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A B S T R A C T

The multi-phonon scattering mechanisms and lattice thermal conductivity of the three prototypes thermal barrier 
coatings including the La2Zr2O7, La2SrAl2O7 and LaPO4 are studied using both the perturbative linear Boltzmann 
transport equation (LBTE) under the three- and four-phonon scattering schemes and the non-perturbative 
equilibrium molecular dynamics simulations coupled with Kubo-Green formula (EMD-KG) method based on 
properly trained and validated moment tensor potentials (MTPs). It is revealed that incorporating multi-phonon 
scatterings in LBTE method under either 3ph or 3ph + 4ph schemes could underestimate the lattice thermal 
conductivity of the thermal barrier coatings mainly due to the poor description of heat conduction for highly 
localized phonon modes (locons) in the temperature renormalized phonon spectrum within the perturbative 
approach. Meanwhile, the non-perturbative EMD-KG method not only could accurately reproduce the values of 
lattice thermal conductivity that are in good agreement with experiments in the temperature range between 300 
K and 1500 K, but also correctly predicts the flat thermal conductivity at elevated temperatures for all three 
thermal barrier coatings. The phonon quasi-particle spectrum and quasi-particle lifetimes are also obtained, and 
results elucidate that the perturbative LBTE method predicts the phonon relaxation times significantly smaller 
than those of phonon quasi-particle lifetimes calculated from non-perturbative EMD method especially for the 
low-frequency phonon modes. Therefore, the EMD-KG method combined with highly accurate machine learning 
potential provides a numerically efficient and physically sound methodology to study phonon transport prop
erties of thermal barrier coatings.

1. Introduction

Thermal barrier coatings (TBCs) play a critical role in protecting 
components from thermal damage and maintaining temperature sta
bility, and which are not only indispensable in civilian applications such 
as automobiles [1–3] and cables [4], but also widely used in cutting- 
edge fields, including nuclear power plants [5], large gas turbines [6], 
and aerospace vehicles [7]. Currently, the most widely used thermal 
barrier coating material is yttria-stabilized zirconia (YSZ). However, YSZ 
undergoes phase transitions at temperatures above 1200 ◦C, leading to 
the formation of cracks and eventual failure of the coating [8]. 

Therefore, to meet the demands of higher temperature applications, it is 
necessary to explore thermal barrier coating materials with better sta
bility and lower thermal conductivity. In the past several decades, three 
promising rare-earth-based materials, namely pyrochlore (Ln2Zr2O7), 
double perovskite (Ln2SrAl2O7), and monazite structures (LnPO4) have 
attracted great attentions world widely as probable replacements for 
YSZ, where Ln refers to the rare earth metals including La, Gd, Sm. In 
recent years, the high entropy alloying strategy was successfully 
demonstrated to prepare multi-component solid solutions of pyrochlore 
and monazite structures with strong cation disordering at Ln lattice sites, 
leading to the further reduction of overall lattice thermal conductivity, 
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compared to those of fully ordered lattice structures [9–11].
As insulators, the thermal conductivity of those prototype structures 

(Ln2Zr2O7, Ln2Sr2AlO7 and LnPO4) is primarily determined by lattice 
thermal conductivity, which arises from lattice vibrations. Compared to 
conventional crystalline materials, the lattice thermal conductivity of 
thermal barrier coatings even within a fully ordered lattice structure is 
quite low, i.e., 1 W⋅m− 1⋅K− 1–3 W⋅m− 1⋅K− 1. Such low intrinsic lattice 
thermal conductivity may arise from the different phonon scattering 
mechanisms such as point defects (O vacancies particularly), isotopes, 
grain boundary and most importantly the phonon–phonon interactions, 
as suggested in many previous experimental and theoretical studies 
[12–14]. Nevertheless, the phonon mean free path of crystalline thermal 
barrier coatings was revealed to approach the Ioffe-Regel limit even at 
the moderate temperature (~1000 K), indicating the multi-phonon 
scattering processes could dominate the intrinsic lattice thermal con
ductivity of them even at the room temperature regardless of the pres
ence of defects and grain boundary [15,16]. Furthermore, the 
transportation behaviors of highly localized phonons could not be reli
ably described as extended lattice waves due to their extremely short 
mean free path and low atomic participation ratio in the vibration pat
terns [17]. Some interesting concepts for describing the phonon modes 
such as propagons, diffusons and locons that are originally invoked for 
amorphous materials were adopted to clarify different phonon trans
portation channels in thermal insulating materials [17,18]. Therefore, 
understanding the multi-phonon scattering mechanisms in lattice 
structures of thermal barrier coatings is critical not only in terms of 
optimizing the thermal insulation performance but also vital for 
unraveling the role of higher order phonon–phonon interactions that go 
beyond the normal three-phonon scattering process in those thermal 
insulating materials.

Recent advances in the phonon transportation theory and compu
tational tools allow the direct calculations of the second, third and even 
fourth order of interatomic force constants for crystalline materials, 
enabling the investigation of three- and four-phonon scattering pro
cesses and their impacts on the lattice thermal conductivity of thermal 
insulating materials under the perturbative linear Boltzmann transport 
equation (LBTE) [19,20]. However, the number of symmetrically 
reduced inter-atomic force constants typically increases drastically with 
the total number of atoms (N) within the modelling crystal structures, i. 
e., 27 N3 and 81 N4 for third and fourth order force constants, respec
tively [21]. The overall computational costs for obtaining the higher 
order force constants and for solving the LBTE are expected to be quite 
significant for most thermal barrier coatings having relatively complex 
crystal structures such as pyrochlore (Ln2Zr2O7). Additionally, the 
conventional methodology and workflow for evaluating the lattice 
thermal conductivity in crystalline materials are obviously no appliable 
to the high-entropy thermal barrier coatings due to the occupation 
disordering in the lattice structures. To counteract those challenges in 
calculating lattice thermal conductivity for large complex lattice struc
tures, the computational workflow based on highly accurate machine 
learning potentials that are trained from the first-principles calculation 
datasets has been developed to interface with either the perturbative 
LBTE method or the non-perturbative molecular dynamics simulations 
(equilibrium and non-equilibrium), allowing the fast accessing of multi- 
phonon interactions and lattice thermal conductivity for both crystalline 
and amorphous structures in principle [22–25]. Compared to that of 
LBTE method, the use of molecular dynamics simulations also shows an 
obvious advantage that all higher order lattice anharmonic effects can 
be included in calculating the lattice thermal conductivity from the 
Kubo-Green formula and the phonon spectral energy density (pSED) 
[20]. Regarding the use of such a methodology to predict the lattice 
thermal conductivity for thermal barrier coatings, two recent works are 
mentioned here. Luo et al. trained the moment tensor potential (MTP) 
for the pyrochlore La2Zr2O7 structures and further conducted a dual- 
channel analysis of phonon transport mechanism in La2Zr2O7, propos
ing an explanation for the slower decline in thermal conductivity of the 

structure at high temperatures based on phonon diffusion behavior of 
optical modes [16]. Meanwhile, Simoncelli and coworkers conducted 
the theoretical analysis on the phonon transportation behaviors of 
pyrochlore-La2Zr2O7 and monizate-LaPO4 using the respective machine 
learning potentials in combination with LBTE and Wigner formula for 
different phonon channels, i.e., propagons and diffusons [26,27]. Those 
studies clearly demonstrated the rather complicated lattice anharmo
nicity and distinct phonon conduction channels in thermal insulating 
materials. Nevertheless, a comprehensive comparison study of multi- 
phonon scattering mechanisms (three-phonon, four-phonon and all 
higher order phonon interactions) among the three representative pro
totype thermal barrier coatings including pyrochlore-La2Zr2O7, double- 
perovskite-La2Sr2AlO7 and monazite-LaPO4 has not been reported 
before in the literatures using the methodology based on machine 
learning potentials. Otherwise, the reliability of using equilibrium mo
lecular dynamics simulation based on machine learning potential and 
the Kubo-Green formula to predict the lattice thermal conductivity of 
complex crystal structures with either the low symmetry or a large unit 
cell was not thoroughly addressed in all previous theoretical studies 
especially in comparison to that of either LBTE method containing 3 and 
4 phonon scatterings or experimental results. Finally, the use of phonon 
spectral energy density (pSED) to elucidate the impacts of all higher 
order phonon interactions on the phonon quasi-particle lifetimes and 
lattice thermal conductivity was probably overlooked in previous 
studies for thermal barrier coatings.

In this paper, we successfully developed and thoroughly tested a 
universal workflow for efficiently and reliably predicting and analyzing 
the phonon transport properties of three prototype crystal structures 
(pyrochlore-La2Zr2O7, double-perovskite-La2SrAl2O7 and monazite- 
LaPO4) as thermal barrier coatings using the machine leaning potentials 
in combination with perturbative LBTE method and non-perturbative 
equilibrium molecular dynamics simulations. Our current work partic
ularly focused on impacts of higher order phonon scattering mechanism 
including the third order, the fourth order and all orders on the phonon 
quasi-particle lifetimes and lattice thermal conductivity of crystalline 
thermal barrier coatings using Kubo-Green formula and pSED from 
large-scale molecular dynamics simulations at different temperatures. 
The results clearly revealed the significance of the incorporation of all 
higher order phonon interactions in accurately predicting the lattice 
thermal conductivity of thermal barrier coatings using molecular dy
namics simulations, in comparison to the strong suppressing of phonon 
heat conduction at high temperature using LBTE method after consid
ering both 3- and 4-phonon scatterings, providing the freshly new 
physics insights on the controversial role of multi-phonon scattering 
processes in the lattice thermal conductivity.

2. Computational methods and details

2.1. Overview of the workflow

Here, we briefly review the proposed workflow for accessing the 
lattice thermal conductivity and multi-phonon scattering mechanisms 
using the molecular dynamics simulations and lattice dynamic calcula
tions based on machine learning potentials trained from first-principles 
calculations. The overall workflow is illustrated in Fig. 1, including three 
different stages in the whole procedure. In the first stage, the first- 
principles molecular dynamics simulations are conducted for three 
prototype thermal barrier coatings (pyrochlore-La2Zr2O7, double- 
perovskite-La2Sr2AlO7 and monazite-LaPO4) under either the constant 
temperature (canonical ensemble) or the fixed temperature range to 
generate the training and validation datasets for the subsequent ma
chine learning potential training process. The machine learning poten
tial employed in this work is known as the moment tensor potential 
(MTP) which uses atomic configurations, total energies, interatomic 
forces and stress tensors as the input data for the training [28,29]. The 
training and validation of the MTPs for the three crystal structures 
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typically involve the calculation of root mean square errors (RSMEs) for 
various trained quantities, and comparisons of the structural parameters 
(equilibrium lattice parameters and atomic radial distribution function) 
and physical properties (elastic constants and phonon spectrum) ob
tained using MTPs to those of DFT calculations. In our current workflow, 
a passive training procedure is adopted where those atomic configura
tions with high extrapolation degrees are selected and merged with the 
original training datasets manually. In the final step, the MTPs are used 
either to obtain higher order force constants from lattice dynamics 
calculations under the framework of LBTE method or to evaluate the 
lattice thermal conductivity directly from equilibrium molecular dy
namics (EMD) simulations within Kubo-Green formula. In addition, the 
calculation of phonon spectrum energy density (pSED) from EMD sim
ulations also allows us to extract the phonon quasi-particle lifetimes, 
showing the effects of multi-phonon scatterings on the phonon heat 
conduction at various temperatures.

2.2. DFT calculations

All first-principles calculations based on density functional theory 
(DFT) were carried out using VASP program (version 5.4.4) under the 
three-dimensional periodic boundary conditions (3D-PBCs) and plane 
wave basis [30–32]. The projector augmented wave (PAW) method was 
used to describe the interactions between valence electrons and ionic 
core [32,33]. The valence electrons considered in this work for the 
relevant elements were La (5s25p65d16s2), Zr (4s24p64d25s2), Sr 
(3s23p64s2), Al (3s23p1) and O (2s22p4), respectively. The generalized 
gradient approximation (GGA) in terms of Perdew-Burke-Ernzerhof 
(PBE) functional was adopted to calculate exchange–correlation en
ergy of electrons [34]. All calculations were conducted under the non- 
spin polarized DFT scheme, assuming the spin-compensated para
magnetic state for the studied crystal structures. The kinetic energy 
cutoff value was set to 600 eV for plane wave expansion in the reciprocal 
space. Regarding the numerical integration k-meshes, we employed 4 ×

Fig. 1. Overview of the workflow for calculating phonon transport properties of crystalline thermal barrier coatings using machine learning potential.
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4 × 4, 10 × 10 × 2, and 8 × 8 × 8 grids for the pyrochlore, double 
perovskite, and monazite structures, respectively. For the static struc
tural optimizations, the total energy (the mean atomic force) was 
converged to 10− 8 eV⋅cell− 1 (0.001 eV⋅Å− 1). Notably, the conventional 
cells of the three crystal structures were used, and total numbers of 
atoms were 88 (cubic-La2Zr2O7), 24 (tetragonal-La2Sr2AlO7) and 24 
(monoclinic-LaPO4), respectively (See Fig. 2).

To perform the first-principles molecular dynamics (FPMD) simula
tions, the supercells were built for double-perovskite and monazite, i.e., 
a 3 × 3 × 1 supercell containing 216 atoms for La2SrAl2O7 and a 2 × 2 ×
2 supercell containing 192 atoms for LaPO4, respectively. While for 
La2Zr2O7, the conventional cell within 88 atoms was used. Otherwise, k- 
point grids were set to 2 × 2 × 2 for supercells of LaPO4 and La2Zr2O7, 
and the 2 × 2 × 1 mesh was chosen in the case of La2SrAl2O7. Two 
different types of FPMD tasks were conducted to create the required 
datasets for training and testing machine learning potentials. The con
stant temperature FPMD simulations at 1550 K were realized using the 
canonical ensemble (NVT) within the Nosé-Hoover thermostat [35] and 
the total duration of 3 ps with a time step of 0.5 fs. In the case of the 
varying temperature FPMD simulations, the annealing molecular dy
namics was carried out in the temperature range from 250 K to 1650 K 
with a total duration of 16 ps and a time step of 1 fs. Visualizations of 
crystal structures were realized using VESTA program [36].

2.3. Moment tensor potential training and testing

The moment tensor potential adopted in current work is referred to 
the level 22 potential (MTP-22) with a maximum cutoff radius of 8.0 Å 
for radial basis functions. Training the MTP-22 potentials for the three 
crystal structures uses the default values for fitting weights of energy 
(1.0), forces (0.1) and stress tensors (0.001), and the default fitting 
scaling parameters (See Table S1). During the learning process of MTP- 
22, the predicted values of total energy, forces and stress tensors for an 
atomic configuration are compared to those of quantum–mechanical 
datasets in FPMD trajectory, and the corresponding RMSEs are calcu
lated. The quality of the trained MTP-22 potential is characterized by the 
obtained RMSEs. Since a passive learning procedure was used to train 
MTPs, the training process was splitting into two steps. In the first 
learning step, the training was conducted for a relatively small number 
of atomic configurations and their quantum–mechanical datasets for 
each crystal structure, i.e., less than 1000 atomic configurations sampled 
from the FPMD trajectory (> 104 configurations). The resulting MTP 
model was employed to resample the whole FPMD training datasets. 
Those atomic configurations with high extrapolation grades were 
identified, and which were selected and combined with the initial 
training datasets. In the second step of passive learning, the updated 
training datasets were employed to retrain the new clean MTP-22 po
tential. This two-step passive learning procedure was found to be highly 
efficient for utilizing FPMD configurations to refine the MTP potential 
[29,37].

2.4. LBTE calculations for phonon transport properties

Solving the LBTE for phonons to obtain the lattice thermal conduc
tivity and phonon scattering phase spaces requires the evaluation of the 
second, third and even the fourth order interatomic force constants from 
the lattice dynamics calculations based either on the first-principles 
method or the machine learning potentials. In this work, the trained 
MTP-22 potentials for the three prototype thermal barrier coatings were 
employed to calculate the inter-atomic force constants up to the fourth 
order using the PhonoLAMMPS interfaced with LAMMPS program 
[38–40]. Then the temperature renormalized second order force con
stants were directly used to calculate phonon spectrum within Phonopy 
code [41,42]. Meanwhile, the third and fourth order force constants 
were obtained from post-processing python scripts such as Thirdorder. 
py and Fourthorder.py [43]. Finally, the ShengBTE code was adopted to 
solve LBTE for phonons under the relaxation time approximation (RTA) 
[44]. Notably, for calculating higher order force constants (3rd and 4th 
orders), supercells were built for monazite-LaPO4 and double-perov
skite-La2SrAl2O7, i.e., 3 × 3 × 1 and 3 × 3 × 3, respectively. While the 
conventional cell of pyrochlore-La2Zr2O7 was adopted in the calcula
tions. Otherwise, we set the q-meshes to 8 × 8 × 5, 7 × 7 × 7, and 4 × 4 
× 4 for La2SrAl2O7, LaPO4 and La2Zr2O7 in LBTE calculations for three- 
phonon scattering phase space. After considering both three-phonon and 
four-phonon scattering mechanisms, the q-meshes were adjusted to 
reduce the heavy computational costs involved in multi-phonon scat
tering phase space using LBTE method, i.e., 3 × 3 × 2 (La2SrAl2O7), 7 ×
7 × 7 (LaPO4), and 4 × 4 × 4 (La2Zr2O7), respectively.

2.5. Equilibrium molecular dynamics simulations

All equilibrium molecular dynamics (EMD) simulations were con
ducted using LAMMPS program interfaced with moment tensor poten
tial (MTP) [29]. Performing EMD allows the direct calculation of heat 
current and its autocorrelation function (HCACF) at a specific temper
ature, enabling the use of Kubo-Green formula to evaluate the lattice 
thermal conductivity with the inclusion of all anharmonic effects in the 
phonon lattice dynamics at finite temperature (See Eq. (1)). This method 
could in principle fully elucidate the impacts of all higher order pho
non–phonon scattering mechanisms on lattice thermal conductivity, 
compared to LBTE calculations where only 3rd and 4th order atomic 
force constants were included. 

κEMD =
1

3kBT2V

∫ ∞

0
〈J(0)⋅J(t)〉dt (1) 

Here, kB is the Boltzmann constant, T is the temperature, V is the unit 
cell volume, J(0) is the heat current, and the 〈J(0)⋅J(t)〉 is the heat 
current autocorrelation function (HCACF).Regarding the computational 
details in MD simulations within LAMMPS, supercells were created for 
the relevant crystal structures, i.e., 4 × 4 × 4, 12 × 12 × 2, and 6 × 6 × 6 

Fig. 2. Crystal structures of (a) pyrochlore La2Zr2O7 (b) double-perovskite La2SrAl2O7 (c) monazite LaPO4.
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supercells for La2Zr2O7, La2SrAl2O7 and LaPO4, respectively. Before 
performing the production run for each crystal structure to calculate the 
HCACF, the supercells were fully relaxed in NPT ensemble for a total 
duration of 50 ps with the time step of 1 fs. All subsequent EMD simu
lations were carried out in NVE ensemble with the total duration of 1 ns 
and a time step of 1 fs, i.e., the total number of time steps was 1.2 × 106. 
Then, HCACF profiles were calculated from 40 independent MD simu
lations at the specified temperature to reduce statistical uncertainty. It is 
worth noting that the HCACF profile for crystalline solids does not decay 
exponentially to zero at a relatively long correlation time interval. Thus, 
a truncation time of 30 ps was used for all HCACF calculations. The 
calculated HCACF profiles were further smoothed using low pass 
filtering process [23]. Applying the Kubo-Green formula to the 
smoothed HCACF profiles, the lattice thermal conductivity was obtained 
from each HCACF profile. In the last step, the mean lattice thermal 
conductivity was averaged from all 40 trials.

2.6. Phonon spectrum energy density calculations

For crystal structures, the pSED is obtained from the MD trajectory 
using Eq. (2) [45]. In contrast to those of LBTE calculations for the multi- 
phonon scattering spaces, pSED could include all anharmonic effects in 
the phonon scattering processes in a non-perturbative way. 

ϕ
(

k
→
,ω

)
=

1
4πNcΔt

∑

α

∑p

l=1

ml

⃒
⃒
⃒
⃒
⃒

∫ Δt

0

∑Nc

n=1
ν(n,l)

α (t)exp
[
i( k
→

⋅ r→(n)
− ωt)

]
dt

⃒
⃒
⃒
⃒
⃒

2

(2) 

Here, Nc represents the total number of unit cells in the system, Δt is the 

simulation time, r→(n) is the equilibrium position of unit cell n, p is the 
number of atoms in unit cell n, ν(n,l)α is the velocity of atom l in direction α 
within unit cell n, ml is the atomic mass, and k

→
is the phonon wave 

vector.
All molecular dynamics simulations were conducted using the 

LAMMPS program and the trained MTPs for the investigated thermal 
barrier coatings in NVT ensemble. The total duration for the production 
run was set to 1.5 ns with a time step 0.75 fs. For obtaining a relatively 
smooth pSED profile, the dense k gird must be employed. The number of 
k points in pSED calculation is determined by the supercell size. In this 
paper, the supercells of La2Zr2O7 and La2SrAl2O7 (LaPO4) were chosen 
as 85 × 2 × 1, and 125 × 5 × 1, respectively. Thus, the total numbers of 
k-points were 85 and 125 for the relevant crystal structures in the x- 
direction (or [100] crystallographic direction). Therefore, the pSED was 
obtained along Γ (0 0 0)-Y (0.5 0 0) pathway in the Brillouin zone.

Fig. 3. Testing MTPs for the total energy and atomic forces: (a)-(b) pyrochlore-La2Zr2O7; (c)-(d) double perovskite La2SrAl2O7; (e)-(f) monazite LaPO4.
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3. Results and discussions

3.1. Testing and validation of MTPs

Here, we test the accuracy of the obtained MTPs for the three crystal 
structures by directly comparing the predicted total energies and atomic 
forces using MTPs to those of benchmark DFT results in terms of RMSEs. 
The calculated RSMEs of total energy and forces are presented in Fig. 3. 
Overall, we observe a very promising agreement between MTP results 
and the benchmark datasets. Specifically, for the atomic forces, RSMEs 
are converged to 0.098 eV/Å, 0.091 eV/Å, and 0.120 eV/Å for La2Zr2O7, 
La2SrAl2O7 and LaPO4, respectively. While the RSMEs of atomic forces 
are all reduced to 0.001 eV/atom. The results clearly demonstrate the 
workflow employed in this work to train the MTPs is highly efficient and 
robust for crystalline thermal barrier coatings.

The validation of the trained MTPs is performed by evaluating 
various structural parameters and physical properties of the three crystal 
structures and comparing the results with those of DFT calculations. 
First, we show the calculated equilibrium lattice parameters of 
La2Zr2O7, La2SrAl2O7 and LaPO4 crystals with both DFT and MTPs in 
Table 1. An excellent agreement is seen regarding the results of La2Zr2O7 
and La2SrAl2O7 crystal structures, i.e., the mean errors are found to be 
0.01 % and 0.11 %, respectively. While the errors are revealed to be 
relatively large for lattice parameters b (5.57 %) and c (7.66 %), 
compared to that of lattice constant a (0.01 %) in the case of monazite 
LaPO4 which has the monoclinic space group. To further improve the 
accuracy of the trained MTP for predicting the lattice parameters b and c 
of monazite LaPO4, additional training datasets from those slightly 
deformed lattice structures are expected to be included in the training 
dataset. Since most equilibrium lattice parameters are well reproduced 
from the MTPs for the three crystal structures, additional refining of 
MTP for LaPO4 is not conducted. Second, we evaluate the radial distri
bution functions for the three crystal structures using MTPs and 
comparing the profiles to those of FPMD simulations at the same tem
perature. The RDF profiles of MTPs and FPMD simulations are illustrated 
in Fig. 4 for all relevant structures. Again, we see the profiles of 
La2Zr2O7, La2SrAl2O7 and LaPO4 obtained from MTP closely resemble 
those of FPMD simulations especially for the peak positions in the whole 
distance range, indicating that all trained MTPs could precisely repro
duce the very detailed atomic structures that fully match with those of 
DFT calculations. Quantitative analysis reveals that the RMSEs for the 
RDF functions of the three structures are 0.19, 0.15, and 0.18, 
respectively.

Besides those structural properties (lattice parameters and RDFs), the 
full set of elastic constants is also calculated for each crystal structure 
using MTP and DFT, and all results are summarized in Table 2. In gen
eral, we find a close agreement of DFT values with those of MTP pre
dictions for diagonal components in the elastic tensors for La2Zr2O7, 
La2SrAl2O7 and LaPO4 crystal structures. For some of the off-diagonal 

tensor components such as C26, C36 and C45 in monazite LaPO4, the 
relatively larger errors are indeed obtained. Nevertheless, the actual 
values of Cij predicted by MTP are close to those of DFT results in the 
case of LaPO4. Considering all MTPs are trained only using the machine 
learning datasets of equilibrium lattice structures, the predictive per
formance of them on the elastic constants is satisfactory for the studied 
crystal structures.

3.2. Renormalization of phonon spectrum

The phonon spectra of the three structures calculated by DFT and 
MTP are shown in Fig. 5 while the PDOS obtained from MTP is presented 
in Fig. S1. In the cases of La2Zr2O7 and La2SrAl2O7, as shown in Fig. 5(a) 
and 5(b), both approaches predict no imaginary phonon modes in the 
Brillouin zone. While the phonon spectrum of LaPO4 obtained from the 
standard harmonic lattice dynamics at 0 K within DFT exhibits strong 
soft modes in both acoustic and optical branches, compared to the full 
elimination of all soft modes in the results of MTP, as shown in Fig. 5(c). 
Notably, we see the close agreement for all phonon dispersions between 
MTP and DFT results for pyrochlore La2Zr2O7, indicating the relatively 
weak renormalization of interatomic force constants at finite tempera
ture for this crystal structure. Otherwise, the results for La2SrAl2O7 
imply the strong influence of temperature on the normalized phonon 
frequencies especially for those optical modes in the whole Brillouin 
zone. Interestingly, the phonon dispersions predicted by MTP move to 
higher frequencies than those of DFT calculations at 0 K for La2SrAl2O7. 
The stiffening of optical modes is expected to impact the phonon scat
tering rates and lattice thermal conductivity at relatively high temper
atures. It is also worth noting that the advantage of using MTP to 
conduct the lattice dynamics embedded with temperature renormali
zation of inter-atomic force constants is clearly demonstrated for 
monazite LaPO4 where the standard harmonic approximation fails to 
predict its dynamic structure stability, while MTP results show no soft 
modes in the phonon spectrum. Furthermore, the LBTE method may also 
not be applicable to LaPO4 due to the presence of multiple soft phonon 
modes under the conventional harmonic approximation at 0 K. There
fore, all subsequent calculations for higher order interatomic force 
constants, 3ph + 4ph phonon scattering rates and lattice thermal con
ductivity of La2Zr2O7, La2SrAl2O7 and LaPO4 crystal structures are 
conducted within the temperature renormalized phonon spectra under 
perturbative LBTE framework.

3.3. Three and four-phonon scattering mechanisms

Using the temperature renormalized higher order interatomic force 
constants under the LBTE methodology, the multi-phonon scattering 
mechanisms including the 3rd and 4th order scattering processes of 
La2Zr2O7, La2SrAl2O7 and LaPO4 crystal structures are elucidated in 
Fig. 6. First, we notice the formation of phonon band gaps either among 
those optical branches or between optical and acoustic branches could 
impact the phonon scattering spaces and their dependence on the 
renormalized phonon frequencies for thermal barrier coatings. In Fig. 6
(a) and 6(c), both three and four-phonon scattering spaces are illustrated 
for La2Zr2O7 and La2SrAl2O7, and the results show that multi-phonon 
interactions decrease with the increase of phonon frequency. Such a 
trend, which is mainly determined by the redistribution process (See 
Figs. S2(d) and S2(e)), is quite strong for four-phonon scattering space in 
both crystal structures, compared to that of three-phonon scatterings 
(See Figs. S2(a) and S2(b)). In the case of LaPO4, the presence of multiple 
phonon band gaps among those optical phonon branches lead to the 
segmented three and four-phonon scattering spaces versus the fre
quency, as shown in Fig. 6(e). Nevertheless, the overall scattering space 
for three or four-phonon interactions is found to decrease with the 
increment of frequency for LaPO4, and the finding is like that of either 
La2Zr2O7 or La2SrAl2O7. Second, the four-phonon scattering space seems 
to be significantly impacted by the number of atoms in the conventional 

Table 1 
Comparison of lattice constants predicted by DFT and MTPs for La2Zr2O7, 
La2SrAl2O7 and LaPO4 crystal structures.

DFT (Å) MTP (Å) Error (%)

La2Zr2O7 a 10.879 10.880 0.01
b 10.879 10.880 0.01
c 10.879 10.878 0.01

La2SrAl2O7 a 3.782 3.779 0.08
b 3.782 3.779 0.08
c 20.628 20.662 0.16

LaPO4 a 6.935 6.939 0.06
b 6.645 7.015 5.57
c 6.541 7.042 7.66
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cell of thermal barrier coatings rather than the crystal symmetry. From 
Fig. 6(a), 6(c) and 6(e), we can easily find that the scattering spaces of 
La2Zr2O7, La2SrAl2O7 and LaPO4 are 4.5–2.0 × 10− 6, 2.5–1.2 × 10− 6 

and 1.3 × 10− 6–5.0 × 10− 7, respectively. The results clearly indicate 
that reducing the total number of optical phonon branches in the crystal 

structure with a small conventional cell is effective to suppress the multi- 
phonon scatterings regardless of the crystal symmetry. From such a 
perspective, the pyrochlore crystal structure with a large conventional 
cell is predicted to exhibit large three and four-phonon scatterings, 
probably leading to smaller lattice thermal conductivity, compared to 
that of La2SrAl2O7 or monazite LaPO4. The impact of three and four- 
phonon scatterings on the phonon relaxation times are further investi
gated, and the results are plotted in Fig. 6(b), 6(d) and 6(f) for La2Zr2O7, 
La2SrAl2O7 and LaPO4, respectively. In structures like La2Zr2O7 and 
La2SrAl2O7, three and four-phonon scatterings give similar relaxation 
times in the whole frequency range. However, the obtained phonon 
relaxation times of La2Zr2O7 are in the range from 0.1 ps–2.0 ps, 
compared to 0.1 ps–10 ps of La2SrAl2O7, as can be seen from Fig. 6(b) 
and 6(d). The results again demonstrate the dominance of optical 
phonon branches in pyrochlore La2Zr2O7 (88 atoms in conventional 
cells) could substantially reduce the phonon relaxation times due to the 
large multi-phonon scattering spaces. In comparison, inclusion of four- 
phonon scattering mechanism results in the smaller phonon relaxation 
times, compared to those of three-phonon scattering process only. In 
addition, the predicted phonon relaxation times of monazite LaPO4 are 
shown in Fig. 6(f), and the values are found to be in the range from 0.2 
ps–5.0 ps, and which are situated between those of La2Zr2O7 and 
La2SrAl2O7. Finally, it is also worth noting that all results presented in 
Fig. 6 are expected to reflect the phonon scattering spaces versus fre
quency distributions of the three thermal barrier coatings under both 
3ph and 3ph + 4ph schemes qualitatively, because the relatively coarse 
k-meshes are employed for all crystal structures to avoid the formidable 
computational costs.

Besides phonon scattering spaces and relaxation times, the phonon 
mode resolved Grüneisen parameters and group velocities are also 
evaluated, and all results are given in Fig. S3 for the three crystal 
structures. The phonon mode averaged Grüneisen parameters and 
phonon group velocities are shown in Fig. 7 for all studied crystal 

Fig. 4. The calculated radial distribution functions (RDF) of the three crystal structures from MD simulations based on DFT and MTPs: (a): La2Zr2O7; (b): La2SrAl2O7; 
(c): LaPO4.

Table 2 
Comparison of elastic constants predicted by DFT and MTPs for La2Zr2O7, 
La2SrAl2O7 and LaPO4 crystal structures and the calculated errors of MTP 
results.

DFT (GPa) MTP (GPa) Error (%)

La2Zr2O7 C11 271.04 ​ 260.79 3.78
C12 126.93 ​ 108.17 14.78
C44 87.89 ​ 85.37 2.87

La2SrAl2O7 C11 263.32 ​ 280.15 6.39
C12 106.81 ​ 101.52 4.95
C13 126.96 ​ 119.17 6.13
C33 218.97 ​ 209.56 4.30
C44 124.15 ​ 116.48 6.18
C66 111.22 ​ 122.85 10.46

LaPO4 C11 144.28 ​ 148.62 3.01
C12 58.53 ​ 68.39 16.85
C13 76.98 ​ 80.45 4.44
C16 9.43 ​ 11.28 19.62
C22 182.33 ​ 189.16 3.75
C23 76.98 ​ 81.91 6.40
C26 12.32 ​ 15.43 25.44
C33 224.2 ​ 223.6 0.27
C36 − 11.62 ​ − 9.46 18.59
C44 39.95 ​ 39.09 2.15
C45 8.95 ​ 10.64 18.89
C55 49.59 ​ 51.39 3.63
C66 52.13 ​ 50.68 2.726

Fig. 5. The calculated phonon spectra of the three prototype thermal barrier coatings using DFT and MTPs: (a) pyrochlore La2Zr2O7; (b) double perovskite La2S
rAl2O7; (c) monazite LaPO4.
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structures. As shown in Fig. 7(a), the mean Grüneisen parameters are 
decreased in the order of La2Zr2O7, La2SrAl2O7 and LaPO4. The values of 
La2Zr2O7 (~1.99) and La2SrAl2O7 (~1.95) are significantly larger than 
that of LaPO4 (~0.7). After the inclusion of four-phonon scattering 
mechanism, the mean Grüneisen parameter of LaPO4 remains the lowest 
among the three crystal structures. Overall, we may conclude that the 
lattice anharmonicity of LaPO4 is weaker than that of either La2Zr2O7 or 
La2SrAl2O7. This conclusion is fully consistent with the observation that 
the 3ph and 4ph scattering spaces of LaPO4 are smaller than those of 
pyrochlore and double perovskite especially for the 4ph scatterings. The 

calculated mean phonon group velocities of the three crystal structures 
are plotted in Fig. 7(b). It is revealed that La2SrAl2O7 gives the larger 
mean group velocity than that of pyrochlore and double perovskite, i.e., 
1.58 km/s versus 0.6–0.7 km/s. When both three and four-phonon 
scatterings are considered in calculations, the mean group velocities of 
La2Zr2O7 and LaPO4 are increased slightly. While the mean velocity of 
La2SrAl2O7 is reduced under 3ph + 4ph scheme, compared to that of 3ph 
only case. The obtained relatively large phonon group velocity of 
La2SrAl2O7 is also reflected in the calculated phonon spectrum, as shown 
in Fig. 5(b). From the phonon transport kinetic theory, the small phonon 

Fig. 6. Phonon scattering spaces and relaxation times with the inclusion of three and four-phonon scattering processes for the three crystal structures: (a)-(b) 
La2Zr2O7; (c)-(d) La2SrAl2O7; (e)-(f) LaPO4. Note that different k-meshes are employed for relevant crystal structures using 3ph and 3ph + 4ph schemes.

Fig. 7. The calculated mean values of phonon properties for the three crystal structures under 3ph and 3ph + 4ph scattering schemes in perturbative LBTE method: 
(a) Grüneisen constant at 300 K; (b) group velocities; (c) relaxation times at 300 K and 1500 K.
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group velocity and large multi-phonon scattering space would directly 
lead to low lattice thermal conductivity. Among all studied three pro
totype thermal barrier coatings, the pyrochlore La2Zr2O7 has the 
smallest mean phonon group velocity and the largest phonon scattering 
spaces (3ph or 3ph + 4ph), all favoring the reduction of lattice thermal 
conductivity.

The effects of temperature on the phonon mean relaxation times are 
calculated at 300 K and 1500 K, and the results are displayed in Fig. 7(c). 
At 300 K, the mean phonon relaxation times are predicted to increase in 
the order of La2Zr2O7, La2SrAl2O7 and LaPO4 under 3ph scattering 
scheme. Interestingly, the 3ph + 4ph scheme predicts the change of the 
order to La2Zr2O7, LaPO4 and La2SrAl2O7 at the same temperature. 
Therefore, the current LBTE calculations for La2SrAl2O7 based on the 
temperature normalized atomic force constants predict a reduction of 
multi-phonon scattering spaces and the lattice anharmonic effects 
within 3ph + 4ph method at room temperature. Meanwhile, lattice 
anharmonicity of either La2Zr2O7 or LaPO4 is enhanced after consid
ering 3ph + 4ph processes.

For all three crystal structures, raising the temperature from 300 K to 
1500 K significantly reduces the phonon mean relaxation times under 
both 3ph and 3ph + 4ph schemes, as shown in Fig. 7(c). Notably, the 
mean phonon relation times of La2Zr2O7 and LaPO4 are further 
decreased in 3ph + 4ph scheme, compared to those of 3ph mechanism at 
1500 K. While the 3ph and 3ph + 4ph schemes give the same phonon 
mean relaxation times in the case of La2SrAl2O7. As a result, the La2S
rAl2O7 has the largest mean phonon relaxation time among all three 
crystal structures under the 3ph + 4ph scheme at 1500 K. The results 
displayed in Fig. 7(c) also revealed that the pyrochlore La2Zr2O7 also 
gives the smallest mean phonon relaxation time along the three crystal 
structures regardless of the temperature and the employed multi- 
phonon scattering schemes.

Previous studies on the phonon transport properties of pyrochlore- 
La2Zr2O7 and monazite-LaPO4 have concluded that the phonon mean- 
free paths of many optical modes in those crystal structures are 
already below the Ioffe-Regel cutoff value, requiring a distinction of 
propagons, diffusons and locons among all phonon modes [17,46]. In 
this paper, the participation ratio (PR) is calculated from Eq. (3), using 
phonon eigenvectors ( e→i,n) based on the temperature renormalized 
phonon spectrum for each crystal structure. Note that in Eq. (3), the N 
runs over all atoms in the conventional cell of the crystal structure. By 
the definition of PR in Eq. (3), a fully extended phonon mode (propagon 
or diffuson) gives PR = 1, while the fully localized phonon mode has PR 
= 1/N [17,18,47]. Typically, the locons are identified as PR < 0.1. 

PRn =
(
∑

i e→2
i,n)

2

N
∑

i e→4
i,n

(3) 

The calculated PRs for all three crystal structures are plotted in 
Fig. 8. Here, we find that locons in pyrochlore-La2Zr2O7 are distributed 
in a wide range versus frequency, including both acoustic phonon 

branches below 2.5 THz, and those optical modes above 1.2 THz (See 
Fig. 5(a)). Nevertheless, a large portion of phonon modes in the same 
frequency range are also attributed to propagons, because many of them 
show PRs larger than 0.1. Meanwhile, the PRs of either La2SrAl2O7 or 
LaPO4 are less than 0.1 for almost all optical phonon modes, implying 
the dominance of locons in the optical phonon branches. Below 5.0 THz, 
the presence of acoustic phonon branches contributes to the observed 
large PRs in La2SrAl2O7 and LaPO4. Thus, extended lattice vibrations are 
mainly concentrated in the acoustic phonon modes in the cases of double 
perovskite and monazite. Overall, besides all extended phonon modes 
(propagons), those highly localized phonon modes in terms of locons are 
expected to play an important role in determining intrinsic lattice 
thermal conductivity of the three prototype thermal barrier coatings. 
The standard LBTE approach is reliable to describe the phonon transport 
properties of lattice wave like phonon modes or propagons, and which 
could strongly underestimate the lattice thermal conductivity attrib
uting to localized phonon modes (locons or diffusons) [20,48]. One 
probable treatment to improve the accuracy of LBTE method is to 
employ the Wigner’s formula for all localized phonon modes (diffusons 
and locons) under the perturbative theoretical framework for calcu
lating the lattice anharmonicity [20,46]. However, combing the equi
librium molecular dynamics simulations and Kubo-Green formula with 
the temperature renormalized inter-atomic forces in terms of MTPs may 
be computationally more feasible for complex crystal structures with 
either a large conventional cell or the low crystal symmetry such as 
pyrochlore and monazite studied in this work.

3.4. Intrinsic lattice thermal conductivity

Here, two distinct approaches, which are referred to perturbative 
LBTE and EMD-KG methods, are applied to evaluate the intrinsic lattice 
thermal conductivity of the three crystal structures at the finite tem
peratures between 300 K and 1500 K. While the calculations are not 
conducted below 300 K because the EMD-KG method is based on classic 
molecular dynamics simulation where the phonon distribution shows 
better agreement with Bose-Einstein distribution only at relatively high 
temperature [49]. Otherwise, the operational temperature of thermal 
barrier coatings in the engineering applications is anticipated to be 
significantly higher than the room temperature.

The calculated lattice thermal conductivities of La2Zr2O7, La2S
rAl2O7 and LaPO4 between 300 K and 1500 K using LBTE and EMD-KG 
methods are illustrated in Fig. 9 together with the available experi
mental results. The convergence behaviors of EMD-KG calculations 
associated with Fig. 9 are provided in Fig. S4, S5, and S6. For all the 
crystal structures investigated, the 3ph + 4ph scheme always predicts a 
lower lattice thermal conductivity in the whole temperature range, 
compared to that of 3ph approach under LBTE method. Thus, the in
clusion of four-phonon scattering processes in LBTE method further 
suppresses the intrinsic thermal conductivity of all three crystal struc
tures, because the overall multi-phonon scattering space is larger in 3ph 

Fig. 8. The calculated participation ratios of phonon modes: (a): La2Zr2O7; (b): La2SrAl2O7; (c): LaPO4.
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+ 4ph scheme than that of 3ph process only. When comparing to the 
experimental results, LBTE approach underestimates the lattice thermal 
conductivity of either La2Zr2O7 or LaPO4 even under 3ph scattering 
mechanism alone. Otherwise, bringing the 4ph scattering processes in 
3ph + 4ph scheme worsens the agreement between the calculated values 
and the experimental results, as shown in Fig. 9(a) and 9(c) for La2Zr2O7 
and LaPO4, respectively. In the case of La2SrAl2O7, only considering 3ph 
scatterings in the LBTE approach, the lattice thermal conductivity is 
overestimated below 1000 K; while the agreement between experiments 
and theory is improved above 1000 K (See Fig. 9(b)). After the inclusion 
of 4ph scatterings in 3ph + 4ph scheme, the calculated lattice thermal 
conductivity of La2SrAl2O7 is too low, compared to that of experimental 
value at a specified temperature. Overall, we conclude that the LBTE 
approach under either 3ph or 3ph + 4ph scattering scheme is unable to 
accurately predict the intrinsic lattice thermal conductivity of the three 
prototype crystal structures as thermal barrier coatings. Notably, Feng 
and coworkers suggested that incorporating the Wigner’s formula in 
LBTE method could improve the accuracy of the approach at the high 
temperature where the localized phonon modes (PR < 0.1) contribute 
significantly to the lattice thermal conductivity [20].

Regarding the results obtained from EMD-KG method, the good 
agreement between theory and the experiments is found for all three 
crystal structures in the whole temperature range, as can be seen from 
Fig. 9. Compared to that of LBTE method, we see the improvement in 
numerical accuracy for the lattice thermal conductivity is systematic 
using EMD-KG method, indicating the high reliability of using EMD-KG 
method is supported by the sound underlying physics. Typically, the 
success of EMD-KG method is mainly attributed to the inclusion of all 
higher order phonon anharmonic effects and their scattering processes 
in the non-perturbative fashion within the highly accurate MTPs 
[20,21].

In the literature, another interesting observation is the flattening of 
experimental lattice thermal conductivity at high temperatures for those 
thermal barrier coatings, resulting in a strong deviation of the value 
from the usual 1/T relationship under the three-phonon Umklapp scat
tering mechanism [59]. In Fig. 9, it is seen that such a flattening of 
lattice thermal conductivity occurs for all three crystal structures at 
different temperature ranges, i.e., >800 K for La2Zr2O7 and La2SrAl2O7, 
and >1000 K for LaPO4. For structures like La2SrAl2O7 and LaPO4, the 
3ph + 4ph scheme could predict a flattening of lattice thermal con
ductivity at high temperatures, compared to that of 3ph method in LBTE 
approach, as shown in Fig. 9(b) and 9(c). In the case of La2Zr2O7, both 
3ph and 3ph + 4ph schemes show flat lattice thermal conductivity at 
elevated temperatures (See Fig. 9(a)). The results suggest that the flat 
temperature dependence of lattice thermal conductivity in thermal 
barrier coatings is originated from the higher order phonon anharmonic 
effects in the perturbative LBTE approach. It is striking to see that the 
flat thermal conductivity for all three crystal structures is well- 
reproduced at high temperatures using EMD-KG method in combina
tion with highly reliable MTPs, compared to experimental results. Here, 

we use 1/Tx relationship to fit both experimental data and the calculated 
profiles in the whole temperature range between 300 K and 1500 K. The 
fitting curves are also displayed in Fig. S7 for each case. For all experi
mental datasets, we find 1/T0.34 (La2Zr2O7) [53], 1/T0.46 (La2SrAl2O7) 
[54] and 1/T0.75 (LaPO4) [26]. For comparison, those fittings give 1/ 
T0.37 (La2Zr2O7), 1/T0.47 (La2SrAl2O7) and 1/T0.67 (LaPO4) using the 
calculated values from EMD-KG method. Overall, the EMD-KG method 
when combining with an accurate force field is highly promising for 
quantitively predict the lattice thermal conductivity of thermal barrier 
coatings above the room temperature.

3.5. Phonon spectral energy density

To further rationalize the promising performance of EMD-KG 
approach for evaluating the lattice thermal conductivity of thermal 
barrier coatings, the phonon quasiparticle spectra of La2Zr2O7, La2S
rAl2O7 and LaPO4 in terms of spectral energy density are calculated at 
300 K and 1500 K, respectively. The results for the three crystal struc
tures are shown in Fig. 10 along with the temperature renormalized 
phonon spectrum. At both 300 K and 1500 K, those lower-lying acoustic 
branches are clearly visible in the calculated pSED for each crystal 
structure. For those optical phonon branches, the phonon band gaps are 
also reproduced in the pSED for La2Zr2O7 and LaPO4 at 300 K (See 
Fig. 10(a)-(c) and 10(g)-10(i)). While the results for La2SrAl2O7 show 
more flat phonon quasi-particle dispersions in the pSED at 300 K, 
compared to the renormalized phonon spectrum, as seen from Fig. 10
(d)-10(f). The predicted pSED at 1500 K for all three crystal structures 
exhibits the strong broadening and overlapping of optical phonon bands, 
indicating either the enhanced anharmonic effects or phonon eigen
vectors of optical modes are poorly defined at such a high temperature 
[20,45]. In the case of LaPO4, we also observe the softening of several 
flat optical phonon bands right below 2.5 THz, and those flat quasi- 
particle bands directly interference with the acoustic branches. On the 
other hand, the acoustic phonon quasi-particle bands of La2SrAl2O7 are 
found to be rather stiff and robust against the raising of temperature, as 
illustrated in Fig. 10(e) and 10(f) at 300 K and 1500 K, respectively. 
Since the acoustic phonon bands are mainly responsible for the lattice 
thermal conduction in those thermal barrier coatings, the high resilience 
of acoustic phonon bands plays the key role in the observed flat thermal 
conductivity at elevated temperatures.

We further extract the phonon quasi-particle lifetimes using the 
calculated pSED at 300 K and 1500 K for the three crystal structures, and 
the results are plotted together with those of temperature renormalized 
phonon relaxation times computed from perturbative LBTE method 
under both 3ph and 3ph + 4ph schemes in Fig. 11. It is worth 
mentioning that the phonon quasi-particle lifetimes are obtained by 
fitting each individual quasi-particle peak in a pSED line profile with a 
Lorentzian function. The fitting gives the peak position and line width 
for a phonon quasi-particle peak. Then the phonon quasi-particle fre
quency and the lifetime (from Heisenberg uncertainty principle) are 

Fig. 9. A comparison of the calculated lattice thermal conductivity of each crystal structure using LBTE method or Kubo-Green formula with that of experimental 
results in a temperature range from 300 K to 1500 K: (a) La2Zr2O7 [50–53]; (b) La2SrAl2O7 [54]; (c) LaPO4 [55–58].
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obtained. The fittings are performed for dozens of pSED line profiles that 
are selected at different q-points in Fig. 11. For the sake of brevity, all 
fitting curves and results are provided in Figs. S8-S13 for La2Zr2O7, 
La2SrAl2O7 and LaPO4, respectively.

From Fig. 11, it is easy to conclude that the predicted phonon quasi- 
particle lifetimes from the equilibrium molecular dynamics simulations 
based on MTPs are significantly larger than those of LBTE method under 
both 3ph and 3ph + 4ph schemes in the whole frequency range. Spe
cifically, the underestimation of the phonon relaxation times using 3ph 
or 3ph + 4ph schemes is quite significant for acoustic modes below 2.0 
THz, resulting in the overall underestimation of lattice thermal 

conductivity for the studied crystal structures (See Fig. 9). Regarding the 
effects of temperature on the phonon quasi-particle lifetimes, the 
decreasing of values is clearly visible in Fig. 11 for all three structures at 
the elevated temperature. For example, the phonon quasi-particle life
times of La2Zr2O7 span in a range from 2000 ps to 1 ps at 300 K, while 
the range is shifted to 300 ps–0.1 ps at 1500 K, as shown in Fig. 11 (a) 
and 11(b). Meanwhile, La2SrAl2O7 gives 2–1000 ps and 1–800 ps at 300 
K and 1500 K, respectively (See Fig. 11(c) and 11(d)). Finally, for LaPO4, 
we find 9–2000 ps at 300 K, and 0.7–700 ps at 1500 K from Fig. 11(e) 
and 11(f). Therefore, the phonon scatterings of La2Zr2O7 and LaPO4 are 
stronger than those of La2SrAl2O7 at high temperatures. Moreover, the 

Fig. 10. The calculated phonon spectral energy density (pSED) at 300 K and 1500 K, and the temperature renormalized phonon spectrum: (a)-(c) La2Zr2O7; (d)-(f) 
La2SrAl2O7; (g)-(i) LaPO4.
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predicted mean phonon group velocity of either La2Zr2O7 or LaPO4 is 
substantially smaller than that of La2SrAl2O7. As a result, La2SrAl2O7 
gives a higher lattice thermal conductivity than La2Zr2O7 or LaPO4. 
Notably, the pyrochlore La2Zr2O7, owing to the large conventional cell, 
small phonon group velocity and phonon quasi-particle lifetimes, de
liveries the lowest lattice thermal conductivity among all three pro
totypes thermal barrier coatings for the temperature between 300 K and 
1500 K.

4. Conclusions

We have successfully proposed and tested a highly efficient workflow 
based on tensor potentials (MTPs) to reliably predict lattice thermal 
conductivity of thermal barrier coatings above the room temperature 
using either the perturbative LBTE method or the EMD-KG approach. 
Using the workflow, the temperature renormalized phonon spectra, 
multi-phonon scattering spaces, the phonon relaxation times, phonon 
quasi-particle spectra and the quais-particle lifetimes were thoroughly 
investigated for the three prototypes thermal barrier coatings including 
La2Zr2O7, La2SrAl2O7 and LaPO4. It was revealed that the perturbative 
LBTE approach with the inclusion of 3ph or 3ph + 4ph scattering 
schemes always results in an underestimation of the lattice thermal 
conductivity of the three crystal structures, compared to experiments. 
Moreover, the perturbative LBTE method under the 3ph + 4ph 

scattering scheme only worsens the agreement between theory and 
experimental results. The failure of perturbative LBTE approach was 
found to be related to the presence of a large fraction of highly localized 
phonon modes (locons) in a wide frequency range especially among 
those optical phonon branches. The non-perturbative method such as 
EMD-KG method predicted that the scaling laws of lattice thermal 
conductivity versus temperature as 1/T0.37 (La2Zr2O7), 1/T0.48 (La2S
rAl2O7) and 1/T0.67 (LaPO4) in the temperature range between 300 K 
and 1500 K, and which are in good agreement with experimental find
ings. The calculations of phonon quasi-particle spectrum in terms of 
spectrum energy density showed that phonon quasi-particle lifetimes 
obtained from non-perturbative EMD simulations are significantly 
higher than those of perturbative LBTE methods (3ph and 3ph + 4ph 
schemes) at elevated temperatures, leading to a more accurate predic
tion of lattice thermal conductivity for all three crystal structures within 
the former method. Our results demonstrated that the non-perturbative 
EMD-KG method combined with machine learning potential provides a 
highly efficient methodology not only to reliably predict the lattice 
thermal conductivity but also for a better understanding of multi- 
phonon scattering mechanism and temperature renormalization effects 
in thermal barrier coatings.

Fig. 11. A comparison of the calculated phonon quasi-particle lifetimes with those of LBTE results under 3ph and 3ph + 4ph schemes at 300 K and 1500 K: (a)-(b) 
La2Zr2O7; (c)-(d) La2SrAl2O7; (e)-(f) LaPO4.
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