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A SMALL EDDY CORRECTION METHOD FOR NONLINEAR
DISSIPATIVE EVOLUTIONARY EQUATIONS*

YANREN HOU' AND KAITAI LIf

Abstract. Considering the interaction between the large and small eddy components of solu-
tions and using the idea of the Newton iteration, a small eddy correction method is proposed for
approximating and numerically solving nonlinear dissipative PDEs of parabolic type, in particular
the Navier—Stokes equations (NSE). We assume that the large eddy approximation to the solution
is known. Formally applying the Newton iterative procedure to the small eddy equation, we then
generate approximate systems. It is shown that the first two steps in fact lead to the standard
Galerkin method (SGM) and the so-called optimum nonlinear Galerkin method (ONG), and there-
fore the small eddy correction method is actually a certain generalization of SGM and ONG. The
boundedness and convergence analysis are presented in the framework of the two-dimensional NSE.
The results show that the small eddy correction method can greatly improve the accuracy of SGM
approximate solutions.
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1. Introduction. Considering an evolutionary dissipative nonlinear PDE sys-
tem of parabolic type, for example, the Navier-Stokes equation (NSE), despite the
considerable increase in the available computing power during the past few years, nu-
merically solving this kind of system, especially the integration of evolutionary NSE
on large time intervals under physically realistic situations, still remains a difficult
problem whose solution is not close at hand. We thereby intend to solve dissipa-
tive evolution PDEs in dynamically nontrivial situations, i.e., when the long-term
behavior is not merely convergent to a steady state. In this case, the solution to be
simulated remains time dependent, and as time goes to infinity, it converges to a set,
an attractor, which can be a complicated set (a fractal). Studying the complicated
structure of this set, which to some extent is reflected by the long-term behavior of
the solution, is of great importance to understanding the nature of turbulent phenom-
ena. That is one of the main reasons why people are so interested in the long-term
behavior of the solution and the construction of more accurate and effective numerical
schemes.

We present this work in the context of the functional form of the two-dimensional
NSE in divergence-free Hilbert space H defined on an open bounded domain Q C R?
with smooth boundary 0f2,

du

(1.1) T vAu+ B(u,u) = f,
u(0) = a.
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Here u stands for the velocity field, f is the external force which drives the flow, v > 0
is the viscosity, and a is the initial velocity field. A and B(-,-) are the Stokes operator
and bilinear operator whose detailed definitions will be given in section 2.

For a given positive integer m € AN, let us denote by H,, and P,, a finite-
dimensional subspace of H and an associated orthogonal projection from H onto
H,,, that is, H,, = P, H. Then the SGM approximate system of (1.1) reads

(1.2) dt

dum,
{ S VAU, + Py B(tUm, Um) = Py f,
Um (0) = Ppa.

It follows from [6] that, for sufficiently large ¢t > 0,

(1.3) [u(t) — um(t)|c2(q) < c(t) LAy VE > to,

where A\, 11 > 0 is the (m 4+ 1)th eigenvalue of the Stokes operator A, which tends to
400 when m tends to infinity and

1
2

(1.4) Ly, ~ (1 + log Am)
A1
On the other hand, if we denote @,, = I — P,, and
u=p+q with p:Pmu7 q:Qmua

we can rewrite (1.1) in the following coupled system:

d
(1.5) di; +vAp+ PpB(p+q,p+q) = Pnf,
dgq
(1.6) = TrAC+QuBp+a,p+4) =Qnf.
Set
E=U—1Up, €p=PFPpe=p—1uy,, e;=0Qmne=q.

Simple calculation shows that

(L.7) len(t)]c2) < ce sup leq(s)]c2(o)-
0<s<t

That is to say that the large eddy error and thus the total error of the standard
Galerkin method (SGM) can be controlled by the small eddy error. In other words,
to improve the accuracy of the SGM approximation, we have only to improve the
approximation of the small eddy components, which is approximated by 0 in the case
of SGM. This is the basic idea of this work.

Indeed, many authors have already applied this idea to developing new methods
and techniques. One of these new methods arises in connection with the concept of
the approximate inertial manifold (AIM) (see [7]) and is called the nonlinear Galerkin
method (NGM). For example, Marion and Temam proposed the first and the most
frequently discussed NGM in [15]:

dpm
no [ B )= s
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where ® : H,, — Q,,H provides an approach to approximating the small eddy com-
ponents, which are determined by solving the following steady Stokes problem in
QmH:

VA, + QmB(pmapm) = me

It is shown that

_3
2

(L9) () = (pon(8) + S (P (D) 2 < ) LnApdy 2 > o,

That is, ppm+P(pm ) is a much better approximation to u than the SGM approximation
Up,. From that point on, many authors investigated this version of the NGM (see [1],
[5], [6], [14], [16], [17], [18], etc.) and its applications (see [3], [19], etc.). To improve
the effectiveness of numerical schemes, Garcia-Archilla, Novo, and Titi proposed a
kind of postprocessing procedure to the Galerkin method (PPGM) in [8] based on
the same mapping ® in (1.8). For any prescribed time T, they use ®(u,,(T)) to
approximate ¢(7') and show that

_3

(110)  [u(T) = (n(T) + D (1)) ey < A(TILENL, VT > to.

Equations (1.9) and (1.10) indicate that both the NGM (1.8) and PPGM can greatly
improve the accuracy of the SGM approximation and be more effective than the SGM.
But there are some problems which have already been discussed in [12]. For example,
they used a steady Stokes problem to approximate the small eddy equation (1.6) and
overlooked the self evolution of the small eddy components. This is only valid when
the small eddy part of the solution varies very slowly.

To overcome this defect of NGM (1.8), some people have already given certain
modifications (see [9], [10], [11], [13], [20]). One of these modifications is the so-called
optimal nonlinear Galerkin method (ONG) (see [10], [11]):

dpm _ o
(1-11) W+VApm+PmB(pm+qm7pm+Qm) :mea

Do 1y A + QBB ) + QB Do) = Qo — BB )]

(112) —

where the small eddy equation in (1.8) is replaced by a generalized unsteady Stokes
problem (1.12), and therefore the self evolution of the small eddy components is
involved. Furthermore, it is shown in this paper that

(1.13) [u(t) = (B + @) c2(0) < c(O)LpAniy Yt > to.

To get a reliable long-term simulation of the NSE, we still have to consider the
problem of error accumulation. Unfortunately, almost all numerical methods for the
NSE in general (including the SGM, NGM, PPGM, and ONG) will lead to an expo-
nentially increasing error, which makes the long-term simulation almost meaningless.
A possible remedy is to improve the accuracy of the approximate solution without
too much computational cost. Meanwhile, we have to mention that the rapid increase
of available computing power in the past few years as well as the rapid development
of computer networks and parallel computing techniques, which can integrate many
CPUs in a system, make the large scale computation possible. If computing facilities
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are not a problem, we want to know whether it is possible to get a reliable simulation
in a large time interval.

From the point of view of our basic idea mentioned above (the small eddy correc-
tion), the NGM, PPGM, and ONG schemes all do a small eddy correction once, and
their analysis shows that they can improve the convergence rate of the SGM without
too much computational cost. It seems that one cannot improve the convergence rate
any more if the correction is performed only once. Then it is very natural for us
to think about certain iteration methods for improving the convergence rate further.
And it is also very natural for us to think about the Newton iteration because of its
fast convergence speed. Based upon these considerations, we propose a small eddy
correction method in this paper (see the later definition (3.1)—(3.3)). Moreover, the
analysis shows that

(1.14) u(t) — u (1) 22 () < e(t) L2 (L Anin)? s

where u! is the small eddy correction approximation and [ € N is the number of
iteration steps used.

This paper is arranged as follows. In section 2, the detail of a two-dimensional
NSE is given. In section 3, we introduce a small eddy correction method by formally
applying the Newton iteration to the small eddy equation (1.6). Then we prove
that this procedure is a bounded procedure and can generate a bounded approximate
solution of (1.1). In section 4, we present some error estimates of the proposed small
eddy correction method and show that it can lead to a very accurate approximation of
the solution of the NSE. Finally in section 5, for a one-dimensional Burger’s equation
and a two-dimensional NSE, we give a full discrete form of the small eddy correction
scheme and then present some numerical results to check the high accuracy and high
effectiveness of this method.

2. Navier—Stokes equations. We consider the NSE on a smooth bounded do-
main ) € R2:

%—uAu—&—(u-V)u—&—Vp:F, (z,t) € Q x (0, +00),
(21) V'UZO, (I,t) €0 x [0,+OO)7
uly—o = a(z), T € Q,

Dirichlet or periodic boundary conditions.

Here u(x,t) and p(x,t) stand for the velocity field and pressure, respectively; F(z,t)
the external force, which drives the flow; a(x) the initial velocity, which satisfies
V -a = 0; and v > 0 the kinetic viscosity.

Now, we define the Hilbert space H:

H={ve (L*(Q)?:V-v=0, v-nlsgg =0}

in the case of the homogeneous Dirichlet boundary condition, where n denotes the
unit outward normal vector to 92, or

H = {v € (L., (2)?:V-v=0, /dew = o}

in the case of a periodic boundary condition. The space H is equipped with the usual
L2-inner product (-,-) and norm |- | = (-,-)2 and is a closed subspace of (L2())2.
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We also define a Hilbert space
V={ve (H;(Q)?: V-v=0}

or
V= {v € (H;CT(Q))2 Vo :0,/ vd:r()}
Q

depending on the use of boundary conditions. Equipped with the usual H'-inner
product and norm, it is a Hilbert space. Let us denote by P the orthogonal projection
from (L?(2))? onto H and project (2.1) onto H. Then we can get the functional form
(1.1), where A = —PA is the Stokes operator which will be —A in the case of a
periodical boundary condition, B(u,u) = P[(u- V)u] and f = PF', which is assumed
to be time independent or in L>®(R*, H).

For the Stokes operator A, it is well known that it is a symmetric, positive defi-
nite, self-adjoint, and unbounded operator in H with compact inverse. Therefore, its
eigenvalues and the associated eigenfunctions admit

Api = N, 0< A <A <0 — o0,

and the set of eigenfunctions {¢1, ¢o,...} forms a unit orthonormal basis of H. For
any « € R, the space

oo oo
D(A%) = {U = Zvi¢i : vakf‘l < +oo}
i=1 i=1
is a Hilbert space if it is equipped with the natural inner product and norm
(5 )p(asy = (A%, A%), [+ [pea=) =A% -|.

It is known that D(A%) =V, and {¢1, ¢, ...} is also an orthonormal basis of D(A%).
Here and later on, we denote by | - |s the (H*(£2))? norm, and by | - |o the (L°°(£2))?
norm. Especially, we use |-| to denote |- |g. For the spatial periodic case, we know that
|A® - | and | - |2 are equivalent norms for any « € R, and this equivalence property
holds for the nonslip case at least for a < 1.

To investigate the interaction between the large and small eddies, we define the
finite-dimensional subspace H,, as in the Introduction for given m € N as

Hm = Span{¢1a ¢2a SRR ¢m}7

and define the orthogonal projection P,, from H onto H,, as

u:iuzqﬁl € H, Pmu:iui(bi, u; € R.

i=1 i=1

Also, we define Q,,, = I — P,,,. Projecting (1.1) by P,, and @, we can get the coupled
system (1.5)—(1.6).

For the later analysis, we recall the Agmon inequality, the Brézis—Gallouet in-
equality [2], and the Sobolev interpolation inequality in two dimensions: there exists
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a constant cg > 0 such that

oo < colu|? |Au|z or co|ATu|3|Au|3  Vu € D(A),

1

2
22 | e < clabul (1+1og 29 )" wue D)
AP |AZu|
|Asu| < colu| =3/ m| Amay|s/m Yu € D(A™), 0<s<m< 1.

As a result of the Brézis—Gallouet inequality, we have
(2.3) [uloe < CoLm|A2u| Vu € Hy,

where L,, is defined in (1.4). To avoid having too many symbols, we always regard
co as 1 in the rest of this paper, and this will not cause any significant difference.
For the projections Py, and Q,, the following properties hold (see [4]):

(2.4) |APPul < N3TH|APu|,  |A*Qumul < N5 APu| Vi < B, u e D(AP).
In what follows, we often use the following orthogonal property:
(2.5) |A*(Ppu+ Q)| = |A° Ppul® + |A*Quul* Yu € D(A%),s € R.

3. Small eddy correction method and its boundedness. Asshown in (1.7),
the large eddy error or the total error of the SGM approximation can be controlled
by the small eddy error, the truncation error of u,,. This suggests that we get a
more accurate approximation by paying more attention to correcting the small eddy
approximation successively. In this section, we will construct a small eddy correction
method to NSE (1.1) by formally applying the Newton iteration to its small eddy
equation (1.6).

First of all, we define

d
F(p,q) = =2

=+ vAq+ QmB(q,q) + QmB(q,p) + QumB(p,q) + QmB(p,p) — Qm f.

Then (1.6) is equivalent to

F(p,q) =0.

Suppose that the large eddy component p in the above abstract equation is known.
Formally applying the Newton iteration to it, we can get the following iterative pro-
cedure: supposing the initial guess of the small eddy component ¢° = 0 and the kth
approximation ¢*(t) € Q,,, H is known for some k € N, find the (k -+ 1)th approxima-
tion ¢*T1(t) € Q,,H, which should be a more accurate approximation of ¢(t), such
that

DyF(p,¢")(¢"*" = ¢*) = =F(p,¢").
Simple calculation shows that it is the following small eddy correction procedure:

qu+1

Tt VAT + QuB(p,p) + QuB(p, ¢" ) + QmB(¢", p)

+QuB(d*, ") + QuB(¢"". ¢") = Qulf + B(d",¢")].
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Combining the above small eddy correction with the large eddy equation (1.5), we
can obtain the desired small eddy correction method: with w® = 0,

d
(3.1) dit) +vAv + P, B(v +w',v+w') = P,,f for any fixed integer [ > 0,

k
(3.2) % + vAW* 4+ Q. B(v,v) + QumB(v, w*) + QuB(w"*, v) + Q. B(w* 1, wk)
+ QmBWw", W) = Qulf + Bw" W] VI <k <1,
(3.3) v(0)=Ppa, w'(0)=Quna, i=12,...,1, 1>1.

Remark 1. The small eddy correction scheme (3.1)-(3.3) can be regarded as a
certain generalization of the SGM and ONG. In fact, if we take [ = 0 in the above
approximate procedure, (3.1) admits the SGM approximate equation (1.2). And if
we take | = 1, (3.1)—(3.3) are the ONG approximate equations (1.11)—(1.12). For
the sake of simplicity of expression, we give a symbol u! = v + w' and call it the Ith
approximate solution to the NSE (1.1). Thus the SGM approximate solution is the
Oth approximate solution, and the ONG approximate solution is the 1st approximate
solution. Observing the above small eddy correction method, it is analogous to the
classical Newton iteration for elliptic problems. We expect that it can have the second
order convergence rate just as the usual Newton method does. Fortunately, our later
analysis gives us a positive answer. It is worth mentioning that directly applying
the Newton method to NSE (1.1) cannot reach such a second order convergence rate.
The reason is that it does not take the advantage of the fast decay property of small
eddies. For example, we refer readers to our estimates (4.11), (4.15), etc. Here
(4.11) and (4.15) show that the accuracy of the small eddy approximation is always

1

a half order higher ()\,_,fH) than that of the large eddy approximation, and the small
eddy approximation converges very quickly, which is very important for us to derive
the high order convergence rate, while the direct application of Newton iteration to
NSE does not distinguish the small and large eddy components and cannot take this
advantage.

In the rest of this section, we will show that the small eddy correction method
(3.1)—(3.3) is a bounded procedure and can generate a bounded approximate solution.
Before that, we define a trilinear form

b(u,v,w) = ((u- V)v,w) Yu,v,w € (H(Q))?
and state some properties (e.g., see [21]):

(3.4) b(u,v,w) = —blu,w,v) VYv,we (HY(Q)? ueV,

1
(3.5) 2[b(u, v, w)| < erluls, |[AZv]s, [w]s,,

where u € (H*1(Q))?, v € (H*2T1(Q))?, w € (H*3(Q))?, and 51, 52,83 > 0, 81 + 52 +
s3 > 1, (s1,82,83) # (1,0,0),(0,1,0),(0,0,1), and ¢; > 0 is a constant independent of
u, v, w. Especially, (3.5) is valid if we substitute the L?-norm for any two of the three
norms on the right-hand side and replace the rest of the norm by L°°-norms.

Hereafter, we use |f| to denote |f|z(r+ m) and set some dimensionless constants
throughout this section:

Reynold’s number  Re = v~ t|a| if |a] #0,
Grashof’s number ~ Gr = A\v—2|f].
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THEOREM 3.1. For any given nonnegative integer l, there exist constants My,

M; independent of m,l,t and a constant Ma(T') (for any given T > 0) independent
of m and | such that, if m is so large that

(3.6) A1 > 128¢IN w212 M3,

then (3.1)—(3.3) has a bounded solution on [0,+00)

and, for any 0 <k <l andT >0,

o) + wh ()] < Mo, |AR(u(t) +wh(t))| < My ¥t >0,

T
/O |A(u(s) + w*(s))2ds < My(T),

where

My = V/2U2Re? + 42Gr2, M, = 4)\1%V(R6 + 2G7r) exp(ci(2Re? + 5Gr?)?),
and
Mo(T) = 20" ' ME(6 + cjv > MEMET) + 32X302TGr?.

The complex form of the constant M; comes from the fact that we do not dis-
tinguish the types of boundary conditions. Actually, for the spatial periodic case,
the corresponding M; will have a much simpler appearance (without the exponential
factor).

Compared with NGM, PPGM, and ONG, in which the boundedness of the approx-
imate solution is quite easy to obtain and the existence of the approximate solution
is a direct result, the boundedness and the existence of the approximate solution is
no longer obvious in our case, especially for [ > 2.

To prove this theorem, we first consider the following Galerkin approximation of
(3.1)—(3.3): for any given positive integer M > m, constant T > 0, and k = 1,2, ...,
find

m M

A

Um = E glm(t)¢7 S Hma wﬁ/] = E gfm(t)d)l € (PM - Pm)H = PmMH
=1 i=m-+1

on time interval [0, T such that for any fixed integer [ > 0 and w9, =0

d
(3.7) % + vAvy, + P B(vm + wlM,Um + wﬁw) =P,f,
dwﬁ/f

dt

(3.8) + vAwk; + Prar B(Um, Um) + Pruar B(Um, why)

+ P B(why, vm) + Proar B(wh b why) + Prar B(why, whi )
= Puulf + Blwy L wip D] V1<k <,
(3.9)  v,(0) = Ppna, wi(0)= Ppya, i=1,2,...,1, 1>1.
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For simplicity of expression, we introduce the following notation for the rest of this
section:

u’an :vm—|—w§4, k=0,...,1
Noticing the orthogonal properties of {¢1,...,¢m,...} in H and V, that is,
(61, 07) = 6ijy (AT, AT¢)) = (Adi, ¢5) = Nibij Vi, j=1,...,m,...,
we find that the system (3.7)—(3.9) is actually a first order ODE of {g;m (t)}7, and
{gfm(t)}z]\im—&-l? k= ]-7 cey l:

m m M
jn=1 j=1ln=m+1
M
l l :
+ Z anjigjmgnm:fiv z:l,...,m,
j,n=m+1
m m M M
-k k k k _k—
Gim + VNiGip, + Z QnjigjmGnm + Z Z BrjigimInm + z BrjiymInm.
j,n=1 j=1ln=m+1 j,n=m+1

M
k=1 _k—1 .
— g nji9im Ynm =i Yi=m+1,.... M,
J,n=m+1

glm(o):(av¢z)a g;cm(o):(aagbj)a zzl,,m,]:m+1,,M
Here

{ anji = b(¢na¢]a¢l)7 ﬁnjz = b(¢na¢j7¢l) + b(¢j7¢n7¢2)7
fi=(f,¢:), g%, =0 fork=m+1,..., M.

Thanks to the theory of ODEs, the above nonlinear ODE has a maximal continu-
ous solution defined on some interval [0, Thy). If Tay < T, then |[AzuF , (t)], for some
0 <k <, must tend to +o00 as t — Th;. But we will show that this does not happen.
Therefore Tyy > T. Furthermore, both |u¥ ,,(¢)| and |A%uan| are bounded by some
constants independent of m, M, T, and [. To prove this, we need the following result.

LEMMA 3.1. For any given tpr > 0, suppose

[AFul (D] < My V1< k<1 te0,tn].
If the condition (3.6) is valid, we have, for k=1,... 1,
|u§nM(t)| <My Vte [O7tM]7

e aMZ  2r|f|?
/ A (5)ds < —F + ;';7;'2 for any t > 0,7 >0 with t +r < tar,
t 1

where My, My > 0 are defined in Theorem 3.1.
Proof. The summation of (3.7) and (3.8) implies

du’fn M
dt

+ vAug, ;4 PriB(0m, vp) + Pro[B(0m, why) + B(why, vm) + B(w)y, why)]

+ Pt [B(vm, why) + B(wly, vm) + B(wiy ", why)
(3.10) + B(wh,wh ) — Bwh twh Y] = Puf.
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Multiplying (3.10) by 2uF ,,, integrating it on 2, and using the property (3.4) of the
trilinear form, we get

d k 2
Wouar” 1 ) Al 2 < 21, v 00)] 20 0 00)] + 2bay 1)

+ 2[b(why, vm, wiiy)| + 20b(why, iyt wh)| + 20b(whyt wir wie)l + 210, upa)l-

1 _1
Due to (2.5) and (3.6), we know |Azwv,,|,|Azwk,| < M;, and aaMiLn),3 0 < 15 By
using (2.2)—(2.4) and (3.4)—(3.5), we summarize the estimates of the seven terms on
the right-hand side of the above inequality as follows:

ML
C1 l1 m|A%Um|2 < L|A%Um|27
2 10
m+1
1
2|b(vmvw§\4vvm)| = 2|b(v7nvvm7w§\4)| < c1]Vm|oo| AZ Uy |w§\/l|

M, L
< MM%UMQ < %IA%va,

1
2|b(UMvavwﬁ/I)| < c1|vm|oo| AZ | |w§/l| <

2
m—+1

1 1
20b(why, Wiy V)| = 2/b(wiy, v, wiy)| < ca] ATwiy*|AZ v

m+1
2oy, v, who)| < erl A P A un] < S AR 7 < L abul P
m+1
Kk k—1 k—1 ClMl 2 Vol ko2
2|b(why, wyy 7wM)| <CI|A4“’M‘ |A2 | < |A M| < E'Asz| )
m+1
2(b(wh; !, wh Y whp) = 20wl why wh ) < | ABwhy | [ABwk 2,
/\fn+1
_1 1 1 ‘f|2
2/(f, uppr)| < 21A72 Py fl|AZug, | < vlAZuf, ] +

Ay’
Finally, we see that

d|ufn |2 4v 1
Wimarl 4 ) ad P

|f|2

(3.11)
+c1Am+1<|A2wm||A2w CUP ATy | A0, )?).

Because of |A%uf§1M|2 > Ap|uk 5,2, we have

duk 2 11y
g g lumul’
|f|2

v
+ = |Azwh,|?
4
e L (AR AT P+ AT ARl ).
Thanks to (2.5), maxo<i<¢,, |A%uan(t)| < M; implies

max (max \A?w ()|2+|A2v ()|2> < M}

0<t<ty \1<k<l
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Therefore

0<t<ty \1<k<I

(3.12) max (max |Azwh, (1)) + |A%Um(t)> <V2M;.

Integrating the above inequality on time interval [0, ¢] and noticing (3.12), we obtain

v [t EEEESTAEN 1
s OF + 5 [ B Al (s < Jof? + a1
2c1 M ¢ v t Y
+ \[fllmax{/ i DAk (s )|2ds,/ e~ 30 (ts)|A5w§\4(5)2d5}-
>\72n+1 0 0

Because both terms on the left-hand side of the above inequality are positive, we have

b (OF <ol + a5 7
2c1 M t v t y

+ 7\[51 ! max{/ G S)|A§ ﬁ/fl(s)|2ds,/ - - S)|A5w§\4(s)|2ds},
22 0 0
m+1

v t 11>\1u(t s) A% 2 < 2 2

L[ bk )P <ol + s
2c1 M t g t 1Ay

+\ffllmax{/ A=) | A (8)|2ds7/ e~ U= At (5)] ds}
At 0 0

Taking the maximum value with respect to 1 < k <[ on both sides of the above two
inequalities and noticing w9, = 0, the summation of the results admits

3.13 k 2 — t Mhy(t 5) Az d
2
( ’ ) 1%?51 |umM )| 4 11222(1/ | w ( | $

11)\1u

< 2la]* +

t
2+ 2v2e M2 maxl/ (=9 | A%k (s)|ds.
0

)\22

1
Since we know 2v/2¢; M1 A,,%2, < ¥ from the condition (3.6), then (3.13) implies

A " = /22Re? + 42Gr2 = My Vte[0,ty], 1<k <l
1

s ()] <
From (3.11) and the result we just obtained, we have for any ¢ > 0,r > 0, and
t+r <ty

v [T o P -3 AR
5 |AZuy, 0 7ds < 2M§ + > +2\/501M1/\m+1 11151?%(1/15 |AZwi,|“ds.

1
Noticing that [Azwk, |2 < [Azu” ,,|? and that (3.6) guarantees 2v2e1 M2 <
7, we can easily get from the above inequality that

t+r 2 2
1122%([[ |A2umM(5)|2dSSTO+W VtZO,r>0,t+T§tM O
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Now we are ready to prove that for the ODE system (3.7)—(3.9) there exists a
global uniformly bounded solution.

LEMMA 3.2. For any given 0 < T < o0, if m is so large that the condition (3.6)
holds, we have

|Azuf () <My VEe[0,T), 0< k<1,

and
T
/ |Au’lr€nM(s)|2dSSM2<T)7 kzoalv"'7la
0

where My and My (T) are given in Theorem 3.1.

Proof. Noticing what was mentioned before, that the ODE system (3.7)—(3.9) has
a maximal continuous solution defined on some interval [0,T)s), we will prove this
lemma by contradiction.

Assuming that

(3.14) T < T,

we then assert that |A2uF, ,,(t)| goes to oo as ¢ tends to Ty for certain 0 < k < . Since

|Azuk  (1)] is a continuous function of ¢ and M; > |AZal, there exists a constant
tar < Ths such that

Lk
(3.15) Orgg)S<I|A2umM(t)|<M1 on [0,tp) and 01212§Z|A2u m ()| = M.

Multiplying (3.10) by 2Au¥ ,, and integrating it on €2, we have

d‘A%U'IanP Eo2 k l
e + 2v|Aup g |2 < 210(Vim, Vi, At )| 4 210(Vm, Wiy, Av)|
+ 2|b(wyy, v, Avy)| + 2|b(wy, wﬁw, Avp)| + 2|b(vm,w§/[,Awﬁ4)\
+ 2[b(why, vm, Awhy)| + 2b(wh; L why, Awlp)] + 2[b(why, wht Awgy)|

+ 2|b(w§/[ lﬂwM g AwM)l +2|(/, AumM)l
Under the conditions of (3.6) and (3.15), Lemma 3.1 asserts that [u” ,,| < My on
[0, ¢a7] for any 0 < k < . Of course, we know |v,, |, |wk ;| < My from (2.5). By using

(2.2)—-(2.4), (3.4)—(3.5), and the result of Lemma 3.1, we have the following estimates
of the ten right-hand-side terms in the above inequality on [0, t/]:

1 1,1 3
2\b(vm,vm,Au’an)\ < cllvm|00|A2v7n| |Aulan\ < c1fvm|2[AZvp| |Au]:nM‘2

42
< %) u g P + 2D A, 8,
l ClL 1 1
20b(vi, wpr, Avp )| < Cl|vm|00|A2wM| | Avp,| < | A2 v | [Awy | | Avy, |
72n+1
ClL
< | A% v, | Awhy]? +
4/\erl )\m+1
1 1 1 c1Lm 1 2
2[b(whys Vs Av)| < erfwiy| [A2vm || Avim| < ———[AZwy| [Avp |,

2
m—+1
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< erfwhy|oo|AZwhy | [Avy,|

2b(why, why, Avin)

1 1 1 1
< erfwiy |2 | Awly |2 [why |2 [Aw)y || Avy,|

crfwiy | [Awly | |Avm| <

£
c1L,, c1Ly,
< S| Aduly || Auh P+ S| ARl | Av P,
4 m+1 )\m+1
k k 1ok ClL 1 k2
2|b(vm7wM7AwM)‘ < Cl|vm|00|A2wM| |A | < ‘A2vm| ‘Ale ,
m+1
21b(why, v, Awkp)| < erlwhyloo| A2 vp] [Awhy| < e1[wh || Awk; 2| AT v, [Awh]
<
m—+1
20b(wkr  whp, Awkp)| < e ATwh; R AWk, 2,
m+1
20b(why, whit, Awk)| < c1|wM|oo|A2wM YAwh| < erwh |2 |AZwh || Awd, |2
S 7’IU§€\/;1| |AwM|27
m—+1
20b(whi Wit Awl))| < el Ve AZwh Y [Awh|
< c1|w’x;1|%|Aw§z;1|%|w7V;1|%|Aw’“-1\%|Awfw|
= ciwh | Awky ; MO Awh ]| Awhy |
m+1
<4 |A2wM1\|AwM|2 Y | Awk P,
2>\ 2Afn+1
k 4 .9 vV Eoo2
2|(f, Aul )] < ;m + [ Aut
Combining the above estimates yields
dlAZuF | |2 4 AM2
DAt ) ud g2 < 21p2 4 AN

1 _1
e Lm Aty (A 0n] + \AinmAwMP

_1
+ 1 LAt 1 (| A2 v | [ Avm 2 + 2| A2 Wl | | Avy, 2
+ 2|A% v, | |Awk,? + 2|A2wM U Awh,?)

c
+21 m+1|A2wM1||AwM|2+ )‘m+1 AszlHAwk 1|2

Noticing (3.15) and (3.12), we have for ¢t € [0, ]

|A3 00| [Avy 2 + |AZwh | |Avy, | + [AZ v, | |Awh | + [AZwh Y| | Awd, 2
< V2M;|Auk 2
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The combination of the above estimations gives

d|AZuF | |2 4 4 1 V2
A st a2 < 2112 B b a0 P
2V2e1 M c M c M
+Q71|A o[ [ Awl P+ A
m+1 m+1 m—+1
Thanks to (3.6), we have 2v/2¢; M L, )\m_H < 4. Then
d|Azuk |2
A sl 32 2 < L A g g

- 5M1me;il<\AwM|2 )

For any t > 0, r > 0 satisfying t +r < tpr and 7 € [t,t + r], integrating the above
inequality on [7,¢ + r] shows that for all 1 < k <1

t+r M2

Abyh 2y 3 [ b (2as < 20 Ay, (s)[4d
[ At (E+7)7 + = | Aty (s)]°ds < —-|fI7 + 5| AZ v (s)[ ds

t+r
C1 -1 _ 1
+ ML [ (A O [k ) + [k (6)ds + [ AR ()

Now, we define

— 2
y(s) = max [A}upr(5)

1
By noticing that (3.6) implies 3c; M1L,A,,3; < § and using a similar method for
deriving (3.13),

t+r )
(3.16) yt+r) + 2112??1/ |Aul () 2ds

Mg,

< T)+ — + as.

Thanks to Lemma 3.1, we know

a 4AM2 27| f?
/ y(s)ds < —2 + r|f|2 2 0a(r) VE>0,7>0, 47 <t
t v AV

Also, we define

Mg
2u3

8r
ar(r) = —|fI>,  a(r) = ag(r).
It is obvious that a;(r), as(r), and as(r) are functions of r and independent of [ and
M;. Omitting the second term on the left-hand side of (3.16) and combining it with
the above three inequalities, we can use the idea of the proof of the uniform Gronwall
inequality (see [22]) to get

(3.17) y(t) < <2ag;(r) + ag(r)> exp(aq(r)) 2 Bii(r) Vr <t <ty.
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For t € [0, 7], by using the ordinary Gronwall inequality, (3.16) implies

(3.18) y(t) < (2|A%al> + as(r)) expla () £ Bia(r).

Now let us complete the proof in two cases.
Case 1. If tpr > le, we take r = le in (3.17)—(3.18). This admits

L 1 1
1HS1?%<l|A2umM(t)| < \/max{Bn <>\1V> , Bio <>\1V>} Yt € [0, tar].

It is easy to verify that

max < B L , B1o L < 4)\1%1/(Re +2G7r) exp(c](2Re? + 5Gr?)?) = My,
)\11/ )\11/

and this is a contradiction of (3.15).
Case 2. 1If ty < 515, it is quite easy to verify that (3.16) is still valid with
=7 =0 and any r < tj;. Then we can use the ordinary Gronwall inequality on

t

(3.16) to get
max |A%ui (r)] < /B2 1 < M; Vrel0,ty]
1<i<l mM - v ’

In particular, max;<;<; |A%uan (tamr)| < My. This also leads to a contradiction with
(3.15).

Therefore the assumption (3.14) is invalid. We can thus get T)s > T; that is, the
solution of (3.7)—(3.9) will not blow up in any bounded time interval. And the proof
shows that its solution is uniformly (with respect to m, M,l, and T') bounded with
bound Mj.

Furthermore, from (3.16) we can get, for k =1,...,1,
T A2 74
2ci MEMTT
/ |Auk L (s)Pds < 1207 ME 4+ 32Tv 2| f + Cl#
0 v

< IME(6 + v T3 MEMET) 4 32030°TGr? = M2(T). O

Proof of Theorem 3.1. By the results of Lemma 3.2, we claim that for any fixed
m the sequence

(319) U7nM é {UM7w11\47~'~5w§\4}a M>m7
remains in a bounded set of £2(0,T;D(A)) N L>(0,T;V),

where D(A) = P,,,D(A) x (QmD(A)!, V=P,V x (Q,,V)'. And it is easy for us to
verify that

dUy, o
(3.20) o= U;ltM remains in a bounded set of £2(0,T; H).

Here H = H,,, x (Q.,H).
Now we define Xg = D(A), X =V, X; = H, and

Y ={U € £*0,T; Xy), U € £*0,T; X1)}.
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From (3.20) and the second result of Lemma 3.2, we have that the sequence {Uy, a1} vr>m
remains in a bounded set of Y. Thanks to (3.19) and the compactness theorem
(see Theorem 2.1 in Chapter III of [21]), we can assert the existence of an element
Up = {0, 0}, ..., 0"} € £L2(0,T;V) and a subsequence {U,, s/ } 1 >m such that

Upmarr — Uy, in £2(0,T; D(A)) weakly, in
L£°(0,T;V) weak star, and in
L£2(0,T;V) strongly, as M’ — oo.

We can certainly get U,,ar — U, weakly in £2(0,T;V), weak star in £(0,T;H),
and strongly in £2(0,T;H). Noticing the continuity property of the trilinear form
b(-,-,) (see Lemma 3.2 in Chapter III of [21]), the passage to the limit shows that U,,
is the solution of system (3.1)—(3.3), which shares the same bound of Uy, . d

In the following theorem, we will show that the small eddy components, namely
lwk,| and |Azwk,|, are bounded by some small quantities. This result is very impor-
tant for the error estimates in the next section.

THEOREM 3.2. If |A%u7’an(t)| <M foranyt >0 and 1 < k <1 and m is large
enough such that (3.6) holds, then there exists a positive constant Ty = Ty(a, f,v)
such that

KoL K1 Ly,
0 |AZwh, ()] < = Vi >To 1 <k <I,

2
)‘7n+1

why ()] <

)

)\erl

where
2(c1M? + 2| Proas f| L) 5(ctM? + [Pt f|L;0)
Ko = ) K, = .

v v

Proof. Multiplying (3.8) with 2wk, integrating it on €2, and using (3.4), we get
djwy, |

k=1 k
dt )

+ 2V|A%w§4|2 + 2b(Vg, Uy why) 4 26(why, v + W why

= 2(f, why) + 2b(wyy L wi t why).

For the trilinear forms and the force term above, using (2.2)—(2.5), (3.4)—(3.5), and
the assumption |A2 (v,, +wk,)| < M, we have

20 (0, Vs why) < 10| A2 k1< et DAn 2 |Abo, 2| Abwh
ms Um, Wpr) > lvm|oo| UmeM| C1 m+1| Um‘ | wM|

ZA2 2 7rL|A U7n|
4‘ M| 3\ 11 )
m
k k—1 k ClMl k12
2b(why, v + why , why) <01|A4U’MHA (vm + why >||A4 Ml < |A wiy |
m+1
2b(wyy b, wip twhy) = —2b(why 7w§€\/17w§€\/11)<01‘A4wM1HA2wM||A4wM1|
_1 2| Aswh
< e by ad el PlAbul) < Sladug? + |Af|
m
_1 1 1% 1 4
2(f,why) < 27,31 [P f] |AZwhy| < Z|A2’Wﬁ4\2 + rl|Pme\2-
m+

Thanks to (2.5), |AZv,,|* + |A%w’]f[1|4 < |Az (v, + wh |t < M. By (3.6), we see
_1
that c; M1A,,5, < 4. Then
dlw,[*
dt

AMILY, + 4Pt |
V)\m+1 .

+ V>\Tn-|—1|UJM‘2 >
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Integrating the above inequality on [0, ] yields

m CIM12 + 2|P7rLMf|L7_nl

m+1 v

(3.21) |w§“w()\_A +e Annit/2| P al Wt > 0.

Similarly, by using equation (3.8) again, we have

d|A%w§w|2 k |2 k k-1
T+2V|AwM| + 26(Vrm, Vi, Awhy) + 2b(vy, + wh L wh, Awk))

+ 2b(wh v + Wk Awhy) — 26(wh L wht Awhy) = 2(f, Awhy).
Applying (2.2)—(2.5) and (3.5), the following estimates hold:

26(Vrn, U, AWE,) < c1|vm oo A2 V| [AwE,|
< 1Ly At PlAwky] < Zduky? 4 AL
2b(vy, + wﬁ/f 1,wM,AwM) < cl|vm|oo|A2wM| \AwM| + 01|A4u) 1| |A%w§/l| \Awﬁﬂ
< (Ll A |+ AL Aw
m+1

2c1M1L,,
‘[0171|Aw§€w|2

IA

)

2
m—+1

IA

1 _
crfwiyloo| A% (U + wiy )| [Aw]y|
ClMl

1

2b(why, v + Wkt Awk))

A

1 3
1 My Jwh |7 |[Awg, |7 < |Awfy|?,

m—+1

IN

— 1 —
2b(wi; ' why ' Awly) < ewi s AZwyy | |Aw]|

IN

—1,1 —1,1 1 —
crlwyy |7 [Awyy 2| AZwi | Aw] |

< Sl || Awf | Awg|
m—+1
v 42 M?
<*A k 2 1 1 A k: 12
< Glufy? + S au

4
2(f, Awhy) < 21 Pouas | | Auy| < Z|AwM|2 + Pt 12

Thanks again to (3.6), v/2c; M Ly, )\mil < 4. Then we get
dlAzwk |2 4c2 M2 42 MAL2
(322) ‘ dtMl 4 1/|Aw§/[|2 |Pme|2 1 1 |A k— 1|2 + 1 Vl m.

By using (2.4), we have |[Awh|? > 1| Awk, > + %M%wﬁﬂz. Then it follows that

dlAZwE 2 vyt 1 v
dtM + 2” |AZwk, |2 + §|Aw§4\2
4 4¢2 M? _ 42 MAL?
< ;|pme|2 + 1711|Aw§4 1‘2 + %

m
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Integrating this inequality on [0, ¢] admits for 1 < k <1

|Pme‘2 + C%MfL?n)
V2)‘m+l

t
Al + 5 [} ok ) as < 2
0

43 M?

— 1
+ e A2 A2 Poyal® +
V)\m+1

t
/ e~ VAm+1(t—5)/2 |A’LU§/[_1 (s) |2d8.
0

By using the same method for deriving (3.15) again, we have

|Pme‘2 + C%M{lLrQn)
V2>\m+1

t
1 ; ; 16
ARt + 5 o [ 0wl s <

N i1t/2) 4 L 5  8cAM? i ai(t—s)/2 j 2
+ 2 PAmnt/2| A3 Py ral? 4 L max/ eV Am e =92 A (5) P ds.

VAm41 1<i<t Jy

If m is so large that (3.6) is satisfied, we have iiﬂﬁ < 5. Therefore, we can obtain
fort >0
1 L., 4| P, L1 M? 1
(323) |A§U}§€M(t)‘ < = . (| Mf' Vm +c1 1) + \/ie—ux\m+1t/4|A§PmMa|.
)\2
m—+1

Taking into account (3.21) and (3.23), there must exist a constant Ty(a, f,v) > 0
such that the results of the theorem are valid. a

Comparing this result with the small eddy estimates of the NSE given in [8], we
find that the small eddy components obtained in the small eddy correction method
share the same properties as those of the NSE, which will be listed in the next section.

4. Convergence analysis. First of all, we recall the following property of the
NSE (see [8]). There exist constants, which will be also denoted by My, My, Koy, K1,
and Ty = Ty(a, f,v) appearing in Theorem 3.1 and 3.2, such that for any solution
u=p-+qof (1.1) or (1.5)—(1.6),

(4.1) lu(t)| < My, |AZu(t)| < M, Vt>0,
and
_1
(4'2) |Q(t)‘ S KOLm/\r_n{H; |A%Q| S Kle/\mi—l Vit Z TO-

LEMMA 4.1. Under the conditions of Theorem 3.1, there exists a constant T} =
Ti(a, f,v) > 0 such that for any t > T}
272

t
V/ €_V)\m+1(t_s)/2‘Aw1(8)|2d8 < —[(1[/7717
0 /\m+1

t
u/ e V=92 At (s)|?ds < K2L2,.
0

Proof. Consider k =1 in (3.2). From (3.10), we can get

dlAzw!|? 3 3¢2L2 M}
Q =+ V|Aw1‘2 S 7|me|2 + M'
dt v v
Since v|Aw!|? > PAmet] A3 |2 4 Y] Aw' |2, we have
d|Adwl|? 3ci Ly, M

Am 1 3
(4.3) + S Aw! P+ R b2 < S |Qun 12+

dt

v



SMALL EDDY CORRECTION METHOD 1119

Integrating the above inequality leads to

t
u/ e_”)‘m+1(t_s)/2|Aw1(s)|2ds
0

_ 1 6|Q f|2 6c2L2 M?
< 9 V/\,,L+1t/2A " 2 m 17mi1
< 2e |A2Q,nal?® + I DAt
2 —2 2 2 4
< ze—uAm,+1t/2|A%Qma‘2 + Lm % 36(Lm |me| +ClM1)
6Am+1 1/2
2 -1 2 2
< 2€_V)\m+lt/2|A%Qma‘2 + L3, 6(L,, |Qm f] + c1 M7)
6Am,+1 v

L2
_ e PAnrit/2|Ab Quuaf? + ~2m K2,
6Am+1

Not enlarging the third term on the left-hand side of (4.3) to %7“|A%w1|2, we can
use the same procedure to get

¢ 2
1 L
1// e V=912 Aw (s)|2ds < 2e V2| Az Qunal? + ?mK%
0

Certainly, there is a T}(a, f,v) > 0 such that the results are valid. d
Now, let us introduce some notation:

e(t) = u(t) —u'(t), e*(t) =w"(t) =" '), |- @)= sup |- (s)]-
0<s<t
In particular, el (¢) = w!(t).
THEOREM 4.1. Under the condition of Theorem 3.1, that is, with m large enough

such that (3.6) is valid, we assume that the results of Theorem 3.2, (4.1)—(4.2), and
Lemma 4.1 hold for Ty =0 and T§ = 0. Then we have for 1> 1

l

> exp(cEMEv=tt/4) Vvt >0,

KoL?2 [2ic,K,L,,
()] < S ( o
V)\m—i-l

= "7
27 1Ky

where the constants My, Kg, and K1 are defined in Theorems 3.1 and 3.2.
Proof. Combine (3.1) and (3.2) to see that

du

l
(4.4) o TrAu + Bl u') = QuB(e',e') = f.

Subtracting (4.4) from (1.1) yields

de

(4.5) o

+vAe + Ble,u) + B(u',e) + QnB(e', e") = 0.

Next, we give a rough estimate of |e|? in terms of |¢!|? and |A2&!|2. Multiplying (4.5)
by 2e and integrating it on €2, we have

dle|?

— F AT <2b(e,u,e)| +20b(e! ', Que)l.
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For the two terms on the right-hand side of the above inequality, we have
2|b(e, u,e)| < c1|ATe|?|A%u| < cile| |[AZe| |[A3u
< e Mile||AZe| < v|AZe]? + %W,
2(b(el el Qme)| = 2|b(e!, Qme, €| < cy|e!| |[AZE!||A%e| < v|AZel® + %elmﬁeq?.

Here we applied the Sobolev interpolation inequality (2.2) (the third equation) to the
second inequality of both of the above two expressions with s = 1, m = % Therefore,

4>
we get
d|€|2 C%M% 2 C? 12y 4% 112
< - — Az .
dt — 4dv ‘e| Jr41/|€| | 6'
Integrate the above inequality on [0, t] to obtain
(4.6) le(t)[? < My 2elEMV D1 )12 Azl (8) ).

To take advantage of the fast decay property of the small eddy components, we
estimate the large and small eddy errors |e,|? and |e,4|? in terms of |e!|> and |Azel |2
by using (4.6).

Projecting (4.5) onto H,, and Q,,H, respectively, we have

d
(4.7) % +vAe, + PnB(ey +eq,u) + PnB(u' e, +eq) =0,
d
(4.8) —;tq +vAe, + QmB(ep + e, u) + QmB(ul e, +ey) + QumB(el, ') = 0.

Multiplying (4.7) by 2e,, integrating it on €, and noticing (3.4) lead to

d|ep|2
dt

+ 2V|A%€p|2 < 2[b(ep, u, ep)| + 2[b(eq, u, ep)| + 2[b(u’, eq, €p)]-
Thanks to (2.3)-(2.4), (3.5), and Lemma 1 in [8], we know that
(4.9) Qb(ul’ ep; €q) = 2b(Pmul, ep; €q) + Zb(QmUly €p; €q) < ClMle|A%6p| leq]-

By using (2.2)—(2.4), (3.4)—(3.5), and (4.9), we have

1 1o, aMt
2b(ep, u, ep) < c1Milep|[AZep| S v[AZep|” + Ay lep|”,
1 Vo1 EM?L2?
2b(eq,u, e) < crMifegleploc < 1M1 Lmleq||ATey| < AP+ == ey,

207272

1 vV, 1 cf M7 L
2b(ul,eq,ep) < 1MLy |A2ep| le,y| < §|A2 epl? + A iTm 211/ e, |
Finally, we obtain

dley|> _ AME o GAMPLT,
TSTWH +———"eg|”



SMALL EDDY CORRECTION METHOD 1121
Integrating the above inequality on [0, ¢] admits
(4.10) lep()[* < 4L7, exp(ci Miv™'t/4)|leq (8)]]1*.
Multiplying (4.8) with 2e, and integrating it on 2, we get

dle,|?
% + 2V|A%eq‘2 < 2|b(ep,u,eq)| + 2|b(eq,u, eq)l + 2|b(ul,€p»€q>| + 2|b(5la5laeq)‘-

For the right-hand side terms, we have

2 2
s M
171 |€p|27

1 1 1 vV,o.1
2b(ep, u,eq) < et Mi|Ade,|[Adey| < et Mi|Azey| ey < Z‘A26q|2 +

2972
ci Mj

1 1 vV, 1
2b(eq, u, eq) < c1Mi|ATeq[* < eiMi|AZey| leg| < Z‘Azeq|2 + leql?,
2b(u!,ep,€q) < e1MiLin|A2 ey eg] < c1MiLinley| [AZey]

C%M12L$n|e |2
v Pl

v, 1
< Z‘Azeq|2 +
2
20(c', &', eq) < ex ATl Abe,| < cile!|| AT [ATe | < T|ATe 2+ LI aRe
v
Then we derive

d|€q‘2
dt

33 ME L2

2
& 1
+ VAmp1leg < == e [P 4 e PlAE .

Integrating this inequality on [0, ¢] yields

3c}MEL? 2 ,
4.11 H? < e (1)) ! FONIPINAZE @)
(411)  feq() < Vi lles (I +V2/\m+1|||5()||| 1A= (@)1l

Thanks to (4.6), we obtain

4C%L%ne(c§Mfflt)/4
<
V2Am+1

(4.12) leq () I 1IN AZe" ()]

Then the combination of (4.12) and (4.10) admits

QOCfo‘ne(chf’flt)/Q
<
V2)\m+1

(4.13) le(t)]? I OIIPIAZE" ()]

To complete the proof, we have to estimate the two factors on the right-hand side
of (4.13) for 2 < k <. First of all, from (3.2) we find that £*(t) satisfies
de* k k k k=1 _k
(4.14) E+VA€ + QmB(v,e%) + QmB(e”,v) + QmB(w"™ 7, ")
+ QmB(E* WY + QB =0 V2<k<I
Multiplying (4.14) by 2¢* and integrating it on Q gives

dleF |2
7|ilt| + 2| Az 2 < 20b(e" v, F)| + 2|b(e*, wh T, €| + 2lp(eF T, R M)
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We can summarize the estimates of the right-hand-side terms of this inequality as

1
20b(e", v, e")| < e1|ATRP|AT 0| < et MyA2 |ABER|,

_1
20b(e", w1, e%)| < | ATER AT WY < ey MyALE | ATER P,

3 2
2|b(€k—17€k—175k)| < Cl|5k_1| |A%€k—1‘ |A%Ek‘ < g‘A%‘Sk'Q + %|8k_1|2|14%€k_1|2,
1%

where, in the first inequality of the last expression above, we used the interpolation
inequality in (2.2) with s = 1 and m =

By choosing m large enough such that (3.6) is valid, we have

N

d k|2 3 2
‘zt| +V|A%Ek‘ < 4Cljl|€k71|2|A%8k71|2.
Finally, we get
kg2 30% k—1 2 L k-1 2
(415) " < " ONFIAZe"(OF VE=0,2<k <L
4V2Am,+1

Now, let us estimate |A%5k(t)|2. Multiplying (4.14) by 2A4e* and integrating it
on {2, we obtain
d|Azek|?

7 + 2u|AeF?

< 20b(v 4wkt R AR) |+ 20b(eR, v + wh T, A)| + 2|b(eF L, R, A
For the three terms on the right-hand side, we have

. : M,L,,
20b(v + wht, ek, Ak < e (|v]oo | ATR| + |ATwh Y| |ATR|) Ak < LTI Ak 2,
)\E

m—+1

_1
2|b(5k,v + wkfl, Aek)| < cl\sk|oo\A%(v + wk*1)| |A€k\ < clMl)\mil|A5k|2,

_1
20b(e" 1, e AR)| < eg[eF Yoo AZERTY | AR < e 2 |AZeR T | AR | Ak

v 3c3 1
<7Ak2 7114519712141@712.
< FlAtP 4 At et
Thanks to (3.6) again, we derive
d|A%€k|2 V>\m+1 1 14 362 1
4.16 A3R12 L DALk 12 « 001 A3 k112140012
( ) dt + 2 | €|+2|E‘ —41/)\m+1| e 7| AR

Integrating the above inequality on [0, ] yields

t
|Azeh (1)) +g/ e Am = 9/2) Ack () 2 ds
0

3¢2||| Az ekt

41/)\m+1

2 t
< €7VAm+1t/2|A%€k(O)‘2 + (t)||\ / 671/)\’”+1(t75)/2|A6k71(S)‘st.
0
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Thanks to (3.3), we have for 2 < k <1

2 I k-1 2 ot

cl|||A2€ (t)|H / e—u/\m+1(t—s)/2|AEk—l(S)‘2d8’
V)\7n+1 0

14

t
(4.17) 3 /O e VA1 =9)/2) Ak ()2 ds
AlllAzes?

V)\m+l

|Azeh(1)[? <

2 t
(t)||| / 6_V)\m+1(t_s)/2|A6k_1(S)|2d8.
0

By (4.15) and (4.17), if we define

1
ar = |17, b = [I]AZ"|?,
t 2
cp = u/ e*"A’"“(t*S)/Q|Ask(s)|2ds, a=—— L <1,
0 V2 Am41
we have for 2 < k <]
(4.18) ap < oap—1bp—1, by <abp_ick—1, cx < 2abgp_1ck—1.

From the last two inequalities in (4.18), we see that
brer < 202 (bp_1cr—1)2.
So we get for 2 < k <1
abic (k=2)
(4.19) by < a [kHS(QaQ)Qi} (bre)® ™ (k=3)

i—0

2k72

<273 (v20)? T (b1en)

The inequality for by is obvious, and the one for by, is obtained as follows: for 3 < k <1

b < aby 1ok 1 < @+ (20%) (back2)? < a- (201 (20%)? (bysep5)? <+
k—3
<a- (2042)2%21+...+2’H"’(blcl)z’“*2 — [H(Qaz)z'l] (b1c1)2k72.
i=0
Thanks to inequality (4.18), we have for 2 < k <1
k
arbr < aag_1bgp_1by < aag_obg_obgp_1bp < - < a7t [H bi] (a1b1).
i=2
Then by using (4.19), we can finally get
k i—1 1 —2
(4200  apbp <] [27%(\/5@)2“ “Lbyer)?” ] (a1b1)
i=2
- (2=1-1)
= ak_l . 2_% . (\/ﬁa)i:2
k

x (byey)i=2 “(a1by) < 21_k(\/§a)2k_2a1b1 (b101)2
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From the results of Theorem 3.2 and Lemma 4.1, we can finally get the result of
the theorem from (4.13) and (4.18)—(4.20) by simple calculations. d

For H'-error estimates, we have the following result.

THEOREM 4.2. Under the same conditions of Theorem 4.1, we have for 1 > 1

2L

2
) exp (est) Vit >0,

2i¢, K, Ly,
|AZe(t)| < AMy(c1 K L3 v )2 (4011

V)\m+1
where c3 = 2C?V_2Mf’ +27 and My, K are constants defined in Theorems 3.1 and
3.2.
Proof. Multiplying (4.5) by 2Ae and integrating it on  yields
d|Azel?
dt
Thanks to (2.2), (2.4), and (3.5), we have

+ 2v]Ae|? < 2|b(e,u, Ae)| + 2|b(u', e, Ae)| + 2|b(e, €', Ae)|.

2|b(e, u, Ae)| + 2|b(u!, e, Ae)| < ¢1 M |e|oo|Ae] + 01M1|A%+%e| |Ae|
< 21 My|A%e|3|Ae|s < v|Ae|? + Qciiiwfm%e\?,

2b(el,el, Ae)| < c1|et oo | ATEN |Ae| < c1]e!|2| At 3| A% EN | Ae
< A2 AR Al |Ae| < v]Ael? + @;fmm%slﬁmsq?.

Therefore

dlAzel?  24M7 ) cf 1 20 Al (2
- A < ————||JAze"(9)]||°| A’ ()]
G AR < AR @1P4e! o)

Integrating the above inequality admits

2 ‘Al L2 [t 283mBe-s)
|A%€(t)|2< cl||| 25()'” e%LAEZ(S)‘Qd&
41/)\m+1 0

Defining ¢z = 2¢3v =2 M3} + 271w, we can deduce from the above inequality that
2ecst|[| A3L (D12 [T oo
ae laze @l [ e s s
0

4V>\m+1
Similarly to the proof of Theorem 4.1, we estimate \A%ep|2 and \A%eq|2, respec-
tively. Noticing (2.4) and (4.10), we have

(4.21) |Aze(t))? <

1 2m2y— 1
(4.22) [AZ e, (1) < Ampalepl” <ALEAmae™ 5 |lleg(t)]]?

5 cZmZy—1e 1 5
SALnem T [[[AZeq (1))

Multiplying (4.8) with 2Ae,, integrating it on (2, doing some estimates of the cor-

responding trilinear terms, and then integrating the final differential inequality of
1

|Aze,4|? on [0,t], we can finally get

1 5C2L2 M2 1
4.2 Aze > < 2L | Aze, (1)1
(4.23) |AZey|” < Pt [[14Z e, (@)]]]
se3f|Aze))* [
+ Cl|||y)\25+(1)| /0eiuAmH(tiS)/Q‘A6l(8)|2ds.
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Combination of (4.21)—(4.23) admits

10¢i M7 Ly, 203t|||f42€ @1
v )\

t V(t s) t YAm41(t—s)
X (/ - | Al (s)|?ds + )\m+1/ e z |A5l(s)|2ds> .
0 0

i

(4.24) |Aze(t)]? <

Let us define

t A (t—s)
1 _Pmia
by = [[|AZE'(t)]|1%, e :1,/ e | Ak (s)Pds, o= SRR
0 v m—+1

and
t
di = z// e V92 Ak (5)|2ds.
0

We have from (4.17)—(4.18) and (4.24) that

|AZe(t)> < 10MZLE, €2 a?by(dy + Amy1¢1),

TYL

b < abp_icp—1, cr <2abp_1ck—1, dip < 20abg_1di—1.

The last inequality is obvious if we substitute “22+1| A7 *|? with 2|A2¥|2 in (4.16).
From the last two inequalities we have for [ > 1

di + Apyicr < 2ab_1di—1 + 20 1 bi—1c—1 = 2abi— 1 (dj—1 + Amy1ci-1)

< (20)2bi1by—2(di—2 + Amy1ci—2) < -+ < (22)71 [H bi| (d1 + Amy1c1)-

Now it is easy to get for [ > 1

!
(4.25) bi(d; + Apyrcr) < (20)171 (H b¢> (di 4+ Amt1c1).
=1

Thanks to (4.19) and (4.25) we have for [ > 1

!
bi(dy + Ams1cr) < (20) by [Hz 5(V20) T T 1e)? | (dr + Amgrcn)

=2

(dv + Amg1c1)

l
< V2(20)' by (brer) lH 25 (V2a)? T (byer)?

2

=1
< 27%(\/501)2172(13101) 2! %(dl + )\m+1C1)

Combining the above inequality with the results of Theorem 3.2, Lemma 4.1, and
(4.24) leads to the result of the theorem. 0

Remark 2. Compared with NGM (1.8) and PPGM (1.10), the small eddy cor-
rection method (3.1)—(3.3) involves the self evolution of the small eddy components
as well as the interaction between the large and small eddies. Therefore it is suitable
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for approximating the NSE whenever the small eddy components change slowly or
rapidly (in this case, approximating the small eddy equation with the steady Stokes
equation in both NGM (1.8) and PPGM (1.10) is not suitable) and can be expected
to yield a more accurate approximation. Actually, the result of Theorem 4.1 shows
that u! can improve tlhe L2-accuracy of both NGM and PPGM approximations for

almost half order (X,,%,).

As is said in Remark 1, u! is the ONG-approximate solution given in [11], in which
the authors imposed some rigorous conditions on the data of the NSE, for example,
a € D(A) and f € L>(R*,V), and for the periodic case proved for the semidiscrete
formula (3.7)—(3.9) (see (101) and (102) in [11]) that

[ — s | < c@)A5 1+ M)
From the result of Theorem 4.1, it is obvious that our conditions on the data are much
weaker. Indeed we demand only that a € V and f € L>®°(R™, H). And we get almost
the same estimate for both periodic and nonslip boundary conditions except for the
logarithm term L2 | which increases very slowly as m — oo and can be regarded as
a constant in general circumstances. A more important thing is that we provide a
successive correction procedure which can double the convergence rate of the previous
approximate solution just as the Newton method does for elliptic problems. Of course,
the larger [ is, the more accurate the approximate solution is. On the other hand,
Theorem 4.1 tells us that for any fixed T'> 0 and ¢ € [0, T

lu(t) —ul(t)] = 0 asl— oo.

That is, to ensure that u!(t) approximates u(t) uniformly (with respect to certain
prescribed error bound) in certain fixed time interval [0,7], we have two choices:
enlarge m or choose a large [.

Remark 3. In this paper, we consider only the continuous small eddy correction
method. But some intermediate steps in the proofs of Theorems 4.1 and 4.2, i.e.,
(4.10)—(4.11) and (4.22)—(4.23), give us some suggestions for constructing its full dis-
crete form. Actually, the four inequalities listed above show that the total error |e
(or |AZe|) of the scheme can be controlled by its small eddy error |e,| (or [AZey]),
and the accuracy of |e,| (or |A%eq|) is always a half-order higher than the large eddy
error |e,| (or |A%ep\). To balance this kind of difference and make the full discrete
algorithm more effective, one possible choice is to use different time step lengths for
large eddy and small eddy equations.

5. Numerical examples. In this section, we will present some numerical ex-
amples of the small eddy correction method for dissipative evolutionary PDEs.

The small eddy correction method (3.1)—(3.3), proposed in section 3, is a time
continuous scheme and is defined in an infinite-dimensional Hilbert space. In practice,
we have to construct its full discrete formulations, that is, to restrict it in a finite-
dimensional subspace (for example, see (3.7)—(3.9)) and do time discretization by a
finite difference scheme. Of course, we have to investigate its corresponding numerical
stability, error analysis, and possible multilevel scheme in time discretization, as was
pointed out in Remark 3. We will address these questions elsewhere.

As the first numerical example, we integrate the following one-dimensional Burger
equation with the homogeneous Dirichlet boundary condition on [0, 7r]. Using notation
similar to that of the NSE, we have

(5.1) % +vAu+ B(u,u) = f,  u(0) = uo,
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where, in this case, A = _86722 with domain D(A) = H?(0,7)NHE(0,7) and B(u,v) =
2uvy + $ugv for u,v € HY(0,m). The eigenfunctions of A are ¢; = /2/7 sin(iz) with
corresponding eigenvalues \; = 2, i =1,2,....

We choose an exact solution u.(x,t) and then compute the time dependent forcing
term f(x,t). This makes it possible to compare the numerical solutions with the exact
solution without computing a large Galerkin approximation as an “exact” solution.
We choose

Ue(x,t) = Z a;gt) sin(jz), a;j(t) =1+ ysin(j%t).

o0

j=1

To give a numerical implementation of the small eddy correction for (5.1), we use

a spectral method for the space discretization, and the Euler backward scheme for

the time discretization, with time step length 7 > 0. For any two positive integers
M > m, we have the following two finite-dimensional subspaces:

Hm:PmH:{¢17¢2v“'v¢m} and
Iz]mM :PmMH: {¢m+la¢m+27-~-a¢M}‘

Then the corresponding numerical scheme for (5.1) reads: find v,,41 € Hy, and wk ; €
Hpor, for k=1,2,...,1, such that

(5.2)  Wpi1 — Vn +VTAV 1 + TP B(vpy1 + w0, vpy1 +wl) = 7Py f((n+ 1)7),
wfw—l - kaz + VTAwa-l + 7P [B(Vnt1, Unt1) + B(vntt, wfz-f-l)
+ B(w:;rl, Unt1) + B(Wﬁl}a wal) + B(wal, ws;%)}
= Puum(f((n+1)7) + Blwy i, wiii)]  VI<k<L,
(5.4) vo = Prug, wh = Ppaug, i=1,2,...,1, 1>1, and w) =0 for n>0.

Owing to our limited computing resources, we compute only the u® on H,,, u'
and u? on [H,,, Hy]. For fixed m = 2, we choose a suitable M > m according to the
principle that the error of u! on [H,,, Hys] will decrease no further when M increases.
Here we choose M = 254. The time step length is 7 = 0.001, and it is determined
in a similar manner. That is, for fixed m and M, decreasing k& will not improve the
accuracy of u!' any further. Then we can regard the error as mainly determined by
the space discretization. We computed the u°, u!, and u? in time interval [0,2] for
v = 1.0. Furthermore, as a comparison, we also computed another u® on H,, s in
this interval. Following are the L2-error comparison graph (Figure 5.1) and the CPU
time table (Table 5.1), which indicates the CPU time used for deriving u°, u!, u? on
H,n, [Hy, Hy and a large scale u® on H,, oy

Note that the curves which represent the error of u? on [H,,, Hy] and u® on
H,, 1 coincide.

As the second numerical example, we consider the following two-dimensional NSEs
in the bounded domain Q = [0, 1] x [0, 1]:

0
%—yAu—l—(u-V)u—i—Vp:f,

(5:5) divu=0, ulo=0,

periodic boundary condition,
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Oth Approximation — <

J0.L13

1st Approximation — 4
2nd Approximation — =
1r Oth Approximation (256) —s<—

0. 001 q

0. o001 F 4, o,

1e—005

FiG. 5.1. L%-error comparison.

TABLE 5.1
CPU time comparison.

uO on Hp, | ul on [Hpy, Hpyr] | w? on [Hp, Hyr) | w® on Hyyoag
0.44 sec 1328.83 sec 7469.48 sec 10054.39 sec

where v = 0.01 is the kinetic viscosity and f(t,z,y) = fi(z, )(2 + cos(t))/3 is the
density of the external forces, where f1(z,y) = fi(r,¢) = (0, fs)7,

1 [+
— p(1 + cos(4p))*dp if ry < 3,
87’+
= 1 -
(56) f¢(T7 (b) 787/ ,0(1 4 COS(4p))2dp lf r_ < %7
T— Jo

otherwise,

ry =|z+iy—(5(1+i)+ )|, and 6 = 0.7. Thlb external force f represents stirring
the fluid in opposite directions at the locations 3 L1 +4) £ 1 e’
In this particular case, if we denote k = (ki, ko)T € 22

L*(Q)?={¢= Z cpe?™ T o =g, Z |ck|2 <0y,

kEZ2 k#0 kEZ2 k£0
H = PL*(Q)? and H,, = P, H, where, for any ¢ = 37, 72 129 cpe?™ik T ¢ [2(0)2,

Pb — I k- k" 2nik-x d P.Pb= I k- kT 2mik-x
¢ = Z _W cre an mPo = Z _W cre .

keZ?2 k#0 0<|k|2<m

Projecting the above equations onto H, we can get its functional form (1.1),
and its fully discrete form is completely the same as (5.2)—(5.4). Considering the
computing scale, we take

m=92 M =19% and 7= 0.005.
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u® on coarse level (m=13% j} —a——
u®on fine level (n=27% ) —
ul onlevel (m=13* B=27% ) — =

p(ihac)

3e—004 |

2e—004

le—004

FIG. 5.2. H'-error comparison.

@) ©
9 ©

SGM approximation on level M at t=40.00 1st approximation on level M at t=40.00

Fic. 5.3. H'-streamline graphs.

We compute only u® (with |ky|, [k2| < /m) and u® (with |k1|, |k2| < vV M). To get the

error of these numerical results, we compute another u® (with |k], |k2| < VM ) on
a larger finite-dimensional subspace H; with M = 392 and regard it as the “exact”
solution.

In Figures 5.2 and 5.3, we give the H!-error curves of u® on H,, and Hy; and u!
on [H,,, Hyl, and the streamline graphs of u® on Hy; and u! on [H,,, Hy] at t = 40.
Here the CPU time used by u! on [H,,, Hy] is less than one-half of the CPU time
used by u® on Hy;.

From the error comparison of Figures 5.1 and 5.2, we can easily find that both
u' and u? can greatly improve the accuracy of u°, the SGM approximation, with less
CPU time than the large scale SGM approximation. If the CPU time is what we care
about, we would prefer the 1st approximation u'. However, if we care more about the
accuracy of the approximate solution, we prefer a higher order approximation like u2.
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