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 A B S T R A C T

The Lieb lattice is notable for its unique band structure, which features a bosonic-like Dirac 
cone with flat band crossing the singularity point. It has found applications in a variety of 
physical fields, including condensed matter physics, optics, acoustics, and cold atomic systems. 
Extension and dislocation of the regular Lieb lattice introduce new properties and possibilities 
for generating topological edge states, particularly when the lattice is modulated by a Floquet 
mechanism mimicked by helical waveguide arrays. Here, we report both bright and dark 
topological edge solitons in helical dislocated extended Lieb waveguide arrays, which exhibit 
bearded, pointy, and solid boundaries. The topological edge states on different boundaries 
display distinct dispersion relations, resulting in either bright or dark solitons. This work 
provides a promising platform for manipulating the localization of topological objects, and the 
results offer potential applications in fabricating all-optical functional devices.

1. Introduction

For some time, helical waveguide arrays have been used to mimic Chern insulators [1–3], as the helicity introduces a 
gauge field [4–6] that breaks the ‘‘time’’-reversal symmetry of the system, leading to a topological phase transition. Topological 
insulators based on longitudinally modulated waveguide arrays — not limited to helical ones — are called Floquet topological 
insulators [7–16], since the longitudinally periodic modulation is equivalent to the Floquet mechanism in condensed matter 
physics [4,17–20]. Floquet engineering has significantly advanced the field of topological photonics [21–25], giving rise to distinct 
subfields such as nonlinear topological photonics [26,27], quantum topological photonics [28,29], and non-Hermitian topological 
photonics [30–34].

Unlike the honeycomb lattice, the Lieb lattice [35] is exceptional for its flat bands [36–42], which are important for beam 
localization and the exploration of strong correlations [43,44]. In addition to the regular Lieb lattice, extended Lieb lattices have 
also been created [45–47], which can possess fascinating flat bands or Dirac cones. Floquet topological insulators based on the 
Lieb lattice [48,49] and its extended versions [50,51] have been theoretically investigated, but have thus far been limited to the 
linear regime only. Nonlinearity, a mechanism readily accessible in optical platforms, provides a paradigm-shifting perspective on 
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topological photonics [26,27] enabling the manipulation of edge state localization, harmonic generation, and anomalous transport, 
among other phenomena.

In this work, we investigate the topological edge solitons in a helically-extended Lieb waveguide array in its dislocated form. 
The introduction of a dislocation modifies the lattice symmetry, which generally does not alter the number of sites in the unit cell, 
leading to the emergence of novel phenomena that supersede the original characteristics of the pristine lattice [52]. A step-by-step 
analysis of the formation of topological edge solitons is presented. The results demonstrate that the dislocated extended Lieb lattice 
can serve as a promising platform for manipulating spatial light localization via the interplay among nonlinearity, topology, and 
dislocation.

2. Results

This section introduces the model considered and presents the results obtained. It is divided into a number of subsections.

2.1. Theoretical model

The propagation of a light beam in optical waveguide arrays with a shallow transverse landscape, fabricated in a transparent 
dielectric medium, is described by the scaled Schrödinger-like paraxial wave equation 

𝑖
𝜕𝜓
𝜕𝑧

= −1
2
∇2𝜓 −(𝑥, 𝑦, 𝑧)𝜓 − 𝜎|𝜓|2𝜓, (1)

where 𝜓 is the amplitude of the light beam, ∇2 = 𝜕2𝑥 + 𝜕
2
𝑦 is the transverse Laplacian, 𝑥 and 𝑦 denote the normalized transverse 

coordinates and 𝑧 is the longitudinal coordinate. The function (𝑥, 𝑦, 𝑧) describes the waveguide array, with its transverse landscape 
exhibiting the lattice defined by Gaussian functions 

(𝑥, 𝑦, 𝑧) = 𝑝
∑

𝑚,𝑛
exp

(

−
𝑥′2 + 𝑦′2

𝑤2

)

, (2)

where 𝑝 = 8 represents the depth of the potential, 𝑤 = 0.5 is the site width, and
𝑥′ = 𝑥 − 𝑥𝑚,𝑛 − 𝑟 sin(𝜔𝑧),

𝑦′ = 𝑦 − 𝑦𝑚,𝑛 − 𝑟 cos(𝜔𝑧) + 𝑟,

𝑧′ = 𝑧,

describe a helical waveguide array [1], with helical radius 𝑟, helical period Z = 2𝜋∕𝜔, and (𝑥𝑚,𝑛, 𝑦𝑚,𝑛) denoting the lattice site 
coordinates at 𝑧 = 0. In Eq. (1), 𝜎 = ±1 determines the type of system nonlinearity, which is focusing for 𝜎 = +1 and defocusing 
for 𝜎 = −1.

Experimentally, helical waveguide arrays can be fabricated in fused silica using the femtosecond laser direct-writing technique [1,
12,53–58]. The following estimates appear realistic. For a probing beam wavelength of 𝜆 = 800 nm, a characteristic beam width of 
𝑟0 = 10 μm, and a lattice constant 𝑎 = 2 corresponding to 20 μm, the Rayleigh length is 𝑅𝑑 = 𝑘𝑟20 ≈ 1.14 mm with 𝑘 = 2𝜋𝑛0∕𝜆, and 𝑝 = 8
corresponds to a refractive index change of 𝛿𝑛 = 𝑛0𝑝∕(𝑘2𝑟20) ≈ 9.0 × 10−4. The real field amplitude 𝐸 is related to the dimensionless 
field 𝜓 by

𝐸 =
√

𝑛0
𝑘2𝑟20𝑛2

𝜓

with 𝑛2 ≈ 2.7 × 10−20 m2∕W being the nonlinear refractive index coefficient.
Applying the slowly-varying envelope approximation and the adiabatic approximation, the solution of Eq. (1) can be written as 

𝜓(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦, 𝑧) exp(𝑖𝑏𝑧), (3)

where 𝑢(𝑥, 𝑦, 𝑧) is the envelope of the light beam and 𝑏 is the corresponding propagation constant. Substituting Eq. (3) into Eq. (1) 
yields 

𝑏𝑢 = 𝑖 𝜕𝑢
𝜕𝑧

+ 1
2
∇2𝑢 +(𝑥, 𝑦, 𝑧)𝑢 + 𝜎|𝑢|2𝑢, (4)

which constitutes an eigenvalue problem.

2.2. Straight photonic Lieb lattices and band structures

We consider an extended Lieb lattice and its dislocated pair, as displayed in Fig.  1(a) and (b). In the former lattice, there are four 
sites in the unit cell, which is illustrated by a dashed rectangle. In the dislocated Lieb lattice, the unit cell is no longer a rectangle 
but a rhombus, which still has four sites, as indicated by the dashed rhombus in Fig.  1(b). Since the waveguide array is straight, 
Eq. (4) can be rewritten as 

𝑏𝑢 = 1∇2𝑢 +(𝑥, 𝑦)𝑢 + 𝜎|𝑢|2𝑢. (5)

2
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Fig. 1. (a) Extended photonic Lieb lattice. (b) Dislocated extended photonic Lieb lattice. (c,d) Band structures corresponding to lattices in (a,b). 
Dashed geometric shapes in (a,b) represent the unit cells.  (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

Fig. 2. (a–c) Photonic Lieb lattices of bearded-bearded type, pointy-pointy type, and solid–solid type boundaries, respectively. (d–f) Band 
structures corresponding to the lattices in (a–c). The black curves are the bulk states, while the colored curves are the edge states. (g) Modulus 
profiles of the selected edge states numbered in (d–f).  (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)
3 
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Neglecting the nonlinear term in Eq. (5), the band structure of the lattices, i.e., the relation between the propagation constant 𝑏 and 
the Bloch momenta 𝑘𝑥,𝑦, can be obtained using the plane-wave expansion method. The band structure of the extended Lieb lattice in 
Fig.  1(a) is displayed in Fig.  1(c), exhibiting type-III Dirac cones [59], which is distinct from the band structure of the conventional 
Lieb lattice [36,37]. Note that the Lieb lattice in Fig.  1(a) is not regular but an extended one, so there is neither flat band nor Dirac 
cone in the band structure in Fig.  1(c).

Calculating the band structure of the lattice in Fig.  1(b) is less straightforward, because its unit cell is rhombic rather than 
rectangular. To proceed, it is convenient to deform the rhombic unit cell in Fig.  1(b) into a square one. We first rotate the lattice 
anticlockwise by an angle 𝜃 = arctan(1∕3) into the frame (𝑥𝑟, 𝑦𝑟, 𝑧𝑟), via 

⎡

⎢

⎢

⎣

𝑥𝑟
𝑦𝑟
𝑧𝑟

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

cos(𝜃) − sin(𝜃) 0
sin(𝜃) cos(𝜃) 0
0 0 1

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑥
𝑦
𝑧

⎤

⎥

⎥

⎦

, (6)

and then deform the lattice to the frame (𝑥𝑑 , 𝑦𝑑 , 𝑧𝑑 ), via 
⎡

⎢

⎢

⎣

𝑥𝑑
𝑦𝑑
𝑧𝑑

⎤

⎥

⎥

⎦

= 1
sin(2𝜃)

⎡

⎢

⎢

⎣

sin(2𝜃) − cos(2𝜃) 0
0 1 0
0 0 sin(2𝜃)

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑥𝑟
𝑦𝑟
𝑧𝑟

⎤

⎥

⎥

⎦

. (7)

After these transformations, Eqs. (1) and (5) become

𝑖
𝜕𝜓𝑑
𝜕𝑧𝑑

= − 1
2 sin2(2𝜃)

(

𝜕2

𝜕𝑥2𝑑
+ 𝜕2

𝜕𝑦2𝑑
− 2 cos(2𝜃) 𝜕2

𝜕𝑥𝑑𝜕𝑦𝑑

)

𝜓𝑑 − (𝑥𝑑 , 𝑦𝑑 , 𝑧𝑑 )𝜓𝑑 − 𝜎|𝜓𝑑 |
2𝜓𝑑 , (8)

and

𝑏𝑢𝑑 = 1
2 sin2(2𝜃)

(

𝜕2

𝜕𝑥2𝑑
+ 𝜕2

𝜕𝑦2𝑑
− 2 cos(2𝜃) 𝜕2

𝜕𝑥𝑑𝜕𝑦𝑑

)

𝑢𝑑 + (𝑥𝑑 , 𝑦𝑑 )𝑢𝑑 + 𝜎|𝑢𝑑 |
2𝑢𝑑 , (9)

where 𝜓𝑑 and 𝑢𝑑 are the amplitude and envelope in the deformed frame. Using the phase factor
exp[𝑖(𝑘𝑑𝑥𝑥𝑑 + 𝑘

𝑑
𝑦𝑦𝑑 )]

and after some algebra, the Bloch momenta in the deformed frame (𝑘𝑑𝑥 , 𝑘𝑑𝑦 ) become related to those in the original frame (𝑘𝑥, 𝑘𝑦) by 

[

𝑘𝑥
𝑘𝑦

]

= 1
sin(2𝜃)

[

sin(𝜃) sin(𝜃)
− cos(𝜃) cos(𝜃)

]

[

𝑘𝑑𝑥
𝑘𝑑𝑦

]

. (10)

Based on Eqs. (8)–(10), the band structure of the dislocated extended Lieb lattice in Fig.  1(b) is obtained, as shown in Fig.  1(d), 
possessing useful Dirac cones. It is worth noting that the corresponding asymmetric conical diffraction patterns have already been 
predicted [60]. In this work, we focus on this dislocated extended Lieb lattice and refer to it simply as the Lieb lattice hereafter.

The Lieb lattice in Fig.  1(b) exhibits a variety of boundary types, including the bearded boundary, the pointy boundary, and 
the solid boundary, as shown in Fig.  2(a)–(c), respectively. The lattice ribbons in Fig.  2 are periodic in the 𝑦 direction, so only the 
Bloch momentum 𝑘𝑦 is well defined. The corresponding band structures, i.e., the relations between 𝑏 and 𝑘𝑦, are illustrated in Fig. 
2(d)–(f), where K𝑦 = 2𝜋∕Y and Y = 2𝑎. The Brillouin zone is −0.5K𝑦 ≤ 𝑘𝑦 ≤ 0.5K𝑦 and is periodic, with K𝑦 being the period. Thus, 
𝑘𝑦 = 0.5K𝑦 marks the boundary of the Brillouin zone and 𝑘𝑦 = K𝑦 (overlapping with 𝑘𝑦 = 0) is its center.

Edge states exist in the band structure regardless of which boundary type is adopted. For the bearded boundary, edge states are 
concentrated around 𝑘𝑦 = 0.5K𝑦, as highlighted by the blue, orange, and green lines in Fig.  2(d). For the pointy boundary, edge 
states in Fig.  2(e) appear both around 𝑘𝑦 = 0.5K𝑦 (blue and orange curves) and at the center of the Brillouin zone (the green curve). 
For the solid boundary, edge states indicated by the blue curves reside mainly at the Brillouin zone center, as shown in Fig.  2(f). 
The green edge state, located near the Brillouin zone boundary, resembles that of the bearded case in Fig.  2(d). We select edge 
states marked with numbers from Fig.  2(d)–(f), taken either at the boundary or in the center of the Brillouin zone, and display their 
modulus profiles in Fig.  2(g). These edge states are well localized at the boundaries, except for the state numbered 7, which lies 
close to the bulk band and considerably penetrates into the bulk.

2.3. Helical photonic Lieb lattices and band structures

The helical waveguide array is frequently employed to break the system’s effective time-reversal symmetry, as it generates a 
gauge field [6]. This becomes evident if the system is transformed from the original frame to the helical frame, when Eq. (1) 
becomes

𝑖
𝜕𝜓
𝜕𝑧′

= −1
2
∇′2𝜓 −(𝑥′, 𝑦′)𝜓 − 𝜎|𝜓|2𝜓 + 𝑖𝑟𝜔

(

cos(𝜔𝑧′)
𝜕𝜓
𝜕𝑥′

− sin(𝜔𝑧′)
𝜕𝜓
𝜕𝑦′

)

. (11)

By defining 𝑨 = 𝑟𝜔[− cos(𝜔𝑧′), sin(𝜔𝑧′)], Eq. (11) can be recast as 

𝑖
𝜕𝜓

= −1 (∇′ + 𝑖𝑨)2𝜓 − 1 𝑟2𝜔2𝜓 −(𝑥′, 𝑦′)𝜓 − 𝜎|𝜓|2𝜓. (12)

𝜕𝑧′ 2 2
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Fig. 3. (a) Quasi-propagation constant 𝑏 of the helical waveguide array. (b) Berry curvatures of the bands in (a). Parameters are: 𝑝 = 8, 𝑤 = 0.5, 
𝑟 = 0.4, Z = 8, and 𝑎 = 2.  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 
article.)

Now, 𝑨 acts as a vector potential in electromagnetism, associated with a spatially homogeneous electric field of circular polariza-
tion [21,22,61], given by

(𝑧′) = − 𝑑𝑨
𝑑𝑧′

= −𝑟𝜔2[sin(𝜔𝑧′), cos(𝜔𝑧′)].

We emphasize that the propagation distance 𝑧 in Eq. (1), as well as 𝑧′ in Eq. (11), are equivalent to the evolution time ‘‘𝑡’’, so that the 
curl of 𝑨 vanishes: ∇ ×𝑨(𝑡) = 0, indicating the absence of an effective magnetic field. The band structure of the helically extended 
Lieb waveguide array — the quasi-propagation constant 𝑏 versus Bloch momenta 𝑘𝑥,𝑦 — is displayed in Fig.  3(a), corresponding to 
the band structure in Fig.  1(d) As anticipated, the Dirac cones vanish due to the array’s helicity. The Berry curvature [62,63] of the 
𝑛th band is expressed as

𝑛(𝒌) = 𝑖
∑

𝑛′≠𝑛

(

⟨𝑢𝑛|𝜕𝑘𝑥|𝑢𝑛′ ⟩⟨𝑢𝑛′ |𝜕𝑘𝑦|𝑢𝑛⟩

(𝑏𝑛 − 𝑏𝑛′ )2
−

⟨𝑢𝑛|𝜕𝑘𝑦|𝑢𝑛′ ⟩⟨𝑢𝑛′ |𝜕𝑘𝑥|𝑢𝑛⟩

(𝑏𝑛 − 𝑏𝑛′ )2

)

, (13)

where |𝑢𝑛⟩ and 𝑏𝑛 denote the eigenstates and eigenvalues of the system’s linear Hamiltonian , and ⟨⋅|⋅⟩ is the inner product. The 
distributions 𝑛(𝒌) for bands 𝑛 = 1 ∼ 4 are presented in Fig.  3(b). Note that the Berry curvature is plotted within the first Brillouin 
zone (BZ), which takes the form of a rhombus (or hexagon). The topological index characterizing this system is given by the Chern 
number [63–66] in the first BZ: 

𝑛,BZ = 1
2𝜋 ∫BZ

𝑛(𝒌)𝑑𝒌, (14)

where BZ indicates that the integration is carried over the entire Brillouin zone. Corresponding to the Berry curvatures presented 
in Fig.  3(b), the Chern numbers for bands 1 ∼ 4 are 1 = 1, 2 = 0, 3 = 0, and 4 = −1, respectively. According to the bulk-edge 
correspondence principle [22], a topological edge state is expected to appear within each band gap in Fig.  3(a) when the lattice is 
subjected to open boundary conditions.

2.4. Topological edge solitons

Corresponding to the boundary types of helical waveguide arrays displayed in the top panels of Fig.  2(a)–(c), we present the 
helical waveguide arrays and their band structures (i.e., the quasi-propagation constant 𝑏 versus the Bloch momentum 𝑘𝑦) in Fig. 
4(a)–(c). As predicted, the originally degenerate edge states in each band gap become non-degenerate and have opposite slopes. For 
the bearded-bearded boundary in Fig.  4(a), all pairs of topological edge states resemble those of the helical honeycomb waveguide 
array [1]. However, for the pointy-pointy boundary in Fig.  4(b) and the solid–solid boundary in Fig.  4(c), the topological edge states 
in the top and bottom band gaps lie close to the bulk bands and are similar to those in lattices with type-II Dirac cones [67–69]. 
We are interested in the topological edge states in the middle band gap, which are highlighted in red and blue. Several topological 
edge states 𝜙𝑘𝑦 , indicated by the numbered dots in Fig.  4(a)–(c), are selected, and their modulus profiles are displayed in Fig.  4(d). 
We find that the topological edge states from the blue curve reside on the left boundary, whereas those from the red curve reside 
on the right boundary of the waveguide array.

The variety of topological edge states in the dislocated Lieb lattice provides an opportunity for exploring different topological 
edge solitons [70–75]. Assuming that the first-order derivative of the edge state 𝑏′ = 𝑑𝑏∕𝑑𝑘𝑦 determines its group velocity 𝑣 = −𝑏′

and the second-order derivative 𝑏′′ = 𝑑2𝑏∕𝑑𝑘2𝑦 determines its dispersion, we show those two quantities in Fig.  5(a)–(c), corresponding 
to the red and blue curves from Fig.  4(a)–(c).
5 
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Fig. 4. (a–c) Band structures of the helical waveguide arrays with different boundary types that are displayed on top of the bands. (d) Modulus 
profiles of the numbered topological edge states. Parameters are the same as those in Fig.  3.  (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

Fig. 5. First-order derivative 𝑏′ = 𝑑𝑏∕𝑑𝑘𝑦 (a–c) and second-order derivative 𝑏′′ = 𝑑2𝑏∕𝑑𝑘2𝑦 (d–f) of the topological edge states indicated by red 
and blue lines in Fig.  4(a–c).  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.)

In Fig.  5(a), the two edge states move in opposite directions along the boundary of the helical waveguide array, when their 
Bloch momenta lie between the vertical dashed lines; otherwise they propagate in the same direction. Since 𝑏′′ is always negative 
in the existence regions of edge states, the bright edge solitons along the bearded-bearded boundary can form, depending on their 
linear counterparts. For the case shown in Fig.  5(b), dark edge solitons along the pointy-pointy boundary can be predicted, since 𝑏′′
is always positive. The case shown in Fig.  5(c) displays both positive and negative 𝑏′′ in the existence region; however, positive 𝑏′′
occurs only near the region where the edge state approaches the bulk band, which induces coupling between the edge state and bulk 
states and consequently, reduces the localization of the edge state. Therefore, we expect bright edge solitons along the solid–solid 
boundary.

To construct an edge soliton, we superimpose a soliton envelope on the linear Floquet edge state 𝜙𝑘𝑦 (𝑥, 𝑦, 𝑧), as 𝜓(𝑥, 𝑦, 𝑧) = 
(𝜂, 𝑧)𝜙𝑘𝑦 (𝑥, 𝑦, 𝑧) exp(𝑖𝑏𝑧). Inserting this ansatz into Eq. (1) and after some algebra, the slowly-varying envelope (𝑦) is found to obey 
the following equation [70] 

𝑖 𝜕
𝜕𝑧

= 𝑏′′

2
𝜕2
𝜕2𝜂

− 𝜒||

2, (15)

where

𝜒 = 1 Z
𝑑𝑧

+∞
𝑑𝑥

Y
|𝜙𝑘 (𝑥, 𝑦, 𝑧)|4𝑑𝑦
Z ∫0 ∫−∞ ∫0 𝑦

6 
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Fig. 6. (a) Modulus profiles of the bright edge soliton with 𝑘𝑦 = 0.48K𝑦 at selected distances in the helical waveguide array shown in Fig.  4(c). 
(b) Same setup as in (a), but with the nonlinear term removed. (c) Peak amplitude of the bright edge soliton and its linear counterpart.  (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

and 𝜂 = 𝑦 + 𝑏′𝑧. The solutions of this simple cubic nonlinear Schrödinger Eq. (15) are well-known and include the bright pulse 

(𝑦) =

√

2
𝑏nl
𝜒

sech

(

𝜂

√

−2
𝑏nl
𝑏′′

)

exp
(

𝑖𝑏nl𝑧
)

, (16)

and the dark pulse 

(𝑦) =

√

𝑏nl
𝜒

tanh

(

𝜂

√

𝑏nl
𝑏′′

)

exp
(

𝑖𝑏nl𝑧
)

, (17)

Here, 𝑏nl is the propagation constant detuning, which should not be too large for stable solutions. The solutions in Eqs. (16) and 
(17) feature bright and dark envelopes, respectively. From these, we construct bright and dark edge solitons, displayed in Figs.  6
and 7, respectively.

The bright soliton maintains its profile during unidirectional propagation in the negative 𝑦 direction, as shown in Fig.  6(a). If 
the nonlinearity is removed, it spreads quickly during propagation and gradually fills the extent of the lattice, as exhibited in Fig. 
6(b). One can compare the modulus profile of the same input at different propagation distances. We also record the peak amplitudes 
𝛼lin and 𝛼nlin of the beam during linear and nonlinear propagation, indicated by the red and black curves in Fig.  6(c). Notably, the 
black curve illustrates that the peak amplitude of the bright soliton remains constant during propagation, whereas the red curve 
indicates a decreasing peak amplitude with increasing propagation distance. Note that the potential excitation energy of the edge 
state soliton shown in Fig.  6(a) is ∼1.16 nJ if the laser pulse duration is 100 fs, which is feasible in experiment.

The dark edge soliton, represented by two notches in Fig.  7(a), also maintains its profile during unidirectional propagation, 
as seen in the panel at 𝑧 = 2000 of Fig.  7(a). However, the profile is not preserved during linear propagation, as shown in Fig. 
7 
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Fig. 7. Same as Fig.  6 but for the dark edge soliton with 𝑘𝑦 = 0.01K𝑦 in the helical waveguide array shown in Fig.  4(b).  (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web version of this article.)

7(b). The width of the notches broadens, and the peak of the bright sectors increases. The comparison between linear and nonlinear 
propagation reveals a pronounced difference in peak amplitudes, as exhibited in Fig.  7(c). As seen, the peak amplitude during linear 
propagation (the red curve) increases with distance, while that of nonlinear propagation (the black curve) maintains its value.

Figs.  6 and 7 demonstrate topological edge solitons in the Floquet modulated extended Lieb waveguide array. More types 
of topological edge solitons are expected in this model, such as vector topological edge solitons [68,76,77] because additional 
topological edge states are observed in Fig.  4(a)–(c), chiral bulk solitons [78], and nonlinear corner states [53,79–81]. It is worth 
stressing that bending losses are inevitable in helical waveguide arrays, so the radius should not be too large and the period should 
not be too small. According to our numerical simulations, the bending loss is not too strong to lead to quick decay of the edge state 
soliton if the radius is smaller than 𝑟 = 0.6 with other parameters unchanged. The parameters provided in this work are reasonable 
and can serve as a reference for future experiments.

3. Conclusion and outlook

In summary, we have reported bright and dark topological edge solitons in helical dislocated extended Lieb waveguide arrays, 
which possess various boundary types. The topological edge states may appear around either the middle or at the boundary of the 
first Brillouin zone, and may support either bright or dark topological edge solitons, depending on the boundary type. We provide 
a versatile lattice platform for investigating the localization of topological fields, which may also support vector topological edge 
states.

To the best of our knowledge, the experimental observation of real topological edge solitons is still an open and ready-to-explore 
topic, although some relevant experiments have been performed [82–84]. Potential experimental systems to be employed include 
8 
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femtosecond-laser-written waveguide arrays [25,58,85,86], as well as waveguide arrays induced in photorefractive crystals [67] or 
atomic vapors [87].
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