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Topological insulators are most frequently constructed using lattices with specific degeneracies in their linear
spectra, such as Dirac points. For a broad class of lattices, such as honeycomb ones, these points and associated
Dirac cones generally appear in non-equivalent pairs. Simultaneous breakup of the time-reversal and inversion
symmetry in systems based on such lattices may result in the formation of the unpaired Dirac cones in bulk
spectrum, but the existence of topologically protected edge states in such structures remains an open problem.
Here a photonic Floquet insulator on a honeycomb lattice with unpaired Dirac cones in its spectrum is introduced
that can support unidirectional edge states appearing at the edge between two regions with opposite sublattice
detuning. Topological properties of this system are characterized by the nonzero valley Chern number.
Remarkably, edge states in this system can circumvent sharp corners without inter-valley scattering even though
there is no total forbidden gap in the spectrum. Our results reveal unusual interplay between two different physi-
cal mechanisms of creation of topological edge states based on simultaneous breakup of different symmetries of

the system. © 2024 Chinese Laser Press

https://doi.org/10.1364/PRJ.524824

1. INTRODUCTION

Dirac points are specific degeneracies, where two bands
touch each other, representative for linear spectra of many peri-
odic systems, including honeycomb, triangular, Kagome, and
Lieb lattices. A dispersion relation is linear around Dirac points,
which leads to unusual dispersion dynamics of the wavepackets
exciting these points [1]. A variety of physical effects associated
with the presence of Dirac points are reported in material
sciences, acoustics, optics, and physics of matter waves. In par-
ticular, honeycomb lattices with Dirac degeneracies [2—5], rep-
resenting photonic analogues of graphene [6], are widely used for
construction of topological insulators—novel materials, where
excitations can propagate along the edges of the structure, but
not in its bulk [7-10]. In usual honeycomb lattices Dirac points
emerge in six corners of the Brillouin zone, in pairs correspond-
ing to non-equivalent K and K’ points. However, in Ref. [11] a
system with “parity anomaly” was suggested, which may possess
unpaired Dirac cones if the time-reversal symmetry and the in-
version symmetry of the system are broken simultaneously. The
existence of the unpaired Dirac cones implies that massless chiral
fermions in such a system lose anomaly cancelling partners with
opposite chirality, and thus their appearance breaks the “fermion
doubling” theorem [11]. However, due to the unique nature of
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the unpaired Dirac points and specific symmetry properties that
the system possessing them should manifest, the search of such
materials is a challenging and open problem.

Different approaches can be used to break time-reversal
symmetry in photonic or optoelectronic systems. Among them
is the utilization of gyromagnetic optical materials in external
magnetic fields [12], or polariton condensates with pronounced
spin-orbit coupling in magnetic fields [13—15]; see also Ref. [8].
This effect can also be achieved by using longitudinal modu-
lations in waveguide-based systems, such as photonic Floquet
insulators on helical waveguide arrays [16], where a number of
topological phenomena have been predicted and observed in
linear and nonlinear regimes [17-20]. In these latter systems the
breakup of time-reversal symmetry is achieved due to the effec-
tive gauge field arising from waveguide modulations [21-23]. By
the way, the Floquet waveguide arrays always provide promising
results in light manipulatons [24-26]. Unpaired Dirac points
can, in principle, be observed in helical square waveguide arrays,
as suggested in Refs. [27,28], where introduction of the differ-
ence into phases of helical waveguide rotation in two sublattices
also breaks inversion symmetry of the structure [29-31].
Experimentally, unpaired Dirac points were observed for micro-
waves in gyromagnetic materials [32], while transitions between
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regimes with broken inversion and time-reversal symmetries in
gyromagnetic structures were reported in Ref. [33]. Very re-
cently, unpaired Dirac points were also proposed and observed
in a photonic crystal consisting of Y-shaped gyromagnetic rods
[34]. Nevertheless, unpaired Dirac points remain elusive at op-
tical frequencies in waveguiding systems. Topological edge states,
which should have unique properties in such materials connected
with unusual structure of their linear spectra lacking total gaps,
have never been reported, to the best of our knowledge.

In this work, we show that such topological edge states can be
observed when one simultaneously introduces into a honeycomb
waveguide array the helicity of waveguides, resulting in breakup
of its time-reversal symmetry, and also the detuning between its
two sublattices, resulting in breakup of the inversion symmetry
of the structure. Notice that the approach utilizing sublattice de-
tuning [35-41] is also quite involved in the investigations of the
valley Hall effect [42] where, however, the system possesses the
total gap, in contrast to the system with unpaired Dirac points
considered here. We show that the bulk spectrum of our system
has a unique structure with gaps opened between three K’ points
and preserved Dirac cones at three K points. Remarkably, we find
that the domain wall between two arrays with different signs of
sublattice detuning supports topologically protected edge states,
which, in complete contrast to valley Hall systems, feature asym-
metric projected dependence of a quasi-propagation constant on
Bloch momentum and connect two different bands. Moreover,
such edge states are topologically protected and can circumvent
sharp corners of the domain wall without backscattering, despite
the absence of a complete gap in the spectrum of this system. Our
results suggest a new platform for observation of the unpaired
Dirac cones and open new prospects for investigation of nonlin-
ear effects in topological systems lacking a complete gap.

2. THEORETICAL MODEL

A. Helical Waveguide Array and Its Band Structure
The propagation dynamics of a laser beam in a helical shallow
waveguide array can be described by the Schrodinger-like equa-
tion for normalized amplitude y of the light field:
0 1/ 0?

l'a—yz/Z —5<$+W>W—R(x>)’az)% (1)
where x, y are the transverse coordinates that are to the character-
istic scale 7, = 10 pm, z is the propagation distance that is nor-
malized to the diffraction length k3 ~ 1.14 mm, £ = 2zn/1 is
the wavenumber in the medium with the background refractive
index 7 (for fused silica #» ~ 1.45), and A = 800 nm is the work-
ing wavelength. R(x, y, z) describes a waveguide array composed
from helical Gaussian-shaped waveguides:

X=X z 2 - z 2
R Y g, cp -2 0 OR) g

Here, d is the waveguide width, (x,,,,7,,,) are the z-
dependent coordinates of waveguide centers in the honeycomb
grid, p,,, = #*r§én/n is the waveguide depth that is propor-
tional to the refractive index contrast 67 in the array (for instance,
2 = 1.0 corresponds to 87~ 1.1 x 107%), and spacing between
neighboring waveguides in the grid is equal to 4. In a helical wave-
guide array, coordinates of waveguides change with z as
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Xn(2) = x,,,(0) + 7 sin(Qz),
Iin(2) = 9,,,(0) + 7 cos(Qz) - 7,

where 7 is the radius of the helix and Q = 27/7 is the rotation
frequency defined by period Z. We further introduce detuning
between two sublattices of the array, by setting depth as
Ppn =p+0o0rp,  =p-95 where 6 is the depth detuning that
is connected with different refractive index contrasts in two sub-
lattices and that corresponds to different on-site “energies” in the
language of condensed-matter physics [35,38,43], as shown in
the schematic array illustration in Fig. 1(a). Further we set the
mean waveguide depth p = 8.9, typical value of detuning
6 = 0.1, waveguide spacing @ = 1.6 (corresponding to 16 pm),
width & = 0.4 (corresponding to 4 pm), helix period Z = 6
(corresponding to 6.8 mm), and radius » = 0.4 (corresponding
to 4 pm). These parameters are typical for waveguide arrays in-
scribed in fused silica using focused pulses from a femtosecond
laser [16,44—48].

To analyze the impact of helicity and detuning on band
structure, we first consider Floquet-Bloch modes of a bulk array
that can be found as w(r,z) = ¢(r,z) exp(ibz + ik - 7),
where the Floquet-Bloch function ¢(7,z) is transverse
and Z-periodic, & is the quasi-propagation constant, and
k = (k,, k) is the Bloch momentum. The function ¢ and
the dependence 6(k) can be found by solving the equation
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Fig. 1. (a) Schematic illustration of helical waveguide array with de-
tuning between two sublattices, shown with red and blue colors. Green
hexagons highlight honeycomb structure of the array. Band structure
of bulk waveguide array with (b) » = 0 and § = 0.1, (¢) » = 0.4 and
6=0,and (d) » = 0.4 and 6 = 0.1.
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using the “propagation and projection” method [27,49,50],
which combines plane-wave expansion for calculation of ei-
genmodes of static arrays and their subsequent propagation
in helical structure for calculation of quasi-propagation con-
stants and Floquet-Bloch modes. The spectrum of a static
honeycomb array at §,7 = 0 is known to possess six Dirac
points, belonging to two groups K and K', where top and bot-
tom bands touch. If only the detuning & is introduced into the
structure to break its inversion symmetry, while the waveguides
are straight (» = 0), all Dirac cones split and become valleys,
and a complete gap opens in the spectrum of the system
[Fig. 1(b)]. Similar transformation of the spectrum is observed
for zero detuning 6 = 0, when waveguides are made helical,
which leads to the breakup of the time-reversal symmetry of
the system [see spectrum in Fig. 1(c)]. It should be stressed,
however, that even though Dirac cones split in both Figs. 1(b)
and 1(c), the Berry curvature (see definition in Section 2.B) in
valleys behaves differently: for the upper band in Fig. 1(c) the
curvature becomes positive around all K and K’ points, while
in Fig. 1(b) it acquires opposite signs in K and K’ points (Berry
curvature in the lower band in a given valley is usually opposite
to that in the upper band). Therefore, simultaneous breakup of
time-reversal symmetry and inversion symmetry in a system
with 8,7 # 0 leads to different variations of Berry curvature
in K and K’ points, which may translate into a competing im-
pact of helicity and detuning on gap width around these points
(as originally predicted in the Haldane model [11] for an elec-
tronic system). Thus, we find that at » = 0.4 the increase of
sublattice detuning up to §%0.10 (for 7y = 0.3 up to
6~ 0.07) leads to restoration of the Dirac cones in three K
points, while a gap remains open in three K’ points, as shown
in Fig. 1(d), i.e., unpaired Dirac cones appear in the bulk spec-
trum of this system. By changing the sign of detuning &, one
achieves opening of the gap in K points instead, while Dirac
points are observed in K’ points in this case.

Possible scenarios of the band structure transformation are
summarized in Table 1, where we use the fact that breakup of
the inversion symmetry tends to create valleys, where the Berry
curvature in each band is an odd function of %, while breakup
of time-reversal symmetry tends to create valleys, where the
Berry curvature is an even function of %2 [51]. Thus, when
time-reversal and inversion symmetries are broken simultane-
ously, the total Berry curvature at valleys may be enhanced (gap
width increases) or reduced (up to restoration of Dirac point) in
comparison with the case when only one of the symmetries is
broken. One can therefore distinguish four different situations,
highlighted in Table 1, where the symbol X implies the pos-
sibility of the Dirac point restoration. For instance, one can see
that changing of only rotation direction or inversion of detun-
ing shifts Dirac points from K to K’ points (or vice versa),
while simultaneous change of rotation direction and inversion
of detuning will have no effect on the location of the Dirac
points. We would like to note that the rotation of the wave-
guide array in Fig. 1(a) is clockwise O, and the results corre-
spond to the case @ in Table 1.
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Table 1. Sign of the Berry Curvature B of Valleys for
Different Signs of Detuning and Different Directions of
Waveguide Rotation (helicity)®

B(K) B(K')

@® 6>0

O
Total

@ 6>0 -
O _

Total -

©] 6<0

O
Total

@ 6<0

0] _
Total X -
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“X means that the Dirac cone may appear. The rotation direction (clockwise
O or anti-clockwise ) of the waveguide array is defined along negative
z-direction (viz., counter to the light propagation direction).

B. Topological Characterization of the System

To characterize topological properties of a helical waveguide
array with detuning between two sublattices, we utilize a
tight-binding approximation and the approach summarized
in Ref. [52]. The evolution of the excitations in our system over
one Z-period (in reciprocal space) can be described by the
Floquet evolution operator U (%, Z), which allows to formally
introduce also the effective Hamiltonian H 4:

Z
Ulk,Z) = Z exp (—i/o H(k, z)dz) = exp(-iH .g(k)2),
()

where Z is the time-ordering operator, and H (&, z) is the “in-
stantaneous’ Hamiltonian of the system,

H(k,z):t[ﬁ _;}. 5)
Here
P= Z exp(-i(A + k) - e;)
and |

A(z) = rQ[-cos(Qz), sin(Qz)],

where i=1,2,3, e; =[1,0]"2, e, =[-1/2, - V/3/2]%,
e; =[-1/2,/3/2]"a are the characteristic vectors of the
honeycomb lattice, A(z) is the gauge field arising due to helicity
of waveguides, ¢ is the on-site “energy” detuning [53,54] of
two sublattices in a tight-binding model, which is different
from 6 in Eq. (2) but proportional to it, and # is the hopping
strength. Berry curvature [42] of the band with index 7 can be
introduced as

4,0 H o |11,y ) (1,10 H 5|12,
B”(k)=iz<< |0k, H el t4,) (24, |04 H ef|20,)

n'#n (bn - bn')z
(unlak},Hefdun')(un'|a/eXHeff|un>
. e . e
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Fig. 2. Berry curvature B of the bottom band of the lattice with
unpaired Dirac cones. Parameters in (a) are: 2 = 1.6, Z =6,
r=0.3, 9 =0.1, t =0.18, and A(z) = rQ[-cos(Qz), sin(Qz)].
Parameters in (b) are: 2=1.6, Z=6, r=0.3, g =-0.1,
t = 0.18, and A(z) = rQ[-cos(Qz), -sin(Qz)]. The dashed hexagon
represents the first Brillouin zone.

where |#,) and 4 are the eigenstates and eigenvalues of H .,
and (-|-) is the inner product. Typical distribution 5,(k) in
the bottom band (7 = 2) is presented in Fig. 2(a). It is calcu-
lated for a set of parameters 2 =1.6, Z =6, r=0.3,
g = 0.1, and # = 0.18 at which Dirac cones emerge in K
points, while a gap is opened between K’ valleys, where
Berry curvature is positive. If one simultaneously changes
the sign of detuning > and waveguide rotation direction (hel-
icity), the gap again appears between K’ valleys, but Berry cur-
vature around them becomes negative in the bottom band, as
shown in Fig. 2(b). The topological index characterizing this
system is given by the valley Chern number

1
Cpp = / B,.,(k)dk, @)
s 2 ) s

where v indicates that the integration is carried over close prox-
imity of the valleys. Thus, the valley Chern number of each val-
ley in Fig. 2(a) is 1/2 while in Fig. 2(b) it is given by -1/2.
Therefore, according to the bulk-edge correspondence principle
[7,8], if the interface is created between two such arrays in real
space, the difference 1/2 - (-1/2) = 1 of valley Chern num-
bers predicts the appearance of the topological edge states con-
necting the upper and bottom bands around the valley in the
band structure. Importantly, this situation sharply contrasts with
the usual valley Hall system, where for nonzero detuning ¢o the
gap simultaneously opens between all valleys in such a way that
Berry curvature has opposite signs around K and K’ valleys, so
that the integral Eq. (7) over the entire Brillouin zone yields zero
C,. Instead, in our case such an integral would be nonzero and
opposite in sign for both first and second bands.

3. RESULTS AND DISCUSSION

A. Domain Walls and Edge States

To illustrate the possibility of formation of topological edge
states in this system with unpaired Dirac points, we constructed
the domain wall between helical arrays of types A and B with
opposite detuning of two constituent sublattices and with op-
posite waveguide rotation directions, as illustrated in schematic
Figs. 3(a) and 3(b). As discussed previously, the bands of such

arrays with the same index 7 are characterized by the opposite
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valley Chern numbers, while Dirac cones in both A and B
arrays are located in K points. The arrays can be arranged either
into B-A-B [Fig. 3(a)] or into A-B-A [Fig. 3(b)] configurations,
with waveguides of only one type (red or blue) falling onto do-
main walls; the latter are highlighted by the green dashed lines.
Notice that the waveguides on the domain wall have alternative
helix directions since they belong to different arrays A and B.
According to the bulk-edge correspondence principle the do-
main walls between such arrays should support edge states
of topological origin. In Fig. 3(c) we show the dependence
of the quasi-propagation constant of all modes in a B-A-B con-
figuration on Bloch momentum £, (along the edge) within the
first transverse Brillouin zone of width K = 271/+/3a. Since
the array is periodic in z, the spectrum is also periodic along
the vertical 4 axis with the period Q = 27/Z (defined by the
waveguide rotation frequency). In the band structure in Fig. 3(c)
gray dots correspond to delocalized bulk modes, while red and
blue dots correspond to the edge states localized on red and blue
domain walls, respectively. Upon calculation of this spectrum we
“glued” B arrays far away from the domain walls and a wide A
layer between them by assuming periodic boundary conditions
along the x-axis. The remarkable feature of the “projected” spec-
trum in Fig. 3(c) is its asymmetry with coexistence of the Dirac
coneat k£, = -K /3 (indicated by the green arrow) and of a gap at
/e), = 4K /3, around which unidirectional edge states form that
are located at blue and red domain walls, in accordance with line
colors. The appearance of such edge states is a remarkable fact,
taking into account the absence of the complete gap in the spec-
trum. We show selected profiles of the edge states from red and
blue domain walls in Figs. 3(d) and 3(e), respectively. Since our
Floquet system is Z-periodic, such states show exactly periodic
evolution on one longitudinal period, with substantial variations
of the field modulus distribution in the internal z-points. Notice
that localization of such edge states is strongest in the center
of the “local” gap, while when their quasi-propagation constant
approaches the band, such states gradually become extended.

The edge states reported here require for their existence the
interface between two lattices with broken inversion symmetry
and for this reason they do belong to the class of valley Hall states.
However, our structure also combines in a unique fashion the
properties typical for valley Hall and Floquet systems. Because
time-reversal symmetry in our system is broken due to the helicity
of waveguides, edge states become truly unidirectional and this
allows to avoid the problem typical for usual valley Hall systems
that support a pair of counterpropagating edge states that can be
coupled by sufficiently narrow edge defects. Our system is free
from this limitation and this is reflected in a completely different
scenario of interaction of edge states with narrow defects that is
now accompanied not by reflection of the edge state, but by emis-
sion of fraction of power in the form of a conical wave (please see
Fig. 6) and passage of a considerable fraction of power through
the defect. In this sense, our system offers stronger topological
protection than conventional valley Hall systems.

B. Topological Protection of the Edge States

To confirm the topological nature of the Floquet edge states
suggested by associated nonzero valley Chern numbers dis-
cussed in Section 2.B, we designed two types of the domain
walls with a zigzag shape that possess two sharp corners (the
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Fig. 3. (a) Schematic representation of composite helical waveguide array with two domain walls that are indicated by the vertical dashed green
lines. Only waveguides of one type (blue or red) fall onto domain wall. The array is periodic in the y direction. Both detuning and direction of
waveguide rotation are opposite in A and B arrays forming the domain wall. (b) A-B-A array configuration with two domain walls. (c) Quasi-
propagation constant versus Bloch momentum £, for B-A-B configuration in (a). Two longitudinal Brillouin zones are shown to stress vertical
periodicity of the spectrum. Red and blue dots correspond to the edge states appearing on red and blue domain walls, respectively. Gray dots
correspond to bulk modes. (d) Field modulus distribution [y of the edge state (three y-periods are shown) with £,/K = 0.3 residing on the
red domain wall in (c) at different propagation distances within one period Z. (e) Edge states with £,/K = 0.35 from blue domain wall at different
distances. In all cases Z = 6, ry = 0.3, and 6 = 0.07.

0.51

0.0

angle is 60°). The domain wall in Fig. 4(a) is similar to the blue domain wall in Fig. 3(a), and is highlighted by the blue
red domain wall in Fig. 3(a), as highlighted by the correspond- line. These domain walls support edge states corresponding to
ing line, while the domain wall in Fig. 4(b) is similar to the red and blue branches of Fig. 3(c) that have opposite group

Fig.4. Zigzag-shaped domain walls with sharp corners that are adopted for demonstration of the topological protection of the edge states from the
(a) red branch and (b) blue branch of Fig. 3(c). The arrows indicate the direction of motion of the edge states with initial broad envelope at different
stages of propagation. Corresponding field modulus distributions at different distances are shown too. The two edge states correspond to

kyJK =03 (2) and k,/K = 035 (b).
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velocities v, = -6" = -db/dk,. Since & > 0 for the red edge
state (see red curve in Fig. 5), it moves in the negative
y-direction, while its blue counterpart with 4" < 0 moves in
the positive direction of the y-axis (see blue curve in Fig. 5).
The propagation dynamics of corresponding edge states with
initial broad envelopes is illustrated in Figs. 4(a) and 4(b);
the direction of motion of corresponding states is highlighted
by the black arrows on schematics with zigzag domain walls.
Field modulus distributions at different distances clearly show
that both red and blue edge states can circumvent sharp corners
during propagation without any noticeable backscattering,
which illustrates their topological protection, at least for such
types of edge deformations. Notice that small tails visible in
field modulus distributions at z = 510 are due to dispersion
of the wavepacket, as they move in the same direction as
the wavepacket and with the same velocity. This is an intriguing
result, taking into account the absence of a complete gap in the
spectrum of the system. We would like to note that in the dy-
namics illustrated in Fig. 4 the edge state shows neither inter-
valley scattering nor excitation of bulk states because this state is

0.8 -

0'3\ v
0.4//—0"\
0.0

b/
—0.4 \
0.35
-0.8
0.0 0.1 0.2 03 k,/K 04

Fig.5. First-order derivative 4’ of the quasi-propagation constant of
the valley Hall edge states at Z = 6 and ry = 0.3.

taken quite close to the K’ point in momentum space, and its
quasi-propagation constant is located practically in the center of
the gap. However, if the input edge state is taken further from
the K’ point, for example, with £, = 0.2K, such that its quasi-
propagation constant can overlap with quasi-propagation con-
stants of the bulk modes, a fraction of power can be radiated
into the bulk when the state bypasses the sharp corner (see
Appendix A for corresponding results).

It is a well-established fact that in valley Hall systems the
inter-valley scattering can be induced by strongly localized de-
fects, while broad, slowly changing defects cannot induce such
scattering. To test the behavior of the edge states in our
system with respect to strongly localized perturbations, we re-
moved one waveguide located on the domain wall, as illustrated
by the green circle in Fig. 6. The incident edge state at z = 0 in
Fig. 6(b) is the same as in Fig. 4(a) and it encounters the defect
around z = 110 [Fig. 6(c)] while propagating along the do-
main wall. The interaction between the defect and the edge
state shows that the edge state cannot bypass the defect without
radiation [see Figs. 6(d) and 6(e)]. Remarkably, because edge
states in our system are unidirectional, no backward reflection
at the defect occurs. Instead, inter-valley scattering leads to the
excitation of waves in close proximity of the Dirac cone at the K
point, and further propagation of such waves is accompanied by
their conical diffraction resulting in a gradually expanding ring
visible in field modulus distributions at z = 230 and z = 300.
The dashed cyan circle in Figs. 6(d) and 6(e) [and also in
Fig. 6(h)] illustrates the theoretically evaluated radius of the
conical diffraction pattern ~|bg(z - 110)|, with by ~ 0.45
being the first-order derivative of the quasi-propagation con-
stant around the Dirac cone at the K point. Remarkably, only
a fraction of input power is emitted in the form of a conical
wave after the interaction width defect, while the rest of the

Fig. 6. (a) A zigzag domain wall with a defect in the form of missing waveguide indicated by the green circle. (b)—(e) Spatial field modulus
distributions in the edge state at different propagation distances. Cyan dashed circle highlights theoretical radius of the conical diffraction pattern.
(f) Total spatial spectrum of the edge state at z = 300. (g) Part of the spectrum at z = 300 where only contribution from regions around K points is
left (see white dashed circles), while spectral intensity around K’ points is set to zero. (h) Field modulus distribution in the form of conical wave
produced by spectrum in (g). (i) Part of the spectrum at z = 300 where only contribution from regions around K’ points is left (see dashed circles),
while spectral intensity around K points is set to zero. (j) Field modulus distribution of the edge state produced by spectrum in (i). White dashed line
represents the zigzag domain wall. The parameters are the same as in Fig. 4.
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power is organized into an edge state that bypasses the defect
and keeps moving along the domain wall—a consequence of
the unidirectional nature of the edge states in our system.
To illustrate this, we take the exemplary field distribution at
z =300 and display its total spatial spectrum in Fig. 6(f).
Clearly, there is light around both K and K’ points. If we isolate
contributions from K points by applying the filter of the form

1, |k - K| S Tk
0, other places,

P = { @
to the total spectrum, where 7, = 4+/37/27a is the radius of
the circular filter, we will obtain the spectrum depicted in
Fig. 6(g) (white dashed circles show the regions outside where
the spectral intensity was set to zero), which corresponds to the
field distribution shown in Fig. 6(h) in the form of a clear
conical diffraction pattern. In contrast, if the filter Fi (k) is
applied that isolates contributions from K’ points [see the re-
sulting spectrum in Fig. 6(i)], in the spatial domain one obtains
the spatial distribution depicted in Fig. 6(j), which clearly
shows that the edge state partially bypasses the defect and keeps
propagating along the domain wall after emission of a fraction
of its initial power in the form of a conical wave. Because the
edge states reported here bypass strongly localized defects with
emission of a fraction of power in the form of conical waves, at
the same time they can still clearly bypass sharp corners practi-
cally without radiation, akin to edge states in valley Hall sys-
tems reported previously [38,39]; we attribute them to this last
class of edge states.

C. Excitation of the Valley Hall Edge States
We would like to note that the valley Hall edge states reported
here can be efficiently excited by a Gaussian beam with proper

: Research Article

initial dle (i.e., we multiply the input field distribution with
e** ik term). In Fig. 7, we display an example of such ex-
citation dynamics. The elliptical Gaussian beam is launched
at the left branch of the zigzag domain wall [see field modulus
distribution in Fig. 7(a) and corresponding spatial spectrum in
Fig. 7(b)]. This input beam quickly reshapes and after emission
of some radiation efficiently excites the moving valley Hall edge
state with Bloch momentum £, corresponding to the initial
momentum of the Gaussian beam. The excited moving edge
state bypasses the zigzag bend of the domain wall without
reflections. The spectra at different distances presented in
Fig. 7(b) demonstrate that the beam is always concentrated
around the K’ points. The efficiency of this excitation process
strongly depends on the momentum of the initial Gaussian
beam. For example, if its spectrum of the input beam is shifted
away from K’ valleys, one observes considerable diffractive
broadening in real space without obvious excitation of localized
edge states. For instance, if the input beam excites the K valley
for a given type of the domain wall, one observes conical dif-
fraction in the spatial domain [2].

4. CONCLUSION AND OUTLOOK

In summary, we have shown that helical waveguide arrays with
detuning between two sublattices, where time-reversal and
inversion symmetries are simultaneously broken, can feature
unpaired Dirac points in their linear spectra. The formation
of the unpaired Dirac points in K or K’ points of the
Brillouin zone can be controlled by the sign of detuning and
waveguide helicity. Even though the location of Dirac cones
does not change upon simultaneous change of the sign of de-
tuning and waveguide helicity, the sign of Berry curvature

Fig. 7. Dynamics of excitation of the valley Hall edge state with a tilted elliptical Gaussian beam. (a) Input field modulus distribution at 2 = 0
and field modulus distributions at progressively increasing propagation distances, indicating that the excited state bypasses zigzag bend of the domain
wall, indicated with white dashed line. (b) Spectra in momentum space corresponding to spatial distributions in (a). Circles in (b) highlight the
valleys in six corners of the first Brillouin zone. Parameters of the array are the same as in Fig. 4. The input Gaussian beam has width w, = 10,

w, = 20+/5 and initial momentum k., =0, /ey = —471'/3\/§a.
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changes, which allows to construct the interface between two
arrays with opposite valley Chern numbers, hosting unidirec-
tional topological edge states. These states are topologically pro-
tected despite the absence of the complete gap in the spectrum
of the system. These results suggest a platform and pave the way
to exploration of various nonlinear phenomena in Floquet
insulators with unpaired Dirac points. For instance, we would
like to point out that in the past decade a variety of hybrid
topological edge solitons have been reported in topological sys-
tems based on helical waveguide arrays [17,18,55-60], in valley
Hall arrays with straight waveguides [37-41,61,62], and other
systems [14,63—60], but all these structures are characterized by
the presence of complete topological gaps and, as a rule, are
developed on lattices possessing paired Dirac points. Similarly,
generation of higher harmonics and topological lasers may ac-
quire very unusual features in systems with unpaired Dirac
points. Last but not least, the unpaired Dirac cones ensure that
the inter-valley scattering will not happen in the system devel-
oped in the work, which may bring a different view on the con-
clusions reported very recently [67,68]. We believe that the
system with unpaired Dirac cones may provide a novel platform
for investigating higher-order topological states [69-71] and
may help to observe the unpaired Weyl points [72].

APPENDIX A

The edge states with £, = 0.30K and %, = 0.35K, whose
propagation dynamics is shown in Fig. 4 in the main text,
are taken sufficiently close to the K’ point, so that their quasi-
propagation constants are located nearly in the center of the
local gap [see Fig. 3(c) in the main text]. Edge states, however,
exist in a sufficiently broad interval of £, values, so the natural
question arises how they interact with sharp bends of the do-
main wall. To answer this question, we consider here the dy-
namics of propagation at zigzag domain wall of the edge state
with £, = 0.20K, taken further away from the K’ point—see
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field modulus distributions at different distances in Fig. 8(a),
and corresponding spatial spectra in Fig. 8(b). Other parame-
ters are the same as for Fig. 4(a) in the main text. The pecu-
liarity of this edge state is that its quasi-propagation constant
overlaps with quasi-propagation constants of bulk modes in
the vicinity of the K" point. Due to this, a fraction of the in-
put power can be radiated into the bulk, as one clearly sees
from distributions at z = 330, when the edge state bypasses
sharp bends of the domain wall. Remarkably, the edge state
still does not exhibit backward reflection [see also the spec-
trum in Fig. 8(b), where spectral intensity remains negligible
around all K points]. After emission of radiation, the edge state
keeps propagating along the domain wall, as one can see from
the distribution at z = 390. Notice that when £, value is se-
lected such that quasi-propagation constant of the edge state
does not overlap with & of the bulk modes, this radiation
vanishes.
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