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Nonlinear photonic disclination states
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ABSTRACT
Higher-order topological insulators are unusual materials that can support topologically protected states, whose dimensionality is lower
than the dimensionality of the structure at least by 2. Among the most intriguing examples of such states are zero-dimensional corner modes
existing in two-dimensional higher-order insulators. In contrast to corner states, recently discovered disclination states also belong to the class
of higher-order topological states but are bound to the boundary of the disclination defect of the higher-order topological insulator and can
be predicted using the bulk-disclination correspondence principle. Here, we present the first example of the nonlinear photonic disclination
state bifurcating from its linear counterpart in the disclination lattice with a pentagonal or heptagonal core. We show that nonlinearity allows
us to tune the location of the disclination states in the bandgap and notably affects their shapes. The structure of the disclination lattice
is crucial for the stability of these nonlinear topological states: for example, disclination states are stable in the heptagonal lattice and are
unstable nearly in the entire gap of the pentagonal lattice. Nonlinear disclination states reported here are thresholdless and can be excited
even at low powers. Nonlinear zero-energy states coexisting in these structures with disclination states are also studied. Our results suggest
that disclination lattices can be used in the design of various nonlinear topological functional devices, while disclination states supported by
them may play an important role in applications, where strong field confinement together with topological protection are important, such as
the design of topological lasers and enhancement of generation of high harmonics.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0126104

I. INTRODUCTION

Topological insulators that behave as conventional insulators in
the bulk but allow topologically protected currents at their edges are
frequently considered as a new phase of matter.1,2 Originating from
solid state physics, the concept of topological insulators nowadays
extends to many other areas, such as photonics,3–14 acoustics,15–18

physics of atomic systems,19 mechanics,20 and physics of polari-
ton condensates in microcavities,21–23 to name just a few. After the
experimental realization of the first photonic topological insulator4

and the first Floquet photonic insulator,5 the interest in the rich
physics of photonic topological systems has grown dramatically, and
nowadays, one can talk about the birth of a new area—topological
photonics.24,25 Among the reasons for the blooming of this research
direction are not only the unusual physical properties of photonic
topological systems but also the richness of their potential prac-
tical applications, such as the development of robust topological

lasers,26–32 telecommunications and robust information transfer,33,34

and design of on-chip topological devices.35,36

The formation of topological edge states is usually connected
with the breakup of certain symmetries of the Hamiltonian of the
system; for example, systems with broken time-reversal symmetry
can support unidirectional edge states, while in valley-Hall sys-
tems, topological edge states appear when the inversion symmetry
of the structure is broken.24,25 Particular attention is now paid to
so-called higher-order topological insulator (HOTI) phases that can
usually be realized by the proper shift of the sites in the unit cell
of the structure,37–53 and whose distinctive feature is the existence
of topologically protected states with dimensionality at least by 2
lower than the dimensionality of the underlying structure; for exam-
ple, two-dimensional (2D) HOTI along with 1D topological edge
states also supports 0D corner modes.54 By analogy with the bulk-
boundary correspondence principle explaining the emergence of the
edge states in conventional topological insulators,25 higher-order
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bulk-boundary correspondence was proposed to explain the emer-
gence of the corner states in HOTIs, which suggests that the corner
state is a result of the filling anomaly associated with the frac-
tional charge.55 Corner states in HOTIs are characterized by a strong
concentration of the light field, beneficial for the enhancement of
nonlinear processes56 and realization of low-threshold lasing,57–60 as
well as for the construction of high-Q topological cavities.61,62

It was proposed that disclinations in topological crystalline
insulators may lead to the emergence of a very unusual type of
topological states.63–68 The disclination that serves as a crystal-
lographic defect disrupts the lattice structure and strongly traps
fractional charges, alongside which higher-order topological states
can be predicted. The bulk-disclination correspondence proposed
for such systems illustrates the importance of fractional charges as
a probe of crystalline topology. Very recently, fractional charges
as well as the formation of the higher-order topological states due
to the disclination defects were observed experimentally in linear
systems.69–71 These higher-order topological states are disclination
states, and they are typically localized at the boundary of the hol-
low disclination core of the structure. In addition, disclination
defects are useful for vortex state generation72 and may act as a
domain wall hosting photonic topological edge states.73 If the discli-
nation defect does not break the chiral symmetry of the system,
midgap zero-energy states can also form in the system, which is con-
fined to the disclination core74 even though there is no fractional
charge.

It is well known that one of the advantages of the photonic
platform is the possibility of a strong nonlinear response of the sys-
tem. However, the impact of nonlinearity on topological systems
with disclinations and on topological disclination states, in particu-
lar, has never been explored. At the same time, the nonlinearity plays
a significant role in the control and switching of topological states75

and brings a variety of intriguing phenomena, including modula-
tional instability76 and bistability of the unidirectional edge states,77

topological transitions,10,78 formation of topological solitons,79–84

and breakdown of topological transport.85,86 It is thus important to
understand how the nonlinear response of the system can change
the properties, localization, and conditions of the formation of
topological disclination states.

In this work, for the first time to our knowledge, we report on
the formation and stability of the nonlinear disclination states in
photonic structures with different symmetries. Based on the hon-
eycomb lattice, we construct two different photonic lattices with a
pentagonal disclination core and a heptagonal disclination core by
removing or inserting a sector with a Frank angle of 2π/6, respec-
tively. The chiral symmetry of both these disclination lattices is
broken, and the fractional charge will appear in the unit cell around
the disclination core if they are in the topological insulator phase.
We present spectra of modes of such disclination lattices and obtain
disclination states in the topological phase. We found that in the
presence of the focusing nonlinearity of the material, the nonlin-
ear thresholdless disclination states can bifurcate from linear ones
and that their propagation constants can shift under the action of
nonlinearity into the gap or even further into the allowed band,
leading to notable modification of the shape of the state. Linear sta-
bility analysis predicts important differences in stability properties
of the nonlinear disclination states in lattices with pentagonal and
heptagonal cores. Importantly, all our results are obtained in the

frames of the continuous model (nonlinear Schrödinger-like equa-
tion describing paraxial light propagation), taking into account all
details of shallow refractive index landscape and couplings between
all waveguides forming the lattice. The nonlinear disclination state
opens up a new route for deep exploration of the behavior and
applications of higher-order topological states.

II. DISCLINATION LATTICE AND DISCLINATION STATE

We consider paraxial propagation of a light beam in the mate-
rial with imprinted waveguide array and focusing cubic nonlinearity
that can be described by the nonlinear Schrödinger-like equation for
the dimensionless light field amplitude ψ,

i
∂ψ
∂z
= −1

2
( ∂2

∂x2 +
∂2

∂y2 )ψ −R(x, y)ψ − ∣ψ∣2ψ. (1)

Here, x and y are the transverse coordinates normalized to the char-
acteristic transverse scale r0 = 10 μm, z is the propagation distance
normalized to the diffraction length kr2

0 , where k = 2πn/λ is the
wavenumber, λ = 800 nm is the wavelength, n = 1.45 is the refractive
index of the material, the function R(x, y) describes the waveguide
array, and it can be written as

R(x, y) = p∑
m,n

e−[(x−xm)2+(y−yn)2]/σ2

, (2)

where (xm, yn) are the coordinates of the lattice “sites” (i.e., wave-
guides), σ is the waveguide width, and p = k2r2

0δn/n is the depth of
the lattice that is proportional to the refractive index modulation
depth δn. We assume here that the structure that we consider is fab-
ricated using the fs-laser direct writing technique in fused silica.87,88

The original finite honeycomb lattice that is used for the construc-
tion of disclination structures is displayed in Fig. 1(a). The horizon-
tal separation between centers of two neighboring honeycomb cells
(indicated by solid hexagons) in this non-deformed structure is

√
3a,

where a determines the size of the unit cell as marked in Fig. 1(a). We
further use the parameters a = 3.2 (corresponding to 32 μm), σ = 0.5
(corresponding to 5 μm), and p = 10 (δn ∼ 1.12 × 10−3) representa-
tive for fs-laser written waveguide arrays.89,90 In our normalizations,
dimensionless propagation distance z = 1 corresponds to ∼1.14 mm,
while dimensionless intensity ∣ψ∣2 = 1 corresponds to peak intensity
of I = n∣ψ∣2/k2r2

0n2 ≈ 5 × 1015 W/m2. Similar structures can also be
optically induced in photorefractive crystals,84,91,92 where the non-
linearity is saturable. Notice that continuous nonlinear Schrödinger
Eq. (1) takes into account all details of the refractive index landscape
created in the material, and for this reason, it accounts for the cou-
pling between all waveguides in the structure as well as for dynamics
of modal fields inside individual waveguides.

In each unit cell of the lattice, there are six sites that form a
hexagon with the center in the center of the unit cell. The spacing
between sites in the unit cell can be increased or reduced. This gives
rise to the structure with separation between two neighboring sites in
the unit cell denoted as ℓintra and horizontal separation between two
nearest sites from different cells denoted as ℓinter,93,94 as illustrated
in Fig. 1(a). The case ℓintra = ℓinter = a corresponds to the ideal non-
deformed honeycomb structure. Furthermore, by removing a sector
with the Frank angle Ω = 2π/6 that is shaded in Fig. 1(a) and gluing
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FIG. 1. Disclination lattices and corresponding linear spectra. (a) Illustration of the principle of construction of the disclination lattices with pentagonal (b) and heptagonal
(c) cores from the honeycomb lattice by removing or inserting a sector with the Frank angle Ω = 2π/6, respectively. Two magnified unit cells displayed above panel (a)
indicate spacing ℓintra and ℓinter between the waveguides when shift is introduced, while the first Brillouin zone of the original honeycomb structure with high-symmetric
points (Γ, K, M) is shown below panel (a). The quantity r = ℓintra/ℓinter characterizes the separation between sites in the unit cell. (d) The spectrum of the disclination lattice
with pentagonal core vs r in which the critical value rc = 1 is indicated by the vertical dashed line. Wannier centers (red dots) are also shown, which are at the center of the
unit cell if r < rc and at the edges of the unit cell if r > rc . (e) Magnified band structure with red and green lines indicating disclination and zero-energy states, respectively.
(f) and (g) Spectrum and its magnified version for the lattice with a heptagonal core.

the remaining nodes of the model, i.e., filling the remaining gap by
uniformly stretching the lattice in the circular direction, one obtains
a finite disclination lattice with a pentagonal core [see Fig. 1(b)].
Similarly, one may also insert an extra sector into the honeycomb
lattice and adjust it uniformly in the circular direction (by compress-
ing the lattice) to obtain a disclination lattice with a heptagonal core,
as shown in Fig. 1(c).

To explore the spectrum of such finite disclination lattices, we
neglect the nonlinear term in Eq. (1) and search for the eigenmodes
of the structure in the form ψ = u(x, y)eibz , with b being the prop-
agation constant (eigenvalue) and u(x, y) being the modal field. In
doing so, we obtain from Eq. (1) the linear eigenvalue problem

bu = 1
2
( ∂2

∂x2 +
∂2

∂y2 )u +Ru, (3)

that can be solved numerically by using the plane-wave expansion
method. In Fig. 1(d), we present the spectrum of the modes of discli-
nation lattice with the pentagonal core as a function of parameter
r = ℓintra/ℓinter, determining the intra- and inter-cell separation
between waveguides. One finds that topological states appear in the
forbidden gap of the spectrum in the region r > rc = 1, with r = rc
indicated in the figure by the vertical dashed line. In Fig. 1(e), we plot
the magnified part of the spectrum that is indicated by the dashed
rectangle in Fig. 1(d). One can observe the formation of the disclina-
tion states shown by the red lines and of the “zero-energy” states (we
keep this traditional notion for them that came from tight-binding
models also here despite the fact that their propagation constant can
actually change with r in our continuous system) shown by the green

lines. One can see that disclination states, in general, are not degen-
erate, except for the point r ≈ 1.79. The spectrum of the disclination
lattice with a heptagonal core is presented in Fig. 1(f), while its mag-
nified version is shown in Fig. 1(g). The formation of disclination
states in this lattice is obvious too. Notice that localization of discli-
nation states generally increases with an increase in parameter r. The
emergence of disclination states is associated with the transition of
the lattice into the topologically nontrivial phase when parameter
r exceeds rc, as described by the associated topological invariant
(see Sec. V).

Disclination lattices support several types of modes. To illus-
trate them, we choose a particular value of parameter r = 1.92
exceeding the value rc = 1 (i.e., the lattice is in topological insula-
tor phase) and show in Fig. 2(a) for the lattice with a pentagonal
core the eigenvalues of n = 450 modes with largest propagation con-
stants. In this figure corner, edge, zero-energy, and disclination
states are highlighted by the color dots, while bulk states are indi-
cated by the black dots. Field modulus distributions of some modes
are depicted in Fig. 2(b), where they are superimposed on the lattice
profile with indicated lattice cells (yellow lines) and sites (white cir-
cles). One finds that both corner and zero-energy states form around
the outer corners of the finite lattice, i.e., they belong to the class of
0D states. Notice that in contrast to corner states, zero-energy ones
do not occupy the very corner site of the lattice. In our sufficiently
large lattice, there are forty edge states (cyan dots), ten corner states
(yellow dots), and five degenerated zero-energy states (blue dots) in
the lattice with a pentagonal core. Besides these states that can also be
encountered in usual HOTIs,38–41,44,50 there are also five disclination
states associated with the fractional disclination charge (see Sec. V),
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FIG. 2. Examples of the disclination states. (a) Eigenvalues of the modes of the disclination lattice with a pentagonal core at r = 1.92. Yellow, cyan, blue, and red dots
correspond to the corner, edge, zero-energy, and disclination states, respectively. Black dots are bulk states. (b) Field modulus distributions of exemplary states shown
within the window −35 ≤ x, y ≤ 35. Deformed lattice cells are shown with yellow lines, while lattice sites are indicated by white circles. (c) and (d) Eigenvalues of modes
and examples of their profiles for the lattice with a heptagonal core at r = 1.92. The insets in the bottom panels show phase distributions in the disclination states (red color
represents π and blue color 0) within the window −10 ≤ x, y ≤ 10.

which are labeled by the red dots with numbers 4–8. We display the
first three disclination states (numbered 4–6) in the second row of
Fig. 2(b). In contrast to all other states, disclination states localize at
the five sites of the disclination core. As mentioned above, five discli-
nation states are not completely degenerate: only a pair of states with
numbers 5 and 6 and the pair of states 7 and 8 are degenerate ones.
Degeneracy for such states is lifted because they are localized on a
compact inner disclination core, where sites located on the core do
feel neighboring sites belonging to the core and, therefore, interact.
We also depict typical phase distributions for disclination states in
the insets of the second row of Fig. 2(b). The disclination state num-
bered 4 with the largest propagation constant includes five in-phase
spots, while phase distributions in all other disclination states are
more complex, with alternating groups of in-phase and out-of-phase
spots.

Disclination lattice with a heptagonal core also supports corner,
edge, zero-energy, and disclination states, as illustrated in Fig. 2(c),
showing eigenvalues of modes at r = 1.92. Field modulus distribu-
tions in representative states are illustrated in Fig. 2(d). According
to the symmetry of this disclination lattice, there are 56 edge states
(cyan dots), 14 corner states (yellow dots), seven degenerate zero-
energy states (blue dots), and seven disclination states (red dots).
Again, the disclination states are also not completely degenerate. In
this particular case, pair of states numbered 4 and 5, pair of states
numbered 6 and 7, and pair of states numbered 8 and 9 depicted
in Fig. 2(d) are degenerate. Notice that the state numbered 10 con-
sists of seven in-phase spots. In Sec. III, we will investigate nonlinear

disclination states bifurcating from the linear disclination state num-
bered 4 for the pentagonal case and state numbered 10 for the
heptagonal case.

III. NONLINEAR DISCLINATION STATES
We now take into account focusing nonlinearity of the under-

lying material and consider nonlinear disclination and zero-energy
state families ψ = u(x, y)eibz bifurcating from corresponding linear
states. Note that similar phenomena can be expected if defocus-
ing nonlinearity is considered. Such families can be found using
the Newton method, and they are displayed in Fig. 3. Such families
are characterized by the dependence of the power P = ∬ ∣ψ∣2dxdy
of the nonlinear state on its propagation constant b, which is now
a free parameter defining the family (in Fig. 3, red lines show the
families of the disclination states, while blue lines show families of
zero-energy states). The case of the pentagonal core is illustrated in
Fig. 3(a), while the case of the heptagonal core is in Fig. 3(c). We
found nonlinear states not only in the forbidden gaps but also in
the bulk band shown as a gray region (i.e., nonlinearity can drive
propagation constant of nonlinear modes into bulk bands, and con-
tinuation of the same family can be found in higher gap, as illustrated
in the figure). One finds that the power P of the nonlinear states
increases with an increase in the propagation constant b, changing
nearly linearly within forbidden gaps. The shape of the topological
disclination or zero-energy state strongly depends on the location

APL Photon. 8, 016101 (2023); doi: 10.1063/5.0126104 8, 016101-4

© Author(s) 2023

https://scitation.org/journal/app


APL Photonics ARTICLE scitation.org/journal/app

FIG. 3. Nonlinear disclination and zero-energy state families. (a) Nonlinear families of topological states in the disclination lattice with a pentagonal core at r = 1.82. The red
line corresponds to the disclination state, while the blue line corresponds to the zero-energy one. Solid lines correspond to stable branches, while dashed lines correspond
to unstable ones. Gray regions represent the bulk band (right) and edge band (left), while the vertical dashed line shows the band of corner states. (b) Field modulus
distributions at different propagation constant values corresponding to the dots numbered 1–4 in panel (a). Panels in the top row show disclination states and those in the
bottom row show zero-energy states. (c) and (d) Setup as in (a) and (b) but for the disclination lattice with a heptagonal core at r = 1.79.

of the propagation constant in the spectrum: in particular, the state
gradually acquires long tails when the propagation constant pene-
trates into the band, especially when the slope of P(b) dependence
changes and the power starts increasing rapidly. Transformation of
field modulus distributions in the nonlinear disclination (top row)
and zero-energy (bottom row) states is illustrated in Figs. 3(b) and
3(d) for pentagonal and heptagonal lattices, respectively. We choose
four nonlinear states for each case, and two of them have propa-
gation constants falling into the forbidden gap. The corresponding
in-gap states are well-localized. Only the in-band high-amplitude
states corresponding to circles 4 couple with the bulk modes, thereby
gradually extending across the entire lattice. Notice that both discli-
nation and zero-energy nonlinear families cross very narrow regions
associated with the bands of linear edge and corner states [left outer-
most narrow gray region and vertical dashed lines in Figs. 3(a) and
3(c)] practically without coupling with these states, which indicates
that they belong to the class of embedded solitons.95 In the case of
disclination states, this is explained by the fact that they form at the
disclination core located very far from the outer edges or corners of
the structure, while in the case of zero-energy states, very weak cou-
pling with corner state can be explained by different symmetries of
these states. Nevertheless, the weak coupling can result in some cases
in the instability of the nonlinear zero-energy states, as will be shown
later.

Among the most important properties of the nonlinear topo-
logical states is their stability. We found that stability properties
can be very different in the lattices with pentagonal and heptagonal
cores. We employ the linear stability analysis method to investi-
gate the stability of the nonlinear disclination states. The method
is based on the substitution of perturbed solutions into governing
Eq. (1), linearization around the stationary state, and solution of the
resulting linear eigenvalue problem that yields perturbation growth

rates β (see Sec. V). Nonlinear states are stable only if the real part
of the growth rate βre = Re{β} is zero or negative for all possible
perturbations. We calculate perturbation growth rates for all non-
linear disclination and zero-energy families from Figs. 3(a) and 3(c).

FIG. 4. Stability properties of the disclination and zero-energy states. The maximal
real part of the perturbation growth rate β vs propagation constant b for the discli-
nation state (a) and (b) and zero-energy state families (c) and (d) in the lattice with
a pentagonal core (a) and (c) and a heptagonal core (b) and (d). The parameters
are the same as those in Fig. 3.
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FIG. 5. Dynamical excitation of the nonlinear disclination states. (a) The inverse form-factor f−1 of the field distribution vs propagation distance for input Gaussian beams
with different powers injected into a single site of the pentagonal disclination core at r = 2.17. (b) Field modulus distributions at different distances. The top and bottom
panels correspond to the black and red curves in (a), respectively. (c) and (d) Setup as in (a) and (b) but for the structure with the heptagonal core.

The maximal real part of the perturbation growth rate max{βre}
vs b is plotted in Figs. 4(a)–4(d) for the disclination and the zero-
energy state, respectively. In accordance with this analysis, stable
branches were plotted with solid lines in Figs. 3(a) and 3(c), while
unstable ones were plotted with dashed lines. One finds that the
in-gap nonlinear disclination states in the pentagonal disclination
lattice are unstable in the largest part of the gap, while those in the
heptagonal disclination lattice are stable. Interestingly, when non-
linear disclination states couple with bulk modes in a pentagonal
disclination lattice, they become stable. In contrast, in a heptagonal
disclination lattice, such states destabilize when they enter the bulk
band. As shown in Figs. 4(c) and 4(d), the nonlinear zero-energy
states may be unstable in the vicinity of the edge/corner bands,
but they become completely stable with an increase in the propaga-
tion constant b. When they penetrate into the bulk band, nonlinear
zero-energy states remain stable in the pentagonal case but become
unstable in the heptagonal case.

Last but not least, we investigate the possibility of excitation
of the nonlinear disclination states by Gaussian input beams. To
this end, we launch a Gaussian beam into one of the sites of the
disclination core. By adjusting its power, we record the correspond-
ing propagation dynamics. To monitor the transformation of the
beam during propagation, we calculate the form-factor of the field
distribution at different distances that can be defined as

f 2 =∬ ∣ψ∣4dxdy/(∬ ∣ψ∣2dxdy)
2
. (4)

The quantity f −1 characterizes the width of the wavepacket. We
first investigate the case of the pentagonal disclination lattice. Cor-
responding results illustrating excitation dynamics are shown in
Figs. 5(a) and 5(b). When the power of the Gaussian beam is low,
P = 0.01, the beam does not remain exclusively in the excited site;
the power couples between all five disclination sites, resulting in the

oscillations of beam width upon propagation, see the black curve in
Fig. 5(a) and field modulus distributions at different distances shown
in the first row of Fig. 5(b). In this case, the input Gaussian excites
the superposition of several disclination states, and they experience
subsequent beatings, with excitation remaining always around the
disclination core. Increasing the power of the Gaussian beam to
P = 0.09 leads to strong localization in the only excited site, i.e., exci-
tation of a strongly localized variant of the nonlinear disclination
state when nonlinearity suppresses coupling also between sites of
the disclination core, see the red curve in Fig. 5(a) and second row
in Fig. 5(b). Similar results can be obtained if we launch a Gaus-
sian beam into the disclination core of the heptagonal disclination
lattice, as shown in Figs. 5(c) and 5(d). According to the results
of Fig. 5, dynamical excitation of the nonlinear disclination states
can be achieved at very low power levels (for example, the non-
linear disclination state in the heptagonal lattice is excited even if
P = 0.0081), i.e., they are thresholdless, which is advantageous for
potential experimental implementation.

IV. CONCLUSION
Summarizing, we have investigated nonlinear disclination

states in disclination lattices with pentagonal/heptagonal cores that
are constructed by removing/inserting a sector with the Frank angle
2π/6 from/into the honeycomb lattice. The disclination lattice enters
into the topological insulator phase upon variation of the separa-
tion among lattice sites in each unit cell, this is accompanied by the
shift of the Wannier centers to the boundaries of the unit cell. In this
phase, there appears a fractional charge in the unit cell around the
disclination core due to a filling anomaly, which predicts the exis-
tence of disclination states according to the bulk-disclination cor-
respondence. We obtained rich nonlinear disclination state families
bifurcating from such linear topological states. We have confirmed

APL Photon. 8, 016101 (2023); doi: 10.1063/5.0126104 8, 016101-6

© Author(s) 2023

https://scitation.org/journal/app


APL Photonics ARTICLE scitation.org/journal/app

that such states are practically thresholdless in contrast to nonlinear
self-sustained states in periodic photonic lattices that always require
certain minimal power for their formation. The interesting property
of the system considered here is that disclination states coexist in it
with zero-energy, corner, and edge states. Despite their coexistence,
the bifurcation of nonlinear disclination states into the gap occurs
in such a way that they do not show any noticeable coupling with
other states (for example, with zero-energy or corner states) present
in the topological gap, even though their propagation constants may
overlap, as one can see in Fig. 3. Moreover, while the phenomenon
of bifurcation of localized gap states from defects is known even in
trivial periodic structures,96 we would like to stress here that in our
case, in contrast to trivial inclusion of local defect, the deformation
of the lattice after removal or addition of the sector is global and
affects the entire structure, in a sense that the structure becomes
aperiodic, but still it can possess the gap in the spectrum, where
topological disclination states may form. We have also found that
the stability of disclination states crucially depends on the geome-
try of the lattice: nonlinear disclination states in the lattice with a
pentagonal core are unstable in the largest part of the gap, while
nonlinear disclination states in the lattice with a heptagonal core are
instead stable in the entire gap. Our results not only introduce the
first example of the nonlinear topological disclination states in the
photonic systems but they also open a pathway to the enhancement
of light–matter interactions. Additionally, we believe that the work
will inspire investigations of disclination states in non-Hermitian
systems, the realization of topological lasing in such states, and the
design of compact on-chip photonic devices.

V. METHODS
A. Topological invariant

The topological invariant that can be associated with the
bandgap of the disclination lattice66–70 is defined by

χ = (χM, χK), (5)

where the high symmetry indicators are χM = #M(2)1 − #Γ(2)1 and
χK = #K(3)1 − #Γ(3)1 . Here, #Π(n)q is the number of bands below
the bandgap at a high-symmetry point Π = Γ, M, K [see the inset
in Fig. 1(a)] with the eigenvalue of the Cn rotation matrix
ei2π(q−1)/n (q = 1, . . . , n). It can be shown for the disclination lattices
with pentagonal and heptagonal cores that χ = (2, 0) for r > rc and
χ = (0, 0) for r < rc, which explains the appearance of topologically
nontrivial states. In addition, the bulk-disclination correspondence
establishes the link between the fractional disclination charge and
the localized states bound to the disclination core.68,70 The fractional
disclination charge Q is determined by the topological index of the
gap66–70 and can be written as

Q = Ω
2π
(3

2
χM − χK)modulo 1, (6)

which means that the fractional charge is Q = 1/2 for r > rc and
Q = 0 for r < rc. Here, Ω = 2π/6 is the Frank angle. The fractional
disclination charge can also be obtained by counting the number of
the Wannier centers; for example, as shown in the insets in spectra
presented in Figs. 1(d) and 1(f), the Wannier centers are located at

FIG. 6. Wannier center (red dots) and spectral charge per unit cell in the disclina-
tion lattice with a heptagonal core. (a) Topological insulator phase with r > rc . (b)
Normal insulator phase with r < rc . The unit cell with the same color has the same
spectral charge.

the edges of the unit cell if r > rc and at its center if r < rc. In Fig. 6, we
show the Wannier center and the spectral charge in each unit cell in
the disclination lattice with a heptagonal core. The unit cell around
the disclination core has five bulk Wannier centers if r > rc, which
give a 5/2 spectral charge per unit cell, as shown in Fig. 6(a). While
if r < rc, the spectral charge per unit cell around the disclination core
is 3 [see Fig. 6(b)].

B. Linear stability analysis method
To perform a linear stability analysis of the obtained nonlinear

disclination states, we write perturbed solution in the form

ψ = [u(x, y) + v(x, y)eβz +w∗(x, y)eβ
∗z]eibz , (7)

where v,w ≪ 1 are small perturbations, and β is the perturbation
growth rate that can be complex. Inserting Eq. (7) into Eq. (1) and
linearizing it around stationary solution u, we arrive at the linear
eigenvalue problem,

iβv = −1
2
( ∂

∂x2 +
∂

∂y2 )v − (R − b)v − 2∣u∣2v − ∣u∣2w,

iβw = +1
2
( ∂

∂x2 +
∂

∂y2 )w + (R − b)w + 2∣u∣2w + ∣u∣2v.
(8)

Solving problem (8) using a standard eigenvalue solver, we obtain
the dependence of the perturbation growth rate β (and associated
perturbation profiles v,w) on the propagation constant b for a given
family of the nonlinear states. If βre ≤ 0 for all possible perturba-
tions, corresponding nonlinear state u is linearly stable, and in the
presence of small perturbations, it will exhibit only small amplitude
oscillations upon evolution; otherwise, if at least one perturbation
mode has βre > 0, the nonlinear state is unstable and will decay in
the course of propagation.
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