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1. Introduction

Autonomous and nonautonomous dynamical systems have been studied by many researchers (see e.g. [1–3,6,9,11,13–
16,18,19]), one of the most important problem in infinite dimensional is to prove the existence of attractor and study the
structure of attractors. Many authors have paid much attention to this problem for a quite long time and have made a lot
of successfully progress [5–10,20–27].

Recently, the g-Navier–Stokes equations in spatial dimension 2 were introduced by Roh (see [12,26]) as
@u
@t
� mDuþ ðu � rÞuþrp ¼ f ðxÞ in X� ð0;1Þ;

r � ðguÞ ¼ 0 in X� ð0;1Þ;
ð1:1Þ
where 0 < m0 6 g ¼ gðx1; x2Þ 6 M0 and g ¼ gðx1; x2Þ is a suitable real-valued smooth function on the domain X � R2. here, m
and f are given and the velocity u and the pressure p are the unknowns. When g ¼ 1, the Eq. (1.1) become the usual two-
dimensional Navier–Stokes equations. Roh proved the existence of global solution and the global attractor on unbounded
domain. In [26], Minkye Kwak estimates the dimension of the global attractor for the spatial Periodic and Dirichlet boundary
conditions.

In this paper, by using the energy equation method, we prove the existence of a global attractor of 2D g-Navier–Stokes
equation with linear dampness on R2 and we prove the finite dimension of the global attractor.

This paper is organized as follows. In Section 2, we first introduce some notations and preliminary results for the
g-Navier–Stokes equations. In Section 3, we prove the existence of the global attractors of 2D-g-Navier–Stokes equations
with linear dampness on the whole R2. In Section 4, we estimate the dimension of the global attractors.
. All rights reserved.

Science Fund of China (Grant No. 10871156 ) and NCET.
ce, Xi’an Jiaotong University, Xi’an, Shaanxi 710049, PR China.

ou@mail.xjtu.edu.cn (Y. Hou).

http://dx.doi.org/10.1016/j.amc.2009.06.035
mailto:yd-wxx@163.com
mailto:yrhou@mail.xjtu.edu.cn
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


J. Jiang, Y. Hou / Applied Mathematics and Computation 215 (2009) 1068–1076 1069
2. Preliminaries

We consider the flow of fluid enclosed in R2 and governed by the g-Navier–Stokes equations. We denote by uðx; tÞ 2 R2

and pðx; tÞ 2 R, respectively, the velocity and the pressure of initial-boundary value problem:
@u
@t
� mDuþ auþ ðu � rÞuþrp ¼ f ðxÞx 2 R2; t > 0;

r � ðguÞ ¼ 0 in X;

lim uðx; tÞ ¼ 0 on @X;

uðx;0Þ ¼ u0ðxÞ in X;

ð2:1Þ
where m > 0 is the kinematic viscosity of the fluid, f ¼ f ðxÞ 2 R2 is the external body force (assumed to be time independent),
and the function g ¼ gðx1; x2Þ is positive real-valued smooth function. We assume that the function g satisfies
0 < m0 6 gðx1; x2Þ 6 M0 for all ðx1; x2Þ 2 R2:
The mathematical frameworks of (2.1) is following:
let
L2ðgÞ ¼ ðL2ðR2ÞÞ2 with the inner products;

ðu;vÞ ¼
Z

R2
u � mg dx; u;v 2 L2ðgÞ and norms j � j ¼ ð�; �Þ1=2

;

H1
0ðgÞ ¼ H1

0ðR
2Þ

� �2
; u ¼ ðu1;u2Þ; v ¼ ðv1; v2Þ 2 H1

0ðgÞ with the inner products;

ððu;vÞÞ ¼
Z

R2

X2

j¼1

ruj � rv jg dx and norms k � k ¼ ðð�; �ÞÞ1=2:
Let DðR2Þ be the space of C1 functions with compact support contained in R2 and let
D ¼ fv 2 ðDðR2ÞÞ2 : r � gv ¼ 0 in R2g;
H ¼ closure of D in L2ðgÞ;
V ¼ closure of D in H1

0ðgÞ:
With H and V endowed with the inner product and norm of L2ðgÞ and H1
0ðgÞ respectively. where H1

0ðR
2Þ ¼W1;2ðR2Þ is usual

soblev spaces with norm of k � k1, then we have
kuk2
1 ¼ juj

2 þ kuk2
; 8u 2 H1

0ðgÞ:
Now, we define a g-Laplacian operator as follows:
�Dgu ¼ �1
g
ðr � grÞu ¼ �Du� 1

g
rg � ru:
Using the g-Laplacian operator, we rewrite the first equation of (2.1) as follows:
@u
@t
� mDguþ m

rg
g
� ruþ auþ ðu;rÞuþrp ¼ f : ð2:2Þ
We define a g-orthogonal projection
P : L2ðgÞ ! H
and g-Stokes operator
Au ¼ �P
1
g
ðr � ðgruÞÞ

� �
:

When we apply the projection P into Eq. (2.2), we can obtain the following weak formulation of (2.1): let f 2 V and u0 2 H,
we find
u 2 L1ð0; T; HÞ \ L2ð0; T; VÞ; T > 0 ð2:3Þ
such that
d
dt
ðu; vÞ þ mððu;vÞÞ þ aðu;vÞ þ bgðu;u; vÞ þ mðRu;vÞ ¼ hf ;vi 8v 2 V ; 8t > 0; ð2:4Þ

uð0Þ ¼ u0; ð2:5Þ
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where bg : V � V � V ! R is given by
bgðu;v ;wÞ ¼
X2

i;j¼1

Z
ui
@v j

@x
wjg dx ð2:6Þ
and
Ru ¼ P
1
g
ðrg � rÞu

� �
; 8u 2 V :
Then, the weak formulation (2.4) is equivalent to the functional equation
du
dt
þ mAuþ auþ Buþ mRu ¼ f ; ð2:7Þ

uð0Þ ¼ u0; ð2:8Þ
where A : V ! V 0 is the g-Stokes operator defined by
hAu; vi ¼ ððu; vÞÞ; 8u; v 2 V ð2:9Þ
and BðuÞ ¼ Bðu;uÞ ¼ Pðu � rÞu is a bilinear operator B : V � V ! V 0 defined by
hBðu; vÞ;wi ¼ bgðu;v ;wÞ; 8u;v ;w 2 V
The g-Stokes operator A is an isomorphism from V into V 0, while B and R satisfy the following inequalities (see Sell and
You [14] and Roh [12]):
kBðuÞkV 0 6 cjujjjuk; kRukV 0 6
jrgj1
m0k

1=2
1

kuk; 8u 2 V ð2:10Þ
We have the following result (see[4]).

Proposition 2.1. Given f 2 L2ðgÞ;u0ðxÞ 2 H, there exists a unique
uðx; tÞ 2 L1ðRþ; HÞ \ L2ð0; T; VÞ \ cðRþ; HÞ ð8T > 0Þ
such that (2.4), (2.5) hold.

Now let u ¼ uðtÞ; t > 0 be a solution given by Proposition 2.1. since u 2 L2ð0; T; VÞ and u0 2 L2ð0; T; V 0Þ, we have
1
2

d
dt
juj2 ¼ hu0;ui
so we have from (2.7) that
1
2

d
dt
juj2 ¼ hf � mAu� au� Bu� mRu;ui ¼ hf ;ui � mkuk2 � ajuj2 � bgðu; u;uÞ � m

1
g
rg � ru

� �
;u

� �
:

Since bgðu;u;uÞ ¼ 0; 8u;v 2 V , we have
d
dt
juj2 þ 2mkuk2 ¼ 2hf ;ui � 2ajuj2 � 2m

1
g
rg � ru

� �
; u

� �
: ð2:11Þ
Moreover, we can deduce
d
dt
juj2 þ 2ajuj2 þ 2mkuk2 ¼ 2ðf ;uÞ � 2m

1
g
rg � ru

� �
; u

� �
6
jf j2

a
þ ajuj2 þ 2m

jrgj1
m0k

1=2
0

kuk2
:

Hence
d
dt
juj2 þ ajuj2 þ 2m 1� jrgj1

m0k
1=2
0

 !
kuk2

6
jf j2

a
: ð2:12Þ
With Grownwall inequality, we have
juðtÞj2 6 ju0j2e�at þ 1
a2 ð1� e�atÞjf j2 ð2:13Þ
and
1
t

Z t

0
kuðsÞk2

1ds 6
1
ab
jf j2 þ 1

tb
ju0j2; 8t > 0 where b ¼min a;2m 1� jrgj1

m0k
1=2
0

 ! !
: ð2:14Þ
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From Proposition 2.1, we can define a continuous semigroup fSðtÞg in H by
SðtÞu0 ¼ uðtÞ; t > 0;
where uðtÞ is a solution of (2.4) with uð0Þ ¼ u0 2 H, Moreover, it follows from (2.13) that the set
B ¼ u 2 H : juj 6 q0 �
ffiffiffi
2
p

a
jf j

( )
ð2:15Þ
is absorbing in H for the semigroup.
Then, we can prove the following weak continuity of the semigroup fSðtÞgtP0.

Proposition 2.2. Let fu0ngn be a sequence in H converging weakly in H to an element u0 2 H, Then
ð1Þ SðtÞu0n ! SðtÞu0 weakly in H; 8t P 0 ð2:16Þ
ð2Þ SðtÞu0n ! SðtÞu0 weakly in L2ð0; T; VÞ; 8T P 0 ð2:17Þ
Proof. Let unðtÞ ¼ SðtÞu0n, and uðtÞ ¼ SðtÞu0, for 8t P 0. From (2.13), (2.14) we find that
unðtÞ ¼ SðtÞu0n is bounded in L1ðRþ; HÞ \ L2ð0; T; VÞ; 8T P 0 ð2:18Þ
Since u0n ¼ f � mAun � aun � BðunÞ � mRun ð2:19Þ
and A : V ! V 0 is bounded linear operator, and
kBðuÞkV 0 6 cjujjjuk; kRukV 0 6
jrgj1
m0k

1=2
1

kuk
it follows that fu0ng is bounded in L2ð0; T; V 0Þ; 8t P 0. Then, for
8v 2 V and 0 < t 6 t þ a 6 T with T > 0;
Z tþa
ðunðt þ aÞ � unðtÞ;vÞ ¼
t
hu0nðsÞ;vids 6 kvka1=2ku0nkL2ð0;T;V 0 Þ 6 cTkvka1=2; ð2:20Þ
where cT is positive, independent of n. Then, for v ¼ unðt þ aÞ � unðtÞ, we find that
junðt þ aÞ � unðtÞj2 6 cT a1=2kunðt þ aÞ � unðtÞk:
Hence
Z T�a

0
junðt þ aÞ � unðtÞj2dt 6 cT a1=2

Z T�a

0
kunðt þ aÞ � unðtÞkdt 6 2cT T1=2a1=2

Z T

0
kunðtÞk2dt

� �1=2

6 c�T a1=2;
where
R T

0 kunðtÞk2dt
� �1=2

is bounded and positive constant c�T is independent of n. so
lim
a!0

supn

Z T�a

0
junðt þ aÞ � unðtÞj2L2ðBrÞdt ¼ 0; ð2:21Þ
where Br ¼ fx 2 R2; jxj 6 rg. Moreover, from (2.18),
funjBr
gn is bounded in L1ðRþ; L2ðBrÞÞ \ L2ð0; T; H1ðBrÞÞ:
Consider a truncation function s 2 C1ðRþÞ with sðsÞ ¼ 1 for s 2 ½0;1� and sðsÞ ¼ 0 for s 2 ½2;þ1Þ. For 8r > 0 and x 2 B2r ,
from (2.21), we find that
lim
a!0

supn

Z T�a

0
jvn;rðt þ aÞ � vn;rðtÞj2L2ðB2rÞdt ¼ 0 8T > 0; r > 0
and fvn;rg is bounded in L2ð0; T; H1
0ðB2rÞÞ \ L1ð0; T; L2ðB2rÞÞ; 8T > 0; r > 0 by a compactness theorem,
fvn;rg is relatively compact in L2ð0; T; L2ðB2rÞÞ; 8T > 0; r > 0 ð2:22Þ
It follows from (2.22) that
funjBr
g is relatively compact in L2ð0; T; L2ðBrÞÞ; 8T > 0; r > 0
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so there exists a subsequence fun1g such that
fun1g ! ~u weak-star in L1ðRþ;HÞ
weakly in L2ð0; T; VÞ;
strongly in L2ð0; T; L2ðBrÞÞ

ð2:23Þ
for some ~u 2 L1ðRþ; HÞ \ L2ð0; T; VÞ.
Then from (2.19) we can get
ðu0n1
;vÞ ¼ ðf ;vÞ � mððun1 ;vÞÞ � aðun1 ; vÞ � bgðun1 ;un1 ; vÞ � mRðun1 ;vÞ

¼ ðf ;vÞ � mððun1 ;vÞÞ � aðun1 ; vÞ � bgðun1 ;un1 ; vÞ � m
rg
g
� run1

� �
;v

� �
We pass to the limit in the equation for un1 , then
ð~u; vÞ ¼ ðf ;vÞ � mðð~u;vÞÞ � að~u;vÞ � bgð~u; ~u;vÞ � m
rg
g
� r~u

� �
;v

� �
; v 2 D
since D is dense in H, so
ð~u; vÞ ¼ ðf ;vÞ � mðð~u;vÞÞ � að~u;vÞ � bgð~u; ~u;vÞ � m
rg
g
� r~u

� �
;v

� �
; 8v 2 D
then ~u is a solution of (2.4) with ~uð0Þ ¼ u0.
By the uniqueness of the solutions we must have ~uðtÞ ¼ uðtÞ ¼ SðtÞu0. then by a contradiction argument we deduce that

the whole sequence fung converges to u in the sence of (2.23). This prove (2.17).
Since unðtÞ ¼ SðtÞu0n is bounded in L1ðRþ; HÞ \ L2ð0; t; VÞ; 8T > 0 and (2.20) we have
ðunðtÞ;vÞ ! ðuðtÞ;vÞ; 8t 2 Rþ; v 2 D
for D is dense in H. we have
ðunðtÞ;vÞ ! ðuðtÞ;vÞ; 8t 2 Rþ; v 2 H
so we also have that unðtÞ ¼ SðtÞu0n converges weakly to uðtÞ ¼ SðtÞu0 in H. h
3. Existence of the global attractor

For the existence of the global attractor, we will prove the asymptotic compactness of the semigroup fSðtÞgtP0. A semi-
group is said to be asymptotically compact in a given metric space if fSðtnÞung is precompact whenever fung is bounded and
tn !1.

To prove that fSðtÞgtP0 is asymptotically compact in H, we use the energy equation.
First, we define a function ½�; �� : V � V ! R by
½u;v � ¼ aðu; vÞ þ 2mððu; vÞÞ ð3:1Þ
for all u;v 2 V . Then ½�; �� is bilinear and symmetric.
½u�2 ¼ ½u;u� ¼ ajuj2 þ 2mkuk2:
Then we have
bkuk2
1 6 ½u�

2
6 ckuk2

1 where c ¼maxða;2mÞ:
Thus ½�; �� is an inner product on V with the norm ½�� ¼ ½�; ��1=2 equivalent to k � k1. we obtain
djuj2

dt
þ ½u�2 þ ajuj2 ¼ 2hf ;ui � 2m

1
g
rg � ru

� �
;u

� �
ð3:2Þ
for any solution u ¼ uðtÞ ¼ SðtÞu0; u0 2 H.
Then
juðtÞj2 ¼ ju0j2e�at þ 2
Z t

0
e�aðt�sÞðhf ; uðsÞi � ½uðsÞ�2 � 2m

1
g
rg � ru

� �
;u

� �
Þds;
which can be written
jSðtÞu0j2 ¼ ju0j2e�at þ 2
Z t

0
e�aðt�sÞðhf ; SðsÞu0i � ½SðsÞu0�2 � 2m

1
g
rg � ruÞ; SðsÞu0

� �� �
ds: ð3:3Þ
For all u0 2 H; t P 0.
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Lemma 3.1 (see [27]). Let M be the uniformly convex Banach space, fung � M and un ! u weakly in M, where
lim
n!1
junjM ¼ jujM
j � jM is norm in M, then un ! u strongly in M.

Theorem 3.1. Assume m > 0; f 2 V, Then the semigroup fSðtÞgtP0 is asymptotically compact in H.

Proof. Let B � H be a bounded set and consider the sequence fung � B and ftng such that tn P 0; tn !1, Then the set
fSðtnÞung is precompact in H. Since the set B defined in (2.15) is absorbing, there exists a time TðBÞ > 0 such that
SðtÞB � B;8t P TðBÞ, so that for tn large enough ðtn P TðBÞÞ,
SðtnÞun 2 B: ð3:4Þ
So fSðtnÞung is weakly compact in H and hence there are subsequences which relabeled as un0 and tn0 , and element w 2 B
such that
Sðtn0 Þun0 ! w weakly in H: ð3:5Þ
Similarly for each T > 0, we also have
Sðtn0 � TÞun0 2 B for tn0 P T þ TðBÞ: ð3:6Þ
Therefore, Sðtn0 � TÞun0 is also weakly precompact in H and hence there are further subsequences, which also relabeled as
fSðtn0 � TÞun0 g and an element wT 2 B such that
Sðtn0 Þun0 ! wT weakly in H; 8T 2 N: ð3:7Þ
From Proposition 2.2(1), we have
w ¼ lim
n0!1

HwSðtn0 Þun0 ¼ lim
n0!1

HwSðTÞSðtn0 � TÞun0 ¼ SðTÞ lim
n0!1

HwSðtn0 � TÞun0 ¼ SðTÞwT ;
where lim Hw denotes the limit taken in the weak topology of H. Thus w ¼ SðTÞwT ;8T 2 N. From (3.5), we have
jwj 6 lim inf
n0!1

jSðtn0 Þun0 j
and we shall now prove that
lim sup
n0!1

jSðtn0 Þun0 j 6 jwj:
For T > 0, and tn > T we have by (3.3)
jSðtn0 Þun0 j2 ¼ jSðTÞSðtn0 � TÞun0 j2 ¼ jSðtn0 � TÞun0 j2e�at þ 2
Z T

0
e�aðt�sÞhf ; SðsÞSðtn0 � TÞun0 ids

� 2
Z T

0
e�aðt�sÞ½SðsÞSðtn0 � TÞun0 �2ds� 2

Z T

0
e�aðt�sÞ½m 1

g
rg � ru

� �
; SðsÞSðtn0 � TÞun0

� �
ds: ð3:8Þ
From (3.6), we obtain
lim sup
n0!1

e�aT jSðtn0 � TÞun0 j2 6 q2
0e�aT : ð3:9Þ
By the weak continuity Proposition 2.2(2), we obtain
SðsÞSðtn0 � TÞun0 ! SðsÞwT weakly in L2ð0; T; VÞ: ð3:10Þ
Then
lim
n0!1

Z T

0
e�aThf ; SðsÞSðtn0 � TÞun0 ids ¼

Z T

0
e�aThf ; SðsÞwTids: ð3:11Þ
Moreover, since ½�� is a norm on V equivalent k � k1; 0 < e�aT
6 e�aðT�sÞ

6 1; s 2 ½0; T� so
R T

0 e�aðT�sÞ½��2ds
� �1=2

is equivalent to the
usual norm in L2ð0; T; VÞ.

Therefore, we have
Z T

0
e�aðT�sÞ½SðsÞwT �2ds 6 lim

n0!1
inf
Z T

0
e�aðT�sÞ½SðsÞSðtn0 � TÞun0 �2ds: ð3:12Þ
Hence
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lim
n0!1

sup �
Z T

0
e�aðT�sÞ½SðsÞSðtn0 � TÞun0 �2ds

� �

¼ � lim
n0!1

inf
Z T

0
e�aðT�sÞ½SðsÞSðtn0 � TÞun0 �2ds

� �

6 �
Z T

0
e�aðT�sÞ½SðsÞwT �2ds;

lim
n0!1

sup �
Z T

0
e�aðT�sÞ½2m

1
g
rg � ru

� �
; SðsÞSðtn0 � TÞun0

� �
�ds

� �

¼ � lim
n0!1

inf
Z T

0
e�aðT�sÞ 2m

1
g
rg � ru

� �
; SðsÞSðtn0 � TÞun0

� �� �
ds

� �

6 �
Z T

0
e�aðT�sÞ 2m

1
g
rg � ru

� �
; SðsÞwT

� �� �
ds:

ð3:13Þ
We obtain
lim
n0!1

sup jSðtn0 Þun0 j2 6 jq0j
2e�aT þ

Z T

0
e�aðT�sÞ 2hf ; SðsÞwTi � ½SðsÞwT �2 � 2m

1
g
rg � ru

� �
; SðsÞwT

� �� �� �
ds: ð3:14Þ
On the other hand, we obtain from (3.3)
jwj2 ¼ jSðsÞwT j2 ¼ jwT j2e�aT þ 2
Z T

0
e�aðT�sÞ hf ; SðsÞwTi � ½SðsÞwT �2 � 2m

1
g
rg � ru

� �
; SðsÞwT

� �� �� �
ds: ð3:15Þ
Hence, we have
lim
n0!1

sup jSðtn0 Þun0 j2 6 jwj2 þ q2
0 � jwT j2

� �
e�aT

6 jwj2 þ q2
0e� aþmk1

2

	 

T ; 8T > 0: ð3:16Þ
Let T go to infinity in (3.16), we obtain
lim
n0!1

sup jSðtn0 Þun0 j2 6 jwj2: ð3:17Þ
Since H is a Hilbert space, From Lemma 3.1, (3.17) together with (3.5), we can prove
Sðtn0 Þun0 ! w strongly in H:
This shows that fsðtnÞung is precompact in H, and hence that fSðtÞg is asymptotically compact in H. Since fSðtÞg has a
bounded absorbing set B in H, so we prove the existence of the global attractor. h

Theorem 3.2. Assume m > 0; f 2 V, Then the dynamical system fSðtÞgtP0 associated to the evolution equation (2.4) possesses a
global attractor in H, i.e., a compact invariant set A � H which attracts all bounded sets in H.
4. The dimension of the global attractor

In this section, we want to estimate the dimension of the global attractor A of 2D g-Navier–Stokes equations with linear
dampness on the whole R2. We use the general theory given by Temam[17].

Let u0 2 A and set uðtÞ ¼ SðtÞu0, for t P 0, From (2.9) we see that the linearized flow around u is given by the equation
@U
@t
þ mAU þ aU þ Bðu;UÞ þ BðU;uÞ þ mRU ¼ 0; ð4:1Þ

Uð0Þ ¼ w; ð4:2Þ
8w 2 H, there exists a unique U 2 L2ð0; T; VÞ \ Cð½0; T�; HÞ satisfying (4.1) 8T > 0
We can define a linear map Lðt; u0Þ : H! H by setting Lðt; u0Þf ¼ UðtÞ. It can also be proven that Lðt; u0Þ is bounded and

that fSðtÞgtPo is uniformly differentiable on A, i.e
lim
e!0

sup
u0 ;v02A;0<ju0�v0 j6e

jSðtÞv0 � SðtÞu0 � Lðt; u0Þ � ðv0 � u0Þj
jv0 � u0j

¼ 0: ð4:3Þ
Let
F 0ðuÞU ¼¼ �mAU � aU � Bðu;UÞ � BðU; uÞ � mRU
write (4.1) as
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U0 ¼ F 0ðuÞU ¼ �mAU � aU � Bðu;UÞ � BðU;uÞ � mRU ð4:4Þ
and define numbers qm;m 2 N, by
qm ¼ lim
t!1

sup
u02A

sup
wi2H;jwi j61;i¼1;���;m

1
t

Z t

0
TrðF 0ðSðsÞu0 � Q mðsÞÞds; ð4:5Þ
where QmðsÞ ¼ Qmðs; u0;w1; � � � ;wmÞ is the orthogonal projector in H onto the space spanned by Lðt; u0Þw1; � � � ; Lðt; u0Þwm;

8w1; � � � ;wm is linearly independent in H.

Lemma 4.1. Let A is the global attractor of (1.1), if qn < 0; for some n 2 N. then A has finite Hausdorff and fractal dimensions
estimated respectively as
dimHðAÞ 6 n;

dimFðAÞ 6 n 1þ max
16j6n�1

ðqjÞþ
jqnj

� �
:

In order to estimate the numbers qm, Let u0 2 A and set uðtÞ ¼ SðtÞu0 and UjðtÞ ¼ Lðt; u0Þwj, t P 0. Let /iðtÞði ¼ 1 � � � ;mÞ be
an orthonormal basis in H.

Since
TrðF 0ðuðsÞÞ � Q mðsÞÞ ¼
Xm

i¼1

hF 0ðuðsÞÞ/i;/ii ¼
Xm

i¼1

h�mA/i � a/i � Bðu;/iÞ � Bð/i; uÞ � mR/i;/ii

¼
Xm

i¼1

�mk/ik
2 � aj/ij � bgð/i;u;/iÞ �

m
g
ðrg � r/iÞ/i

� �
:

Now
Xm

i¼1

bgð/i; u;/iÞ
�����

����� ¼
Z

X

Xm

i¼1

X2

j;k¼1

/ijDjukðxÞ/ikðxÞgðxÞdx

�����
����� 6

Z
X
jgraduðxÞjqðxÞdx 6 ðwith the Schwarz inequalityÞ

6 kujjjqj where qðxÞ ¼
Xm

i¼1

j ffiffiffigp /iðxÞj
2
:

We have the Lieb–Thirring inequality
jqðsÞj2 ¼
Z

X
q2ðx; sÞgðxÞdx 6 c

Xm

i¼1

k/ik
2
;

Xm

i¼1

m
g
ðrg � r/iÞ/i

� ������
����� 6

Xm

i¼1

mjrgj1
m0

k/ijjj/ij:
Hence
TrðF 0ðuðsÞÞ � Q mðsÞÞ ¼ �am�
Xm

i¼1

ðmk/ik
2 þ bgð/i;u;/iÞ þ

m
g
ðrg � r/iÞ/iÞ

6 �m
Xm

i¼1

k/ik
2 þ jrgj1

m0k
1=2
1

Xm

i¼1

k/ijjj/ij þ kujjjqj � am

6 �m
Xm

i¼1

k/ik
2 þ jrgj1

m0k
1=2
1

Xm

i¼1

k/ijjj/ij þ kuk c
Xm

i¼1

k/ik
2

 !1=2

� am 6 ðwith the Schwarz inequalityÞ

6 �m
Xm

i¼1

k/ik
2 þ jrgj1

m0k
1=2
1

Xm

i¼1

k/ijjj/ij þ
c

2m
kuk2 � am:
From (2.12) we obtain 1
t

R t
0 kuðsÞk

2ds 6 1

2ma 1� jrgj1
m0k

1=2
1

� � jf j2 þ 1
t ju0j2. For sufficiently small jrgj1, we let 1� jrgj1

m0k1=2
1

¼ ~m, then we
have
qm 6 �amþ c

2m2a 1� jrgj1
m0k1=2

1

� � jf j2 ¼ �amþ c
2m2a ~m

jf j2;
Let m0 ¼ c
2m2a2 ~m jf j

2
h i

	
þ 1, where ½��	 is rounding function, then qm0

6 0, so we obtain
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dHðAÞ 6
c

2m2a2 ~m
jf j2 þ 1:
If we let m1 ¼ c
m2a2 ~m jf j

2
h i

	
þ 1, then we have qm1

6 0 and
max
16j6m1�1

ðqjÞþ
jqm1
j 6 1
therefore
dFðAÞ 6
c

m2a2 ~m
jf j2 þ 2:
Theorem 4.1. we consider the two-dimensional g-Navier–Stokes equations with the linear dampness, when jrgj is sufficiently
small, we define ~m ¼ 1� jrgj1

m0k1=2
1

, then
dHðAÞ 6
c

2m2a2 ~m
jf j2 þ 1;

dFðAÞ 6
2c

m2a2 ~m
jf j2 þ 2:
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