t [}
AT (t)|g < KMI/ ((t — )™ + A%)e A=) | Au(s)| pds + Ml)\"‘/ e~ M3 Ay(s)| pds.
-7

t
A e HFe -RET, W
t
AT (t)|g < KMy / ((t — )™ + A%)e~(A=NC=9) || Au|[xds + M AY|H] || Au|x
—-T
< KMT'72(1 — o) [ Au|ls + KM AT || Aulls + MAT|| Aljy.

B (2.6) AL, A < pox. N EEAERXTE N
KMlTl @

AT (0)] s{ £ ML(EB® + )AT }nAuuA
FEGELH A T 18 (2.7) ML, WA |AT|) < 3llAul.

EH, RITHET T & PE x QE x Gy B Gy {—BEHBUE. FRIMELH (v, 2-1) €
PE x QE, T(yo,2-1;") ¥ G\ FHEM—F3NE v (o, 2-1), HXTF (v, 2-7) HEEE.

&’ (vh,2i7) € PEXQE,i=1,2 %&ﬁ%ﬁmmﬁé‘v&, Y(y§, 2ir) € Ga, i = 1,2 f&3¢
Ny T R3S, Hig AY = v(y, 21 p) — (93,22 ). BRIAER 7T —8EHNERE &5
i M AY(t)E < 1I1AY] +6“‘Te'(A Mol — 22 7le + |y — yile. T [, 2Lp)(t) —
W(ys, 22 7)(t)e < 3 fe M(e M2l L — 22 0l + | "y%{E)v Vi < 0. iEE.

B, xﬂ}_%% (%0, 2-1) € PE x QE, it

¥(yo, 2-1) = Q¥(%0, 2-7)(0). (2.8)

W ¥ : PE x QE — QE MRRIFFRLMNHIRERE. Heimse®, RITAE, (2.1) B
R —ZPUERHE (2.8), IUEMFRERE SHRENE . EUREREN —MRHEHEX
B AN EHE 2.1 WRWXFEFRERENFESTEERRAGRRIE, EEX A X
N B R/PDUEBEE — MR T RER, B ERS ZHFEN.
THEHEHMEETUEFRER 2.1 —MEL.
TEHE 2.2 # (H1)-(H3) BOL, #—HBRAMT HE: KM((1-a) 'T'"*+p°XT) <
5 MCT < ¢, NIBTAFRMERIE ¢ ¥R V(v 2i7) EPEXQE,i=1,2,

Alel

— 1
|‘I’(y5»Z£T) - ‘I’(?ng Zz_T)lE < 2 - zETIE + “2‘|1/(1) - yglE-
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.H.EBA EH%EE 2.1 EI%H’ Xﬁ{?ﬁ%gﬁiﬂg (y(lh zl_T) ﬂ (yg’zzT)v '¢)(yéaz£T)(t) *ﬂ w(y(%’z?_T (t)
= (2.4) 9% FI0 AY(t) = D(vo, 2L7)(8) — (8, 227)(2), MBH

M|PAY()E < lys — ¥3| e + MiAST||PAY|[» + My X°T|QAY|x, (2.9)
e |QAY(t)| e < X1||PAY|x + X1]|QAY|x + e |2t — 22 1|k (2.10)

B X1 = KMi(1— )7 'T + KM )T, BIME X = X1 + (23255, W (2.9) # (2.10)
FiRL 1QAY| TR

1 MiAeT
AT 12 1_,2 1
1@Vl <e™ |21~ o+ X (T g5 198 ~ W8l 4 Tl @AY A ) + X1 QA
X
<e |2l p—22 7lg + XollQAY|lx + ———=Ivs — valE-

1— MAT

ME1- X2 >0, W 1QAY] < Ex 12t r — 22 1le + oxmptaroeny v — v6ls. FEEHEM
T, RATATLRIE

_ 1
e 1Qu(ys, 2Lr)() — w(vd, 221) ()| < 27 |z2lp = 227e + Slvo — B3l
te[-T,

M E B4, R

3 ESREEHRERE

SHEBL TR N €N, 0< T < +oo, RIS v = & BEY v HEBNAL KXE [-T,0]
SR N 4, BP [-T,0] = Uiso [tisr, i), B 6 = —i vy HPBHE, SERR ¢ € [-T,0],
RITEET [f] = L HBKEEIS < rv. MEMEEH 420, Y ¢ FR [-T,0) LT
X WM BEREER G = {u(t) = u([t]),Vt € [-T,0], |lully = supyep_rg e lut)le}. HTH
iE GY #F%— Banach Z[A. TEMITIRHKE—EHN ¢) TR

SHEBLER N e N, fEXSE 2 FhE XMBUE 7 KRl XERITEX PExQE X G
FEyBRS TV: V(yo,2-7) € PEXQE, u € G,

12 0
TN (4o, z_p; u)(t) = e~ AT+ ;_4 4 / e~ A=) Q f(u)ds + e~ Altlyy — / e~ A=) p f(u)ds.
~T (]

BR, AT O0<T <400, p >0, TV B—M PE x QE x GY B ¢ mgt. Hsh &
E (2.6) EXBEMRERY. (REHE 2.1 WIEARNA BT

EHE 3.1 fEEHE 2.1 WAMFT, MEBLHEM N €N, (Yo, 2-1) € PEXQE, TV (yo, 2-71;")
FEME—RIRENE N (yo, 2-1) € GF, B oV RF (yo,2-7) RELEH, MR V(v 2ir) €
PExQE,i=1,2,

9" (4, 2L2)(0) = %7 (4B, 2 0) O] < 5 Ik — 2l + |1 — v3l).
KT, B O (yo,2-1) = QU (v, 27)(0), XEH UV : PEx QF — QE R

BIVTEHEERFRERE. TERIREE oY (IV) & ¢(P) HRE, B o~ (¥V)
BT (2.1) FRHITREL
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X R R WS R EHiL & (2.1) E XHERBE N2 RERIIT A T
— kU, A BEEHE—W E E/MJ Banach Z[EPH. —BH, Xt A FRHEE—SHE
{u(t) : t € R}, EHENEFFLR-HERY. #H RIS
(H4) FLERE By > 0, X A (2.1) BERHUE (u(®) :te R}, F ||, <A, VieR
FAEh GIANITEXH—TH A BFHFE Ar

Ar = {(Pu(t),Qu(t — T)) : Vu(t) € A, t € R}.

EIE 3.2 AR 2.1 WERHT, #E—HRE (HY) BL. WMEBLEN N e N, &
SUP(yo.2_r)eAr 18N (W0, 2o1) = U(yo, 2-7)|g < CLA*rry, P C1 > 0 B—A5 A HI T Tk
(518

T sk i »

Yo =/ s~ e ds. (3.1
0
FAIFHEER ¢t € [-T,0], iT u(t) = ¥(yo, z-1)(t), uN(t) = ¥V (o, 2_7)(t). MEBRLHEHN

(yo,2-1) € Ar, HHEER, iti=—i-7v,i€{0,..., N}, BD ¢ Ao SREE. B8R T
TN MES, BITE

u(t;) — UN(ti) = Y(yo, 2-7)(t:) — wN(yo, z_r)(t;)

itl tk—1
= / e~ =IQLf(u(s)) — f(u(te-1)) + f(ulte-r)) — F(u (te-1))lds
k=N vk

- Z/t " e A9 Pf(u(s)) — flulta)) + Flulte)) — F® (B)lds.

k=0
H (H4) AT, XHMERR t e [-T,0], F |u(t)|e < A1 TR, MA (H2) f1 (He), &
|F(u(s)) = fu(t:))lr < Mifu(s) —u(ti)|le < Mupr7y, i=k—1,k.
MmFA (3.1) &

i+1 tr—1 X
Z / e—A(ii—’)Q[f(u(s)) — f(u(tx—1))]ds

k=N "Y1tk

E
i+1 ti—1i) i+1 ti—ty
S

SMlKﬂlTN Z ‘“e—A’ds + MlKﬂlTNAa Z / e_Ast
k=N k=N

ti—tr—1 ti—tyx—1

MK MiKB(1 —-e AT ~+ DMK
S’Y All_aﬂlTN_l_ 1 ﬁj\(l_a )TN < (v Al)—al ﬂ1TN'

Ak

eAti

i+1 tr_1
> / e AETIQIf(u(teos)) — f(u™ (ter))]ds

k=N tk

ti
< At; N — Ny, - -« oy —(A=A)(t;—s)
<MK max efults) —u (tl)lg/_T((tl 5)7% + A%)e ds

E

l—a

T
< oy o At; Y — V(¢
_MlK(l + 5% T) orsniaé)gve [u(t:) — ™ (8)]E.

- &
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B, WITH
l—a

M Q(u(t:) — uV (t:)|e <

('Ya"‘l)MKBl T ara
i ¢N+M1K(1_Q+BAT)

At; N
: Ju(ts) — u® (t:)| 5 33
oax e u(ts) —u(t:)|e (3:3)

THEEIEEBEES. KUTHED (32) HEk5ER

S [ e Pl u(s) - futti))lds

k=0

11 tr
< My N7y Z/ e ME—9) gy
E k=0 " tk+1

M Bi(e™ M — 1)

0
= Mlﬂl/\"rN/ e Mtimo)ds < e
t;

TN, (3.4)

i—1 tr i—1 tr
> / e A= Pf(u(ts)) — fluN (1)ds| < MY / e*lu(te) —u” (t)|pds
k=0 bet1 E k=0

—g v tk+1
< My AT 0rgniaéxN e*iju(ts) — u ()| e- (3.5)
AT XSRS o A
e M| Plu(ts) — wN{t)|e < MlAaTogliaéXN eMilu(t;) — u™ ()| e + j)\\{l_il ™. (3.6)

Lia (3.3) 1 (3.6) FFAIA (2.6), RERANTE A #1 T W EH 2.1 FHOFKMA (2.7), U

o 8
masx 100, 2-7) (1) — ¥ (o, s} (8| < 5 (G + LT )y

0<i<N 3
FiL C1 = §(Mify + MiKBi(va + 1)8%71), RISLEP R R E BRAY 4551
EaEH 3.2, WLUE BB R RIS (2.1) MRTTF A K RFAER M. R, 25
HLERBERET, % N - +oo B, BRETHEIERE UV B¥—Sotlsi@I i ERE v 5
o WEBIEHAFRITEAE, SHERH ¢ € [-T,0], [u(t) " (@)l = Ju(t) o™ ([t)]e = |u(t) -
w([t)+u([t) —u™ () < fu(t)—u([t)e+u(() - ([()e < firn +maxocicn [ults) —u® (t:)]5.
T FERTUBINEREY t € [-T,0],

sup (g0, 2-7)(t) — Y™ (Yo, 2-7)(D)le < (Br + Cre™ A )7y, Vi€ [-T,0].

(yo,2-T)EAT

4 SERIE R ISR i

FE b~ RATHE T —FE SRR vV, EdE® 3.2 BR T HMERR
% (2.1) RS T A BERFNETER. HE—-HE80 v BEL—MEERERETF TV H
AhEBE, HWERER, BaiEy, Y BRTEREN. AV ENRRERRX A
AATHRAEYE, AT B BRI M 7 B B B R A T ik

EUF E—THILE, MEBH NeN, 0<i <N, B v =, t = —i -7, HWER
Mt e [-T,0], 18 [tIv = L HBIEHEES x v
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B5h RITEX—N GV B 0Y BBEET -

{Vw e Gl B w(t) = w(lt]n-1), te(-T,0]

(4.1)
N u(t) = w(ft]n).

ER Y N=18, G) =g, T~ &g EMESHT.
WEE, BT TV EL FB N MTFEX A oY B oY mET TV

V(yO,Z_T) € PE x QE, u e g§_17

. {tln
TN (o, s u)(t) = e~ ATHEN) ;1 4 / AUV (ueds
-T .

0
J oAy, - / e~ AN =7V P f(u(s))ds.
[t]~

A (4.2) EXHETFFR {TV Iven, BITTLEXL —HR BB B (Y Iven:
V(yO)Z—T) € PE x QE7
{ P (yo, z_7)(t) = (y0,2_1), Vte[-T,0], (4.3)
BN (yo, z_1)(t) = TV (yo, z_T;qu—l)(t), Vte[-T,0, NeAN.
#io ) )
‘I’N(yO,Z—T} = QwN(yﬂa Z_T)(O), YN Z 07 (4‘4)
W {9V} nso BIRAFTESHECIR BRI, RITAEX BT LA DR R
%, BEE N fHK, SESRRGENTSE 2 TS B EEFRERE U
AHRNRESES Ar BIFHE, W e =) B% #1844 Y #—MER:
SEE 4.1 MEEAEM Ne N, Fwedl ! ve C(-T,0L,E), MMERH 0<i< N
FEN) = 7V Fwt)|p < 1f Y1) = FY DI + 1FEN ) - FEM)|e, (4.5)
W XA N B, ATROAR YT =t = - T,
JE8A A TIERH (4.5), REAE, BIMNEHR i=1,....N -1 NAHEARTUT. XEE
B1<i<N-1, EZ8 o)) =weM ), RITE
1FM)) — o fw@)e = |f () = FwEN " )IF
<Y ™0) = FwEY " NDIF + 10N ) = FEEN )] F.
TR (4.5).

EREM> B, TEHRIEEE oV &iF v WRE.
BIEE 42 7EEH 2.0 WA TH—SEE (H4) Bor, MMEELENER N >2

N N
sup  max e [yp(yo, z-1)(t)) — ¥ (o, 2-1)(t])|E
(¥0,2—7)EAT 0SSN

1 a1 N-1 AN —1 Nt .
<= sup max e’ [ (%0, Z_T)(ti )= (%o, Z—T)(ti g + CaA .
4 (yo,z2_1)e Ap 0SISN-1

XEC>0RB—1T5AMT BXRER MY N =158,
/T

1 -
sup  max e |ih(yo, z_7)(t]) — ¥ (yo, 2_7)(t})|E < ——.
(yo,7—T)EAp 0SIST 4
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B ESESE N > 2 RN ABEE RIDMELWEER L, i

S(L) = max e $(yo, z-1)(tF) = B* (vo, 2-7)(tF) |- (46)

Ip = P{(yo, 2—1)(t] ) — %" (yo, 2—1)(tN)}, Iq = Q{¥(yo, 2—1)(t]) — %" (yo, 2—1)(t])}.
P oY HEX BEN I &

Io = Q{T (yo, 21 W)t ) — T (o, z—; ¥V 1) (tN )}

- { / e A =9QF (o, 2-1)(s)) — F((ye, 2 )(E1))}ds

N
k=N k

+ [ e e, )W 1))~ Y o, z_T)(t,iV.n)}}ds (47)
i—1 ty

Ip=—Z{ f " AW =0 P f(g(yo, 2-1)(5)) — F((go, 2-1)(t)))}s

k=0 k+1

- /Nk e A =9 P{ F(sp(yo, 2-1) (t1)) —WNf(iﬁN_l(ye,Z—T)(tkN))}}dS- (4.8)
Hﬂféfg 2.1 Ef’f'ﬂ: X‘T’fi%ﬁl‘] (yO,Z—T) € -AT) t e [_T’O]? "p(y()yz—T(t) % (21) B‘J%’ _H.
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