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1. Introduction

Autonomous and nonautonomous dynamical systems have been studied by many researchers (see e.g. [1-3,6,9,11,13-
16,18,19]), one of the most important problem in infinite dimensional is to prove the existence of attractor and study the
structure of attractors. Many authors have paid much attention to this problem for a quite long time and have made a lot
of successfully progress [5-10,20-27].

Recently, the g-Navier-Stokes equations in spatial dimension 2 were introduced by Roh (see [12,26]) as

%—vAu+(u~V)u+VP:f(X) in @ x (0,00),

V. (gu)=0 in Q x (0,00),

(1.1)

where 0 < my < g = g(%1,X2) < My and g = g(x;, ;) is a suitable real-valued smooth function on the domain Q c R%. here, v
and f are given and the velocity u and the pressure p are the unknowns. When g = 1, the Eq. (1.1) become the usual two-
dimensional Navier-Stokes equations. Roh proved the existence of global solution and the global attractor on unbounded
domain. In [26], Minkye Kwak estimates the dimension of the global attractor for the spatial Periodic and Dirichlet boundary
conditions.

In this paper, by using the energy equation method, we prove the existence of a global attractor of 2D g-Navier-Stokes
equation with linear dampness on R*> and we prove the finite dimension of the global attractor.

This paper is organized as follows. In Section 2, we first introduce some notations and preliminary results for the
g-Navier-Stokes equations. In Section 3, we prove the existence of the global attractors of 2D-g-Navier-Stokes equations
with linear dampness on the whole R?. In Section 4, we estimate the dimension of the global attractors.
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2. Preliminaries

We consider the flow of fluid enclosed in R* and governed by the g-Navier-Stokes equations. We denote by u(x,t) € R?
and p(x,t) € R, respectively, the velocity and the pressure of initial-boundary value problem:

%—vAu+ocu+(u~V)u+Vp:f(x)xeRz, t>0,
V- (gu)=0 inQ, (2.1
limu(x,t) =0 on 90Q,
u(x,0) =up(x) in Q,
where v > 0 is the kinematic viscosity of the fluid, f = f(x) € R? is the external body force (assumed to be time independent),
and the function g = g(x;,x,) is positive real-valued smooth function. We assume that the function g satisfies

0 <my <gx1,%) <My forall (x1,x;) € R%.

The mathematical frameworks of (2.1) is following:
let

[*(g) = (L*(R*))* with the inner products,

(u,v) = /2 u-vgdx, u,vel?(g)andnorms |-|=(--)"?
R

2
Hy(g) = (Hé(Rz)) , u=(w,u), v=(v,v)<H)(g) with the inner products,
. 2
(w,0) = [ > Vi Vojgdx and norms ||| = ()"
R j=1
Let D(R?) be the space of ¢ functions with compact support contained in R* and let
7 ={ve (DR))?:V-gv=0inR*},
H = closure of Z in L*(g),
V = closure of Z in Hy(g).

Wwith H and V endowed with the inner product and norm of L?(g) and Hj (g) respectively. where H}(R*) = W'?(R?) is usual
soblev spaces with norm of | - ||;, then we have

Il = Juf + Jlul®, Vu € Hy(g)-

Now, we define a g-Laplacian operator as follows:

1 1
Ay =——(V-gVju=-Au—-—-Vg-Vu.
g g( gv) g g
Using the g-Laplacian operator, we rewrite the first equation of (2.1) as follows:
%—vAgu+v%~Vu+ocu+(u,V)u+Vp:f. (2.2)

We define a g-orthogonal projection
P:I*(@g) —H

and g-Stokes operator
Au = —P(é (V- (gVu))).

When we apply the projection P into Eq. (2.2), we can obtain the following weak formulation of (2.1): let f € V and u, € H,
we find

uel®0,T;H)nL*0,T;V), T>0 (2.3)
such that
%(u, v) +v((u,v)) +o(u, v) + bg(u,u, v) + v(Ru, v) = (f,v) YveV, Vt>0, (2.4)

u(0) = uo, (2.5)
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where bg : V x V x V — R is given by
by(u yw)fi/u-%w- dx (2.6)
g\, U, = = i X i8 .
and
Ru :PE(Vg-V)u}, YueV.
Then, the weak formulation (2.4) is equivalent to the functional equation

du
dt
u(0) = u, (2.8)

where A : V — V' is the g-Stokes operator defined by
(Au,v) = ((u,v)), Vu,veV (2.9)
and B(u) = B(u,u) = P(u- V)u is a bilinear operator B: V x V — V' defined by

+ VAu + ou + Bu + VRu = f,

(B(u, v),w) = be(u, v,w), Vu,v,weV

The g-Stokes operator A is an isomorphism from V into V', while B and R satisfy the following inequalities (see Sell and
You [14] and Roh [12]):

Vel
IBa)lly < clulfull, [IRully < —=373
moﬂ.l

ul, YueV (2.10)

We have the following result (see[4]).

Proposition 2.1. Given f € L%(g), up(x) € H, there exists a unique
u(x,t) € L*(R";H)nL*(0,T; V) nc(R*;H) (YT > 0)

such that (2.4), (2.5) hold.

Now let u = u(t),t > 0 be a solution given by Proposition 2.1. since u € [*(0,T; V) and v’ € L*(0,T; V'), we have

1d, ,
3 dt [ul* = ', u)

so we have from (2.7) that
1d

ja|u\2 = (f — vAu — ot — Bu — VRu, u) = (f,u) — v|ju||* — o|u|* — bg(u, u, u) — v<<éVg-Vu>,u>.

Since bg(u,u,u) =0, Yu,v € V, we have
%W +2v|Jul® = 2(f, u) — 2afu)* - 2v<<éVg - Vu),u). (2.11)

Moreover, we can deduce

2
%w\z + 20tul? + 2v|jul® = 2(f,u) — 2v<<éVg : Vu),u) < /l +afuf? +2v Vel.. flul|.
mop

a Phe
Hence
d o 5 Vgl 2 _If?
dl 2v[1 = 0 <=L 2.12
g Ul +odul” + V( i l[ull” <=, (2.12)
With Grownwall inequality, we have
(D) < [uo e +%<1 —eIfp (2.13)

and

1/[Hu(s)szs<l[ﬂ2+l\u >, Vt>0 where f=min{a2v(1- VEl.. (2.14)
£ Jo OB S gt Tl ’ molg”) ) '
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From Proposition 2.1, we can define a continuous semigroup {S(t)} in H by
S(t)up =u(t), t>0,
where u(t) is a solution of (2.4) with u(0) = uy € H, Moreover, it follows from (2.13) that the set

B{ueH:|u<po ﬁm}

=0
is absorbing in H for the semigroup.
Then, we can prove the following weak continuity of the semigroup {S(t)}. .
Proposition 2.2. Let {ug,}, be a sequence in H converging weakly in H to an element uy € H, Then
(1) S(t)ugn — S(t)up weakly in H, Vvt >0
(2) S(t)ugn — S(t)up weakly in L*(0,T;V), VT >0

Proof. Let u,(t) = S(t)uon, and u(t) = S(t)uo, for Vt > 0. From (2.13), (2.14) we find that
U, (t) = S(t)ug, is bounded in L*(R*;H)NIL*(0,T;V), VYT >0
Since u;, = f — vAu, — o, — B(u,) — VRu,

and A : V — V' is bounded linear operator, and

Vgl
moii’?

IB()lly < clullfull, |[Rufl, < [[ul

it follows that {u,} is bounded in L*(0, T; V"), Vt > 0. Then, for
VveV and O<t<t+a<T with T>0,

t+a
(Un(t +a) — un(t),v) = / (uy(s), v)ds < ”y||a1/2||u;1”L2(O,T:V/) <crfv)la'’?,
where cy is positive, independent of n. Then, for v = u,(t + a) — u,(t), we find that
[un(t + @) — tn(6)* < cra?|[un(t + @) — un(D)].

Hence

1/2

T-a T-a T
/0 lUn(t + @) — un ()Pt < cTa‘/2/0 tn(£ + @) — un(£)|dt < 26,T2a!/2 (/O Hun(t)szt) <ca'”,
172, " ..
where (fOT Hun(t)szt) is bounded and positive constant c5 is independent of n. so
T-a )
nggsupn /0 [un(t + @) — un(t)[;25,,dt = 0,

where B, = {x € R?, |x| < r}. Moreover, from (2.18),

{un|5, }, is bounded in L*(R";L*(B,)) N L*(0, T; H' (B;)).

1071

(2.15)

(2.20)

(2.21)

Consider a truncation function t € C'(R*) with t(s) = 1 for s € [0,1] and t(s) = O for s € [2, +0c). For Vr > 0 and x € By,

from (2.21), we find that
T-a
lirrgsupn/ [Uns(t+a) — Z/n,r(t)\fz(g2 )dt =0 vVI>0,r>0
a—! 0 T

and {v,,} is bounded in L?(0, T; Hy(Bar)) N L™(0, T; L*(By)), ¥T > 0,1 > 0 by a compactness theorem,
{vn,} is relatively compact in L*(0,T;L*(B)), VT >0, r>0
It follows from (2.22) that

{un|g, } is relatively compact in L*(0,T;L*(B;)), VT >0, >0

(2.22)



1072 J. Jiang, Y. Hou/Applied Mathematics and Computation 215 (2009) 1068-1076

so there exists a subsequence {u,, } such that
{un,} — 0t weak-star in L*(R", H)
weakly in L*(0,T; V), (2.23)
strongly in L?(0, T; L*(B,))
for some @t € L*(R";H) N L*(0, T; V).
Then from (2.19) we can get

(U, ¥) = (f, ©) = V((Un,, V) — (U, , V) — Dg(thn, , Un,, V) — VR(Un, , V)
= (f,v) = v((tn,, v)) — &(Un,, V) — bg(tn,, Un,, V) — v<<%~Vu,,l>, v>
We pass to the limit in the equation for u,,, then
(u,v) = (f,v) —v((w, v)) — a(u, v) — be(u, 0, v) — v<<%-Vﬂ>,v), veg
since 2 is dense in H, so
(w,v) = (f,v) - v((l, v)) — (U1, v) — bg(u,u, v) — v((% Vﬂ),v), Yveg

then @ is a solution of (2.4) with u(0) = u,.

By the uniqueness of the solutions we must have u(t) = u(t) = S(t)up. then by a contradiction argument we deduce that
the whole sequence {u,} converges to u in the sence of (2.23). This prove (2.17).

Since up(t) = S(t)ug, is bounded in L*(R™; H) N L3(0,t; V), VT > 0 and (2.20) we have

(un(t),v) — (u(t),v), VteR", ve g
for 2 is dense in H. we have
(Un(t),v) — (u(t),v), VteR", veH

so we also have that u,(t) = S(t)ue, converges weakly to u(t) = S(t)up in H. O

3. Existence of the global attractor

For the existence of the global attractor, we will prove the asymptotic compactness of the semigroup {S(t)},.,. A semi-
group is said to be asymptotically compact in a given metric space if {S(t,)u,} is precompact whenever {u,} is bounded and
t, — oc.

To prove that {S(t)},., is asymptotically compact in H, we use the energy equation.

First, we define a function [,-]: V x V — R by
[u, 9] = a(u, ) + 2v((u, ) (3.1)
for all u, v € V. Then [, ] is bilinear and symmetric.

W) = [u,u] = ofuf® + 2v||ul*.
Then we have

Bllullf < [ < yllulf where y = max(2,2v).

Thus [, -] is an inner product on V with the norm [] = [-,-]'/2

db—ut‘z-s—[u]z-s—oqu\z:2(f,u>—2v<<éVg-Vu>,u) (3.2)

equivalent to || - ||;. we obtain

for any solution u = u(t) = S(t)uo, up € H.
Then

2 —ot ! —o(t—s 2 1
[u(t)]* = |uol’e +2/O eI ((f u(s)) — [u(s)] —2v<<§Vg-Vu>,u>)ds,
which can be written
2 2 b 2 1
IS(t)ug|” = |ug|"e “‘—1—2/0 e~ TS ((f, S(s)uo) — [S(S)uo) —2v<<§Vg-Vu),S(s)uo>>ds. (3.3)

For all ug € H,t > 0.
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Lemma 3.1 (see [27]). Let M be the uniformly convex Banach space, {u,} ¢ M and u, — u weakly in M, where

M]; [Unly = uly
| - |y is norm in M, then u, — u strongly in M.
Theorem 3.1. Assume v > 0,f € V, Then the semigroup {S(t)},, is asymptotically compact in H.

Proof. Let B C H be a bounded set and consider the sequence {u,} C B and {t,} such that t, > 0,t, — oo, Then the set
{S(t,)un} is precompact in H. Since the set B defined in (2.15) is absorbing, there exists a time T(B) > 0 such that
S(t)B c B,¥t > T(B), so that for t, large enough (t, > T(B)),

S(tn)un € B. (34)

So {S(t,)u,} is weakly compact in H and hence there are subsequences which relabeled as u,y and t,, and element w € B
such that

S(tw)ux — w weakly in H. 3.5)
Similarly for each T > 0, we also have
Sty = T)uy € B for ty > T+ T(B). (3.6)

Therefore, S(t,, — T)up, is also weakly precompact in H and hence there are further subsequences, which also relabeled as
{S(tw — T)up } and an element wr € B such that

S(ty)uy — wr weakly in H, VT € N. (3.7)
From Proposition 2.2(1), we have
w = lim H,S(ty)uy = lim H,S(T)S(ty — T)uy = S(T) lim HyS(ty — T)uy = S(T)wr,
n’'—oo n’'—oo n’—oo

where lim H,, denotes the limit taken in the weak topology of H. Thus w = S(T)wr, VT € N. From (3.5), we have
[w| < lim inf |S(ty )uy|
n’'—oo0
and we shall now prove that
lim sup |S(ty)un| < |W).
n'—oo
For T > 0, and t, > T we have by (3.3)

T
IS(t ) uw|* = [S(T)S(ty — Tty = S(tw — Ty |?e™ + 2 / e I (F S($)S(tw — T)uy )ds

- Z/OT e 9 [S(5)S(ty — T)uy)*ds — 2/ (( Vg - Vu) S(s)S(tw — T)unr>ds. (3.8)

From (3.6), we obtain

lim sup e |S(ty — T)uy [ < ple ™. (3.9)

n’'—oo0

By the weak continuity Proposition 2.2(2), we obtain

S(5)S(ty — Ty — S(s)wr weakly in L*(0,T; V). (3.10)
Then
T T
lim e*“T(f,S(s)S(tnf —Tuy)ds = / e "T(f,S(s)wr)ds. (3.11)

Moreover, since [-] is a norm on V equivalent | - [|;,0 < e=*T < e~*T=5) < 1,5 € [0, T] so (j e T=9[] ds) is equivalent to the
usual norm in L*(0,T; V).
Therefore, we have

/ ' e *T-9[S(s)wr)ds < lim inf / “T-915(5)S(ty — Tty ]*ds. (3.12)
0

Hence
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T
lim sup (—/ e T=9)[S(s)S(ty — T)u,,/]zds)
0

n'—oo

.
— _lim inf ( / e~ T-5)[S($)S 6 — T)un,]zds>
JO

n'—oo

T
< [ e oisiswids.
JO

" (3.13)
lim sup (f / o219 [2v<<‘% Vg Vu),S(s)S(tn, - T)un,>}ds>
n'—oo 0
T 1
= — lim inf (/ e~*T-s) {2v<(§Vg . Vu),S(s)S(tn, - T)u,,)}ds)
n'—oo Jo
T T 1
< - / e T=912y( (=Vg-Vu|,S(s)wr ) |ds.
Jo g
We obtain
T
lim sup [S(ty )ux > < |pol*e ™ + / g1 <2(f, S(s)wr) — [S(s)wr]* — {2v<<§Vg . w),S(s)WT)Dds. (3.14)
n'—oo 0
On the other hand, we obtain from (3.3)
2 2 2 —oT ! —o(T—s) 2 1
[w” =[S(S)wr|” = |wr[e ™ +2 [ e (f,S(s)wr) — [S(s)wr]” — |2V §Vg -Vu |, 5(s)wr ds. (3.15)
0
Hence, we have
lim sup [S(tw ) |* < W* + (pg - \WT|2)e’“T < w4 p2e (BT v S0, (3.16)
n'—oo
Let T go to infinity in (3.16), we obtain
lim sup [S(ty )uy|* < [wl. (3.17)
n'—oo

Since H is a Hilbert space, From Lemma 3.1, (3.17) together with (3.5), we can prove
S(ty)uy — w strongly in H.
This shows that {s(t,)u,} is precompact in H, and hence that {S(t)} is asymptotically compact in H. Since {S(t)} has a
bounded absorbing set B in H, so we prove the existence of the global attractor. O

Theorem 3.2. Assume v > 0,f € V, Then the dynamical system {S(t)},., associated to the evolution equation (2.4) possesses a
global attractor in H, i.e., a compact invariant set A ¢ H which attracts all bounded sets in H.

4. The dimension of the global attractor

In this section, we want to estimate the dimension of the global attractor A of 2D g-Navier-Stokes equations with linear
dampness on the whole R?>. We use the general theory given by Temam[17].
Let up € A and set u(t) = S(t)uy, for t > 0, From (2.9) we see that the linearized flow around u is given by the equation

%+vAU+aU+B(u,U)+B(U,u)+vRU:0, (4.1)
u() =y, (4.2)

Yy € H, there exists a unique U € L*(0,T; V) N C([0, T); H) satisfying (4.1) VT > 0
We can define a linear map L(t;uo) : H — H by setting L(t; uo){ = U(t). It can also be proven that L(t;uo) is bounded and
that {S(t)},., is uniformly differentiable on A, i.e

IS(£) o — S(t)up — L(t; o) - (v — o)

lim su =0. 43

Y uo.voeA‘0<\lZO—vo\gs |UO - Llo| ( )
Let

F’(u) == —VAU — aU — B(u,U) — B(U,u) — vRU

write (4.1) as
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U =F(u)U = —vAU — aU — B(u,U) — B(U,u) — YRU (4.4)
and define numbers q,,,m € N, by

m = lim sup sup / Tr(F'(S(t)up - Q(7))dT (4.5)

(=00 yoeA yieH, |y \<1 i=1,

where Q,,(7) = Qu(T;Uo, ¥4, -+, ¥,) is the orthogonal projector in H onto the space spanned by L(t; o)y, -, L(t; Uo)p,
Y4, -+, ¥, is linearly independent in H.

Lemma 4.1. Let A is the global attractor of (1.1), if q, < 0, for some n € N. then A has finite Hausdorff and fractal dimensions
estimated respectively as

dimy(A) < n,

dimg(A) < <l+ max (q,-)+).

1<<n-1 |q,]

In order to estimate the numbers q,,, Let tp € A and set u(t) = S(t)up and U;(t) = L(t; uo)y;, t > 0. Let ¢;(t)(i=1---,m) be
an orthonormal basis in H.

Since

TT'(FI( Z d)u l Z VA¢1 B(u7 d)l) - B(¢i7 U) - VR(:bh ¢1>

m
= i=1

—_

m Y
Z( Vgl — 2] <¢i,u,¢i>f§<ngi)¢f).

i=1

Now

m 2
/ D0 byDiu(®)di(x)g(x) dx

Q=1 jk=1

LACARD

< / |gradu(x)|p(x)dx < (with the Schwarz inequality)
JQ

< [[ulllp| where p(x Z [VEi(x

We have the Lieb-Thirring inequality

T)|2:/sz(x,r)g(x)dxéCZHd)inv
Z( (Ve V)b ) <3 VL 1.

i=1 Mo

Hence

Tr(F'(u(1)) - Qu(7)) = —om — Z VIIgill* + be (i, u, ) + (Vg Vi)

\Y/
—vZ||¢ 12+ L8 S 10 + )~ om

Moy 5

1/2
\Y%
VZ ”¢1” I | gl/z Z llilllbs] + Ilu] (CZ Il ) —am < (with the Schwarz inequality)

v2||¢|| L8 S 101+ 5 i - o

Moty 5

From (2.12) we obtain 1 [7 |[u(s)[[*ds < ﬁmz +Luo[*. For sufficiently small [Vg|_, we let 1 — 2k = m, then we
2vo

mo
'V,
have 1 ‘Og‘ﬂ

1

2

f* = —am + 5300 U‘\
)

Let my = [m [fﬂ + 1, where [], is rounding function, then g,,, < 0, so we obtain
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dH(A)<2V20€2 fI> +1.

If we let my = [\20+2m If] ] + 1, then we have g, <0 and
(qj)+

1g<m -1 |Qm1 |

<1

therefore

dr(A) <

vzoch W +2.

Theorem 4.1. we consider the two-dimensional g-Navier-Stokes equations with the linear dampness, when |Vg| is sufficiently

small, we define m =1 — "}ﬂj&z, then
du(A) < = e 2v2cx2 P +1,
de(A) < vzo@m IF? +2.
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