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ABSTRACT: Efficient and precise calculations of thermal transport properties and
figures of merit, alongside a deep comprehension of thermal transport mechanisms, are
essential for the practical utilization of advanced thermoelectric materials. In this study,
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learning potentials, we expedite the analysis of phonon energy shifts, higher-order
scattering mechanisms, and thermal conductivity arising from various contributing
factors, such as population and coherence channels. Our finding unveils an exceptionally
low thermal conductivity of 0.31 W m™" K™ at room temperature, a result that closely
correlates with experimental observations. Notably, we observe that the off-diagonal o0 ORI s s
0 100 200 300 400 500 600 700 800
terms of heat flux operators play a significant role in shaping the overall lattice thermal
conductivity of Tl,SbTe,, where the ultralow thermal conductivity resembles that of
glass due to limited group velocities. Furthermore, we achieve a maximum ZT value of 3.17 in the c-axis orientation for p-type
TlySbTe4 at 600 K and an optimal ZT value of 2.26 in the a-axis and b-axis direction for n-type TlySbTey at 500 K. The crystalline
TlySbTe4 not only showcases remarkable thermal insulation but also demonstrates impressive electrical properties owing to the dual-
degeneracy phenomenon within its valence band. These results not only elucidate the underlying reasons for the exceptional
thermoelectric performance of Tl,SbTe4 but also suggest potential avenues for further experimental exploration.
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B INTRODUCTION exhibit potential for thermoelectric applications due to their
ability to achieve ultralow thermal conductivity (k). There-
fore, research on complex thermoelectric materials is not only
of fundamental interest but also of crucial importance for the
advancement of thermoelectric technology.

The TI-Te system contains numerous complex materials
with an ultralow k;. For instance, the x of AggTL,Tes,
AgTITes, TlyCuTes, T1,GeTe;, TlInTe,, etc., are all lower
than 0.5 W m™" K™! at room temperature.' ' Moreover, the k
of the promising thermoelectric materials TlgBiTes and
TL,SbTeq was reported to be 0.5 W m™ K™ and 0.7 W m™
K™, respectively, at room temperature.'’ Although experi-
ments have shown that Tl BiTes exhibits a lower thermal
conductivity, it also exhibits high resistivity, which significantly
reduces the power factor and constrains its further enhance-

Thermoelectric materials have the capacity to transform heat
into electrical energy without emitting pollutants."”” They lack
movable components, generate no noise pollution, and are
adjustable in size, rendering them indispensable in a multitude
of fields, including waste heat recovery’ and photovoltaic-
photothermal cogeneration.” The conversion efficiency of
thermoelectric materials can be determined by the figure of
merit ZT = S%6/(x, + ki), where S, o, k,, and Kk are the
Seebeck coeflicient, electrical conductivity, electronic thermal
conductivity and lattice thermal conductivity, respectively. In
order to achieve optimal thermoelectric performance, a
promising strategy involves enhancing electrical transport
while simultaneously suppressing thermal transport.” Never-
theless, it is challenging to achieve a high electrical
conductivity () and low electronic thermal conductivity (k)
simultaneously. Consequently, ultralow lattice thermal con-
ductivity (k) becomes a crucial factor contributing to high
thermoelectric efficiency.

Recent studies have identified several materials with
relatively complex structures, including Cu,,Sb,S,3,° AgPbB-
iSes,” Cs,BiAgBr,” KCusSes,” and Cu,PS,."" These materials
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ment as an additional component. Even with minimal TlyBiTeq
incorporation, it can markedly diminish the thermoelectric
performance of the material."

Compound T1,SbTe4 represents the material most closely
related to TIyBiTes within the TLTe; family. Its thermal
conductivity is comparable to that of TlyBiTe, yet its electrical
conductivity is markedly superior, as evidenced by the
experimental results."" Although there have been experimental
studies on thermoelectric properties'”'*"> and analysis of
electronic structure,'® there is still a lack of in-depth research
on its low kx and high thermoelectric efficiency due to its
complex structure. Further comprehensive research will help us
better understand and design excellent thermoelectric
materials based on a complex T1-Te system.

Despite the significant advancements in measuring ultralow
K in experiments, theoretical prediction and explanation of
ultralow k in complex compounds remain challenging. Recent
studies have explored anharmonic effects as potential sources
of discrepancies of kx between the experiment and theory
observed in highly anharmonic crystals.”'”™>* These studies
have revealed that lattice anharmonicity significantly influences
the phonon line width and lattice thermal conductivity.”
While the conventional Peierls—Boltzmann framework is
adequate for describing phonon transport in systems with
well-defined phonon modes, it encounters challenges in highly
anharmonic systems.””** Therefore, it becomes imperative to
consider the temperature-dependent frequencies evaluated by
the self-consistent phonon (SCPH) approach in elucidating
thermal transport in complex compounds.***°

Moreover, a discrepancy exists between the experimentally
measured and theoretically predicted x by the conventional
Peierls-Boltzmann transport equation.”” Consequently, it
becomes necessary to consider the influence of wavelike
interbranch tunneling of coherence, originating from off-
diagonal terms of the heat flux operator,”” to comprehensively
explain this phenomenon. Overall, to accurately predict
thermal transport properties in complex thermoelectric
materials, it is necessary to explicitly evaluate the phonon
energy shifts and scattering rates using the higher-order force
constants, i.e., fourth-order force constants, and coherent
phonons.

Despite the significant achievements in DFT-based thermal
conductivity calculations,” the computational expense of
calculating thermal conductivity considering higher-order
phonon scatterings is so high that it is sometimes
prohibitive.””*" The use of machine Learning Potential
(MLP) can significantly reduce the cost of calculating force
constants while maintaining considerable computational
accuracy.”’ Machine learning potential (MLP) is a method
that employs machine learning algorithms to describe the
atomic potential energy surface and predict the energy and
force based on the atomic environment. Unlike machine
learning models (ML-Models),** MLP can be combined with
BTE methods to provide detailed phonon information, thereby
enabling a more comprehensive understanding of the
mechanism of thermal transport in the large system.
Furthermore, it is capable of calculating complex systems
under a multitude of conditions, including those involving
impurities and defects”** affecting lattice thermal conductivity
and the figure of merit (ZT), as well as disorder,
anharmonicity, and other complex systems that are challenging
to calculate using DFT methods.

Shapeev et al. developed a machine learnin§ potential
function, the moment tensor potential (MTP), >3 which
achieves a good balance between computational accuracy and
computational complexity. MTP can obtain high-precision
second- and third-order force constants. According to the
previous research, MTP can also obtain reliable fourth-order
force constants, which can accurately calculate the x
containing four-phonon scattering.37 Consequently, we
modified and developed the corresponding interface using
the MTP to obtain fourth-order force constants in an efficient
manner.

In this study, we conducted a comprehensive investigation of
the thermal transport and thermoelectric properties of
benchmark compound T1;SbTe4 To this end, we integrated
machine-learning based anharmonic lattice dynamics with an
unified theory of thermal transport and momentum relaxation
time approximation. This integration included: (1) Con-
struction of a machine-learning potential with DFT-level
accuracy for the complex crystalline Tl,SbTeg, (2) anharmoni-
cally renormalizing phonons using the SCPH approach, (3)
evaluation of thermal transport considering both particle-like
and wave-like phonon transport channels, (4) application of
distinct scattering mechanisms, including acoustic deformation
potential (ADP), ionized impurity (IMP) scattering, and polar
optical phonon (POP) scattering, to systematically study the
electrical transport properties, and (S) exploration of the trend
of the thermoelectric property ZT value with carrier
concentration and temperature variation.

B COMPUTATIONAL METHODS

Structural Optimization and Data Generation. The Vienna
Ab initio Simulation Package (VASP) was used to optimize the crystal
structure of Tl,SbTes.>® All first-principles calculations are performed
by using the PAW method with LDA exchange-correlation func-
tional.> The structure was optimized until forces fell to 0.00001 eV/
Awith the cutoff energy of 600 eV. The cell and the atoms were all
fully relaxed in the structural optimization process with the
Monkhorst-Pack k-point grids of 7 X 7 X 7 employed.

The ab initio molecular dynamics (AIMD) simulations were also
performed by using VASP for energy and atomic forces collecting as
training data sets. The isobaric—isothermal (NPT) ensemble with a
time step of 1 fs was performed for the 2 X 2 X 2 primitive cell of
TlySbTe, that contains 128 atoms. The 2 X 2 X 2 grid of k points was
used. The data set contains 7000 steps in which there are 1000 steps
each at temperatures of 10 K, 70 K, 150 K, 300 K, 500 K, 750 K, and
1000 K. We take one out of every five steps to construct the training
data set. And we randomly choose 700 steps in the rest four-fifths of
the data set to construct the validation data set.

Electronic Transport Property. Using the relaxation time
approximation, the electrical transport distribution function via the
linearized Boltzmann transport equation (BTE) is expressed as

o"(E) =} f %vfﬁ%{ffii’é(E — Ey) W

where 79 and & are the electronic relaxation time and Dirac delta
function. E, k, and i are the electron energy, wave vector, and
electronic band index, respectively. In the process of electron—
phonon coupling, electrons and phonons must satisfy the con-
servation of energy and quasi-momentum. Here, the ith electron at
the initial state ik collides with phonons of wave vector q and phonon
frequency @, and it transitions to the final state jk+q. This scattering
process can be defined by the Fermi golden rule with elastic electronic
scattering rates

-1 _ 27/, . 2
Tik—jk+q = 7</k + Cllg,-illk> 8(Ey — Ejk+q) )
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Figure 1. (a) Workflow of the thermoelectric property calculations. (b) Phonon dispersion of Tl,SbTe, calculated by Moment tensor potential
(MTP) and DFT. A comparison of (c) the energy per atom (d) and the atomic force between MTP and DFT calculations for Tl,SbTe,. (e) The
conventional cell structure of Tl,SbTe,. The red and purple atoms represent talcium (T1) atoms in different chemical environments. The atoms
represented by the blue color are tellurium (Te) atoms, while the green ones are antimony (Sb) atoms.

or inelastic electronic scattering rates in which EA™P and EM™™ represent the energy obtained by AIMD and

the energy obtained by MTP. Also, f and o represent atomic force and

- 2 < .
1 ; ; tress. The factors @,, w;, w, are the weight factors for energy, force,
Troixia = — (jk + gl __|1k> ng+1-— § o Wp Ws g &Y ’
kofkta ™y J 18, (¢ f’k+‘1) and stress, and they are set to be 1.0, 0.1, and 0.001 respectively.
Besides, the cutoff radius was set to 8.0 A. Since the cutoff values for

O(E, - hw,) + + O(E; + ho, ’
(Bac = Birq = hig) + (g f"+‘1) (Fac = Firg W] cubic and quartic interactions used in the phonon thermal
(3) conductivity calculations are 5.99 Aand 3.60 A, smaller than the

MLP fitting cutoff radius 8.0 A, indicating the MLP fitting cutoff
radius is sufficiently large for the thermal conductivity calculation.
From Figure S3 we can see that the lattice thermal conductivity
converges under these cutoff values for cubic and quartic interactions.
Furthermore, we used 24.mtp as the initial potential function for
training; the radial basis was set to 10, which is greater than the
default value of 8, ensuring sufficient accuracy.

Lattice Thermal Conductivity. The lattice thermal conductivity
K, based on Peierls-Boltzmann transport theory is given by:

in which f and n are the Fermi—Dirac and Bose—Einstein
distributions. g; is the electron—phonon coupling matrix elements.
+ho, defines the emission and absorption of a phonon in the
scattering process. Here, we consider separated electronic relaxation
time for distinct scattering mechanisms,*° including acoustic
deformation potential (ADP), ionized impurity (IMP) scattering,
and polar optical phonon (POP) scattering, respectively.

Training Machine Learning Potential. To describe the
interatomic interaction, the moment tensor potential (MTP) was

trained on the data set generated by the AIMD calculation.*® The n?
MTP parameters can be fitted by minimizing the function®® K, = Z n,(n, + l)a)/l vi @ vit
kBT VN, 5 (5)
min Z w,(EAMP — EMTPY2 wy Z (fAIMD A )2 where 7 denotes the reduced Planck constant, kg the Boltzmann

constant, T the absolute temperature, V the volume of the primitive

unit cell, and N, the number of phonon wave vectors sampled in the

first Brillouin zone. The variables n; ®; v; and 7, indicate the

phonon population, frequency, group velocity, and lifetime for the A
(4) mode which is defined by wave vector g and branch index s.

+w (O_AIMD 'ﬁ/ITP)Z
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Figure 2. (a) The temperature-dependent phonon spectrum from T = 50 to 800 K for Tl,SbTe,. (b) Projected phonon density of states (PDOS)
of Tl,SbTe4 at 0 K, 300 K, and 700 K. (c) Phonon populations’ thermal conductivity (Kp) as a function of the temperature of Tl,;SbTe,. (d)
Intrinsic lattice thermal conductivity (k) as a function of the temperature of Tl,SbTe,. The K, in ratio k./k, represents Kigg};H. The solid lines
represent the g-axis direction, and the dashed lines represent the c-axis direction.

In IFCs calculations, 2 X 2 X 2 primitive cells of Tl;SbTe4 were
used. For third-order IFCs and fourth-order IFCs calculation, up to
the fifth and second nearest neighbors are considered respectively.
The q mesh grid was set as 10 X 10 X 10. Also, the SCPH
approximation applied in our study serves as an efficient method>**®
that accurately incorporates the first-order correction of phonon
frequencies resulting from quartic anharmonicity. This approach
provides a more precise depiction of soft phonon modes and
significant anharmonicity. In brief, the SCPH can be expressed as

Q=w +20, )1,
A (6)

where @, represents the initial phonon frequency derived from the
harmonic approximation and €, denotes the temperature-dependent
renormalized phonon frequency. The scalar I)A, is calculated as
follows:

(4)
VA, =4, 4, =4
Ly = v ) [1+ 2m,(Q,)]
8N, QQ, (7)

where V(¥ represents the fourth-order IFCs in the reciprocal space,
and the phonon population n, follows the Bose-Einstein distribution.
Equations 6 and 7 possess the parameters [;4; and €, allowing the
SCPH equation to be solved iteratively.

To obtain more thorough results for the lattice thermal
conductivity, we also considered the off-diagonal terms of the heat-
flux operator, which describe the tunneling of coherent phonons. This
coherent component k, can be expressed as
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2 s s

— h w‘i + w‘l 5,8 s')s

K = F ?Vq Vq
B V 1‘10 q s#s

s s(.s s sl s
wgng(ng + 1) + ayny (ng + 1)

x (% +T%)

s $\2 s s'\2 q q

4(an - a)q) + (Fq + Fq) (8)
where 7 is the reduced Planck constant, kg is Boltzmann constant, V'is
the primitive cell volume, and Nj is the total number of sampled
phonon vectors.

B RESULTS AND DISCUSSION

Crystal Structure. The optimized lattice constants of
TlySbTey, calculated using LDA potentials, are a = b = 8.63 A,
and ¢ = 12.77 A. These values are consistent with the
experimental values, which are a = b = 8.830 A and ¢ =13.013
A'C We also tested different functionals and compared the
calculated lattice constants with the experimental measure-
ments, which can be found in Table S1. Additionally, the
phonon spectrum calculated using the PBE functional is shown
in Figure SS, which contains some imaginary frequencies. As
illustrated in Figure 1(b), the phonon spectrum of the LDA
functional is devoid of imaginary frequencies, indicating the
dynamic stability of TlySbTe4. The stable structure of TlySbTeq
is I4/m with space group 87. The primitive cell comprises 16
atoms: one Sb, six Te, and nine TL TI atoms are divided into
eight Tl and one TI*, based on their separate chemical
environments and locations, as depicted in Figure 1(e).
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Figure 3. (a) Calculated spectral and cumulative «, using the SCPH+3,4ph model at 300 K. (b) Calculated spectral and cumulative coherence
thermal conductivities at 300 K. (c) Three-dimensional visualization model x.(w, a)}-) of the contributions to the coherence thermal conductivity in
the a-axis direction at 300 K. (d) The same as (c) but in the c-axis direction. (e) The same as (c) but at 700 K. (f) The same as (d) but at 700 K.

Figure 1(a) depicts the workflow of our work. In this work,
we obtain the training data set from Ab Initio Molecular
Dynamics (AIMD) using the isobaric—isothermal (NPT)
ensemble. We then train the MTP and the training principles
are detailed in the computational methods section.®® After
obtaining the MTP, we tested it on the validation data set.

The MTP is employed to ascertain the energy and atomic
forces of each configuration in the validation data set, with the
resulting root-mean-square error (RMSE) being presented in
Figure 1(c—d). The RMSE of energy per atom and atomic
force is 0.00029 and 0.023 eV/A, respectively. These values
indicate that the trained MTP is sufficiently accurate for
calculating thermodynamic properties.g’s’37 Furthermore, as
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shown in Figure 1(b), the phonon spectrum calculated by
MTP is in good agreement with the DFT results.
Anharmonic Lattice Dynamics and Thermal Trans-
port Properties. The impact of forth-order anharmonicity on
the phonon spectra at finite temperatures is next examined, as
depicted in Figure 2(a,b), using the interatomic force constants
(IFCs) obtained from MLP. It is evident that overall phonon
hardening phenomenon is observed in crystalline T1ySbTeg as
the temperature increases from 50 to 800 K. This observation
suggests the presence of strong lattice anharmonicity in
Tly,SbTey and highlights the importance of properly treating
lattice anharmonicity in lattice dynamics.l&zo’z‘%’41 In particular,
the low-frequency phonons with a frequency below 1.5 Thz are
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Figure 4. (a) Squared phonon velocities of Tl,SbTe, in the harmonic approximation and the anharmonic renormalization approximation at 300 K.
(b) Phonon scattering rates of 3ph and 4ph for Tl,SbTes at 300 and 700 K. (c) Weighted phonon scattering phase space of 3ph and 4ph for

Tl,SbTeq at 300 and 700 K.

predominantly influenced by the Tl atoms, as evidenced by the
projected phonon density of states (PDOS) in Figure 2(b).
The pronounced phonon hardening observed in the TI-
dominated modes can be attributed to the significant atomic
displacements resulting from their loose bonding, as illustrated
in Figure S1 in the Supporting Information. We have
conducted potential energy as a function of atomic displace-
ment analysis to identify the rattling nature of T1" in TlySbTe,,
confirming the anharmonic rattling behavior and its con-
tribution to the low thermal conductivity. Figure S2 can be
written as y = 1.2593 X «* + 0.0036 X «* + 0.8115 X x> The
result shows that the quartic interaction is very important to
the rattling nature of TI*. Furthermore, it can be observed that
Tl atoms contribute to the low-lying flattened phonon bands in
the frequency range of 0.7 to 1.0 THz. This suggests that
strong phonon scattering is occurring, which suppresses the
primary heat carriers, i.e., acoustic phonon modes.””~** In
contrast, the optical modes with higher energies exhibit less
increase in stiffness, corresponding to the majority of Te and
Sb vibrations.

With the zero-K/finite-temperature IFCs at hand, we
proceeded to calculate the temperature-dependent k, using
three different levels of theory, as shown in Figures 2(c,d). It is
observed that the lattice thermal conductivity (ki) is
anisotropic, with the k, approximately 10% smaller in the a-
axis or b-axis direction than in the c-axis direction. The lowest
level of thermal transport theory, namely, the HA+3ph model,
yields the following values for Kspfi}I‘A in the a-axis at 50, 300, and
800 K: 0.88, 0.14, and 0.053 W m™! K7, respectively. As
previously stated, anharmonic phonon renormalization is a
significant factor in the prediction of the finite-temperature x;,
in complex compounds. With the additional effect of phonon
energy shifts, we advance the HA+3ph model to a more
accurate SCPH+3ph model, which gives K;%%PH values of 1.02,
0.24, and 0.15 W m™" K™! at 50, 300, and 800 K, respectively,
in the g-axis direction. These values are 16%, 71%, and 183%
larger than K;,Pﬁhm indicating significant anharmonic phonon
renormalization in TlgSbTe,, with a substantial increase as the
temperature rises. This trend is also confirmed by Figure 2(a),
which shows significant phonon frequency shifts with an
increasing temperature.

In addition, the quartic anharmonicity not only induces
significant shifts in phonon frequencies but also results in
pronounced 4ph scatterings. Consequently, additional 4ph
scatterings were included to obtain K3:§%}§H values of 0.96, 0.19,

and 0.093 W m™" K" at 50, 300, and 800 K, respectively, in
the a-axis direction (see Figure 2(c)). These values represent
decreases of 6%, 21%, and 38% compared with Kg}’s}‘CPH,
indicating the importance of the 4ph scattering pro-
cesses.'”™* This implies that phonon renormalization and
4ph scattering induced by quartic anharmonicity exert an
inverse influence on thermal transport.

Nevertheless, Kg;g‘g}},H remains considerably lower than the
experimentally measured «;, as illustrated in Figure 2(d),
indicating that coherence contributions are not negligible. By
further considering the off-diagonal terms of heat flux
operators, the total x;, significantly enhanced by incorporating
both Kﬁj‘s‘%}})}l and k.”’

As illustrated in Figure 2(d), the ratio k./k, is greater than
0.5 at 300 K and exhibits a pronounced increase with the
temperature. Specifically, in the a-axis direction, he ratio of x,/
K, reaches 1.60 at 800 K, which is 2.44 times larger than the
0.65 observed at 300 K. This observation suggests that «, is the
dominant contribution to k; in crystalline TI,SbTe, at
temperatures above 600 K. The dominant role of coherence
contribution in thermal transport was also observed in other
complex compounds such as CszAgBiBr@22 Cu,,Sb,S,5,°
CsPbBry,*® and even simple cubic CsCL* Although the heat
transport phenomena in Tl,SbTe4 exhibit similarities to those
in glasses, the strong phonon anharmonicity is the key factor
contributing to the coherent thermal conductivity. In contrast,
in glasses, the off-diagonal contributions arise from structural
disorder.

After incorporating k,, the total k; is approximately 0.27 W
m™ K™! and 0.26 W m™ K™™' at 400 and 500 K, respectively.
This is consistent with experimental measurements, where x; is
approximately 0.34 and 0.30 W m™" K™! at 400 and 500 K,
respectively.'' In the previous experiment, k; is the difference
between total thermal conductivity (k) and electronic thermal
conductivity (x,), where k, is estimated via the Wiedemann—
Franz relationship k, = L ¢ T. The Lorenz number L was
calculated by utilizing the single parabolic band and elastic
carrier scattering assumption.' This implies that the little
difference between our k; and the experimentally predicted
ones is negligible. Additionally, we observed that the
dependence of k on temperature approximately follows
T3, which indicates the glass-like behavior of crystalline
Tl,SbTeg.

To gain a deeper insight into the thermal transport in
complex crystalline Tl,SbTe4 we calculate the spectral and
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Figure S. Temperature-dependent (a) Seebeck coefficient S, (b) electrical conductivity o, (e) electronic thermal conductivity k,, and (f) the power
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700 K, respectively. (c) and (d) represent the total and separated electronic relaxation time for distinct scattering mechanisms, including acoustic
deformation potential (ADP), ionized impurity (IMP) scattering, and polar optical phonon (POP) scattering, respectively.

cumulative k; for both populations’ and coherences’
contributions, as illustrated in Figure 3(a) and (b). Figure
3(a) shows that the majority of k, in Tl,SbTes is carried by
phonons with a frequency below 2 THz at 300 K. Phonons
with frequencies below 0.8 THz at 300 K contribute 57% and
62% of K, in the a-axis and c-axis directions, respectively. In
contrast, as depicted in Figure 3(b), the majority of k. from the
wave-like tunneling channel is carried by phonons with a
frequency less than 2.4 THz at 300 K. However, phonons with
frequencies less than 0.8 THz contribute only 7% of k,, due to
the good particle-like nature of these low-frequency phonons.*®
Overall, the data presented in Figure 3(a) and (b) indicate that
low-frequency phonons predominantly contribute to K'g, while
high-frequency phonons primarily contribute to «.'®** This
observation can be attributed to the fact that phonon scattering
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rates increase with increasing temperature in TI,SbTeq, as
illustrated in Figure 4(b).

Furthermore, we observe a dip in k, and a peak in x, around
0.85 THz. This can be attributed to the low-lying flattened
modes, which are dominated by Tl atoms with strong
phonon—phonon scattering. Due to the strong anharmonicity
of these modes, they significantly contribute to the coherence
conductivity at this frequency range. Figure 3(c—f) illustrate
the contributions to k, in Tl;SbTey, calculated using the SCPH
+3,4ph model at 300 and 700 K, respectively, and resolved in
terms of pair phonon energies. From Figure 3(c—f), it is
evident that quasi-degenerate phonons dominate «x, with
optical phonons (frequencies larger than 0.8 THz) contribu-
ting the most. Additionally, it can be observed that the
contribution of the couplings between acoustic and optical
phonons to k, in TlySbTey increases as the temperature rises
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first Brillouin zone around the Fermi level. (d) Electronic band structure and (e) electronic density of states (DOS) of Tl;SbTeg. (f) Normalized
Lorenz number as a function of carrier concentration at temperatures of 300 K, 500 and 700 K, respectively. The Lorenz number, denoted by Ly, is

a constant that is closely approximately by the Sommerfeld value, L,

=244 X 10°°W Q KL

from 300 to 700 K in both the a and ¢ directions. This
phenomenon can be attributed to the observed increase in
phonon scattering rates with temperature.

To gain further insight into the microscopic mechanism of
the ultralow & in T1,SbTes we conducted a detailed study of
several parameters closely related to ki, including phonon
velocities, weighted phonon scattering phase space, and
phonon scattering rates. These findings are presented in
Figure 4(a—c). Since k| is proportional to the square of the
phonon group velocity (1), we calculate frequency-dependent
v* where v is the group velocity at 300 K, as shown in Figure
4(a). It can be seen that v* of T1;SbTey is extremely low, with a
maximum value of § km? s™2 In all directions, the maximum
value of v* is lower than that of PbTe, which is approximately
14 km? s7%,*” with k;, of 2 W m™' K~! at 300 K. Furthermore,
for the ultralow x;, Bi,0,SeCl,, with a thermal conductivity of
0.1 Wm™" K" at 300 K, exhibits the highest velocity of 8 km'
571, which is higher than the maximum velocity of Tl,SbTe.
Consequently, the ultralow k in TI,SbTes is primarily
attributed to the low phonon group velocities.

Furthermore, we observe pronounced scattering rates in
crystalline Tl,SbTey, as illustrated in Figure 4(b). In particular,
Figure 4(b) clearly shows a strong peak in phonon scattering
rates around 0.8 THz, originating from the low-lying flattening
modes dominated by T1 atoms [see Figure 2(a)]. In general,
the low-lying flattening modes contribute to strong phonon—
phonon scattering rates, particularly four-phonon scattering
rates, thereby suppressing thermal transport.“_45 Therefore,

the strong phonon scattering rates arising from the loose
bonding of Tl atoms are another factor contributing to the
ultralow x value in TlSbTe,.

To obtain a more comprehensive understanding of phonon
scattering rates, we also calculated the phonon scattering phase
space, as depicted in Figure 4(c). As illustrated in Figure 4(c),
the weighted phase space for both three-phonon (3ph) and
four-phonon (4ph) scattering processes increases as the
temperature rises from 300 to 700 K. It is evident that the
phase space of 4ph processes is larger than that of 3ph
processes, resulting in a significant source of 4ph scattering
rates in TlySbTe4. As anticipated, the peak region around 0.75
THz of the 4ph phase space in Tl,SbTe is in alignment with
the partial density of states (PDOS) of Tl atoms, as illustrated
in Figure 2(b). As previously discussed, the low-lying flattening
modes typically result in elevated 4ph scattering rates by
enhancing the 4ph scattering channels. Consequently, this will
further suppress thermal transport in TloSbTe,.

Electronic Transport Properties. The calculated elec-
tronic transport coeflicients including the Seebeck coefficient
S, electrical conductivity o, electronic thermal conductivity «,,
and the power factor (PF = $%6) of Tl;SbTes based on the
Onsager coeflicients are presented shown in Figure S. For
nonpolar crystals, acoustic deformation potential scattering is
the main contributor to electric conductivity.48 Furthermore,
we also consider the effects of polar optical phonon
scattering® and ionized impurity scattering.*’
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Figure S presents a depiction of these parameters as
functions of carrier concentration at distinct temperatures of
300 K, 500 K, and 700 K, respectively. Notably, Figure 5(a)
reveals that both p- and n-type-doped Tl,SbTes manifest
notably elevated Seebeck coefficients S across all investigated
temperatures, auguring well for the attainment of enhanced ZT
values. For instance, at a temperature of 300 K, the maximal
Seebeck coefficients for p- and n-doped Tl,SbTe4 materialize
at 528 and 393 uV/K, respectively. Our Tl,SbTe,; has a
Seebeck coeflicient that is of a similar order to that of SnSe,
which has a favorable 530 4V/K at room temperature.”

The Mott formula®' indicates that the Seebeck coefficient, a
crucial parameter in elucidating the interplay between thermal
and electrical characteristics in three-dimensional (3D)

2wy T (1

3qh* (E
“n” and “m*” denote the carrier concentration and the effective
mass of electron states around the Fermi level. Furthermore,
the density of state effective mass is also a function of the band
effective mass. The latter is assumed to be a rigid band model,
and its dispersion relationship is a standard parabola. They

differ by a factor of sz/3: Mpros = N3/3m:and, in which N, is
the valley degeneracy.’” The valley degeneracy of the Tl,SbTeg
valence band minimum is two. One is at the M point and the
other one is between the I" and X points, as shown in Figure 6.
Therefore, a favorable mpog* will result in a potential high
thermoelectric performance for the TlySbTes material.

Moreover, it can be gleaned from the Mott formula that the
Seebeck coeflicient for both p- and n-types exhibits a
dependence on the temperature and doping concentration.
As depicted in Figure S(a), at lower carrier concentrations, the
value of S at 300 K reaches its highest point. However, as the
carrier concentration increases beyond a certain threshold, a
sequential decline in the Seebeck coefficient from 300 to 700 K
is observed, aligning with the anticipated result.

This nonlinear relationship between S and doping
concentration stems from the bipolar effect.””>* When there
are significant number of both electrons and holes contributing
to charge transport (bipolar charge transport), the thermo-
electric properties are greatly affected. This occurs when
electrons are excited across the band gap, producing minority
charge carriers (e.g., holes in an n-type material) in addition to
majority charge carriers (e.g, the electrons in an n-type
material). Bipolar effects are observed in small-band gap
materials at high temperatures. Furthermore, it is notable that
the Seebeck coefficient of TI,SbTe,s exhibits significant
anisotropy, regardless of whether the material is doped with
p- or n-type ions.

Figure 5(b) and (e) shows the direct correlation between
electrical conductivity ¢ and electronic thermal conductivity «,,
as well as carrier concentrations and temperatures of both p-
and n-type doping of Tl,SbTe4 It can be observed that as
temperature increases, conductivity decreases. Conversely, as
concentration increases, conductivity increases. Furthermore,
T1,SbTe4 exhibits pronounced anisotropy in both electrical
conductivity and electronic thermal conductivity, with distinct
behaviors observed for p- and n-type doping scenarios. In the
context of electron doping, it is evident that the values along
the c-axis (dashed lines) are notably lower than those along the
a-axis (solid lines). For example, at a temperature of 300 K and
a carrier concentration of 10%° cm™, the values of ¢ and «,
along the a-axis are 6640.35 S cm™' and 4.18 W m™' K/,

2/3
materials, is expressed as, S = ) Mpos,p; Where

which are approximately three times the values observed along
the caxis with 2254.63 S cm™ and 1.57 W m™" K.
Conversely, under hole doping conditions, the values along the
c-axis are slightly higher than those along the corresponding a-
axis.

Figure S(c) and (d) exhibits the electronic relaxation time
(z,) for distinct scattering mechanisms, including acoustic
deformation potential (ADP), ionized impurity (IMP)
scattering, and polar optical phonon (POP) scattering,
respectively. It can be seen that the 7, of IMP is greater than
that of ADP, and the 7, of ADP is greater than that of POP,
indicating that POP has the strongest scattering. As the
temperature increases, the strength of electron scattering
increases, resulting in a corresponding decrease in the 7,. This
is illustrated in Figure S(c), where the total electronic
relaxation time is observed to be on the order of 1 X 107"
cm™>. As the temperature increases from 300 to 700 K, the
electron relaxation time decreases from 2.4 X 10™'* cm™ to 1.0
X 107'* cm™ for p- and n-type doping Tl,SbTes.

As illustrated in Figure S(f), the power factor (S*c) was
computed based on the Seebeck coefficient and electrical
conductivity, under varying temperatures and carrier concen-
trations. Our findings reveal that Tl,SbTe exhibits substantial
anisotropy in its power factor. Across intermediate temperature
and carrier concentration regimes, the power factor for
electron-doped TIlySbTe4 along the a-axis consistently
surpasses that for hole doping. This indicates that in order
to enhance the thermoelectric performance of TI,SbTey,
electron doping is more advantageous than hole doping
along the g-axis. In contrast, the effect of hole doping along the
c-axis is notably more pronounced and superior in enhancing
the power factor. The variation of the power factor with
concentration and temperature is not monotonic as a function
of electrical and electronic thermal conductivity. The power
factor exhibits a characteristic trend whereby it initially rises
with increasing carrier concentration and subsequently
declines, with a peak concentration range between 10%° and
10*! cm™ for T1,SbTe,. Below this peak concentration, higher
temperatures are associated with lower power factors. It is
noteworthy that at a temperature of 500 K and a carrier
concentration of 2 X 10*° cm™3, the power factor along the c-
axis attains its maximum value, reaching 8.57 mW m™ K2

Figure 6(a) and (b) shows the 3D and 2D Electron
Localization Functions (ELF) of Tl,SbTes ELF values of 1
and O represent complete localization and delocalization of
electrons. The Te and Sb elements exhibit a stronger tendency
to attract electrons than the TI elements, suggesting a greater
degree of delocalization for thallium atoms. The delocalized
electrons show a stronger electron—phonon coupling.”>*® This
is evident in Figure 2(b), where the thallium element exhibits a
very pronounced peak in the low-frequency region (<1.0 Thz)
for the phonon density of states.””*

Figure 6(d) and (e) present the electronic band structure
and electronic density of state (DOS). We have used the LDA
functional to calculate the electronic band structure. Addition-
ally, we have included calculations with DFT-D2 and DFT-D3
corrections. The results are shown in Figure S4. TlgSbTe
emerges as an indirect bandgap semiconductor, characterized
by its conduction band minimum (CBM) positioned between
the I' and X points, and its valence band maximum (VBM)
located between the N and I points, resulting in a discernible
bandgap of 0.279 eV. In the previous work, there are no
experimental measurements for the band gap of T1,SbTe,, but
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Figure 7. Calculated figure of merit (ZT) of (a) p-type and (b) n- type Tlgsteé as a function of temperature along the a- and ¢- axis at different

carrier concentrations, ranging from 1.0 X 10" cm™ to 1.0 x 10%°

a computed value of 0.37 eV'C is relatively close to our
calculated result. The contributions to the bottom of the
conduction band and the top of the valence band
predominantly arise from the p-orbitals of Te atoms and TI
atoms respectively. Furthermore, the band structure reveals a
dual-degeneracy phenomenon within the valence band at the
M point. This is also verified by the Fermi surfaces for the
valence band structure minimum of Tl,SbTeq in the first
Brillouin zone around the Fermi level, as shown in Figure 6(c).
Importantly, this observation holds profound significance for
enhancing the thermoelectricity ZT of the material, as the
insights from band engineering studies.””>’

It is well established that electrical transport is not solely
dependent on the movement of electrons but also on the
transfer of heat. This phenomenon is commonly described by
the Wiedemann—Franz (WF) law, which states that the ratio
of electrical conductivity to the conductivity of heat (x./0) is
directly proportional to the absolute temperature T. This
relationship can be expressed as k,/o = LT, where L is a
constant ratio, known as the Lorenz number. The value of L is
believed to be close to the Sommerfeld value L, which is
approximately 2.44 x 107 W Q K~1°%%" It is notable that
most metals that are considered to be "good” in terms of their
conductivity satisty this WF law. However, the Lorenz number
of transition metals such as palladium (Pd), nickel (Ni), cobalt
(Co), and platinum (Pt) exhibits larger deviations from the
Sommerfeld value Ly.°”"® Recently, a k, that is an order of
magnitude lower than expected from the WF law was observed
in metallic VO, near its insulator—metal transition. This
phenomenon was explained in terms of the absence of
quasiparticles in a strongly correlated electron fluid in which
heat and charge diffuse independently.”

The calculated doping-dependent ratio is shown in Figure
6(f). It can be seen that when the doping concentration is high,
especially when it exceeds 10°° cm ™, L is near equivalent to L,
exhibiting metallic properties. The lower limit of the doping
concentration for the Lorenz number, being close to L,
increases with temperature. For p-type TlySbTe4, the lower
limit of the doping concentration for the Lorenz number to be
close to L, at 300 K is around 10'® cm™2, while at 700 K it is 6
X 10" cm™. This suggests that in order to achieve enhanced
thermoelectric performance under high temperature con-

ditions, it may be necessary to adjust the doping concentration
within an optimal range.

A higher L value represents a higher ratio of electronic
thermal conductivity to electrical conductivity, which is less
conducive to improving the thermoelectric properties of the
material. At lower concentrations, a substantial deviation of L
from the ideal value L, is observed, particularly when the
concentration is below 5 X 10" cm™. Furthermore, the
deviation of L from L, is more severe with higher temperature
than lower temperature. This is consistent with the trend
shown in Figure 7, where the lower the doping concentration,
the closer the ZT peak value is to the low temperature region.
This also makes it difficult to use the Wiedemann—Franz law
to predict the x; of the material by considering the
experimental values of k and electrical conductivity, as
considering L as L, will underestimate k,, thus overestimate
k. Consequently, it is necessary to calculate the Lorenz
number L as a function of temperature and doping
concentration, which is the prerequisite for accurately
estimating thermoelectric performance.

Thermoelectric Performance. The calculated ZT of
TlySbTe4 at different temperatures and doping concentrations
is presented in Figure 7. As the doping concentration increases
from 1.0 X 10" cm™ to 1.0 X 10*° cm™3, the peak value of the
ZT value will vary from 300 to 700 K and higher, with a greater
bias toward higher temperatures. Concurrently, the peak value
will initially increase and subsequently decrease, reaching a
maximum value at a doping concentration between S X 10'®
em™ and 1 X 10" cm™. Due to the orientation-dependent
properties of phonons and electrons, the ZT value exhibits a
significant anisotropy.

In the case of p-type doping, the ZT value in the c-axis
direction is significantly higher than that in the a-axis direction,
which is the opposite in the case of n-type. At the same
temperature, the ZT values of the p- and n-type vary
significantly. The highest ZT value of the p-type can reach a
peak of 3.17 at 600 K, with a doping concentration of 5 X 10"
cm™>. The highest ZT value of the n-type also reaches a peak of
2.26 at 500 K, with a doping concentration of 1.0 X 10" cm™
It can be concluded that the TlySbTe¢ is a highly promising
thermoelectric material in the medium temperature zone

(300—600 K), particularly for the p-type doping.
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B CONCLUSION

In conclusion, our study examines the thermal and electrical
transport properties of TlySbTe4 through the integration of
machine-learning potential-based self-consistent phonon
(SCPH) theory, first-principles calculations, and a unified
theory of thermal transport that incorporates both coherence
and population conductivities. The Moment Tensor Potential,
trained with Machine Learning Interatomic Potential (MLIP),
achieves DFT-level accuracy in predicting energy and atomic
forces, thereby accurately producing the phonon dispersions
for crystalline T1,SbTe4. The force constants derived from the
MLIP and SCPH theories indicate a phonon hardening
phenomenon across the entire frequency range, which suggests
significant lattice anharmonicity in TlySbTe,. Subsequently, an
ultralow «, for TlySbTeq is predicted, with a value of 0.3 W
m™'K™! at room temperature. This value is consistent with the
experimentally measured x; and exhibits a glass-like temper-
ature dependence.

Our research indicates that four-phonon interaction
processes and off-diagonal elements of heat flux operators
have a significant impact on thermal transport in Tl,SbTes.
Specifically, the four-phonon interaction processes influence
phonon energy shifts, which increase the thermal conductivity.
However, they also significantly enhance the overall scattering
rates, thereby decreasing the thermal conductivity. Further-
more, we observe that in crystalline Tl,SbTe, at temperatures
above 600 K, the coherent component k, represents the
dominant contributor to the lattice x;, with a «/k, ratio
exceeding 1. By analyzing the electronic band structure, we
find that TlySbTeg also exhibits excellent electrical transport
properties, attributed to the dual-degeneracy phenomenon
within the valence band.

Our investigation has revealed that TlySbTes with a
maximum figure of merit (ZT) of up to 3.17, is a promising
candidate for thermoelectric applications. This is due to the
ultralow k; and favorable electrical transport properties. We
have also elucidated the origins of the ultralow k; and relatively
high electrical conductivity in TlgSbTes This involved
confirming its optimal charge carrier concentration and
operating temperature range. Our study offers insights into
potential improvements and application directions for the
T1;Te; family of materials and paves the way to accelerate the
accurate prediction of thermoelectric materials.
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