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In the Supplemental Material, we provide more details
on the energy spectra and eigenmodes of a topological
trimer array with large size, the topological analysis
of trimer array, the measured population dynamics in
topologically nontrivial and trivial arrays, the numerical
calculation of population dynamics at the long time, the
nonlinear edge state families that bifurcate from their
linear counterparts, and the stability and robustness of
the nonlinear edge states.

Energy spectra and eigenmodes of a topological
trimer array with large size

In this section, we show the energy spectra and eigen-
modes of a topological trimer array with a size larger
than the experiment in the noninteracting regime. In
Fig. Sla, we show the energy spectra of a trimer array
including 30 sites, and two pairs of edge states appear
in each of two topological band gaps. In Fig. Slb, we
show the wavefunctions of topological edge states for
J/K = 0.31, corresponds to eigenmodes 1-4 indicated
in Fig. Sla. In compared to the results in Fig. 1b and
¢ in the main text, we see that the size effect does not
qualitatively change the topological edge states and the
corresponding eigenmodes.

Topological analysis of the trimer array

In the absence of interaction, the topological property of
the trimer array is analyzed by checking the Zak phase
v of each band as a function of J/K. Since the Zak
phase is an invariant of the bulk band, we consider the
Hamiltonian of the trimer array, that can be written as

0 J K exp(—ik)
Hyu = J 0 J . (S1)
Kexp(ic) J 0

Here, we assume the separation between two nearest
neighbor sites is 1, and the width of the first Brillouin
zone (BZ) is k = 2w. If the eigenstate of one band of the
Hamiltonian Hyyx is labels as |u(k)), the Zak phase is
given by

v /B ()0 fulr)dr. ($2)
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FIG. S1. a, Energy spectra as a function of the intra- to in-
tercell hopping rate ratio J/K in the trimer array consisting
of 30 sites with open boundary condition in the noninter-
acting limit. The red lines represent topological edge states
for J/K < 1. b, Eigenmodes of topological trimer array for
J/K = 0.31 correspond to the black dots in a.

In Fig. S2a, we show the band structure of the trimer
array in the first Brillouin zone with increasing J/K.
We can see the band gaps close at J/K =1, and open
again if J/K increases further. To see the dependence
of the band structure E/K on J/K, we project the
band structure on the plane (J,E) in Fig. S2b, and
the profile is the same as that of the energy spectra
shown in Fig. 1b of the main text. In Fig. S2c¢, we
show the variation of Zak phases of the bands with
J/K, and the atomic trimer array indeed undergoes a
topological phase transition. The Zak phases of the first
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FIG. S2. a, Band structure of the trimer array in the first Brillouin zone —7 < k < 7 as a function of the intra- to intercell
hopping rate ratio J/K. b, Dependence of band structure on J/K by projecting the band structure in a on the (E, J) plane.
¢, The Zak phase of each band of the trimer array as a function of J/K.

(red circles) and third (green dots) bands are v = 7 in
the region J/K < 1, and it becomes 0 if J/K > 1. Since
the Zak phase of the second band is 27 in J/K <1
and 0 in J/K > 1, the second band does not affect the
topological property of the two band gaps. As a result,
the topological edge states emerge in the both two band
gaps, as shown in Fig. 1b in the main text or in Fig. Sla.

Measured population dynamics in topologically
nontrivial and trivial arrays

In this section, we measure the dynamics of atomic pop-
ulations in the topological and nontopological arrays for
different interactions U/K, where the atoms are initial-
ized at two leftmost sites with equal weight. In Fig. S3a-
¢, we show the dynamics of atomic populations at one
and two leftmost sites Py and Pg after the quench to a
topological trimer array with J/K = 0.31 under differ-
ent interactions for the initial phase ¢ = 0. We observe
the almost equal occupation of atoms on two leftmost
sites within the time ¢ = 6A/K for U/K = 6 and 7.2,
where the evolution time is limited by the decoherence
of the BEC from the physical separation of wave pack-
ets with different momenta. In the nontopological array
with J/K = 3, the atoms are mainly localized in the left-
most cell for ¢ = 0 in Fig. S3d-f, but the strong intracell
hopping rate induces the oscillation dynamics.

We show the dynamics of atomic populations Py and
Ps in the topological trimer array with the initial phase
¢ = = for different U/K in Fig. S4a-c. The atoms popu-
lating at two leftmost sites have the unstable oscillation,
which leads to the unequal population observed after the
experimental duration ¢ = 3.2h/K with r < 0.11 under
the strong interactions in Fig. 3a of the main text. In the
nontopological array with ¢ = m, we observe the oscil-
lation dynamics of atoms in the leftmost cell in Fig. S4d-f.

Numerical calculation of population dynamics at
the long time

In principle, if the initialized population is closely ap-
proximate to the theoretical distribution from the non-
linear edge state under the strong interactions, the sta-
ble population dynamics should be observed to support

the stationary state. However, the measured dynamics
in Fig. S3a-c cannot verify whether the unstable oscilla-
tions occur at long times for ¢ = 0, and the oscillation
dynamics are observed for ¢ = 7 in Fig. S4a-c.

To confirm whether the stationary states occur at the
long time, we perform the numerical calculation to show
the population dynamics at the long time in Fig. S5,
where the initial population is the same as the experi-
mental initialization. For ¢ = 0, the numerical popula-
tion dynamics show that the atoms always populate at
two leftmost sites with the equal weight for U/K = 6,
i.e., the stationary state exists, but the unstable oscil-
lations for U/K = 4.8 and 7.2 illustrate that the sys-
tem is evolved to the non-stationary states. For ¢ =
m, the unstable dynamics with the small oscillation am-
plitudes for U/K = 4.8, 6 and 7.2 illustrate that there is
not stationary state, and even the large population im-
balance between the two leftmost sites emerges at the
long time. Both the unstable oscillation and population
imbalance illustrate that the initialized out-of-phase pop-
ulation cannot be approximate to the distribution deter-
mined by the corresponding nonlinear edge state.

We further define the averaged deviation from the
mean population to quantitatively characterize the am-
plitude of oscillation

ta
AP, = ! /]Pn(t)—ﬁn]dt, (S3)

to —1t1 Jyy,

where P, is the atomic population at site n,
and the corresponding mean population is given as
P, = ﬁ ttf P, (t)dt. We calculate the variations of
APy and AP; with U/K, and the average is performed
over the time range from t; = 20h/K to ty = 60h/K.
The numerical results in Fig. S5d clearly demonstrate
that the stationary states exist under most of the strong
interactions for ¢ = 0, and the non-stationary states
emerging under the interactions ranging from U/K = 6.6
to 7.8 may be attributed to that the initial in-phase pop-
ulation cannot be approximate to the distributions deter-
mined by the eigenmodes of nonlinear edge states. For
¢ = m, the oscillation dynamics at the long time lead to
the non-zero AP, and AP; under the strong interactions
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FIG. S3. Measured population dynamics of atoms in the

topologically nontrivial and trivial arrays under different in-
teractions for the initial in-phase population. a-c, Dynamics
of atomic populations at one and two leftmost sites Py and
Ps in a topological trimer array with J/K = 0.31 for different
U/K. d-f, Dynamics of atomic populations at one, two and
three leftmost sites Py, Ps and P, in a nontopological array
with J/K = 3 for different U/K. The solid lines are the nu-
merical simulations. All error bars denote standard errors.
In all panels, the atoms are equally initialized at two left-
most sites with phase ¢ = 0, and the intercell hopping rate is
K/h = 0.4kHz.

in Fig. Sbh, and this illustrates that there is not station-
ary state.

In theory, the nonlinear edge states that bifurcate from
both the in-phase and out-of-phase linear edgestates are
stable, as demonstrated by the following linear stability
analysis. When the initialized population is completely
consistent with the distribution determined by the eigen-
modes of the nonlinear edge state for a fixed interac-
tion, the populatlon distribution remains unchanged in
the dynamic evolution process, i.e., the stationary state
is reached. In the experiment, limited by the decoherence
from the spatial separation of atoms populating at differ-
ent momentum states, it is very difficult to initialize the
atomic populations at several distinct momentum states
precisely in accordance with the eigenmodes of the non-
linear edge states. However, theoretically, the nonlinear
edge states determine the localization of most atoms at
two leftmost sites under the strong interactions. Thus,
the atoms are initialized at two leftmost sites with the
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FIG. S4. Measured population dynamics of atoms in the
topologically nontrivial and trivial arrays under different in-
teractions for the initial out-of-phase population. a-c, Dy-
namics of atomic populations at one and two leftmost sites
Py and Ps in a topological trimer array with J/K = 0.31 for
different U/K. d-f, Dynamics of atomic populations at one,
two and three leftmost sites Py, Ps and P; in a nontopolog-
ical array with J/K =3 for different U/K. The solid lines
are the numerical simulations. All error bars denote standard
errors. In all panels, the atoms are equally initialized at two
leftmost sites with phase ¢ = 7, and the intercell hopping rate
is K/h = 0.4kHz.

controlled phase, and we hope this initialization is closely
approximate to the theoretical distribution from the non-
linear edge state under the strong interactions. As illus-
trated in Fig. S5, the population dynamics reaches a sta-
tionary state for the initialized in-phase population over
a certain interaction range, in compared to the unsta-
ble oscillation for the initialized out-of-phase population.
This indicates that the initial in-phase equal occupation
at two leftmost sites is more approaching to the theoret-
ical population distribution determined by the nonlinear
edge state under the strong interactions rather than the
initialized out-of-phase population.

On the other hand, although the stationary states are
not reached in many cases, the enhanced localization
of atoms at two leftmost sites observed in the popu-
lation dynamics illustrates that the initial population
engineered in the experiment is approaching to the
distribution determined by the eigenmodes of nonlinear
edge states under the strong interactions rather than the
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Numerical calculation of population dynamics of atoms in the topological trimer array with J/K = 0.31 under

different interactions U/K at the long time for the initial phases ¢ = 0 in a-c and ¢ = 7 in e-g, where the atoms are initialized
at two leftmost sites with the equal weight. Pg is the normalized population of atoms at two leftmost sites, and Py and P; are
the population at the sites n = 0 and 1, respectively. The averaged deviation from the mean population in each of two leftmost
sites APy and AP; as a function of U/K for ¢ = 0in d and for ¢ = 7 in h, where the average is performed over the time range

from ¢, = 20h/K to t2 = 60h/K.

cases for noninteraction or weak interactions.

Nonlinear edge states that bifurcate from their
linear counterparts
Following Refs. [1-4], the interactions of atoms in mo-
mentum lattices can be captured by the nonlinear
Schrodinger equation

Opn
ot

1

> Hundm + U (2= [¢n]?) dn, (S4)

where ¢,, is the normalized complex amplitude for the
discrete momentum state, and H,,,, is the matrix element
of the Hamiltonian in Eq. (1) of the main text associated
with momentum states p,, and p,,. We assume the solu-
tion of Eq. (S4) has the ansatz ¢,, = u, exp(—iEt), and
Eq. (S4) can be rewritten as

Eu, = ZHmnum +U(2- |un|2) Up. (S5)

Clearly, if the mean-field interaction energy U is negligi-
ble, Eq. (S4) reduces into its linear counterpart, and the
Hamiltonian is exactly same as Eq. (1) in the main text.

Generally, Eq. (S5) can be numerically solved by using
the Newton iteration method [5]. The theoretical results
are shown in Fig. S6a, in which the density > |u,|?
means the number of atoms at the nonlinear edge states.
As expected, we have two families of nonlinear edge
states, one bifurcates from the in-phase linear edge state
(red curve), and the other bifurcates from the out-of-
phase linear edge state (blue curve). Here, the bifurca-
tion means that the nonlinear edge state reduces into its

linear counterpart with the decrease of its density, which
reflects that the nonlinear edge state originates from its
linear counterpart. The propagation constant (i.e., en-
ergy E) of the nonlinear edge states deceases, across the
linear band gap, and even enters into the bulk band to
interact with the bulk states. The theoretical result in
Fig. S6a shows that the excitation of the nonlinear edge
states is thresholdless, however, the formation of nonlin-
ear edge states has a threshold in the real experiment [5—
7.

It is significant to test the stability of the nonlinear
edge states shown in Fig. S6a. To this regard, we perturb
the solution wu,, in the form

¢n = [un + vy exp(Bt) + wy, exp(8*t)] exp(—iLt), (S6)

where v, w, < 1 are small perturbations, and 3 is the
perturbation growth rate that can be complex. Inserting
Eq. (S6) into Eq. (S4) and linearizing it around stationary
solution u,, we arrive at the linear eigenvalue problem,

iBon =+ Y HynUm + 2U(1 = |up|*) = Elv,,

— U\un\zwn,

(S7)

iﬂwn = ZHmnwm - [QU(l - ‘un|2) - E}wn

+ Ulug |*vp. (S8)
Solving Egs. (S7) and (S8) using a standard eigenvalue
solver, we obtain the dependence of the perturbation
growth rate 8 on the energy E for a given family of the
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FIG. S6. a, Nonlinear state families bifurcating from the linear edge states of topological trimer array with J/K = 0.31 for

U/K = 4. Density represents the number of atoms in the nonlinear edge state 3, |un|>. The energy E/K in the vertical axial
is shifted with —2U/K, which is an energy shift in Eq. (S4) in compared to the optical nonlinearity, and then the nonlinear
edge states return back their linear counterparts when the density of the state decreases to 0. The red and blue curves bifurcate
from the in-phase and out-of-phase linear edge states, respectively. b and ¢, Maximum growth rates of the perturbation S
in b and c for the nonlinear edge states indicated with the blue and red curves in a. Because the maximum real part of ;e

is always zero, two families are stable. d-f, The distribution of

eigen wavefunction of the nonlinear edge state ¢ from the blue

curve in a with the energy F/K given in each panel. The y axis tick values are fixed and authentic, and cannot be normalized.
g, Eigenmodes of the linear edge state bifurcating from which the nonlinear edge state (blue curve) establishes. The energy is
(E —2U)/K = —0.31. The y axis tick values are arbitrary, and can be scaled and normalized.

nonlinear states. If 5, < 0 for all possible perturbations,
the corresponding nonlinear state u,, is linearly stable. In
the presence of small perturbations, it will exhibit only
small amplitude oscillations upon evolution. Otherwise,
if at least one perturbation mode has S, > 0, the non-
linear state is unstable and will decay in the course of
propagation.

In Fig. S6b and c, we show the the linear stability
analysis, which corresponds to the nonlinear edge states
shown in Fig. S6a. Clearly, all the nonlinear edge states
are stable, since the maximum real part of the growth
rate for both kinds of nonlinear edge states is 0, i.e.
max{fe} = 0.

To illustrate the bifurcation of the nonlinear edge
states from the linear edge states, we show the distribu-
tions of eigen wavefunctions of the nonlinear edge states
in Figs. S6d-f, and these states are picked from the blue
curve in Fig. S6a with varying energy E/K. Since the
nonlinear edge states are eigen-solutions of Eq. (S4), the
y axis tick values are authentic and fixed in Figs. S6d-f.
The eigen wavefunctions of the nonlinear edge states
cannot be normalized. While the eigen wavefunction of
the linear edge state in Fig. S6g can be scaled arbitrarily,
since it is an eigen-solution of the linear version of
Eq. (S4). Therefore, the y axis tick values in Fig. S6g is
arbitrary and not fixed, but the population proportion is
consistent with the out-of-phase population distribution
in the left side of the linear topological trimer array in

Fig. 1c of the main text. When the value of (£ —2U)/K
changes from —1 to —0.4, the profile of the nonlinear
edge state in Fig. S6f is approaching to that of the
linear edge state with (F —2U)/K = —0.31 in Fig. S6g.
The nonlinear edge state ultimately reduces into the
linear edge state completely, if the value of (E — 2U)/K
coincides with that of the linear edge state. This
demonstrates that the nonlinear edge state originates
from its linear counterpart.

Robustness of the nonlinear edge state

To check the robustness of the nonlinear edge state, we
have to set a defect or make a disorder to the outermost
sites, at which the nonlinear edge state locates. How-
ever, the strength of the defect or disorder should not be
too big, or it will be beyond the protection of the band
gap. Since the defect or disorder will affect the intracell
hopping rate J, we manually increase and decrease the
coupling strength between the two leftmost sites by 10%,
and track the evolution of one nonlinear edge state in
this perturbed trimer array. We find two kinds of non-
linear edge states are robust to the perturbation applied
in the coupling strength. For example, for one nonlinear
edge state from the blue curve in Fig. S6a, we demon-
strate its robustness by comparing the evolution of the
nonlinear edge state in the unperturbed and perturbed
trimer arrays in Fig. S7. We show the evolution of the
nonlinear edge state for E/K = 7.5 and U/K = 4 in the
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FIG. S7. Robustness of the nonlinear edge state for E/K = 7.5 and U/K = 4, i.e. (E—2U)/K = —0.5 in the trimer array with
J/K = 0.31, which corresponds to the black dot on the blue curve (out-of-phase) in Fig. S6a. a, Evolution of the nonlinear
edge state in the unperturbed trimer array. b and c, Evolution of the nonlinear edge state in the perturbed trimer arrays
for different hopping rates 1.1J in b and 0.9J in ¢ between the two leftmost sites. d and e, Evolution of the nonlinear edge
state with a small perturbation that is imposed on the input nonlinear edge state in d and the non-diagonal elements of the
Hamiltonian in e. In all panels, we show the absolute value of the field of the state.

unperturbed trimer array with J/K = 0.31 in Fig. S7a,
and demonstrates that the stability of the nonlinear edge
state during the evolution. When the coupling strength
between the first and second sites on the left side of trimer
array is increased by 10% and decreased by 10%, respec-
tively, and we show that the nonlinear edge state can
maintain its profile during the evolution in Fig. S7b and
c.

In addition to the above method, we provide another
two methods to check the robustness of the nonlinear
edge state. First, we add a perturbation to the input
nonlinear edge state via 1 — (1 + 0.26,,)%, where §, is a
vector with random numbers in the range [—0.5,0.5], and
the strength of the perturbation is 10% of the nonlinear
edge state in amplitude. The evolution of the nonlin-

ear edge state with the perturbation imposed on the
is shown in Fig. S7d. Second, we add a perturbation to
the non-diagonal elements of the Hamiltonian, which is
a matrix and its diagonal elements are controlled by the
nonlinearity. The perturbation is imposed on the non-
diagonal elements by Hy, — (1 + 0.20y ) Hyin, where 0p
is a matrix with random numbers in the range [—0.5,0.5],
and Hy, is the Hamiltonian by removing the diagonal ele-
ments. The evolution of the nonlinear edge state with the
perturbation imposed on the Hjy, is shown in Fig. S7e,
and the density fluctuates a bit during the evolution due
to the perturbation to the Hamiltonian (i.e. the system).
The results in Fig. S7d and e clearly illustrate that the
nonlinear edge state is robust since it survives from the
perturbation.
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