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Abstract: By taking exanple o the 2D Navier-Stokes equations, a kind o improved

version d the nonlinear Galerkin method o Marion Temam type based on the new concept o

the inertial manifold with delay ( IMD) is presented, which is focused on overcoming the

defect that the feasibility of the M- T type nonlinear Galerkin method heavily depended on the

least solving scale. It is shown that the improved version can greatly reduce the feasible

conditions as well as preserve the superiority o the former version. Therefore, the version

obtained here is an applicable, high performance and stable al gorithm.
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I ntroduction

To make the long term simulation of the Navier- Stokes equations paossible during the last
decade, the so-called nonlinear Galerkin method (NGM) , which is based upon the concepts of
the Inertial Manifold (IM) '™ and the Approximate Inertial Manifold (AIM) 2| was constructed
(see Refs. [3], [4]) and extensively studied (see Refs. [5], [6], [7], etc.) . Among all sorts
o NGMs, the M-T (Marion- Temam) type NGM is the most frequently discussed. Let us take
the example of the dimensionless abstract Navier- Stokes equation corfined inQ = (- Tt ,TT) ?with
periodic boundary condition

Vi  H,findu C(R",V) such that

%Jt‘+>\Au+B(u,u) -1, (1)
u(0) = a.

Here A > 0 is the kinetic viscosity, A the Stokes operator on H = {d’ (Lher ()2,

J'Qﬁbdx = 0,dive = O/ . For anyd R, A denotes its power operator with domain D(A") .
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IMD Based Nonlinear GAerkin Method 327

And we denote V = D(AY?) . If we denote by (- ,-) and | -| the L%inner product and norm,
| A = (A A.)Y2is the H* equivalent norm of D(A). B(u,u) = PL(u- V) d ,P
is the Leray projector from (LEE,(Q))2 onto H. For given n N,V, C Vis an n dimensional
subspace, P, is a LZ orthogonal projector from V onto V, and we denote Q, = | - P,. By
dencting p = Pouand g = Qnu, IM believes that there must be some interactive relation between
the large eddy components p and the small eddy components q of u and AIM is some kind of
goproximation o this relation. From the point view of the M-T type AIM, the large and small
eddy components satisfies the following agpproximate relation :

g= ®(p) =A*AtQlf- B(p,pl. (2)
Then the Navier- Stokes equations can be approximated by the following finite dimensional system
to some extend

g¥+AAv+ PB(v+ w,v+w = Pf,
AAW + QB(V,V) = Qf, (3)
v(0) = Psa.

For N Nand N > n, restricting wof (3) in (Py - P, V, we can get M- T type NGM.

In Ref. [7], the authors did some detailed analysis of Fourier NGM o M- T type and the
results showed that the NGM passesses better numerical stability and computationa efficiency than
that of standard Galerkin method (SGM) . Therefore, it is more suitable for long term and large
scale simulation of the Navier- Stokes. But it is worth noticing that the M- T type NGM is based
upon such kind of intuitive assumption, that is the small eddy component q(t) together with its
time derivative q(t) of uare’ small” quantities. Only when the ratios of | g(t) | /| p(t) | and
| q(t) | /| p(t) | are quite small , the approximation of (1) by (3) is feasible. Or, it will
cause massive loss of accuracy to keep some quantities while omitting some others of the same
order. Now the question is whether these ratios will be very smalle or not. The answer is positive
as long as we choose a sufficiently large n. We borrow several numerical results in Ref. [8] to
illustrate this point.
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In the above examples, N = 256. For different n (128, 160 and 200) , they gave
| q(t) | /] p(t) | and| q(t) | /| p(t) |. Obviously when n = N/2 = 128, we can say that
| q(t) | /| p() | = oA "*N"?. And at least we can regard | q(t) | /| p(t) |
OAN'N).Andfor n = 160and n = 200, | q(t) | /p(t) |, a0 | /] p(v) |
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oA "IN"?) | that is they are the higher or the same order small quantities compared with the
space discretization error. Thus for such N and n, M-T type NGM is feasible.

Now we still have a problem of computing resources. The above numerical results of
Ref. [8] were done on CRAY2. And the numerical simulation of similar scale under general
computing environment is almost impossible because of its large computing scale and the large
amount of memory it needs. Then we must reduce the solving scale to fit the restriction of the
computing resources, that is to minish N and n. What will the numerical results be if they are
relatively small ?We will show this by a numerical example, in which wetakeN =48, n = 24,
A = 0.005, and use Euler backward difference quotient to approximate the time derivative with
time step length k = 0.000 1.

Fgure 3shows that | q(t) | /] p(t) | = 0(100) = oA "'N'? ,thatis| q(t) | isa
higher order small quantity compared with the error of space discretization. But Fg.4 indicates
taht q(t) can not be regarded as‘ small” quantity. Intuitively , omitting q(t) under such solving
scale can not guarantee the accuracy of M-T type NGM. In fact, the numerical results of M-T
type NGM for such N and n are consistent with the above analysis.
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1 . 49E — 02 } 0.17F
7.44F - 03¢ B.58E-02T
;o N N N 7.27E-04 a .
1.65E Ug,oo T A S0 T 9.0 0.00 2.00 4.00 5.00 7.00 0.00
] t
Fg.3 Raiod | q(t) | /| p(1) | Fg.4 Raiod| (1) | /] p() |

By the above numerical tests we can conclude that the M- T type NGM is feasible only when
the solving scale (that is n) is large enough. That is the feasibility of M- T type NGM is heavily
dependent on the dimension of the large eddy equation (which is called the least solving scale) .
It should satisfy

I 91/2 |2 14 | f
n=c )\ 2 )\ 2 in the case of periodic boundary condition. (4)

And for non-slip boundary condition, the requirement of nis much more rigorous. This kind of
rigorous requirement roots from the implicit base of IM and AIM, which regards that the
interaction between the large and small eddy components is instantaneous. Recently, a more
suitable concept of the inertidl manifold with delay (IMD) (see Refs. [9] and [10] for detail)
believe that this kind of interaction is not merely a simple instantaneous behavior but is in
connection with the history of the evolution of the eddies. That is

q(t) = ®(p(t),q(t- 1)) ( Tis certain time delay) . (5)
It is shown that this kind of IMD broadly exists for dissipative systems and its existence amaost
has no restriction of the least dimension of the large eddy equation. We intend to improve the
M- T type NGM based on the IMD like (5) in this paper. Our goa is to weaken the feasibility
condition (4) as well as to keep the well stability and convergence rate.
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1 Numerical Scheme and Its Numerical Stability

We can get the following approximation of (1) based upon the idea of IMD :

dv
dt

dw
dt

v(0) = Pha, w(0) = Qna.
Actualy, we can get an approximate IMD of type (5) from (6) according to the method in
Ref.[10]. For given n, N Nand k > 0, we fully discrete (6) by using a simple backward
Euler difference quotient : denote Qun = Py - Pn, VN = QuV

Vm = 0,if (Vm,Wn) V, X Vyis known, find (Vm+1, Wm+1) Such that

+AAV + PB(v+ w,v+w) = Pf,

+AAW + QB (v,v) = Qf, (6)

Vm+1 = Vi +AKAVpi1 + KPB (Vin + Wi, Vi + W) = kP,

Wi+t = Wi + AKAWm.1 + KQniB (Vme1, Vme1) = KQnif | )

Vo = Pha, wp = QNna.
Here k > Ois the time step length. For simplicity , sometimes we denote Uy = Vi + Wn. (7) is
the fully discrete form of (6) based on IMD, which is to be discussed in this section.

The frequently used trilinear form b(u; v,w) = (B(u,Vv) ,w) inthe rest has the following

properties (see Ref. [11]) :
b(u;v,w) =- b(u;w,v) (Vu,v,w V),
b(u;u,Au) =0 (Vu D(A)) ,
| b(u;v,w) | € | AY2u|| A2y || AY2w |

3 3
(s ZO,ZSi>10r Zsi=1bUtSi¢1),
i=1 i=1

(8)
c| AY?ul] Av| (W <12,
c| A¥ul] Av| (Mo =12,
| AB(u,v) | < .
el | ulc ] A0+ Aull Ay 2
(M > 12).

In addition, we give some properties of the projectors P, and Qp:
| PA®| < n2@ | Aél, | QA < n?¥ M| A
(Vo<sp <a,¢ D(A)).

The following Gronwall lemma will also be used frequently.

Discrete Gronwall Lemma Ifa , 3 and hare positive constants,0 # 3 and the positive
sequences {d;} (2o satifyOdis1 - Bd < hforany | N, we have

|
VioN, d<| B - -hB + -hB

10 f|2
Theorem 1.1 Assumed v, f HandsetR§:|A”2a|2+ ) 2 . If kand n

satisfy the following stability conditions
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50¢ knR; 80c, R
_1_1, ZClkLnanS'l, JJZ_:I_l’
A 3 Ln A
\ (9
k < ,
6ola(] 12+ c(l+ L) *RDY?
then the solution of (7) is uniformly stable in V and
(10)

Vm=0, | AY2(vp+ ww) | < R
The n dependent constant L, appeared in the theorem is the coefficient of the following

Brezis- Gallouet inequality: V¢ PV
| #|.° < La| AY?¢], L, (1+Inn)Y%

Proof We will prove this theorem by mathematical induction.

Frst of al, when | = mwe assume that
| A2 (v + W) | £ Ry

Multiplying the first equation of (7) with Avi.1 and integrating it on Q , we have
| Al/zvm+l|2_| AJJZVm|2+| A]./Z(Vm+l_ Vm) |2+2|A | AVm+]_|2 -

2k(f,Avm+D) - 2b(Um, Un, AVpe1) <
2k | || Avmsr| + 2k| B(Vm, Un,AVm+1) | + 2k| B(Wm, Vin, AVps1) | <

2
R | AVper |2+ J‘J—u—)\ + 26 KRE(Ly + 1) | AVpar| <

2 2 2
2R | AVm+1|2+ k(l fl°+ C;\(l"' Ln) R%) (11)

Frstly , we consider the case
2 2 2 2
| A Vmsr | = 2] A"V | 7,

and by using (11) we can get
k(l f12+ d@+L)°R)
| A (Vs - ) |2 < \ = (12)

Multiplying the first and second equation of (7) by Aviy.1 and Awn.1, respectively, and

their summation leads to
|Al/2um+1|2 - |Al/2um|2 + |A1/2( Un+1 - um) |2 + 2'2\ |Aum+1|2 =

2K(f,AUms1) - 2Kb(Vm + Wi, Vin + Wi, AVins1) - 2KB(Vine1, Vine1 , AWms1) -
Now we summarize the estimates of each term of the above expression as follows
2K(f, AVine) < 2K| ]| AV | < JfolAvm+1|2+1Q"§\—'(-'—2 ,
2Kb( Vi, Vi, AVm+1) = 2KO( Vi, Vi, A(Vins1 = Vm)) <

2kl (AY?B (Vin, Vms2) , A”2 (Vine1 - Vi) | +

2k| BV, Vine1 = Vi, A(Vez - Vi) | <

2¢,kn? 2B | AV2vil | Avmer| | AY2 (Vs = vi) | +

2cikan| AY2vnl | AY2 (Va1 - v |2 <

10cE knR]
% | AVm+1|2 + [_;'\_l + ZC]_kLnnRJ | Allz(Vm+l - Vm) |27

2kb(Vm,Wm,AVm+1) < 2k| b(Vm,Wm+1 - Wm,AVm+1) | + 2k| b(Vm,Wm+1,AVm+1) | <
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201k|_nR1| A:L/Z(Wm+1 - Wm) | | AVm+1| + 2C1|<Lnn_lR1| Aum+1|2 <

102 K2RS
[% +2C]_|d-nn-lRJ |Aum+1|2+ A |Al/2(Wm+1' Wm)|21

2kb(Wm,Vm,AVm+1) < 2k| b(Wm+1 - WmanaAVm+1) | + 2k| b(Wm+1,Vm,AVm+1) | <
2C1|(R1| A]JZ(Wm+l - W) | | AVm+1| + 2C1kn.lR1| AUm+1| 2 <

10ci kR
[-% +201kn'1RJ |AUm+1|2+ A |A1/2(Wm+1‘ Wm)|2,

2kb (W, Wi, AVne1) < 2|(| b(Wm+1 = Wm, Wi, AVms1) | + 2k| b(Wm+1, Wm , AVim+1) |

IN

2C1kR1| A:L/Z(Wm+l - Wp) | | AVm+1| + 2C1kn_lR1| AUm+1| 2 <

10cT kRS
[-E\(_) +201kn'lRJ |AUm+1|2+ A |A1/2(Wm+l' Wm)|2,

b(Vm+1 = Vm, Vm+1,

2KD(Vins 1, Vine1 , AWmsa) < 2K + 2kl BV, Viner s AWinsa) | <

2k| D(Vm+1 = Vi, Vm+1 = Vi, AWms1) | +
2k| b(Vm+1 = Vi, Vin, AWm+1) | + 2k| AB (Vm, Vm+1) , Wm+1) | <
201k|—n| A:IJZ(Vm+1 - Vm) |2| AWm+1| +

2C1|<LnR1| A]JZ(Vm+l - Vi) | | AWm+1| + 2c1kl_nn'1R1| AWm+1|2 <
2| ,, 10 K21 AY2 (Vines - v) |2
10

m+1|2+ A |A1/2(Vm+l' Vm)|2+

10ci K 3R] i
A |Al/2(Vm+l' Vm)|2+2C]_kLnn 1R1|Aum+1|2.

Without loss of generality, we always assume that L% < n. Then the combination of the
above six estimates and (12) leads to

2 2
|A1/2Um+l|2 - |A:U2Um|2+ R\ |Aum+l|2 < [1- @;kLRl - 2C1k|_nnR1'

2121201 £1%2+ E(1+ Ly)°R
10C1k|-n(| | ci( ) 1] | AY2(Uper - um) |2+

)\2
al1. L. Balan R, |2 10k} f)°
10 )\ m+ - )\ .

As long as the condition (9) in the theorem is satisfied, it holds

2
(1 )| A2l ? AV |7 ¢ L 13
Otherwise, if
|Al/2Vm+1| < |A:U2Vm| y

we can easily get (13) .
It follows immediately from the discrete Gronwall inequality that
2 2
|A1/2um+1|2£ (1+R\).(m+1{| Ayzalz_lo_l_f_l_)\z +.'I.O_l)\_2f_l_S

2
| A”2a|2+10-l)\—2f—l— < R.
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Then we can conclude the theorem by mathematical induction. O

From the stability conditions o the fully discrete NGM (7) , we find that the stability only
depends on L, that is we demand knL,small enough, but the stability of SGM needs kN? small
enough. Obviously, the stability of (7) is much better than that of SGM (especially when N/ n
is more and more larger) . In addition, the comparison of the condition of the least solving scale
in theorem condition (9) and the restriction (4) o M-T type NGM shows that the restriction of
the least solving scale of scheme (7) is much weaker than that of M- T type NGM.

2 Error Estimate

For the sake of simplicity, we assume2n< N. And it is easy to know that QuB (Vm, V) =
QB (Vm, V) . Inthe case of no confusion, we denote| Un| = max | um| in the following

0<ism
discussion. And we use the same constant R; to denote the upper bound of the true solution u(t)
on R, that is| AY?u| < R;.
Before we analyse the error of scheme (7) , we give some properties of the following
classica Galerkin approximation of (1) :

u™t o U™+ RAU™ + KPB (U™, u™Y) = KR,
0 (14)
u = Pya.

Lemma2.1 Ifa D(A),f D(AY?, thesolutionto (1) satisfies
u C(R",D(A), u C(R",H,
and there exist constants R, = Ro(A ,| f|,| Aa|) > Oand Mp(t) > Osuch that
| AU"| ] Au(t) | < Re, | u(mk) - u™[? < Mo(t) (K + N
(Vm=0,t R).
Theorem 2.1 Assume the condition in Theorem 1.1 and Lemma 2. 1 are vaid. Then
¥Ym N,
| u(mk) - um]? < Mi(t) K+ Ma( )N 2078 + Mo(t) N4, (15)
where
Mi(t) = 4CTE" + Mo(t), Ma(1) = (2E" +8) GIRIRE,
E=1+7dRRR 1,
and C; is a pasitive constant which will be given in the prodf of the theorem.
Proof Since
| u(mk) - un| <] u(mk) - un|+] u" - Unl| .,
and Lemma 2. 1, to obtain the result of the theorem we only have to estimate the second term in
the above inequality.

In the prodf , we will estimate the errors of the small eddy and large eddy components
respectively. This is the key point of the proof because we can adequately use the properties of
the small eddy equation.

Frst of al, we denote

then
VLV RAVT + KkPB (V™ + W™ v e W™l = kP,

Wm+l _ Wm + R\AWm + kQNnB(Vm+1 + Wm+1,\/m+l + Wm+l) — kQan. (16)
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Denote

m m

Vin = V. - Vi, Wn =W - Wy
Subtracting the second expression of (7) from the second expression of (16) , multiplying the
diff erence with Wm+1 and then integrating it on Q , we have

| Wit 12 | Win |2 +] Wines - Win |2 + 2R | AY2Wina|? <
2k| b(wW™, U™ Wit | + 2k | bV W™ Winer) | +
2k | b(Vins1, V'™, Winea) | + 2k | b(Vm+1, Vimer s Wins) | -
We give the estimates of the above four terms on the right hand side in the following:

2k| b(W™, U™ Wiet) | € 2cik| W™ 2] AY2U™ || Wiet | w2 <

2ckn ?Ri Ry | AYZWipes | < JZ\-| AY2Wp.q | 2 + ﬁ)\k—jﬂz ,
2k| b(V™1 W™ W) | € 2ck| VT L] AYEWT ] Winea | €

2c kn 2LoRi Ry | AY2Wipneq | < %| AYZ Wi | 2 + ﬁ%:'fi&z :
2k| b(Vims1, V™™ Wied) | € 2¢1K| Vins | 021 AY2V™ | Wit | <

2cKnRy | Ve || AY2Wiia | < %| AYZ Wi |2 +M%ZNB§| Vi |2,
2K| b(Vime1, Visz, Wisd) | € 20k | V0] AV Vet || Winet | <

201 KR | Vine || AY2Winia | < %| AYZ W1 | 2 +ﬁ%%'&2| Vet | 2.

The combination of the above estimates give
8CIkRIR; 8CIK2RS )
A n4 + A | Vs | .

(L +AKnD) | Wit |2-] Win|? <

Applying the discrete Gronwall inequality admits

8ciRIRS 8CLARE -
At YAz | Vimsr |,

| Wins1 |2 < (17)

where | Vms1| = sup | Vi|.

Now let us beog_]ilr_1n;(; do the large eddy estimate. Denote
A g™t = g™t Tl
and from (14) we know there must exist constant C; = AR, + cR 2Ry ? +| f | such that
|A U™ < Gk (18)
Subtracting the first expression of (7) from the first expression of (16) yields
Vst - Vi + RAVper + kPB@A U™, u™) + kPB(U™A u™) +
KPB (Vm + Wi, U™ + kPiB(Un,Vm + Wy) = 0.
Multiplying the above equation with V.1 and integrating it on Q , we obtain
| Vit 2= | V|2 +| Ve - Vi |2+ 2R | AY2Vpi1 |2 <
2k| b@ U™, U™ Vie) | + 2k b(u™ A U™ Ve |+
2k| b(Vm, U™, Vims1) | + 2k| b(Um,Vm,Vmsd) | +
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2k| b(Wma Uman+l) | + 2k| b( Umme,Vm+1) | .
For each term on the right hand side, we have the following estimates
2k b@A U™ U™ Ve | € 2ck | A U™ U™ a2 AY2Vpa| <

6cIC R R K
21 CLKCRIZRY? | AV Vi | < -%\_| APV | %+ %12
2k| b(U" A U™ Vi) | < 2ck] U™ a2 A U™ AYEVi | S
2 3
6¢i CE R RoK
26 IR RYZRYZ| AY2V | < Jé\_l AV2V |2+ 3 ,
2k| b(Vm,um,Vm+1) | < 2C1k| lel A:UZVm+1|| Um|3/2 <
R 6ci R Rok
2e kRYZRYZ | V|| AY2Vp | < , | AV2Vpg |2+ A VNS

2k | b(Um,Vm,Vm+1) | = 2Kk| b(Un,Vms1,Vms1 - Vi) | <
2ciK Ry | AV Va1 || Vinsr - V| <

Py 62 RS K2
6 | AllZVm+1|2+ )\ nl Vm+1' lez'
2k| b(Wm, U™, Vims1) | € 2c1k| Wi || AY? Vi1 || U™ |32 <
Py 3R Ry k
20 kRYZRE? | Win| | AY2Vimea | < 5 | AV Vi |2+ 5y | Wal?,

2k | b(Un, Wi, Vms1) | = 2k| b(Vine1, Wi, Vi) + b(Wi, Wi, Vins1) -
B(Vm+1 = Vi, Wi, Vime1) - b(U™, Wiy, Vined) | <
2cikn o | AY2Wi || AV |2+ 200k AY2Win || Wi l] AY3 V| +
2cikn| AY2Win|| Vst - Vall AY2Vimer| + 2 k| U™ 32] Wil | AY? V]| <

] 5R 3ciRik
2ckn 'LaRy | AY2Viep |2+ 5 | AY2Vg |2+ x| Wi | 2 +
6c REL 3K , 3R Rk 5
A | Vmsr = V| "+ A | Wm“.

We used the Sobolev interpolation inequality several times in the above estimates. To avoid
introducing more symbols, we regard the coefficient in the inequality as 1 and this will not cause
any significant differences.

Under the theorem condition we have 2¢; K,n"*R; < 1/ 6. Combini ng the above estimates
with (17) yields

1R2ECRRK 6ER Rk 9cZ R Rok
| Viea|? -] Vil < N o Ve P T T ] WP S
2ECRIRK  6ciR Rk , T2cRIRk 72 RiRLIk —
) + \ Vi |+ NG + A3 Vml|“.

. 72ciRIRLAK R Rk
Thanks to the conditions of the theorem we have 232 < b\ . Therefore

_ 2<12c%c%R1R2k3 72cIRIR3 Kk TSGR Rk = 5
| Vime1 | < A + N 11+ h\ | V|~
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By using the discrete Gronwall inequality we can finaly get

- 7ER Rk ™ 1 ERIRS
|Vm|2S l+_0171_2_ 2C§k2+_;12_nj6_2 (19)
The combination of (17) , (19) and Lemma 2. 1 leads to (15) . O

The results of the Theorems 1. 1 and 2. 1 show that the modified NGM scheme (7) keeps the
stahility and accuracy of M-T type NGM. At the same time, we find from the condition (9) of
the Theorem 1. 1 and the conditions of the Theorem 2. 1 that its demand on nis much weaker than
the condition (4) . That is to say that the modified scheme (7) can preserve the accuracy o the
M- T type NGM and improve the stability of the scheme as well as loosen the restriction of the so-
caled least solving scale.

3 Numerical Experiments

In the two numerical experiments in this section, we always take N = 48and n = 24in the
scheme (7). That is, we have to solve 576 large eddy equations and 1728 small eddy equations.
In addition, the physical quantities appears in this section (such as time t and velocity u) are all
dimensionless. The computational work is mainly concentrated on the computing of the bilinear
operators PB (Vm + W, Vim + W) and ( QnnB (Vi , Vin) When we do the numerical simulation of
(7). Here we will use the standard vector fast Fourier transformation (VFFT) to do these
computations. On the other hand, to avoid the so-caled Aliasing Error (see Ref. [12]) , we will
use the (3/2)-rule to treat the two terms and this will cause some non-necessary computations.
Although it is only necessary for us to compute the large and small eddy components,
respectively , the matrices involved in the computation of VFFT are all order (3N/2) X (3N/2)
and, o course, the result matrices are the same order. We have to spend some extra CPU time
on some quantities we do not care about and this is caused by the generality of the standard VFFT
package. It is not difficult to find that the amount of work of the computation in single time step
in (7) is as much as that of two time steps in SGM with the same solving scae (this is the case
when using VFFT; in the case of direct computation, for example the finite element NGM case,
the amount of the computation in each time step of (7) is much less than the classical method) .
Nevertheless, the numerical results show that NGM can still be a numerical scheme which can
save alot of CPU time and the reason will be talked after the numerical results.

Frst of al, we will solve the Navier-Stokes equation whose exact solution is known by
using the NGM scheme (7) in this paper and the SGM scheme and this makes it possible to
compare their error and the evolution of their energy.

The Navier-Stokes equation whose exact solution is known means we assign a known
function

() = 2ioes(@o+| 1] t+] o] De', (20)

I Z,1%0
as the solution of the systems (1) and then we can compute the external force f , initial value a =

u(x,0). Then we numerically solve ufor such aand f. In this example, we demand
ol |1e (21)
For SGM scheme, we take the time step length ksgy = 0.000 1. And for NGM scheme
(7) , we take kyau = 0.0005. From Fg.5, we find that the NGM scheme (7) have the same
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accuracy as SGM scheme in the beginning time interval but the long-term behaviors show that (7)
hes better accuracy. And the FHg. 6 shows that the classical method divergences very quickly when
ksau = knau. This is sufficient for us to conclude that the IMD based NGM (7) is much stable
than SGM and therefore it is more suitable for long-term simulation.

SGM ( fclsc.. = ke )

41.28 7.97 | ‘:dGM’;
/
R 2752 ;%5 .48 “
= }3 !
£ 11.76 B
= NGM
0.47

0.00 T 3.0 400 .00 7.00 G.00 8.00 17.00 25.00 34.00 42.00

t

Fg.5 Evolution of the relative error Fg.6 Evolution of the norms

SCM (kyy = 0.0005)

4.961
3.9}

.01

2.3 . . . .
.00 §.00 16.00 24,00 32.00 40.00

Fg.7 Evolution of the norm

In the next example, we will numerically solve NGM scheme (7) and SGM scheme for
certain given initial value a and external force f and give the evolution o the fluid energy ( L2
norm o (u(x,t)). Here we have the same demand (21) for a. And we take kngu = 0.0005
in NGM (7) while ksgqy = 0.0001 and ksgu = knau = 0.0005in SGM , respectively. In this
example, we takeA = 0.005.

From the above two numerical examples, we can conclude that the stability and accuracy of
the IMD based NGM (7) is superior to SGM. It is worth pointing out that this kind o better
stability of (7) makes it possible to choose larger time step. For example, ksay = Sknav in our
simulation. Taking into account of the additional computation by using VFFT in the numerical
simulation o the Navier- Stokes equation by using NGM and SGM respectively , the CPU time used
by NGM (7) should be no more than half of the CPU time used by SGM. The actual computation
just verified this. Obviously, NGM scheme is more suitable for long-term simulation and its
goplication will help people in studying the long-term behavior of the Navier- Stokes equation.
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