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Vortex light fields carry orbital angular momentum and have attracted significant attention because of their wide
applications in light field manipulations, optical communications, and quantum information processing. In non-
linear media, the balance between diffraction and self-action enables the formation of vortex solitons. However,
achieving the stability of vortex solitons remains challenging due to radial and azimuthal modulation instabilities.
Here, we report stable vortex solitons and vortex-soliton arrays in disclination-fractal configurations with differ-
ent rotational symmetries, constructed by applying disclination operations to fractal lattice structures. The stable
vortex-soliton arrays—composed of several vortex solitons—can exist along domain walls, resulting from the
disclination operation applied to the topologically trivial phase. Their stability is verified through both linear
stability analysis and direct simulations of perturbed propagation. For comparison, vortex-soliton arrays in
conventional disclination configurations are found to be completely unstable, demonstrating the significance
of the fractal configuration in stabilizing these nonlinear states. These findings reveal, to our knowledge,
a new nonlinear excitation mechanism arising from the interplay between fractal geometry and disclination
defects, thereby providing theoretical underpinnings for both the improved understanding of multi-field exci-
tation phenomena in complex geometric systems and opening new avenues for the design of photonic devices

based on disclination-fractal structures.
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1. INTRODUCTION

Vortices are ubiquitous natural phenomena that emerge across
fluid dynamics, nonlinear optics, condensed matter physics,
and astrophysics. In optics, the optical vortex is endowed with
orbital angular momentum, which is manifested in the unique
helical phase front and central phase singularity [1-4]. Vortex
beams have attracted considerable interest for a wide range of
practical applications, from information encoding to particle
trapping, owing to their unique phase structure. Unlike vortex
beams explored in free space, vortex beams in optical materials
may experience a nonlinear response that is pronounced if the
vortex beam power is sufficiently strong, so that the interplay
between light refraction and nonlinear self-action is inevitable.
This interplay gives birth to the vortex soliton, which has a
specific doughnut-shaped intensity distribution in bulk media
[5] that remains invariant during propagation. In addition to
radial modulation instability, vortex solitons are also susceptible
to azimuthal modulation instability [6,7], which constitutes an
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obstacle to the realization of stable vortex solitons. Considering
that the propagation characteristics, intensity distribution, and
dynamical evolution of a light beam are strongly affected by the
spatial configuration of the background potential, the use of
optical lattices or waveguide arrays allows one to suppress azi-
muthal modulation instabilities and acquire stable vortex sol-
itons [8—12]. Optical lattices, due to their high structural
tunability, rich symmetries, and ease of integration with non-
linear media, have become an ideal platform to systematically
explore light-matter interactions, including the distribution of
localized states and relevant nonlinear dynamical features
[13,14]. Vortex solitons in optical lattices are termed discrete
vortex solitons [15-18], whose intensity profiles deviate from
the conventional doughnut shape and are predominantly con-
fined to individual lattice sites.

In general, the generation of vortex solitons in both bulk
media and optical lattices requires an input power exceeding
the critical threshold. Recently, a new kind of discrete vortex
soliton formed from disclination states that are power
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threshold-less has been reported [19,20]. These vortex solitons
bifurcate from their linear counterparts constructed by super-
imposing the linear cigenstates of the disclination lattice in the
topological phase. Disclination lattices are rotational defect lat-
tices derived from periodic waveguide lattices through sector
addition or deletion operations [21-25]. Unlike conventional
defect lattices, such as those with vacancies and dislocations,
disclination lattices break the translational symmetry of peri-
odic lattices while preserving local periodic order as their core
feature, thereby enabling the construction of disclination core
structures with different rotational symmetries [26]. Research
indicates that optical lattices possessing distinct disclination
core geometries can modify the symmetry profile of localized
optical fields, consequently influencing the formation, stability,
and dynamical behavior of solitons, thus offering new degrees
of freedom for soliton excitation and control [27]. Nevertheless,
previous studies have been largely confined to simple periodic
or quasiperiodic optical lattice systems, and systematic research
on disclination effects within more complex lattice configura-
tions remains comparatively scarce. This scarcity is addressed
by the present paper.

Like disclination lattices, fractal lattices lack translational
symmetry and preserve only rotational symmetry. Similar to
geometric configurations featuring self-similarity and non-
integer topological dimensions, fractal structures display iden-
tical morphological features across disparate spatial scales
[28,29]. In optical platforms, typical fractal lattice structures
including the Sierpinski gasket and Sierpiniski carpet have been
extensively explored via theoretical simulations and experimen-
tal characterizations [30—40]. It remains an open question what
physical behaviors emerge when fractal geometry is integrated
with disclination defects, to construct disclination-fractal struc-
tures. This question, among others, will be explored here.

The core innovation of this work is that we place the dis-
clination-fractal structure in the topologically trivial phase, even
though there are disclination and corner states in the topologi-
cally nontrivial phase that have been extensively studied in the
past decade. We will show that there are still special eigenmodes
inside the band gap even when the system resides in a topologi-
cally trivial phase. These eigenmodes are 4v-fold degenerate
and localized at domain walls along the sector boundaries in-
duced by disclination operations, where v denotes the order of
rotational symmetry. Based on the degenerate eigenmodes at
domain walls, vortex arrays and vortex-soliton arrays can be
produced. Note that the domain wall is distinct from the pre-
viously reported one in the disclination lattice [41] that needs
on-side detunings. Compared with traditional single vortex sol-
itons, vortex-soliton arrays possess richer spatial configurations
and dynamical evolution characteristics, offering high-quality
physical carriers and application platforms for high-capacity op-
tical information encoding, multi-channel parallel optical
manipulation, and multi-dimensional light field control.

This work systematically investigates the existence condi-
tions, stability properties, and dynamical propagation of
vortex-soliton arrays in disclination-fractal lattices. First, lever-
aging fractal lattice geometries and sector addition/removal
operations at disclination cores, we construct disclination-
fractal lattices with distinct rotational symmetries. The band

dispersion and eigenmode distributions of the engineered struc-
tures are then calculated to establish vortex arrays. Second, we
employ the nonlinear Schrédinger-like equation to characterize
the propagation dynamics of vortex arrays. Numerical simula-
tions are performed to obtain stationary vortex-soliton arrays.
The influence of modulation mechanisms of lattice geometry
and nonlinearity strength on the formation and stability of vor-
tex-soliton arrays are comprehensively analyzed. Finally, linear
stability analysis and dynamical propagation simulations are
implemented to explore the evolutionary behavior of vortex-
soliton arrays under external perturbations. These findings pro-
vide new physical insights into complex geometric systems and
lay a theoretical foundation for the design of novel photonic
devices based on disclination-fractal configurations.

2. THEORETICAL MODEL AND LATTICES

The propagation of paraxial beams in an optical waveguide
array can be described by the paraxial wave equation [42,43]
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Here, € represents the complex amplitude of the light beam,
£ and n represent the transverse coordinates, { is the longi-
tudinal (propagation) coordinate, ¥ = 27, /4 is the wavenum-
ber with 4 being the wavelength and 7, the ambient refractive
index, A7 is the refractive index change induced by the optical
lattice, and 7, is the nonlinear coefficient that is determined by
the nonlinear optical material.

To facilitate theoretical simulations, we perform the dimen-
sionless normalization of Eq. (1) by setting x = &/r,
y=n/ry,z = C[kr}, R(x,y) = F*r§An/ny, and w(x, y,z) =
Ekror/|ny|/ny, where 7 is a scaling beam width and 473 is the
diffraction length. As a result, the dimensionless paraxial wave
equation is
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where y denotes the normalized complex amplitude of the
beam, x and y represent the transverse coordinates, and z is
the longitudinal coordinate. The function R(x,y) is used to
describe the spatial distribution of the lattice, which consists
of waveguide units at individual (x,,,,y,,,) coordinates and
is expressed by Gaussian function with width o:

R(w.7) = pip Ym0V, (3)

Here, p,, = k*riAn/n, represents the waveguide depth,
which is proportional to the refractive index change A7z and
reflects the ability of the waveguide to confine the optical field.
It can be seen that Eq. (2) is mathematically equivalent to the
Schrédinger equation with cubic nonlinearity in quantum me-
chanics. This equation is also referred to as the optical paraxial
wave Schrédinger equation, serving as the fundamental theo-
retical model for studying both linear and nonlinear propaga-
tion of light fields in waveguide arrays [44,45]. We consider
only the self-focusing case, corresponding to the negative sign
in the last term of Eq. (2). The continuous nonlinear
Schrodinger equation in Eq. (2) can fully characterize the
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spatial distribution of the total wave function y inside the
material, which accurately describes the coupling effects
between adjacent waveguides and the dynamic evolution of
modal fields within single waveguides.

In this work, the waveguide array is prepared based on the
Sierpifiski carpet structure. As shown in Fig. 1(a), the first-
generation Sierpinski carpet G(1) is constructed using the
two-dimensional Su-Schrieffer-Heeger (SSH) model and in-
cludes 32 waveguides. To regulate the topological properties
of the system, we fix the spacing between two unit cells at
2a, with a being the distance between nearest-neighbor wave-
guides, and adjust the lattice site positions by varying the param-
eter 7. The magnified sector in the inset shows the two smallest
units (indicated by green background and four sites in each) with
a and 7 shown clearly; all adjacent waveguides are equally spaced
if » = 0. The £™ generation of the Sierpifiski carpet structure G
(?) is obtained by repeating its (£ - 1)™ generation G(# - 1),
which contains 3°*! waveguides. In Fig. 1(a), we illustrate
the spatial structures of G(1) and G(2).

Since the Sierpifiski carpet structure is C4 rotationally sym-
metric, it can be divided into four identical sectors, as shown by
the right panel in Fig. 1(a). By removing or adding a certain
number of sectors and then gluing the remaining parts together,
disclination-fractal structures with different rotational sym-
metries can be fabricated. As illustrated in Figs. 1(b) and 1(c),
disclination-fractal structures with C3; symmetry and Cs
symmetry are obtained, respectively. As marked by the dashed
rectangles in Figs. 1(b) and 1(c), this operation introduces
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domain walls into the disclination-fractal structures. Their
favorable effects will be demonstrated in the subsequent discus-
sion. It is also noteworthy that self-similarity is broken in the
disclination-fractal structure. Accordingly, it is impossible to
derive its “higher-order” counterpart from the current form.
While the true fractal structure in Fig. 1(a) possesses a well-
established fractal dimension of df =1In 8/Iln 3 ~1.893,
the dimensions of the structures in Figs. 1(b) and 1(c) are
not well-defined. Rather than delving into their mathematical
characteristics, which are beyond the scope of this work, we
focus primarily on their modal properties.

In a photonic lattice, there are intracell coupling ¢;,, and
intercell coupling ¢jp;. When the modulation parameter
(e.g., the shift parameter 7 in this work) is fixed, all intracell
couplings are identical to one another across the entire lattice,
as are all intercell couplings, whereas ¢, and ¢, generally
adopt different magnitudes. Nevertheless, the cut-and-glue op-
eration disrupts this uniform coupling configuration: it replaces
the homogeneous single intracell coupling with a set of distinct
intracell coupling strengths, and likewise breaks the uniformity
of intercell couplings, generating multiple discrete intercell cou-
pling values. Such variation in coupling strengths induces spec-
tral splitting, in which an original single band splits into several
separate minibands. To suppress this spectral splitting effect
and retain the uniformity of both intracell and intercell
couplings, we adopt an effective manipulation technique
reported in Ref. [46]. This manipulation is crucial and mean-
ingful because it indeed prevents undesirable spectral splitting
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Disclination-fractal waveguide array and its spectrum. (a) Sierpinski carpets. The first-generation Sierpinski carpet G(1) contains

32 waveguides. The G(¢) structure is constructed by iterating G(£ - 1), forming an array of eight G(£ - 1) units. Based on C; symmetry, this
structure can be partitioned into four identical sectors. (b) Removing one sector and bonding the remaining three sectors yields a disclination
structure possessing C3 symmetry. The left panel shows structures with different shift parameters 7. The newly formed domain walls are marked
with magenta dashed rectangles. The right panel presents the linear spectrum & versus 7. The red lines are the localized states on the domain wall.
(c) Setup is as in (b) but for Cs-symmetric disclination structure obtained by adding one sector.
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and distortion in the disclination structure, which are inevitable
in previous literature [24,28,29].

We would like to note that one can also obtain even higher-
order disclination-fractal structures from larger generation
Sierpinski carpets. In general, the relation between the number
v of the vortex on each domain wall and the generation order
of the fractal configuration is v= 2¢"1. As a result, one can
obtain an exponentially growing quantity of vortices based
on higher-order generation fractal configurations.

In the following simulations, assuming that the waveguide
array is fabricated in fused silica by using the femto-second laser
direct-writing technique [25,35,47-51], we adopt the follow-
ing typical parameters: 7y = 10 pm, 4 = 800 nm, ¢ = 0.5,
a=3.2 (32 pm), np = 1.45, and p,, =5 (An~ 5.6 x 1079).

3. RESULTS

A. Domain Wall States and Vortex Arrays

To investigate the spectrum of disclination-fractal lattices,
we neglect the nonlinear term in Eq. (2). To solve this linear
eigenvalue problem, it is assumed that the solution of Eq. (2)
is = u(x,y)e’”?, where b is the propagation constant
(an eigenvalue) and #(x, y) is the field amplitude of the eigen-
mode. Substituting this assumed solution into Eq. (2) yields the
corresponding linear eigenvalue equation:

1/ &

Equation (4) can be solved by either the plane-wave expan-
sion method or the finite-difference method. In Figs. 1(b) and
1(c), we display the spectra of the C3- and Cs-symmetric dis-
clination-fractal structures, as functions of the parameter 7.

Generally speaking, a topological phase transition occurs
when a system parameter crosses a critical value [26,52-54],
which is 7 = 0 in the present system. At this critical value,
the intercell coupling equals the intracell coupling and the lat-
tice exhibits a uniform structure, as shown by the panels with
r=0 in Figs. 1(b) and 1(c). If » <0, the structure is in
the topologically trivial phase; see the panels with » = -1.7
in Figs. 1(b) and 1(c). The vast majority of prior investigations
mainly focus on the modes supported by systems in the topo-
logically nontrivial phase [28,29,48], namely, structures with
r > 0, because it is commonly accepted that only extended
states exist within the trivial phase. In the topological nontrivial
regime with 7 > 0, there are variety of corner states, which exist
at both outer corner sites and inner corner sites, similar to those
exhibited in Refs. [28,29,33,35,37]. Thanks to the domain
walls emerging in the disclination-fractal structures, for the first
time we unveil the localized states under the topologically
trivial phase condition. As clearly illustrated in the spectra in
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Fig. 2.

(a) Spectra and domain wall states with » = -1.7. (b), (c) Field modulus distributions of domain wall states with orthogonal polarizations.

(d) Field modulus of the vortex array (left panel) and its corresponding phase distribution (right panel). (e)—(h) Setup is as (a)—(d) but for the results

of Cs-symmetric structure.
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Figs. 1(b) and 1(c), the domain wall states marked in red are
well isolated in wide band gaps. In this work, we are not con-
cerned with the states in the nontrivial phase but focus on the
domain wall states in the trivial phase.

To explore the domain wall states in detail, we choose the
structures with » = -1.7 as examples [indicated by the dashed
lines in Figs. 1(b) and 1(c)], and show the corresponding spectra
b versus mode numbers 7 in Fig. 2(a) for the C5-symmetric struc-
ture and in Fig. 2(e) for the Cs-symmetric structure.
As shown in Fig. 2(a), there are 12 domain wall states marked
in red and blue. Even though red and blue states #.4 and
tylye have different internal structures as shown by the modulus
profiles in Figs. 2(b) and 2(c), they are all degenerate and meet the
condition (#,.q|up) = 0. This degeneration is helpful for con-
structing vortex states. We assign #, to the states numbered 91—
96 and #, to those numbered 97-102, and the vortex state is then
constructed as # = u; + iu,. According to its field modulus dis-
tribution plotted in Fig. 2(d) (since this field contains multiple
vortices, we refer to it as a vortex array for added accuracy), the
energy of each vortex in the array is uniformly distributed over
four lattice sites. As seen from the phase profile on the right panel
of Fig. 2(d), a phase singularity is located at the center of these
four sites, accompanied by a phase spiral spanning across them.

For the Cs-symmetric structure, similar results are obtained.
As shown in Fig. 2(e), the spectrum corresponding to the walls
within dashed lines with » = -1.7 in Fig. 1(c) has 20 degenerate
red and blue domain wall states [see modulus profiles in Figs. 2(f)
and 2(g)]. By linearly combining these degenerate domain wall
states, a vortex array is constructed. The resulting field modulus
profiles and the corresponding phase distributions are presented
in the left and right panels of Fig. 2(h).

For the vortex array in both the C;- and Cs-symmetric struc-
tures, each domain wall hosts two vortices. Their topological
charges are either 72 = 1 (marked by counterclockwise cyan
circular arrows) or 7 = -1 (marked by clockwise cyan circular
arrows). It is worth noting that the sign of the topological
charge is determined by the form of the linear superposition.
Substituting a minus sign for the plus sign will invert the sign of
the topological charge. Although this statement lacks math-
ematical rigor, assigning a topological charge of 1 to all vortices
does not alter the underlying physics. That is to say, the topo-
logical charges of vortices located at the same distance from the
center can be different. Their sum is not fixed, which can be
+1 or £3 for the case in Fig. 2(d), and %1 or %5 for the case
in Fig. 2(h). In the following text, we do not mention the sign
of the topological charge.

B. Vortex-Soliton Array

One advantage of our optical platform is its convenience in ex-
ploring nonlinear phenomena. Based on the linear vortex array
described in Section 3.A, we look for vortex-soliton arrays by
including the nonlinear term of Eq. (2). With the nonlinear term
neglected in Eq. (4) restored, the equation to be considered is

170 o 5
buzi W—FW u~+ Ru+ |u|*u, (5)
which can be solved using the well-known Newton iteration

method. Starting from the vortex array, one can find a family
of vortex-soliton arrays with the corresponding propagation
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constants & distributed between that of the vortex array &y,
and a predefined value larger than &y, in this self-focusing non-
linear medium.

Figure 3(a) presents the characteristic curve of vortex-soliton
arrays in the Cz-symmetric disclination-fractal ~ system,
where the horizontal axis represents the propagation constant

Fig. 3. Family of the vortex-soliton arrays in the C3-symmetric dis-
clination-fractal system with its power P and peak amplitude 4 shown
in (a) and (b), respectively. The vertical dashed line indicates &y, and
the gray region includes extended states. (c) Field modulus distribu-
tions (upper panels) and corresponding phases (bottom panels) of the
states numbered 1, 2, and 3 in (a).

30

1
@ (b)

Fig. 4. Setup is as Fig. 3, but for the results in the Cs-symmetric
configuration.
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Fig. 5. Maximum of the real part of the perturbation growth rate
versus propagation constant 6. (a) Results for the disclination-fractal
lattice (blue line) and the SSH disclination lattice (red line) with C;
symmetry. (b) Setup is as (a), but for the C5-symmetric case.

b and the vertical axis represents the total power P =
JJ lu|*dxdy. The peak amplitude 4 = max |u| is shown in
Fig. 3(b), with the transverse landscape of the waveguide array
shown in the inset. Starting from the linear vortex array, the
vortex-soliton array is obtained in the band gap between the
vortex array (vertical dashed line) and the extended state band
(gray region). The relation between power P and the propaga-
tion constant & is nearly linear, except when it is close to the
extended band, where the vortex-soliton array starts to carry
extended state information and the slope of the curve strongly
increases. We choose two vortex-soliton arrays, numbered 1
and 2 in Fig. 3(a), and display their field modulus profiles (first
row) and phases (second row) in Fig. 3(c). The vortex-soliton
array numbered 1 is well isolated in the band gap, so it is well
localized. Since the vortex-soliton array 2 is in the extended
band, its localization is not complete and the state spills into
the nearby waveguide arrays. As the vortex-soliton array orig-
inates from its linear counterpart, we can state that the non-
linear vortex-soliton array bifurcates from the linear.

0.6

In the band gap beyond the extended state band, we find
a family of vortex states with & €[0.938,1.3], as shown in
Fig. 3(a). No doubt, this family branch also bifurcates from
the linear vortex state array; the continuity of the two families
is interrupted by the extended edge band. The vortex-soliton ar-
ray numbered 3 is also shown in Fig. 3(c), and exhibits a well-
defined localization. In this band gap, the degree of localization is
insensitive to variations in the propagation constant and remains
unchanged. The peak amplitude of the vortex-soliton array in
Fig. 3(b) grows smoothly because the extended state information
is always smaller than the peak of the vortex-soliton array. We
also find that the nonlinear effect not only counteracts the dif-
fraction-induced broadening of the optical field, thereby preserv-
ing its localization, but also controls the position of the nonlinear
state within the band gap.

Similar results are also obtained in the Cs-symmetric lattice, as
shown in Fig. 4. The number of domain walls matches the order
of rotational symmetry v of the disclination-fractal lattice. Again,
benefiting from the fractal geometry, all these vortex-
soliton arrays maintain stability. In principle, one can generate
the required number of stable vortex-soliton arrays in disclina-
tion-fractal lattices by adding a specific amount of Frank sectors.

C. Stability Analysis

It is legitimate to wonder on the necessity of including fractal
configurations in the vortex and vortex-soliton arrays. The rea-
son is simple: they offer increased stability over alternative
structures. To confirm, we present a comparative study with
vortex-soliton arrays in a disclination structure based directly
on the SSH model. The spectra of the disclination configura-
tions are displayed in Fig. 7 in Appendix A; the parameters are
the same as those adopted in Fig. 2. The vortex-soliton array
families shown in Figs. 8 and 9 in Appendix A bifurcate from
the colored dots in Fig. 7. One can see that there are also do-
main walls in the configuration and that vortex-soliton arrays

@ 1 ]®
0.5
0.44
0.3 T T T 0.4 T T T |
0 2500 5000 7500 2 10000 0 2500 5000 7500 2 10000

Fig. 6. Propagation dynamics of perturbed vortex-soliton arrays with & = 0.95. (a) Stable vortex-soliton arrays in the C3-symmetric disclination-
fractal structure. Top panel shows the evolution of the peak amplitude during propagation. Middle and bottom panels show the field mode and
phase distributions at z = 0 and z = 10,000, respectively. (b) Setup is as (a) but for unstable vortex-soliton arrays in corresponding disclination

SSH structure.
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exist on these domain walls. In particular, the P(4) dependence
of the vortex-soliton array family in this system exhibits bifur-
cation characteristics with a physical mechanism similar to that
observed in the disclination-fractal configurations. However,
these vortex-soliton arrays are all unstable (families are indi-
cated by dashed lines), while those in Figs. 3 and 4 are all stable
(families are indicated by solid lines).

To evaluate the dynamical stability of vortex-soliton arrays in
the two types of disclination structures, we perform the linear
stability analysis [24]. To apply this stability analysis method
to our system, we introduce small perturbations »(x,y) and
w(x, y) into the general solution of Eq. (1), as follows:

v = [u(x,y) + Z/(x,y)eﬁz + w* (x’),)eﬂ*z]eibz, ©6)

where f denotes the perturbation growth rate and the asterisk
represents complex conjugation. Substituting this expression into
Eq. (2) yields a linear eigenvalue problem that determines f for
each nonlinear chiral bulk state. A state is considered unstable if
the real part of § is positive. In Fig. 5, the blue dots represent the
results in the disclination-fractal configuration, while the red dots
represent those in the disclination SSH configuration. For vor-
tex-soliton arrays in the disclination-fractal lattice, the results
show that the solitons exhibit excellent stability over the entire
parameter range of the soliton family because the real parts of all
perturbation eigenvalues are zero, which indicates that the sol-
itons are insensitive to small perturbations. In contrast, vortex-
soliton arrays in the disclination SSH structure exhibit distinctly
different behavior—the perturbation eigenvalues in this system
have positive real parts; hence the vortex-soliton array exhibits
exponential growth in response to small perturbations, i.e., the
system is intrinsically unstable.

Furthermore, we also check the nonlinear propagation of
the perturbed vortex-soliton arrays in the two different configu-
rations. We add a 10% perturbation in the amplitude of the
vortex-soliton array, and then do a propagation according to
Eq. (2) using the split-step Fourier method to z ~ 10,000,
which is sufficiently far. In Fig. 6(a), the propagation dynamics
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The results confirm that in the fractal disclination lattice, the
vortex-soliton arrays maintain a highly consistent initial field mode
distribution and exhibit a clear and stable vortex phase, even after a
propagation distance as long as z = 10,000, with the peak am-
plitude remaining nearly unchanged throughout propagation.
However, for the vortex-soliton array in the disclination SSH
structure, as shown in Fig. 6(b), the stability is significantly de-
graded; the vortex-soliton array gradually disintegrates during
propagation, with its energy diffusing into the bulk of the struc-
ture and the phase singularity destroyed. The agreement between
the stability analysis and the perturbed propagation demonstrates
that although the two types of disclination structures are qualita-
tively similar in terms of the linear characteristics of soliton bifur-
cation, their nonlinear stability differs fundamentally. Due to its
unique geometric configuration, the disclination-fractal lattice is
more favorable for capturing stable vortex-soliton arrays.

4. CONCLUSION

Summarizing, we have systematically investigated the nonlinear
behavior of stable vortex-soliton arrays in disclination-fractal
waveguide arrays in the topologically trivial phase. By linearly
combining degenerate modes in C3- and Cs-symmetric configu-
rations, we Construct vortex state arrays, bifurcating from which
the family of vortex-soliton arrays is obtained. Stability analysis
demonstrates that these vortex-soliton arrays remain stable over
their entire parameter range, confirming that the disclination-
fractal lattice not only supports vortex array modes at the linear
level but also ensures their nonlinear stability by virtue of its
unique geometric configuration and band gap properties,
whereas vortex-soliton arrays in conventional disclination struc-
tures are completely unstable. Therefore, the disclination-
fractal lattice serves as an ideal physical platform for the
manipulation of stable vortex optical fields, with promising im-
plications for applications, such as high-capacity optical storage
and multidimensional light field control.

of the perturbed vortex-soliton array in the C;-symmetric APPENDIX A
configuration is displayed. The results on the Cs-symmetric The spectra of C3- and Cs-symmetric configurations at
configuration can be found in Appendix A, shown in Fig. 10. r = -1.7 are shown in Fig. 7. By comparing with the spectra
16 S—
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Fig. 7. (a) Spectra of the C3-symmetric disclination structure based on the SSH model with » = -1.7. (b) Setup is as in (a) but for the

Cs-symmetric structure. Colored dots with numbers are domain wall states.
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in Fig. 2, we find they are quite similar, except for the number
of degenerate domain wall states.

Similar to the results shown in Figs. 3 and 4, we also display
results for the corresponding disclination configurations based
on the SSH model: Figs. 8 and 9 are corresponding to the C5-
and Cs-symmetric structures, respectively. Clearly, there are still
domain walls in the structures and domain wall states.

Figure 10 displays the perturbed propagation of vortex-
soliton arrays in Cs-symmetric configurations, as supplemen-
tary to results shown in Fig. 6. In the disclination-fractal lattice
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in Fig. 10(a), the vortex-soliton arrays also maintain a highly-
consistent initial field mode distribution and a clear
vortex phase after long-distance propagation, with the peak am-
plitude remaining nearly unchanged. In contrast, for the
disclination SSH model in Fig. 10(b), the vortex-soliton arrays
exhibit pronounced instability under the same propagation
conditions. Specifically, the field mode gradually deviates
from its initial profile, the phase coherence among vortices
is progressively lost, and the soliton structure eventually disin-
tegrates.

@

lb:
A()§

Fig. 8. Setup is as Fig. 3, but for the C3-symmetric disclination configuration based on the SSH model.

60

RO
A()

Fig. 9.

Setup is as Fig. 8, but for the Cs-symmetric configuration.
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Fig. 10.

Setup is as Fig. 6 but for Cs-symmetric structures.
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These results further confirm that disclination-fractal lattices
provide a more robust platform for stabilizing vortex-soliton
arrays, as compared to SSH disclination lattices, regardless of
the rotational symmetry order.
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