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Abstract: Topological insulators represent a new phase of matter, characterized by conductive sur-
faces, while their bulk remains insulating. When the dimension of the system exceeds that of the
topological state by at least two, the insulators are classified as higher-order topological insulators
(HOTI). The appearance of higher-order topological states, such as corner states, can be explained
by the filling anomaly, which leads to the fractional spectral charges in the unit cell. Previously
reported fractional charges have been quite limited in number and size. In this work, based on the
two-dimensional (2D) Su-Schrieffer-Heeger model lattice, we demonstrated a new class of HOTIs
with adjustable fractional charges that can take any value ranging from 0 to 1, achieved by utiliz-
ing the Lorentz transformation. Furthermore, this transformation generates novel bound-state-in-
continuum-like corner states, even when the lattice is in a topological trivial phase, offering a new

approach to light beam localization. This work paves the way for fabricating HOTIs with diverse

corner states that offer promising applicative potential.
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1 Introduction

Higher-order topological insulators (HOTIs) are
a special class of topological insulators whose
dimension is lower than that of the system by no
less than two [1-5]. Generally, HOTIs can be
divided into two categories: those characterized
by nonzero quantized multipole moments [6-11],
and those without such moments [12-26]. HOTIs

realized in classical wave platforms, such as pho-
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tonic systems, mostly belong to the latter cate-
gory. However, photonic HOTIs belonging to the
first category were also reported recently,
achieved by properly manipulating the coupling
strengths among lattice sites [11, 27, 28].

It has been shown that the emergence of
topological states (for example, corner states) is
a result of the “filling anomaly”, which induces
fractional charges [6, 12, 29, 30]. In classical wave
platforms, the term “charge” refers to the spec-
tral charge, which represents the number of
states within a unit cell, taking into account all
states below the topological states [31, 32]. The
charge in a unit cell can be determined using the
Wannier center method [33]. It is worth noting
that the topological states in photonic HOTIs

have been reported in various experiments,
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including both periodic [15, 16, 25, 34, 35] and
aperiodic lattices [24, 26, 30].

Even though the appearance of corner states
has been well explained by fractional charges, the
range of fractional charge values reported so far
has been quite limited [12]. For instance, in a
two-dimensional (2D) Su-Schrieffer-Heeger (SSH)
model lattice, the fractional charge for corner
states is typically 1/4. Similarly, the value is 1/3
in the Kagome lattice and 2/3 in the honeycomb
lattice. Clearly, these fractional charges are quite
limited in their number and cannot be expanded
[12], to the best of our knowledge. Whether these
fractional charge values can be manipulated and
how to reach this goal, so that fractional charges
can be manipulated in both number and size, is
an intriguing question worth exploring.

Taking the 2D SSH model lattice as an
example, the corner unit cell only contains a
quarter of the Wannier center, and hence the cor-
ner charge is 1/4. From this point of view, if one
can adjust the corner angle, then the ratio of the
Wannier center occupied by the corner unit cell
can be changed. Considering that Lorentz trans-
formation [36] deforms coordinates, we intro-
duced it in this work to distort the lattice geome-
try and modify its structure. As a result, we
obtained topological corner states with arbitrary
fractional charges distributed in the range (0,1).
In addition, after Lorentz transformation we also
obtained localized corner states, even when the
lattice is, for example, in a topological trivial
phase.

2 Theoretical Model

The propagation dynamics of the light beam in a

photonic lattice can be described by a

Schrodinger-like paraxial wave equation

0y 1(02 &

162_ 2

_|_

St ) U Rl (D

where ¢ is the dimensionless complex amplitude
of the light field, and z, ¥ and z are the normal-

ized transverse coordinates and the propagation

distance, respectively. The function below desc-
ribes the photonic lattice waveguide, shown as
Rz, y) = pze—(m—wmﬂ/dz—w—ynﬂ/dz 2)
The function describes the photonic lattice
waveguide with the depth p and width d placed
at the nodes (z,,,v,) of the grid. The lattice
waveguide can be fabricated using the femto-sec-
ond laser direct writing technique in the fused sil-
ica material [22, 24-26, 37-43] or can be induced
in photorefractive crystals [44-48] and atomic
ensembles [49, 50]. We assume the lattice waveg-
uide is prepared using the first method; then the
typical values of quantities in Eq. (1) are: the
lattice constant a = 1.6 (16 pm), the waveguide
width d =0.5 (5 pm), and the lattice potential
depth p =10 (the corresponding refractive index
change is An=pn,/k*r?~ 6.3 x10"*), where
n, =145 is the index,
k =2n,mA, A =600 nm, and 7, = 10 pm. These

parameter values are quite common for the first

ambient refractive

method, and the results will not be affected much
if some parameters get adjusted, as illustrated in
the previous literature [24-26].

In Fig. 1(a), we depict the 2D SSH model
lattice with a displayed. The quantity = is the
controlling parameter that adjusts the separa-
tion distance among four sites in one unit cell.

If we introduce the Lorentz transformation
[36, 51] of the lattice through
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Fig. 1  Schematic diagram of the Lorentz transformation of 2D

Lorentz
transformation

SSH lattice: (a) before transformation; (b) after trans-

formation
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_ |cosh(¢/2) sinh((/2)
M= l§nh((/2)  cosh(¢/2) 4
with
¢ = tanh™*(cos 0) (5

the 2D SSH lattice will be deformed, as shown in
Fig. 1(b), in which the corner angle 6 is also pre-
sented. Clearly, if 6 =x/2, the lattice is not
deformed, since matrix M is then an identity. If
we change the grid coordinates of R(z,y) in Eq. (1)
from (x,,,¥.) to (z/,y.), then the lattice will be
manipulated by an angle 6. For convenience, we
denote the transformed lattice as R(z,y,6).

Generally, the ansatz solution of Eq. (1) can
be written as ¥(x,y, z) = u(x,y)e®*, and plugging
it into Eq. (1) one obtains
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r/a=0.7

where u(z,y) is the envelope of the light beam
and b in optical applications represents the prop-
agation constant. The eigenvalue problem in
Eq. (6) can be numerically solved using the
plane-wave expansion method, which gives the
relation between b and r that defines the spec-
trum of the lattice. In the next section, we would
like to discuss our results. Note that the Lorentz
transformation is adopted just as a method for
manipulating the lattice; there is nothing rela-
tivistic in this work. The transformation does not
affect the paraxial wave equation itself, but it

may affect its solutions.

3 Results

3.1 Spectra and Modes
Spectra of the 2D SSH model lattice for different

values of parameters are displayed in Fig. 2. We

1.8 1.8 L 1.8 N
0.6 0.7 1.0 1.3 1.4 /3 /2 2n/3 /3 /2 2n/3
r/a (rad) 6 (rad) 6 (rad)
(e ()

Note: In Fig. 2 (e), the blue line represents the corner states, while the gray lines bulk states and edge states. In Fig. 2 (f), the blue line

represents the localized states, while the gray lines represent the extended states. In Fig. 2 (g), the blue and orange lines are corner

states, while the gray lines bulk states and edge states.

Fig. 2 Two-dimensional SSH model lattice and the corresponding spectrum: (a) lattice with r/a = 0.7; (b) lattice with r/a = 1.3;
(c) transformed lattice with 7/a = 0.7 and 0 = n/3; (d) transformed lattice with r/a = 1.3 and 6 = n/3; (e) spectrum of the

lattice as a function of r; (f) spectrum of the transformed lattice with r/a = 0.7 as a function of 6; (g) spectrum of the trans-

formed 2D SSH lattice with r/a = 1.3 as a function of 0
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examined two representative lattices, one for
r/a=0.7 (in the topological trivial phase) and
the other for 7/a = 1.3 (in the topological phase
as well), shown in Fig. 2(a) and Fig. 2(b). The
spectrum of the lattice as a function of r is
shown in Fig. 2(e). The blue line in Fig. 2 indi-
cates the corner states, and is four-fold degener-
ate, due to the C, symmetry of the lattice. To
track the spectrum of the lattice after Lorentz
transformation, we depicted both r/a = 0.7 and
r/a=1.3 cases, with the corresponding trans-
formed lattices for 6 =n/3, in Fig. 2(c) and
Fig. 2(d), respectively. Following the transforma-
tion, the lattice symmetry is reduced to C,, caus-
ing the four-fold degenerate corner states to split
into two pairs of two-fold degenerated corner
states (see the spectrum in Fig. 2(g)).

In Fig. 2(f), we present the spectrum of the
transformed lattice with r/a = 0.7 as a function
of 6. One cannot find any explicit state in the
band gaps. However, in the bulk, there are local-
ized states, as indicated by the blue lines, which
represent bound-state-in-continuum  (BIC)-like
states. These BIC-like localized states do not
exist in the original 2D SSH model; they are
entirely novel states, arising solely due to the
transformation of the lattice.

If the original 2D lattice is in the topologi-
cal phase, the spectrum of the transformed lat-
tice with r/a =1.3 is shown in Fig. 2(g). One
finds that the corner states, indicated by blue
and orange lines, are always there, regardless of
the value of 0. For clarity, the part of the spec-
trum enclosed by the dashed rectangle is magni-
fied and displayed as an inset. This reveals that
the four four-fold degenerate corner states split
into two pairs of two-fold degenerate corner
states, as indicated by the blue and orange lines.
Similar to the case in the topological trivial
phase, the two overlapping bulk bands at 6 = /2
separate as 6 deviates from 6 =r/2. Since the
corner states hybridize with the separated bulk
bands, only the corner states associated with the

obtuse angle (indicated by the orange line) are

clearly visible. On the other hand, the blue cor-
ner states that appear at the acute angle can
cross the separated gray bulk band as the angle 6
changes.

We selected three localized states from
Fig. 2(e), Fig. 2(f), and Fig. 2(g), marked by
green dots numbered 1, 2, and 3, and presented
their field modulus profiles in Fig. 3. The corner
states from the original undeformed 2D SSH lat-
tice are shown in Fig. 3 (a), which align well with
the previous findings [47, 52]. For the BIC-like
corner states depicted in Fig. 3(b), it is evident
that the closer the angle 6 to m/2, the worse the
localization of the state. Nonetheless, these BIC-
like corner states do exist in the deformed 2D
SSH model lattice, even when the lattice is in the
topological trivial phase. When the deformed lat-
tice is in the topological phase, the selected cor-
ner states, derived from a different pair of corner
states, are shown in Fig. 3(c). States numbered
1 and 3 from the orange lines are localized at cor-
ners with the obtuse angle, while state 2 from the
blue line is localized at corners with the acute
angle. Thus far, we have demonstrated that the
Lorentz transformation effectively manipulates
both the appearance and the profile of the cor-

ner states.

3.2 Wannier Centers

Next, we examined the Wannier centers of the
lattice for different values of parameters. The
Wannier center refers to the position of the cen-
ter of Wannier functions. The wave functions
describing the states. It is positioned relative to
the strong bonds of atoms, i.e. to the sites of the
lattice. The Wannier center may be located in
the corner of the unit cell or in the middle of the
boundary between two unit cells, if the lattice is
in the crystalline topological phase. In the topo-
logical trivial phase, the Wannier centers are in
the middle of unit cells. In our case, the Wan-
nier centers are in the corners of unit cells if the
lattice is in the crystalline topological phase, as

shown in Fig. 4. From the Wannier centers, the
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Fig. 3  Field modulus profiles of the corner states: (a) corresponding to numbered dots in Fig. 2(e); (b) same as (a) but for the dots

in Fig. 2(f); (c) same as (b) but for the dots in Fig. 2(g)

fractional charge of each unit cell can be easily
predicted [12, 29, 30].

Fig. 4(a) and Fig. 4(b), depict the Wannier
centers (red dots) of the undeformed 2D SSH
model, corresponding to the topological trivial
phase and the topological phase, respectively.
The two cases are well established: in the topo-
logical trivial phase the Wannier centers are
located at the center of the unit cell, while in the
topological phase they shift to the corner grid
point of the unit cell. Since the corner unit cell
holds 1/4 of the spectral charge and the edge
unit cell holds 1/2 of the spectral charge, as
shown in Fig. 4(b), one can anticipate the pres-

ence of both corner and edge states in the final

count [3].

When the lattice is deformed wusing the
Lorentz transformation, the Wannier centers
remain at the center of the unit cell, if the lat-
tice is in the topological trivial phase, as shown
in Fig. 4(c). In this case, there is no fractional
spectral charge in any of the unit cells. However,
as demonstrated in Fig. 2 and Fig. 3, the local-
ized corner states still exist. These states are not
topological objects but resemble BIC. If the
deformed lattice is in the topological phase, as
shown in Fig. 4(d) with a deformation angle of
0 =2n/3, the Wannier center occupied by the
corner unit cells is not 1/4 any more. For

instance, the upper-left corner unit cell occupies
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Fig. 4 Wannier centers: (a) Wanner center (red dots) in the topological trivial 2D SSH lattice; (b) setup is as (a) but in topological
phase; (c), (d) setup is as (a), (b) but for deformed lattice with 6 = 2n/3

only 1/6 of the Wannier center on the grid, giv-
ing it a fractional charge of 1/6. The bottom-left
corner unit cell has a fractional charge of 1/3. In
general, the fractional charge o for the corner
unit cell is determined from the angle 6 via the
relation

= 7
¢ 21

This formula is quite reasonable. A Wannier
center brings a charge of 1, and it is shared by
4 unit cells if the lattice is in the crystalline topo-
logical phase. Therefore, the charge 1 should be
divided into 4 parts, and the portion obtained for
each unit cell is determined by the angle of the
unit cell. As the charge of 1 corresponds to 2m,
the fractional charge acquired by one unit cell is

0/2n. Since angle 6 can be arbitrarily chosen in

the range (0,2mn), the fractional charge of the cor-
ner unit cell can acquire an arbitrary fractional
value. For the total count, one should keep in
mind that the fractional charge of the edge of the

unit cell is always 1/2.

4 Conclusion

In summary, we have introduced a new class of
HOTIs with the charge
adjustable within the range (0,1), based on the
2D SSH model lattice and the Lorentz transfor-
mation. The four-fold degenerate corner states in
the undeformed 2D SSH model

reduced to two pairs of two-fold degenerate cor-

corner fractional

lattice get

ner states after the transformation. Notably, we

also have observed BIC-like localized corner

states in the deformed lattice (even though it
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remains in a topological trivial phase), which are
absent in the undeformed lattice. These results
not only present a novel method for achieving
light-beam localization, but also offer deeper
insights into the fractional charge associated with
the corner states. Our results also possess consid-
erable potential for applications in preparing
high-quality cavities [34], and may inspire new
ideas in producing compact optical functional
devices [53].
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