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1. INTRODUCTION

The squeezed state of light is a typical nonclassical field,
which can be generated by nonlinear optical processes such
as multiwave mixing (MWM) [1] or parametric interaction [2].
Due to its intriguing quantum features, optical squeezing at-
tracts many researchers’ interest. To the best of our knowl-
edge, entangled images from four-wave mixing (FWM) can
be implemented by using two-mode quadrature squeezing
in free space [3], and the tunable delay of Einstein—
Podolsky-Rosen (EPR) entanglement can be achieved by
FWM squeezing [4]. The degree of squeezing between ampli-
tude and phase quadratures of EPR beams can be enhanced if
there is injection [5]. In experiment, quantum interference
phenomena in the phase-sensitive optical parametric amplifi-
cation (OPA) system inside an optical cavity with an injected
squeezed vacuum state was demonstrated [6], and quantum
fluctuation spectra in two coupled optical cavities with an in-
Jjected squeezed vacuum state was also observed [7].

In addition, as a result of atomic coherence, electromag-
netically induced transparency (EIT) [8,9] and dressed
MWM [10,11] also attract a lot of attention. Especially the en-
hancement and suppression [12], that can be used to control
the probe and MWM signals, are quite involved. It is worth
mentioning that the enhancement and suppression can be
multiparametrically controlled, including the frequency detun-
ings and powers. Recently, our group has observed Autler—
Towns (AT) splitting and dressed FWM [13,14] in multilevel
atomic vapors. Also, we have demonstrated the existence
of the cascade nonlinear process by injecting classical
FWM or six-wave mixing (SWM) to the parametric FWM or
SWM channels [15].

In this paper, we apply the suppression and enhancement
theory to the spontaneous parametric (SP) MWM process to
study single-mode and two-mode squeezing in detail. We suc-
cessfully manipulate quantum squeezing through dark states.
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The paper is organized as follows: in Section 2, we briefly in-
troduce the basic theory, and in Sections 3 and 4, we study
single-mode and two-mode squeezing in detail. In Section 5,
we conclude the paper.

2. SP-MWM PROCESSES AND SPATIAL
PROPERTIES

A. SP-MWM Processes

An inverted-Y-type energy level system as shown in Fig. 1 is
constructed by four energy levels |0), |1), |2), and |3). Three
laser beams ki, ks, and kg drive |0)<|1), [1)«<|2), and |1)«<|3),
respectively. In this energy level system, we discuss three
kinds of subsystems in which three kinds of optical SP-
MWM processes are generated. First, a A-type subsystem
|0) — |1) — |3) can generate two SP-FWM processes kr; and Kz3
satisfying phase-matching conditions kz; = k; — kps + ks and
ks = ks — kg + ky, respectively. Here, k, serves as a dressing
field. Second, aladder-type subsystem |0) — |1) — |2) can gener-
ate another two SP-FWM processes kr; and kg, satisfying
kFl' = kl - kpg —+ kz and kpz = k2 - kF4 + kla respectively.
Now, kg3 is the dressing field. Third, three SP-SWM processes
kg1, kg2, and kg3, respectively, satisfying kg; = k;+
Ky — Koo + k3 — Kg3, kg2 = ko + Ky — Kg; + k3 — Kg3, and kg =
ks + k; —kg; + ko — kg can be generated in this inverted-
Y-type energy level system. Here, we would like to name the
two SP-FWM processes self-diffraction and phase-
conjugate FWM processes, which generate kp; & kps and
kpy & Kpo, respectively.

B. Spatial Properties of SP-MWM Processes

1. Self-Diffraction SP-FWM Cone Emission

Under undepleted pump approximation, we can get the
coupling equations for the two space-dependent correlated
photons [Gp; (2) & dp3(2) and dpy (2) & ape(2)] [16]
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Fig. 1. Scheme of an inverted-Y-type energy level system.
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are the nonlinear coefficients for kg; py/,

Kp3F2 = Re[(~iwp3 pa/ 20)xf§_F2E 1E3,2]

and

Ky po = I0[(~i@3 2/ 20) 1 o o E1 B3 2]

for kpg po. ¢123 is the phase of k; 53, 2 is the propagation
distance of the waves, and Ak = Ak, (Ak, = Ak, =0) is
the phase mismatching. wWr1 = QIO - Ag, W3 = 913 - Al)
wpy = Q9 — Ag, and wpy = Q9 — A; are the central frequen-
cies of generated photons. Furthermore, the third-order
nonlinear susceptibility y® in the nonlinear coefficients can

be obtained from the corresponding density matrix elements
as 1 py = (NiGoi3apil )/ (€0h*GrGaGrapr) and xi) oy =
(NH2 o2 P 1) ] (073G1 GGy py), Where N is the density
of atoms, ¢, is permittivity, u;; is the transition dipole moment
between the levels |¢) and [j), and G; = u;E;/nh is the Rabi
frequency for the laser k;.

For computation convenience, we assume kg gy = K3 2,
Kp1Lpy > Kpy gy a0 Kpg g > Kppg g [17]. Therefore, we obtain

N Ak LAY, N
ap1pr(2) = €127 (C - 7/%5) ap1rr(0)

0 (85)ag 0. @

Vol. 31, No. 11 / November 2014 / J. Opt. Soc. Am. B 2793

dFB,FZ(z) = ei(%ﬁm) (I%S)d;I.Fl’ (©)

+ei? (C’ —i %S) a3 p2(0), (2b)
where C = cosh(Kz), S =sinh(Kz), K = /& - (Ak/2)?> in
case %> (Ak/2)%, and C = cos(Kz), S =sin(Kz), K =
V(8Kk/2)* —k* in case K < (Ak/2)%, ¢ = 1 + ba3 — Priry —
¢rs 2 is the relative phase among k;, ks, and the seeding
beams at kpy g and kps o channels.

When there is no seeding in this SP-FWM process, the out-

put states are two-mode squeezed vacuum states [18-21]. Via

the pathway pé%)gp%)igapg%)ﬁpg)m and considering the

dressing effect of ko, the density matrix element for kp is
Pr1 = p) PR
(dio + |Ga|*/d20)do3+ (drs + |Gal*/dy)

€)

where I';; is the transverse decay rate between levels |7) and
1), dio = Tyo + €Ay, dap = I'ao + i(A1 + Ag), dogy = Loz + 5,
diz =T33+ (A +0), and dyy =Tgy + 2(A3 + 6+ Ay). The
detuning is defined as A; = Q; — w; with Q; being the resonant
frequency between the levels that E; connects, and
6 = wp — wp. Similarly, we can obtain the density matrix

. 0 1 2 3
element via p(()()) - Wp; = pél)a)g d p(();a)l Ed p(IS)FS for kF37

0 —iG, Ga Gy
37 (doy + |Gal?/dp)dos_(dyz + |Gl /dog)”

@

where  do; =T — (A3 + ), dog =Tz —i(A3+ 5+ Ayp),
dos- =Tz -5, diz=T13+i(A-6), and dy=TIy+
i(Ay + Ay - ).

The geometric distribution of ki, ks, kr;, and kg3 is shown
in Fig. 2(a). According to the geometric relation, we obtain the
phase mismatching conditions

Akpy = Ky + ks — kpy cos(gpy) - \/klzvg =k [1 - cos*(pp1)].
(52)

Akpg = ki + ks — kps cos(@rs) - \/k% - k,zvg[l - cos®(pr3)]
(5b)

for kp; and kps, respectively. Without taking the dark state
into consideration, we can obtain the cone emissions of
kr; and kpz based on Egs. (3) and (4) as displayed in
Fig. 2(b), in which the outer and inner cones represent ky;
and kg3, respectively. According to Egs. (5a) and (5b), we dis-
play the phase mismatching Ak g5(2 = 10 cm) versus trans-
verse coordinates x and y in Fig. 2(c). As is well known,
Akpy ps = 0 (corresponding to the optimal phase-matching an-
gle) means that the beams are completely phase matched,
which leads to the largest efficiency to generate the SP-FWMs.
According to Fig. 2(c), it is clear to see that Akp; 3 = 0 cor-
responds two rings (one for kr; and the other for kz3), which
can be called phase-matching rings. The generation coeffi-
cient will reduce greatly if Akp, g3 # 0, so the intensities of
kp; and kpg are the largest on the phase-matching ring and
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Fig. 2. (a) Geometric distribution of k;, ks, kz;, and kz3. (b) Cone
emissions of kp; (outer) and kpz (inner). (c) Phase mismatching
Akpyps (%, ¥, 2 =10 pm). (d) Normalized intensity corresponding
to (c).

decrease sharply when deviating from this ring. To make this
problem clear, we display the normalized intensities of kg
and kgs in Fig. 2(d). It can be seen that the peaks of the
normalized gains are on the phase-matching rings that corre-
spond to Akp; p3 = 0in Fig. 2(c). With increasing propagation
distance, the radii of the phase-matching rings also increase
monotonically, so we can obtain the cone emissions shown

in Fig. 2(b).

2. Phase-Conjugate FWM Cone Emission

In the ladder-type subsystem |0) - |1) - |2) (Fig. 1), two high
intensity “pump” beams k; and ky drive two off-resonant tran-
sitions and induce two phase-conjugate FWMs kgp; and Kgs.
The corresponding phase-matching configuration is shown
in Fig. 3(a), according to which the phase mismatching con-
ditions for kr;r and kps can be obtained as

Akpy = ky — k1 — kpy cos(@py) - \/klzrg - klzm/[l - cos®(pr1)],
(6a)
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Fig. 3. Figure setup is as Fig. 2 but for phase-conjugate FWM proc-
esses. In (¢), 2 = 40 pm.
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Ak = ky iy ~ gy co8(prz) - \[K2y, ~ K[l - cos* (o).
(6b)

- O (1)@ (278 (3) -
Via the pathway py)—pi) —ps; — Piopp and considering
the dressing effect of ks, the density matrix element for

kpy can be written as

o LiG1Go Gy
FI " (dyo + G/ diyg ) dag(dyy + |G /dig)”

(N

where déO = F30 + 'L(Al - Ag), d’l/O = rlo + l(Al — (S), and
dsy = T30 + (A — Ag - 5). Similarly, the density matrix
element for kp, can be also obtained as

o _iG\GyGly
B2 (dyo + |G3]? /dso)dag(day + |Gl /dag)”

®

where d21 = FZI —+ l(5 —+ Az) and d23 = F23 + Z(AZ + AS —+ 5)

Based on Egs. (6)-(8), we display the cone emission of kg
and kg in Fig. 3(b), phase mismatching Akgy p2(2 = 40 pm)
in Fig. 3(c), and the corresponding normalized intensities of
kg and kg in Fig. 3(d). Different from the self-diffraction
FWM cone emission in Fig. 2(b), the phase-conjugate FWM
cone emissions propagate along the opposite directions which
are in accordance with the geometric distribution shown in
Fig. 3(a). However, the phase mismatching and normalized
intensities shown in Figs. 3(c¢) and 3(d) are similar to those
of the self-diffraction case. The FWM generation efficiency
will be the largest at the phase-matching rings Akgy gy = 0,
which can be also illustrated from Figs. 3(c) and 3(d). And
the radii of the rings increase along the increment of
the propagation distance, which make the kz; and kgs cones
form along the positive and negative propagation directions,
respectively.

3. SINGLE-MODE SQUEEZING

In the above section, we have discussed the spatial properties
of SP-FWM processes without injection. The conical emission
disappears in a cavity, but if paired fields can be quantized, the
squeezing between them still exists. So we can apply the basic
theory about single-mode squeezing of twin beams in free
space to intracavity theory. Furthermore, the parametric proc-
esses indicated in Section 2 will generate two spatial modes
with certain directions (two signal channels), along which we
launch the injections [15,22].

A. Amplitude and Phase

We study optical squeezing MWM in an atom-cavity coupling
system consisting of atomic vapors confined in the four-
mirror-formed mode volume with a length of L, = 17 cm, as
shown in Fig. 4. The mirrors M3 and M1 are input and output
mirrors with a radius of 50 mm, the reflectance r3 (r;) and
transmittance & (¢;) of which fulfill the condition 72 + ¢ =
1 (¢ =1, 3), while M2 and M4 are high-reflection mirrors. Cav-
ity frequency scanning and locking can be implemented by a
piezoelectric transducer (PZT) behind M4. The length of the
rubidium vapor cell including the Brewster windows is
L, =7 cm. The cell is wrapped in p-metal sheets to shield
from external magnetic fields, and a heat tape is placed
outside the sheets for controlling the temperature to influence
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Fig. 4. Experimental scheme of single-mode squeezmg ag, and g,
are the amplified output FWM cavity modes; a3, and ay; are injected
fields.

the atomic density. Since we do not consider Doppler effects
in this paper, our analysis is also suitable for ring or standing-
wave cavities [23].

In the cavity shown as Fig. 4, due to the assumption that the
pump beams are undepleted, the intensities of the pump
beams will be much larger than those of the SP-FWM signals.
Thus, we can regard the pump beams as classical fields and
quantize the two SP-FWM signals as 4 and dps. Owing to the
same output direction and polarization, we regard dr; and a3
as one mode and use dyp; to represent both of them. Even
though the self-diffraction FWM signals and their cavity
modes are generated along the same direction, the polariza-
tions of the two modes are perpendicular, so one can record
them separately by putting a polarizer before the photodiode
detectors.

Here, we introduce the nonlinear coefficient x, which is pro-
portional to the nonlinear optical susceptibility and amplitude
of pump fields, to describe the nonlinear gain in the MWM
process. We denote y as the decay rate of the single-mode sig-
nal due to transmission of the input—-output coupler mirror M1,
7. due to all other intracavity losses, and ¢ as the vacuum
mode that is coupled into the single-mode signal through
Y¢- So the motion equation can be obtained as [24]

da, A . . .
lel = —iAdp - (v + 7.)dp) + kiF; exp(ib,)

+V2ral + 2y )

where 0, is the relative phase between pump lights and the
seeding lights, A is the cavity detuning, and &'}‘1 is the injected
field. With the steady-state approximation and Fourier trans-
formation (Q is the analysis frequency), we can get dp; with
0, =0 as

7 + 7. —iQ — iA) (ﬁaﬁl + 2%6)
+r)+(A+Q)7 -«
( V2rant + \/Zychr)

(470 + (A + Q)2 -«

aFy =

10)

We can write the mean value of ap; as (ap;) = a; + ias, in
which a; and ay are the real and imaginary parts, respectively.
The amplitude and phase of the output field ky; are

an = Jad +ad. g= atan(%). (11)
1
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The mean values of @ and coupling vacuum field ¢ can be
written as (d}‘l) = ay, exp(~i¢l%), (¢*) =1 and (¢) =0, in
which a5, and ¢F1 are the amplitude and phase, respectively.

Now, we begin to investigate the intensity and phase of the
output field, which can be well controlled by the frequency
detunings of the dressing fields (k, can be viewed as a dress-
ing field if it is strong enough [12]) as well as the nonlinear
coefficient x. Here, we would like to emphasize that « is pro-
portional to the density matrix element. Therefore, the chang-
ing trend of « reflects the changing trend of the density matrix
element.

We study the dressing influences of ky on the theoretical
intensity and phase of the single-mode versus A at different A,
when ¢1F“1 = 0, which can be obtained based on Egs. (9)-(11),
and the results are illustrated by the solid curves in Fig. 5. The
baseline of the intensities at A =0 is represented by the
dashed curves in Figs. 5(a) and 5(b), which is the same with
K versus Aj.

When the power of ks is strong enough, the baseline shows
an AT splitting [Fig. 5(a)] due to its dressing effect. Based on
the properties of «, the output intensities (solid curves) show
that the peak becomes higher and two dips shallower with x
increased. Each output spectrum has one peak and two dips,
which is resulted from the constructive interference between
the injected field and the pump fields [6]. One can control
with AT splitting induced by the dressing effect of the ko,
which results in the evolution of the output intensity at
A = 0 shown in Fig. 5(a). However, when the power of k;
is weak so that its dressing effect can be neglected, x exhibits
a single peak, and the evolution of the output at A =0 is
shown in Fig. 5(b).

As for the phase of the single-mode, the distance of splitting
share the same law with the intensity, which indicates a very
steep variation of the anomalous dispersive profile and can
result in fast light around A = 0, which is opposite to the ex-
perimental results in Ref. [25] because of the different relative
phase ¢i;1. The phase of the output field shows that the gra-
dient increases with a decrease in «, as shown in Figs. 5(c)
and 5(d). The variations in Fig. 5(c) are not very obvious
because the influence of the dark state is relatively weak.

Then we study the influences of the dressing field ky; on the
output intensity and phase of the single-mode at different A,

100004 (b)

2 30004

5000
2000+

1.5 (c) 1.5
A~
-1.5 -1.5

AV(p+yo)

Fig. 5. Solid curves, (a) and (b) theoretical intensity and (c) and
(d) phase of the single-mode versus A/(y + y.) € [-1010] at different
A; (a) and (c) with and (b) and (d) without the dressing effect of ks.
Parameters: ¢ =0, Ay, =0, and A;/(y +7,) = -40,-20,0,20, 40,
respectively, from left to right. Dashed curves, intensities at A = 0
versus A;.

Intensity (arb. unit)
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with ¢ =0 and A;/(y +y.) = —15. The results are illus-
trated in Fig. 6. When A,/(y + y.) = —15, the baselines of
the intensities at A = 0 are same with x versus A,, which
are shown by the dashed curves in Fig. 6(a). The satisfied
enhancement and suppression conditions in Fig. 6(a) are

A+ <A2 + /A2 +4G§)/2 =0 and A; + Ay = 0 [26,27], Te-

spectively, and the evolution of the output at A = 0 is shown
by the solid curves shown in Fig. 6(a). Without the dressing
effect of ks, the intensities at A = 0 do not change versus A,,
as shown in Fig. 6(b). For the phase shown in Figs. 6(c) and
6(d), we can obtain almost the same results as in Fig. 5.

B. Control Single-Mode Squeezing
Since the amplitude and phase of the SP-FWM can be adjusted
by the dark state, we wonder whether the fluctuations of the
SP-FWMs can be controlled or not. Therefore, we would like
to discuss phase-sensmve squeezing, such that we deﬁne the
amplitude quadrature X and phase quadrature V as X F‘"l =
dpe % + afe% and YF1 = —i(ap1e7% - af, ).
Considen'ng the Fourier transform of the operators,
the steady-state approximation dX ?’1 Jdt = d¥ ?1 /dt =0 and
boundary condition a%;(Q) = /2ydp (Q) - a4t (Q), we can
obtain the amplitude and phase variances at 6, =0 or
0, =rm as

(O X51(Q) = ([ £ 0)? - 72 + Q% - AP + 472Q%} (X1 (Q))
+ 47y + 70 £ 6)% + QYK (Q))
+ 42 A2 (VR (Q)) + 4A2m (Y ,(Q))
JG + 70 + A% - Q% — P 4+ 4Q%(y + 70)%).
(12a)

(@ V51(Q) = ([ Fro)? - 72 + Q% - A% + 4203 (FPVH1(Q))
+ 4y, [(r + 7o Fr)? + QF(8*V.(Q))
+ 42 A% (X (Q)) + 407y (X .(Q)))
S +70)? + A% - Q% - PP 4+ 4Q%(y + 70)%).
(12b)

“Wrrvmavvrv
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Az/(?ﬂ’c) A, /(7+}'c)

Fig. 6. Solid curves, (a) and (b) theoretical intensity and (c) and
(d) phase of the single-mode versus A/(y + y,.) € [-10 10] at different
Ay (a) and (c) with and (b) and (d) without the dressing effect
from ky. Parameters: ¢% =0, A;/(y +7.) = -15, and Ay/(y + 7,) =
-50,-15,0, 15,50, respectively, from left to right. Dashed curves,
intensities at A = 0 versus A,.
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where the plus and minus symbols correspond to ¢, = 0 and
0, = =, respectively.

We first investigate the quantum noise variances of the
quadrature components of the output cavity mode by scan-
ning A/(y +y.) at different A; when the squeezed states
are injected. Comparing the results with the shot-noise limit
(SNL) [28,29] and the results obtained without pump lights,
we can find the influence of ¥ with and without the dressing
effect of ks obviously. When one of the pump fields is blocked,
the nonlinear process is not active. The quantum noise varian-
ces of the quadrature components are shown by the dotted-
line in Fig. 7, and the injected squeezed vacuum states are
shown by the first solid curve in each panel, which can be
used as a reference to examine the nonlinear process inside
the cavity of the input states.

Figures 7(a) and 7(b) illustrate the quantum noise variances
of amplitudes and phases at 6, = 0 with the dressing effect of
ky. While Figs. 7(c) and 7(d) correspond to the case without
the dressing effect. We find that the quantum noise variance of
phase quadrature is squeezed more at the resonance due to
the nonlinear process, while the variance of amplitude quad-
rature becomes noisier than the input squeezed states. This
phenomenon is in line with the Heisenberg uncertainty rela-
tionship [30,31]. It is clear that both the squeezing degree and
the noise degree at A = 0 can be modulated by A;. Due to the
dressing effect of ks, there are AT splittings for both the am-
plitude and phase quadrature noise variances, as shown in
Figs. 7(a) and 7(b) rather than in Figs. 7(c) and 7(d).

When the nonlinear process is operated at 8, = 7, the quan-
tum noise variances of amplitudes and phases with (or with-
out) the dressing effect of ky are shown in Fig. 7(e) [or
Fig. 7(g)] and Fig. 7(f) [or Fig. 7(h)]. The amplitude quadrature
noise variances are changed from very noise to squeezed at
resonance, as shown in Figs. 7(e) and 7(g). The squeezing de-
gree of the corresponding phase quadrature noise variances
at resonance decreases (even to noise), as shown in Figs. 7(f)
and 7(h). Meanwhile, the profiles of the quadrature noise
variance at resonance are opposite to those shown in
Figs. 7(a)-7(d).

[@ o~ T ] T 1
mﬁrﬁrwra'ﬁaraﬁij' ANA NN
T© @

----- i \\‘r~--- " - i“m%_—' o=t

Zﬂev.‘? nwfjr,aﬁ jur)wﬁ 2

ol (2) JL v

W W iy T W LIS

Noise Power Relative to Shot Noise (dB)

At/(p+ye)

Fig. 7. Solid curves, theoretical single-mode squeezing versus
A/(y +y.) €[-156 15]atdifferent A; when injecting squeezed states,
0, = 0and Ay = 0, (2) and (b) with and (¢) and (d) without the dress-
ing effect of ks. The first curve is the noise power spectrum with
one of the pump fields blocked and the following five curves,
respectively, from left to right are noise power spectra with
Ay/(y +y.) = —40,-20,0,20,40. Dashed curves, noise variances at
A = 0. Dotted lines, SNL with vacuum states injected. (e)-(h) Same
as (a)-(d) but with 6, = =.
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Fig. 8. (a)~(h) Figure setup is as Fig. 7 but with different A, and
A; = 0. The curves in (a)-(h) from left to right are the noise power
spectrum with one of the pump fields blocked, Ay/(y +7.) =
-50, -15,0, 15, 50, respectively.

Now, we fix A; = 0 and set different A, to investigate the
quantum noise variances of the output quadrature compo-
nents, as shown in Fig. 8. When 6,, = 0, the increased noise
degree of the amplitude quadrature variances at resonance
shows a pure suppression with k, dressed and a line without
k, dressed, which are the same with k versus A,, as displayed
by the dashed curves in Figs. 8(a) and 8(c). The corresponding
suppression condition satisfies A; + Ay = 0. While the in-
creased squeezing degree of the phase quadrature variances
at resonance shows a pure enhancement and a line consider-
ing and not considering the dressing effect of ky, which are
opposite to k versus Ay, and shown in Figs. 8(b) and 8(d).
When 6, = #, the phenomena shown in Figs. 8(e)-8(h) are
totally opposite to those in Figs. 8(a)-8(d).

The results exhibited in Figs. 7 and 8 demonstrate that the
squeezing degree can be adjusted by x or the corresponding
density matrix element. In other words, the squeezing degree
can be controlled by the dark state. In addition, the squeezing
can be converted via manipulating 6,,.

C. Intensity and Squeezing in Coupled Cavities

As coupled cavities would introduce more interesting squeez-
ing processes and results [7], we study the reflection intensity
and squeezing of the reflected field from the coupled cavities
with the squeezed state injected.

The squeezed state generated by optical parametric oscilla-
tion (the configuration in Fig. 5 with the vacuum state injected,
described as Gy ) is injected into the coupled cavities shown in
Fig. 9(a) through an optical isolator, which is used to separate
the reflection field of the coupled cavities from the injected
squeezed field. The coupled cavities are constructed by two
directly coupled cavities C1 and C2. The complex reflectivity
from the coupled cavities and the first cavity can be given
as Ry = (ry —7oe") /(1 -rorie"t) and R, = (r; - Rye'2)/
(1 - Ryrye’2), where g; are the round trip phase-shifts, r;
are the reflection indices of cavity mirrors, and j = 1, 2 spec-
ifies the first or second cavity. If we rewrite Ry, =
P(@1. 92)€” 712 with p(ey, 9») and 6(p;. ,) being the ampli-
tude and phase, respectively, the output field @, (€2), which
is reflected from the coupled cavities, can be expressed as

Uout(Q) = p(wp + Qe a,, (Q)

+ V1= P (@ + Q2(Q), 13)
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Fig. 9. (a) Coupled cavities constructed by mirrors M0, M1, and M2,
which form two standing wave cavities C1 and C2. The cavity length of
C1 and C2 can be controlled by PZT 1 and 2, respectively. (b) Solid
curves, theoretical reflection intensity of the coupled cavities with the
squeezed signal beam injected, versus the round trip phase-shift
@ =@ =@y with Q=0, ry>99%, r, =99.8%, and 7, = 96.8%.
(b1) With A, /(y +7.) = —-40,-20,0, 20, 40, respectively, from left to
right, A, = A =0 under the dressing effect of ky. (b2) with
Ao /(y +7.) = -b0,-25,0,25,50, respectively, from left to right,
Ai/(y+7)=-156 and A=0. (b3) With A/(y +7,) = -5.-2.5,
0,2.5,5, respectively, from left to right, A;/(y +y.) = -20 and
A; = 0. Dashed curves, baselines. (cl1)-(c3) 3D simulations corre-
sponding to (b1)—(b3).

g
:
Zowe W """ —
=

where ¢ is the coupled vacuum field due to cavity loss. So, the
photon number of the reflected field in the frequency domain
can be obtained by

= p(wFl — Q)p(wFl + Q)e‘i[e(wﬁ'l_g)_g(wﬁ‘l+Q)]
X (e (-Q)ap1 (Q)). 14)

<a/3—ut (_Q) dout (Q) )

The intensity of the reflected field is proportional to the
photon number, so we study the photon number instead of
intensity.

Similar to the method used above for single-mode squeez-
ing, the variances of the amplitude and phase quadratures for
the coupled cavities can be obtained as
<62X out(Q))

1 .
=1 lo(wp1 + Q) explif(wp; + Q)]
+ p(wpy - Q) expl-i6(wp; - Q)2 (5*X 51 (Q))
1 .
+ 1 lp(wp + Q) explif(wp; + Q)]

- p(wp - Q) exp[-i0(wp; - Q)] (82 Y 5 (Q))

1 2
*3 ’ V1= P2 @ + Q) + 1= g (e - Q)| (825.()
1 2 .
+z’\/1 P + Q) - 1= g - Q)| (@),
(15a)
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(6*Y ou (@)

= 11 P +©) explif(y + 9]
+ plwp; - Q) expl[-i6(wp; - Q) (6* X p1 (Q))
+ 3 Ip(r + Q) explif(r + Q)
+ plwpy - Q) expl-i0(wp; - QNP (EY 51 (Q)

1 2 2R
+ 1’ - \/1 -pP(wp + Q) + \/1 - p*(wp; - 9)’ (6°X.()

1 e
+ ry ‘\/1 - pP(wp + Q) + \/1 - p*(wp; - Q)‘ (6°Y.(Q)).

(15b)

We first show the dressing influences of k, on the reflection
intensity of the coupled cavities versus the round trip phase-
shift ¢ based on Eq. (14). The term (i} (-Q)ar;(Q)) in
Eq. (14) expresses the output intensity with the vacuum state
injected from the cavity configuration in Fig. 4, which is same
as the results displayed in Figs. 5 and 6. The baselines of the
intensity, as the dashed curves illustrated in Figs. 9(b1) and
9(b2), show AT splitting versus A;/(y +7y.) and left-
enhancement-right-suppression versus A,/(y +7.), respec-
tively, because of the dressing effect of k,. However, the
baseline, as the dashed curve shown in Fig. 9(b3), displays a
single peak versus A/(y + y.), which can be obtained obvi-
ously by the curve at A, /(y + y,) = —20 in Fig. 5(a). The func-
tion of the coupled cavities split the original one mode
into two modes [7], as shown by the solid curves in
Figs. 9(b1)-9(b3). The corresponding three-dimensional sim-
ulations are shown in Figs. 9(c1)-9(c3).

Then we illustrate the quantum noise variances of the am-
plitude quadrature Eq. (15a) for the reflection signal of the
coupled cavities with the squeezed state injected, as shown
in Fig. 10. We can obtain the splitting of the original squeezed
signal (see Fig. 5), which is induced by the coupled cavities
and similar to the reflection intensity. The profile of the base-
lines of each variance at different A;, shown as the dashed
curve in Fig. 10, is an AT splitting versus A;, because the noise
degree of the amplitude quadrature of the squeezed state gen-
erated from the cavity (Fig. 4) at A = 0 is proportional to «,
which is induced by the dressing effect of k. Therefore, the
squeezing degree for the reflection signal of the coupled
cavities can be controlled by the dark state.

30 "~ L2 ' ' '
A1/(y+ye)

Fig. 10. Solid curves, theoretical squeezing of the amplitude quadra-
ture for the reflection signal of the coupled cavities with an injected
squeezed beam versus the round trip phase-shift ¢ = ¢, = ¢y €
[-0.2 02]withQ =0, A/(y + y.) = —-40,-20, 0, 20, 40, respectively,
from left to right, Ay = A = 0 under the dressing effect of k,. Dashed
curve, the roughly changing trend of the baseline/squeezing
versus A;.
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4. TWO-MODE SQUEEZING

In the phase-conjugate SP-FWM process, the generated SP-
FWM fields (kry and kps) are treated as two quantum fields
(described as ap) and dgs). As depicted in Fig. 11(a), k; and ks
are generated along different directions, so we can treat the
two SP-FWMs as two modes (4%, and d%,), which can be de-
tected by two photodiode detectors. To measure the quadra-
ture components, one needs to use the balanced homodyne
detectors. Here, it is worth mentioning that there also can ex-
ist another kind of two FWM cavity modes that are along the
same direction but with different polarizations. The corre-
sponding diagram is similar to that shown in Fig. 4, in which
the two fields (k; and ks ) with different polarizations are along
the same direction.

The two SP-FWMs can be both amplified by injecting pump
fields in the same intracavity FWM channel, which is de-
scribed by the nonlinear coefficient k. So the motion equations
for kpy and kpy can be written as [24]

dapy . . . .
d? = —iAapy - (v + 7.)apr + K}, exp(i6))
+ V2ra@, + V2761, (16a)
da o . R .
= ~iBpy = (7 + 1) + Kl exp(il,)

+ V2ralh, + V21, (16b)

where ¢; and ¢, are the vacuum modes.

As shown by the energy level system in Fig. 11(b), if all the
coupling beams are open, we can get two FWM signals (k.
and kj;) and two SWM signals (ky, and ki), which satisfy
k}wz = kl + k2 - klz, k/FS = kl + k3 - k/3, k:92 = kl + k2—
k) - k3 + k3, and kg3 = k; + k3 - K — k; + Ky, respectively.
If we use the generated MWM signals as the injected fields
which are injected into the FWM cavity mode channels shown
in Fig. 11(a), we can get the y®-y® cascade nonlinear process
(inject K, and Kj3) or the y®-4® cascade nonlinear process
(inject ki, and ki;) to make the conjugate FWM cavity modes
obtain optical parametric amplification [15]. Considering that
we just use SWM signals as the injected fields to get the
1®-¢® cascade nonlinear process, we only show the density
matrix elements for SWM signals as

Gin _ —1G1GyGy GGy SO _ ~iG GGy Gy G an
S2 - ) 53 =,
d?odZOdSO d?odgodzo
(@ P () )
PBS
ki PZT
— > K, K.
b ' 0
g A

ro ~in .:-‘ A‘ K. ,
I ez FWM__ - M2 k| 2877 k| K}

N “M] ksz‘ss 1
Ay T AV
A F2 | 0)

Fig. 11. (a) Schematics of two-mode squeezing with fields k; and ks
passing through the atomic vapor along opposite directions. g, and
. are the amplified output FWM cavity modes; aj;, and aj, corre-
spond to the injected Ky, and Kj,, respectively. (b) Inverted-Y-type
energy level to produce MWM signals.
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As for the quantum noise variance of the amplitude quad-
rature summation, phase quadrature summation, amplitude
quadrature difference, and phase quadrature difference of
the two SP-FWM beams can be deduced as following:

(O Xy 12 (Q) = ([ £ 0?72 + Q2 - A%
+472Q PR 112 (Q) + 477 A2 (P 2 (Q)
Hyr [+ 7. £ 0% + QX | 2(Q))
+4A0%y (T 2(Q))
S 470+ A2 - Q% =P +4Q%(r +7.)%),
(18a)

(V12 (Q) = ([ FR)2 -2 + Q% - AZP
+HAPRQPY (B o (Q)) + 472 A% (X Py, 12 (Q))
47l +7. FOPHQPV L 2(Q)
+4A%y, (X0 2(Q))
S +70)? + A2 -Q2 - kPP +4Q% (y +7,)*}.
(18b)

(X1 Q) = ({[(r FO? - 72 + Q2 - AZP
+472Q% (PR P2 (Q)) + 472 AT R _pa(Q))
+4y7l(r + 7. F 0?4+ QXN (D)
+40%y (BPVH ()
[ +70)? + A% - Q2 — PP+ 4Q%(y +70)%},
(18¢)

(@i _po(Q) = ({[(r £ 02 - 72 + Q2 - AP
+472Q%) (Y o (Q)) + 4y2 A% (5 X o (Q))
+4yrel(r + 70 £ 0 + QFPVH_2(Q)
+40%7y, (PP X _2(Q))
[ +7e)? + A% - Q2 — kPP +4Q%(y +7.0)%)-
(18d)

The amplitude quadrature summation is same as the phase
quadrature difference, and the amplitude quadrature differ-
ence is same as the phase quadrature summation [24], so only
two parts of Eq. (18) are independent. Therefore, we can just
use Eqgs. (18a) and (18b) to exhibit the amplification or squeez-
ing of the summation and difference of the quadratures. For
the injected fields, we adopt coherent fields and Einstein—
Podolsky-Rosen (EPR) fields, respectively.

The curves in Figs. 12(a)-12(d) illustrate the quantum noise
variances of the amplitude and phase quadrature summation
of two SP-FWM modes versus A with A;/(y +vy.) =
-40, -20, 0,20, and 40, respectively, from left to right. The
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Fig. 12. Solid curves, theoretically calculated two-mode squeezing
based on Egs. (182) and (18b) versus A/(y +y.) € [-15 15] at differ-
ent A; when injecting coherent fields ki, and k,, (a) and (b) with and
(c¢) and (d) without the dressing effect of ks. The first curve is the
noise power spectrum with one of the pump fields blocked and the
following five curves from left to right are the noise power spectra
with A3 =0 and A;/(y+7.) = -40,-20,0,20,40, respectively.
Dashed curves, noise variances versus A;.

dashed curves show the corresponding quantum noise varian-
ces versus A; with A = 0. Comparing the squeezing results
with SNL, which is shown by the first curve in each panel,
the influence of the coupling coefficient on the squeezing is
obvious. According to the Heisenberg uncertainty relation-
ship, when the quantum noise variance of the amplitude quad-
rature [Fig. 12(a)] becomes noisier and shows an AT splitting
profile, the variance of the phase quadrature [Fig. 12(b)] will
be squeezed and exhibits a reverse AT splitting shape. The re-
sults in Figs. 12(c) and 12(d) are under the same conditions as
those in Figs. 12(a) and 12(b), except without the dressing ef-
fect from k. Clearly, the AT splitting in amplitude quadrature
as well as the reverse AT splitting in phase quadrature disap-
pears, however, the quantum noise variances of the amplitude
and phase quadratures still will become noisier and be
squeezed, respectively. In comparison with the cases with
and without the dressing effect, we can see that the dark state
can effectively control the squeezing process.

Then we study the influence of the dark state induced by
the dressing effect of ks on the squeezing degree with
A /(y+v.) =15 and A; = 0, as shown in Figs. 13(a)-13(d)
and Figs. 13(e)-13(h), respectively. The first curve in each
panel displays the result of blocking one pump field, while
the following five curves correspond to the results obtained
at Az/(y +y.) = -50,-15,0, 15, and 50 by injecting coherent
fields. The profiles of quantum noise variances of the ampli-
tude quadrature summation and phase quadrature summation
at A = 0 are depicted by the dashed curves, which are the cor-
responding variances versus As/(y + 7.), are the same as «,
and can be controlled by the dark state.

When A, /(y + v.) = 15 [Fig. 13(a)], the quantum noise vari-
ance of the amplitude quadrature becomes noisier and shows
enhancement in the region Ag < 0 and suppression in Ag > 0.
The corresponding enhancement and suppression conditions

are A - (A3 + /A% + 4G§)/2 =0 and A; = A;, respec-

tively. As mentioned above, the quantum noise variance of
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Fig. 13. Figure setup is as Fig. 12 but with different Az and A, /(y +
7e) = 16in (a)—~(d) [A; = 0in (e)—(h)]. The right five solid curves cor-
respond to Az/(y + y.) = -50,-15,0, 15,50, respectively.

the phase quadrature shown in Fig. 13(b) is squeezed and
shows suppression in Az <0 and enhancement in Az > 0,
which is opposite to that shown in Fig. 13(a). The results in-
dicate that the squeezing degree is proportional to x. When the
power of kg is relatively weak, the dressing effect can be ne-
glected, so it does not change the quantum noise variances of
the amplitude and phase quadratures [Figs. 13(c¢) and 13(d)].

For the case A; = 0, we take the same method to study the
influence of the dark state on the intensity of the two-mode.
As shown in Figs. 13(e) and 13(f), the quantum noise varian-
ces of the amplitude and phase quadratures exhibit a pure
suppression and a pure enhancement, respectively. It is worth
mentioning that the suppression condition is also A} = Ag. If
the dressing effect of k3 can be neglected, the quantum noise
variances are also not affected, as shown in Figs. 13(g) and
13(h). Comparing the results shown in Figs. 13(a)-13(h), it
is clear to see that the squeezing can be controlled by the dark
state.

If an EPR fields is injected, the results are shown in Fig. 14,
from which we find that the squeezing can be also controlled
by the dressing effect of kg; by adjusting 6, from 0 to z, the
quantum noise variances of amplitude (phase) quadrature
summation can be also converted from noise (squeezing) to
squeezing (noise).
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Fig. 14. Figure setup is as Fig. 13 but with EPR fields injected
and A;/(y +7,) = 15 for all the cases. 6, = 0 in (a)~(d) and 6, = 7
in (e)-(h).
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5. CONCLUSION

In summary, we have theoretically investigated the single-
mode and two-mode quantum noise squeezing of MWM
signals in a cavity filled with rubidium vapors. The cone emis-
sions of the self-diffraction and phase-conjugate SP-FWM sig-
nals are studied without injected fields. When a coherent field
and an EPR field are injected into the SP-MWM channels, they
will undergo the y®-y® cascade optical parametric amplifica-
tion process and form cavity modes if the amplified MWM sig-
nals can be resonant with the cavity. It is found that the
quantum noise of the cavity MWM modes may not only be
squeezed but also amplified, and this kind of quantum process
can be manipulated (enhanced or suppressed) by the dark
state through the introduction of dressing effects. It is also
demonstrated that if the quantum noise variance of the ampli-
tude quadrature is squeezed, that of the phase quadrature
will be amplified, and vice versa. The investigations have po-
tential applications in quantum communications and signal
processing.
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