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ABSTRACT

An edge soliton is a localized bound state that arises from the balance ]
between diffraction broadening and nonlinearity-induced self-focusing. It 24
typically resides either at the edge or at the domain wall of a lattice system. e
To the best of our knowledge, most reported edge solitons have been o3 0.0
observed in conservative Hermitian systems; whether stable edge solitons '
can exist in non-Hermitian systems remains an open question. In this
work, we utilize a photonic lattice that naturally exhibits type-II Dirac
cones and introduce a domain wall by carefully configuring gains and 376 3.83
losses at the three sites within each unit cell. Surprisingly, edge states
localized at the domain wall can exhibit entirely real propagation
constants. Building on these edge states, we demonstrate the existence of
edge solitons that can propagate stably over distances significantly exceed-
ing those in the experimental settings adopted in this study. Although
these solitons eventually couple with the bulk states and ultimately
collapse, they exhibit remarkable resilience. Our findings establish that a
domain wall supporting loss-resistant edge solitons, which can also evade
the skin effect, is achievable in non-Hermitian systems. This discovery
holds promising potential for the development of compact functional opti- 0
cal devices. 3 0 1000

-1
3.90 -0.5 0.0 0.5

Keywords type-II Dirac cones, non-Hermitian optics, edge solitons

gation, as compared to conservative systems. In 1998,
the so-called parity—time (P7) symmetry was proposed,
which allowed non-Hermitian systems to possess entirely
real eigenvalue spectra, thereby opening up the theoretical

1 Introduction

Non-Hermitian systems, which exchange energy with the

environment, present attractive opportunities for investi-
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study of these systems [1]. One of the most promising
advances associated with the PT symmetry is the optical
PT symmetry [2], because complex potentials corres-
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ponding to gain/loss regions in photonic materials are
relatively easy to realize. The first steps in optical PT
symmetry were taken as early as 2008 [3, 4], and band-
gap solitons were predicted from the very beginning.

In the following years, the optical PT symmetry
attracted researchers from all over the world, and a
wealth of promising results was reported (see review
papers [5-11] and references therein). Furthermore,
incorporating nonlinearity into non-Hermitian optical
systems can lead to the discovery of more intriguing and
complex phenomena, such as solitons [4, 12, 13], non-
reciprocal light propagation [14], and lasers [15, 16].
Moreover, it has been demonstrated that the PT
symmetry can enhance the influence of nonlinearity on
optical materials [17, 18].

In photonic lattices with Dirac cones (named Dirac
photonic lattices) the non-Hermitian mechanism will
result in the appearance of exceptional rings at the
places where Dirac cones are located [19-25]. Unlike
type-I Dirac cones [26], whose Fermi surfaces are points,
the Fermi surface of a type-II Dirac cone consists of a
pair of crossing lines [27-32]. The discovery of photonic
lattices that naturally possess type-II Dirac cones [33]
enabled the establishment of type-II exceptional rings
[34], edge solitons [35-37], and corner states [38] in topo-
logical photonics.

However, light modulation in non-Hermitian nonlinear
photonic lattices with type-II Dirac cones is still an open
problem, since the combination of nonlinearity and non-
Hermitivity indeed offers a novel approach to light field
modification [39-47]. Especially, the question whether
edge solitons can exist in the interplay between type-II
exceptional rings and the self-action of nonlinearity is
worth pursuing. Concerning spatial solitons in photonic
lattices [48-50], there generally exists a power threshold
for their establishment, which is quite different from the
topological solitons thus far reported [51-53]. Therefore,
another relevant question arises, worth answering: are
the potentially existing edge solitons in non-Hermitian
photonic lattices with type-II Dirac cones thresholdless?
These questions are addressed in this paper.

With these tasks at hand, we provide our answers by
constructing a domain wall within the photonic lattice
with type-II Dirac cones, properly setting the gain and
loss to the sites of the lattice. Then, edge states localized
at the domain wall will form in the band gap. Since the
band gap does not exist in the whole Brillouin zone, the
edge states will connect with the type-II exceptional
rings. Starting from the linear edge states, the nonlinear
edge states will be explored, which are stable in a wide
range of the propagation constant. Due to balance
between diffraction and nonlinearity, edge solitons will
form by superimposing the envelope function onto the
linear edge state. These edge solitons can maintain their
profiles during propagation over a long distance, far

beyond the typical experimental sample lengths. That is,
they are protected from losses and the skin effect [54].
To further understand their dynamics, we investigate
how the stable propagation distance of these bright edge
solitons depends on the gain/loss coefficient. Our analysis
reveals a delicate interplay between the nonlinearity and
the non-Hermitian mechanism.

2 Results and discussion

2.1 Lattices, band structures, and linear edge states

The dynamics of beam propagation in an imprinted
shallow photonic lattice is governed by the nonlinear
Schrodinger-like equation, which describes the propagation
of the light beam in response to both the lattice potential
and nonlinear effects:

1

100 = V2~ Ry~ Y. 1)
Here, v is the complex amplitude of the beam, x and y
are the transverse coordinates normalized to some cha-
racteristic transverse length ro, and V? =92 + 92 is the
transverse Laplacian. Furthermore, z is the direction of
propagation normalized to the diffraction length k72,
where k =2mng/\ is the light wavenumber (ny is the
refractive index of the material, and A the wavelength).
The term R(x,y) describes the photonic lattice; it is a
complex function, consisting of two parts, the real and
imaginary parts, R(z,y) = Re(z,y) +iRim(z,y). Thus,
Ree(z,y) stands for the refractive index modulation,
while Rin(z,y) indicates gains/losses of the lattice
waveguide. Together, they can be described by the
Gaussian functions:

(2)

a?

R(z,y) = Y (Pre £ ipim) exp [—(r_rm")z] :

m,n

where 7., ,, = (Tyn,Ym.n) are the coordinates of the
lattice and a determines the width of the waveguide.
Further, p. is the depth of the waveguide and p;, is the
gain/loss index of the waveguide. They satisfy the rela-
tion:

. k2rd .
DPre + Pim = 7(5nre + lénim),
ng
where dn, + i6n;n represents the complex refractive index
change.

For a waveguide made from AlGaAs material, the
parameters mentioned are as follows: ng=3.39, rg=
10 pm, A = 1550 nm, and a = 0.5 (5 pm). The refractive
index modulation depth is n, ~ 1.8 x 1073 for p. = 10,
and the linear gain/loss coefficient is given by
2pim/ (krd) ~ 0.0728 cm~! for p;, = 0.05. Very recently, it
was reported that non-Hermitian waveguide arrays can
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Fig. 1 (a) Real (upper panel) and imaginary (lower panel) part of the lattice with a domain wall indicated by the black
rectangle. Gains and losses are only exerted on sites A and C, while site B is conserved. The separation between sites A and
B in one unit cell is d;, and that between sites B and C is d». The difference between d; and ds is Ad = d2 — d;. The distance
between A and C is 2d, and is fixed. (b) Real (left panel) and imaginary (right panel) parts of the band structure with
Ad=0. Red and blue lines are the edge modes, while black lines are the bulk states. (¢) Setup is as in (b) but with
Ad=0.03. (d) Edge states at k, = 0.1K,, corresponding to the red dots in (b) and (c), presented around the wall. Other
parameters: piy, = 0.05, d = 1.6. Panels in (a, d) are shown in the window —37.5 <2 <37.5 and —3d < y < 3d.

be fabricated in Tm-doped BGG glasses by using the
femto-second laser direct writing technique [55], which is
crucial in topological photonics [56-65].

The unit cell of lattices with type-II Dirac cones
contains three lattice sites A, B and C, as seen in Fig. 1.
Gain and loss are applied to sites A and C, while site B
remains conserved. We define the separation between
sites A and B as d;, and the separation between sites B
and C as dy. The difference between d; and d, is
Ad = dy — dy. The first row of Fig. 1(a) shows the real
part of the lattice structure, when Ad =0, while the
second row displays the imaginary part. The orange and
blue colors represent the amplifying and lossy wave-
guides, respectively. The lattices are periodic in the y-
direction and are constrained in the z-direction, such
that R(z,y) = R(xz,y+d). The region enclosed by the
black rectangle in Fig. 1(a) is the domain wall, which is
formed by sites B from both the left and the right
lattice. According to the imaginary part of the composited
lattice in Fig. 1(a), the domain wall is neither gainy nor
lossy, as done in the previous literature [47, 66].

The general solution of Eq. (1) is chosen in the form:

¢(337 Y, Z) = u(l‘, y) exp[l(kyy + bz)]a

where wu(z,y) = u(z,y+d) is the periodic Bloch wave
function, b is the propagation constant, and
k, € [-K,/2,K,/2] is the Bloch momentum in the first
Brillouin zone, with K, =2r/d. The function u(z,y)
tends to 0 outside the integration window in z. Substituting
this solution into Eq. (1) brings about the following
steady-state nonlinear wave equation for u:

1/ 02 0? .0
bu—2<++21ky8y

02+ o2 - k;) u+ (R+ |u*)u.

(3)

The band structure of this photonic lattice is obtained
by neglecting the nonlinear term in Eq. (3) and using
the plane-wave expansion method to solve the remaining
linear eigenvalue problem. The results are shown in
Figs. 1(b) and (c). From the real part of the band structure
in Fig. 1(b), one finds there are two edge states, as high-
lighted by the red and blue curves, with the bulk states
indicated by the black curves. Note that the type-II
Dirac cones are replaced by slope-flat regions, which are
between the two separated red/blue curves. These flat
regions represent type-1I exceptional rings [34].

The imaginary part of the band structure in Fig. 1(b)
shows that the eigenvalues of the edge states indicated
by the red and blue curves are completely real (that is,
the imaginary part is 0). Therefore, the edge states are
expected to maintain their profiles during propagation in
this non-Hermitian lattice. It is worth noting that only
the states in the region where the type-II exceptional
rings are located are not conserved. In Fig. 1(b), the
band structure corresponds to the case Ad = 0.

In fact, one can also distort the lattice by making
Ad # 0, which may help the generation of valley Hall
edge states [37]. In Fig. 1(c), we display the band structure
corresponding to Ad =0.03. One finds that the edge
states indicated by the red and blue curves are better
localized than the states in Fig. 1(b). The difference can
be well illustrated from the edge states in Fig. 1(d),
which are chosen from the red curves in Figs. 1(b) and
(c), and highlighted by red dots. One also finds that
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only the edge states in Fig. 1(c) are Hermitian, while all
other states are non-Hermitian. Note also that even
though the energy of the edge state is mainly distributed
on the domain wall, a portion of energy still penetrates
into the bulk, which is non-Hermitian, and that portion
of light beam may be affected by the gain/loss. As it
will be shown later, the edge soliton is to some extent
immune to the gain/loss and exhibits the skin effect
avoidance property.

Numerical simulations demonstrate that one cannot
distort the lattice too much (even Ad=0.05 would be
too much), or the edge solitons that will be discussed
later will couple with the bulk states, which are amplified
during propagation. In the following, we will focus on
the cases with Ad =0, which do not interfere with the
valley Hall effect [35, 67-74]. The quantity Ad can be
regarded as a switch for the topological phase transition
of the lattice system, and as such represents an additional
“degree of freedom” for the manipulation of edge states.

2.2 Nonlinear edge states

Starting from the linear edge state, one can obtain the
corresponding nonlinear edge states by applying
Newton’s iterative method to solve Eq. (3). The family
of nonlinear states versus the propagation constant b is
presented in Fig. 2(a), corresponding to the red point in
Fig. 1(b), for which k, =0.1K,. In the figure, the red
curve is the power P = [[|¢|?dzdy, the blue curve is the
peak amplitude A = max{|y|}, the gray region represents
the bulk band, and the black dashed line shows the location
of the linear edge state with b = 3.764. It is evident that
the power shows an almost linear relationship with the
propagation constant, while the dependence of the peak
amplitude on the propagation constant is close to a
parabolic shape along the b axis. Clearly, if the power of
the nonlinear edge state decreases to zero, the power
curve as well as the peak amplitude curve will cross with
the vertical dashed line, which indicates that the nonlinear
edge state reduces to its linear counterpart, and also
demonstrates that the nonlinear edge state bifurcates
from its linear counterpart.

In Fig. 2(b), we show the amplitude modulus of the
nonlinear edge state, which corresponds to the red
points 1 and 2 in Fig. 2(a). Apparently, most of energy
is focused on the domain wall, with some amount pene-
trating into the bulk. If the propagation constant is
getting far from the linear edge state, its localization is
becoming worse and worse. In Fig. 2(b), the nonlinear
state numbered 1 is better localized than the state
numbered 2.

To examine the stability of the nonlinear edge state,
we add a small perturbation (up to 10% of the ampli-
tude) to it and then perform a long-distance propagation
(2 ~ 5000) of the perturbed edge state. If it can maintain
its profile during such a propagation, we assume that
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Fig. 2 Nonlinear edge state family bifurcating from the
linear edge state. (a) The peak amplitude A = max{|¢|} (blue
curve) and the power P = [[|y|?dzdy (red curve) versus b.
The solid and dashed curves represent stable and unstable
edge modes. The vertical black dashed line represents the
position of the linear edge state, and the gray region represents
the bulk band. (b) Edge states corresponding to the dots in
(a). Parameters are Ad =0, k, = 0.1K,, and py, = 0.05. Panels
in (b) are shown in the window -37.5<z <375 and
—5d <y <5d. (c) Peak amplitude of the edge state during
propagation. Red and black curves correspond to points 1
and 2 in (a). (d) First-order ¥ (solid curve) and second-
order b” (dashed curve) derivatives of the red edge state in
Fig. 1(b).

the edge state is stable; otherwise, it is unstable. The
stability findings are presented in Fig. 2(a) by the solid
(stable) and dashed (unstable) curves. The peak amplitude
of the perturbed edge state recorded during propagation
that corresponds to the numbered dots in Fig. 2(a), is
shown in Fig. 2(c).

The nonlinear edge state indicated by dot 1 is stable,
and the recorded peak amplitude indicated by the red
line in Fig. 2(c) does not change during propagation. On
the other hand, the peak amplitude of the edge state
indicated by dot 2 exhibits irregular oscillations, as
shown by the black line in Fig. 2(c), which means that
the corresponding state is unstable. However, it is
worthwhile pointing out that the nonlinear edge state
remains stable within a large power and propagation
constant range, according to the solid curves in
Fig. 2(a).
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2.3 Edge solitons

Even though there are stable edge states in this non-
Hermitian system, it is still not clear whether edge solitons
can be supported or not. The first-order ¥ = db/dk,
(solid curve) and the second-order b” = d?b/dk? derivative
(dashed curve) of the edge state from Fig. 1(a), that are
shown in Fig. 2(d), indicate that the bright edge solitons
possibly exist, since b’ <0 in a wide range of b. Note
that we do not consider the regions around the boundary
of the first Brillouin zone, since the states there tend to
be more unstable. Even though there are regions with
b > 0, the corresponding higher-order derivatives would
be quite large and the self-trapping from the nonlinearity
would not help much the formation of dark edge soli-
tons. Hence, we exclusively use bright edge solitons to
describe edge solitons in this paper.

To construct an edge soliton, we adopt the superposition
method, and superimpose a soliton envelope onto the
linear edge soliton [75-77]. Thus, we assume that the
edge soliton can be obtained as a superposition:

Ky/2 -
%= Ak, 2)u(, y, k + k)P HET g,
*Ky/2

where k represents the momentum deviation from the
momentum k, with the amplitude A(k,z) defining the
envelope. By applying a Taylor series expansion around
x for u(z,y, k + k), one obtains

= ety 3 (—nl')" 9"u(z,y, k) " Az, z)

Okn oz’ (4)

n=0,00

where A(y, z) = féf% A

(k, z)el"¥dk represents the envelope
function of the nonlinear modes. By selecting a gauge
such that (u(x,y, k), Opu(z,y,k)) = 0, the system preserves
the U(1) rotation of eigenvector phases, which justifies
the assumption that n =0 in Eq. (4). According to the
method of Ref. [75], the slowly-varying envelope equation

is obtained in the form:

DAV O2A

e ~aave MA

()
where x = ["dz [} [¢|*dy and Y =y + 't. The analytic
bright soliton solution of Eq. (3) is thus

by [ bn .
A= 2?]sech (Y —2bul> exp(—ibnz),

where b, is the phase shift induced by non-linearity,
which should be small for stable solitons.

We construct a representative edge soliton by selecting
an edge state at k,=0.15K, from the red line of
Fig. 1(b), superimposed with the envelope for b, = 0.005.
In Fig. 3(a), the peak amplitude A of the edge soliton
during propagation according to Eq. (1) is displayed, as

(6)

()

= 0.14

0.06

0 450 900

z

5000
@ o Numerical data
—Exponential fitting

w2500

400
0 e &

Fig. 3 (a) Peak amplitude of the edge soliton during prop-
agation in the non-Hermitian lattice waveguide array with
pim = 0.05. Black and red curves are for the linear and nonlinear
states. (b) Field modulus profiles of the moving edge soliton
corresponding to dots 1-4 in (a). The arrow indicates the
direction of motion. (¢) Field modulus profile of the beam
corresponding to dot 5 in (a). (d) Stable propagation
distance of the edge soliton versus py,. Other parameters:
Ad =0, ky, = 0.15K,, by = 0.005, x = 0.094. Panels in (a, b) are
shown in the window —30 < z < 30 and —100 < y < 100.

indicated by the black curve. We find that the peak
amplitude shows neither amplification nor damping
during propagation, even when the distance reaches
2z =900. We admit that this distance cannot be further
continuously extended (it will become corrupted and
finally couple with the bulk states). However, the
distance of z =900 (corresponding to the experimental
distance of ~1.2m) is still far beyond realistic sample
lengths. That is, the edge soliton is still a feasible possibility
in potential applications. The field modulus profile of
edge solitons at selected propagation distances (corres-
ponding to the points 1-4 in Fig. 3(a) are shown in
Fig. 3(b). It is evident that soliton propagates in the
positive direction along the y-axis, due to b’ = —0.622,
without radiating into the bulk. Due to the limited
computational window, when the beam reaches the right
end of the window, it will emerge from the left end of
the window, to continue propagating, as shown in
Fig. 3(b). If the nonlinearity in Eq. (1) is lifted during
propagation, the peak amplitude will decay rapidly, as
indicated by the red curve in Fig. 3(a). The profile at
z =900 is shown in Fig. 3(c) [corresponding to the point
5 in Fig. 3(a)], where the beam spreads quickly and
effectively couples with the bulk states, which are not
conservative and exhibit increased radiation during
propagation. Even the edge soliton will excite the
nonconservative bulk states, if it propagates for a long
enough distance. These results demonstrate that the

Shuang Shen, et al., Front. Phys. 20(4), 042203 (2025)
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formation of edge solitons is intrinsically linked to the
balance between nonlinearity and diffraction effects.

The stable propagation distance of an edge soliton in
this non-Hermitian system strongly depends on the
strength of the imaginary part of the potential in
Eq. (1). Figure 3(d) shows the dependence of the stabilized
propagation distance of the edge soliton with p;,, in
which the green dots are numerical simulations and the
black curve is the corresponding exponential fitting. As
pim increases, the stabilized distance decreases approxi-
mately exponentially. It can be seen that the stabilized
propagation distance is still around z =400 when p;,
increases to about 0.1, which is around 0.5m in real
units. If one looks at the band structure with even a
larger py, (not shown here), e.g., pin = 0.3, one will find
that there exists no explicit band gap for the edge state,
which for a large enough py, will always couple with the
bulk states. Overall, the edge solitons are unstable, but
can maintain their profiles unchanged over long applicative
distances.

It is worth mentioning that we still refer to the localized
states here as edge solitons, even though they are ultimately
unstable, because they are indeed resulted from the
balance between the diffraction broadening and the
nonlinear self-focusing over long real distances. The
balance can be illustrated by a direct comparison
between the linear propagation in Fig. 3(c) and the
nonlinear propagation in Fig. 3(b).

3 Conclusion

Summarizing, we have demonstrated edge solitons in
non-Hermitian photonic lattices featuring type-II Dirac
cones. These edge solitons are loss-resistant and do not
suffer skin effect over a long propagation distance.
Although the stability range strongly depends on the
gain/loss coefficient, the stable propagation distances are
much longer than the typical experimental sample
lengths. The results presented not only provide a new
platform for deeper understanding of the interplay
between non-Hermiticity and nonlinearity, but also
possess considerable applicative potential for possible
fabrication of on-chip functional optical devices.
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