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The directional design of functional materials with multi-objective constraints is a big challenge, in which per-
formance and stability are determined by a complicated interconnection of different physical factors. We apply
multi-objective optimization, based on the Pareto Efficiency and Particle-Swarm Optimization methods, to de-
sign new functional materials directionally. As a demonstration, we achieve the thermoelectric design of 2D SnSe
materials via the above methods. We identify several novel metastable 2D SnSe structures with simultaneously
lower free energy and better thermoelectric performance in their experimentally reported monolayer structures.
We hope that the results of our work on the multi-objective Pareto Optimization method will represent a step
forward in the integrative design of future multi-objective and multi-functional materials.
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Thermoelectric devices and materials are capable
of directly converting electricity into thermal energy
for cooling, or generating electrical power from waste
heat, indicating their great potential for reducing en-
vironmental pollution and providing cleaner energy.
Moreover, the Seebeck effect can generate electrical
power from waste heat, as described by the Seebeck
thermopower coefficient, 𝑆 = −∆𝑉/∆𝑇 , where ∆𝑉

is the voltage potential, and ∆𝑇 is the temperature
difference.[1] Thermopower plays an important role in
thermoelectric materials.

Recently, the discovery of bulk tin selenide (SnSe),
with the capacity to undergo a second-order phase
transition from a low symmetry Pnma to a high
symmetry Cmcm phase at 810K, has highlighted
the significance of thermoelectric materials, primar-
ily due to its ultralow thermal conductivity and ul-
trahigh power factor.[2,3] This outstanding material
has rapidly aroused widespread attention in various
fields, including theoretical exploration[4−8] and ex-
perimental study.[9−15] It has a great potential with
respect to the study of thermoelectric properties,[16]

in addition to representing a bright prospect for the
future development of novel thermoelectric materials.
Although some degree of controversy surrounds this
single-crystalline SnSe sample and its measured ther-
mal conductivity,[17] these seminal works have made
a crucial step toward increased thermoelectric per-

formance in simple and pure bulk materials with-
out need for doping or phononic crystals. Moreover,
Nishimura et al.[18] revealed the convergency of new
Fermi pockets in an SnSe Pnma structure at about
0.89 GPa. Due to the quantum confinement effect,
two-dimensional (2D) materials possess some unex-
pected properties, as compared with their pristine
bulk counterparts.[19−21]

Furthermore, the discovery of these materials, and
the use of machine learning strategies to explore mate-
rial design[22,23] have made remarkable progress. Re-
cently, the clustering and inverse design of topologi-
cal materials achieved via machine learning have been
applied in both phononic[24] and photonic[25] mate-
rials. As the same time, the application of machine
learning strategies could pave the way to the discov-
ery and design of additional high-performance ther-
moelectric materials.[26,27] Several monolayer SnSe
structures have recently been discovered.[28−30] In
the context of such innovation, it is worth explor-
ing these novel stable 2D SnSe materials with high
thermopower. However, simultaneously satisfying the
two objectives of stability and performance in terms of
generating electrical power from waste heat represents
a multi-objective optimization problem.

In the mapping from structure to function, micro-
scopic atomic configuration is at the core of macro-
scopic properties. Owing to significant developments
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in crystalline structure prediction, new materials can
be inversely searched by artificial intelligence, such as
the Genetic Algorithm (GA),[31] Particle Swarm Opti-
mization (PSO),[32] rather than the traditional, more
costly Edisonian trial-and-error approach. These
metastable structures are of great importance, and
may exhibit high-performance characteristics.[33,34]

Multiple objective algorithms[35,36] have been applied
to deal more efficiently with the multi-objective prob-
lem. The multi-objective Particle Swarm Optimiza-
tion (MOPSO) algorithm, for example, is simple
to implement with relatively few hyper-parameters.
Moreover, it also achieves a faster convergence rate
for global or local optima via sharing information be-
tween particles.[37−39] Research has been undertaken
to search for novel atomic SiO2 monolayers with a
negative Poisson ratio,[20] and HfO2 monolayers with
a high static dielectric constant[40] via multi-objective
optimization, which combines first-principles calcula-
tions with GA.

In this Letter, we adopt the MOPSO-sigma
algorithm,[35] which is efficient and reliable, to direc-
tionally design 2D SnSe materials with lower free en-
ergy and increased thermopower, based on Pareto op-
timality. In this process, Pareto fronts are obtained
via the fast non-dominated sorting approach.[41]

During the design process using the MOPSO
algorithm, self-consistent energy calculations and
structural optimization were employed, using the
Perdew–Burke–Ernzerhof (PBE) exchange-correlation
functional[42] alongside projector-augmented wave
(PAW) potentials[43] implemented using the Vienna ab
initio simulation package (VASP).[44] The energy con-
vergence threshold is set to 10−4 eV, and all the atoms
are allowed to relax until the maximal Hellmann–
Feynman force is below 0.001 eV/Å. Following this
process, in order to obtain accurate results with
respect to crystal structure, band structure, ther-
mopower, and phonon dispersion, we reset the en-
ergy convergence threshold and maximal Hellmann–
Feynman force to 10−8 eV and 10−6 eV/Å. The ki-
netic energy cut-off was 500 eV, and phonon disper-
sion was obtained using the Phonopy package.[45] The
Seebeck coefficient was evaluated using BoltzTraP,[46]

and the multi-objective method based on the Pareto
optimality[47,48] discussed here has been implemented
via our homemade computer code.

The workflow of directional design for the thermo-
electric materials based on Pareto optimality is shown
in Fig. 1(b). Firstly, the initial crystal structures are
generated through the atomic Wyckoff position and
230 space groups, and similar structures are removed
in order to avoid wasting computational resources.[32]

Next, local optimization (structure relaxation) is uti-
lized sequentially to eliminate some of the worst struc-

tures. This crucial process guarantees population di-
versity and gives the whole energy landscape in a well-
organized shape. Thirdly, two objectives, free energy
and thermopower are calculated. Here, as a bench-
mark, we only consider the data for thermopower at
room temperature (300 K) in all our calculations. The
next pivotal step is to apply a multi-objective method
to design structures with lower free energy and a
higher Seebeck coefficient, based on Pareto optimality.
In contrast to any other single objective optimization
algorithm, the leader is not one structure with unique
properties, but a leader set, known as the Pareto front,
which includes structures with lower free energy and
greater thermopower. Generally, in a collection of 2D
SnSe materials, {𝑀𝑛} = {𝑀1, . . .𝑀𝑖, . . .𝑀𝑗 , . . .𝑀𝑁},
𝑛 ∈ {1, 2, . . . , 𝑁}, 𝑁 is the number of all structures.
If 𝑀𝑖 possesses lower free energy and greater ther-
mopower than 𝑀𝑗 , this means that 𝑀𝑗 is dominated
by 𝑀𝑖, and 𝑀𝑖 is a non-dominated solution of 𝑀𝑗 ,
as per the following equations: 𝐸(𝑀𝑖) ≤ 𝐸(𝑀𝑗); and
𝑆(𝑀𝑖) ≥ 𝑆(𝑀𝑗), where the 𝐸(𝑀𝑖) and 𝑆(𝑀𝑖) denote
the free energy and thermopower of structure 𝑀𝑖, re-
spectively.
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Fig. 1. (a) Three-view drawings of two typical 2D SnSe
structures, corresponding to monolayers of the Pnma and
Cmcm bulk phases. The dark gray and green atom sym-
bols denote Sn and Se, respectively. (b) Workflow of the
directional design for 2D SnSe materials, based on Pareto
multi-objective optimization.

If a given 𝑆𝑖 is not dominated by any others, then
𝑆𝑖 is regarded as a Pareto optimality or Pareto effi-
ciency structure. All the Pareto optimality structures
constitute the Pareto front. We then apply the PSO
algorithm to make the Pareto front lead all the popu-
lation structures forward to the next Pareto front[35]

with lower free energy and larger thermopower. Fi-
nally, if the convergence criterion is reached, the whole
procedure will stop and output the reasonable Pareto
front. Otherwise, return and repeat all the above pro-
cesses.

The result of adopting multi-objectives is shown
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in Fig. 2(a), which includes 2700 samples in the pro-
cess to design stable functional structures, based only
on chemical composition. For example, there are only
first three Pareto fronts highlighted in Fig. 2(a). The
red line represents the first Pareto front, set inher-
ently with respect to those structures with the low-
est free energy and larger thermopower, represented
by circles. Interestingly, we find known 2D SnSe
structures,[4,49] denoted by violet rhombus symbols,
and their left nearest neighbor (gray dashed circles)
corresponding to the 2D 𝑃𝑛𝑚𝑎 and 2D 𝐶𝑚𝑐𝑚 struc-
tures of SnSe shown in Fig. 1(a), respectively, dur-
ing our blind searching processes, which tends to
validate the correctness and exhibit the robustness
of our multi-objective design method. Furthermore,
as shown in Fig. 2(b), we note four novel monolayer
materials with superior stability and much greater
thermopower than the known structures in Fig. 1(a),
specifically SnSe-I, SnSe-II, SnSe-III and SnSe-IV, de-
noted by the orange hexagon, magenta square, yel-
low pentagram, and green triangle on the first Pareto
front, respectively. Here, we focus only on monolayer
structures, and ignore the bilayer phases. The bilayer
phases correspond to the blue hollow hexagons on the
first Pareto front, as shown in the Supporting Infor-
mation. Moreover, the light blue circles with blue
dashed line and the light cyan circles with cyan dashed
line represent the second and third Pareto fronts, re-
spectively. The monolayer of the Cmcm phase is also
found, represented by the light blue circle with dot-
ted circle lying on the second Pareto front. Additional
structures on the second and third Pareto fronts are
shown in the Supporting Information, including quasi-
one dimensional, bilayer and novel metastable atomic
configurations. The grey circles represent the dom-
inant structures with much higher free energy and
lower thermopower than the first three Pareto fronts,
and are not discussed in this study.

The structure of the orange hexagon, SnSe-I, is
that of a honeycomb monolayer, similar to silicene,[50]

with small buckling from one side view. The blue hol-
low hexagons denote the bilayer counterparts of the
honeycomb structures. SnSe-III, the yellow pentagram,
is the structure with armchair and zigzag ridges from
the different side views. In addition, we discovered
accidentally that the same main group and stoichio-
metric number of GeSe have been synthesized by high-
pressure techniques,[51] whose one layer is very simi-
lar to the structure of SnSe-III. The structure of the
magenta square, SnSe-II, is a combination of cells of
SnSe-I and SnSe-III. More interestingly, we also find
that another structure, SnSe-IV, indicated by a green
triangle, comprises cells of the monolayer of 𝑃𝑛𝑚𝑎

and SnSe-I. The optimized structural properties of the
novel 2D SnSe structures are summarized in Table 1.
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Fig. 2. Thermopower landscape at room temperature
(300K) versus the free energy of 2D SnSe materials and
monolayer structures on the first Pareto front. (a) The
red line denotes the first Pareto front; the larger colorful
symbols represent monolayer structures with simultane-
ously larger Seebeck coefficients and lower free energy than
others, all represented by circles. The light blue circles
with blue dashed line, and the light cyan circles with cyan
dashed line denote the second and third Pareto fronts, re-
spectively. The grey circles are the dominant structures in
the first three Pareto fronts. The violet rhombus and the
near light blue circle with dotted circle denote the mono-
layers of the 𝑃𝑛𝑚𝑎 phase and the 𝐶𝑚𝑐𝑚 phase, respec-
tively. (b) Three views of four new monolayer structures
on the first Pareto front, SnSe-I, SnSe-II, SnSe-III and SnSe-
IV, corresponding to the orange hexagon, magenta square,
yellow pentagram, and green triangle in (a), respectively.
The blue hollow hexagons on the first Pareto front cor-
respond to the bilayer SnSe structures discussed in the
Supporting Information.

Next, we confirm the thermoelectric performance
and stability of the novel 2D SnSe structures on the
first Pareto front, which have light higher free energy
and much larger thermopower than the structures in
Fig. 1(a), using the multi-objective method. The first
priority is to certify the stability of these new free-
standing 2D SnSe materials. The free energy of SnSe-
I (−4.079 eV/atom), SnSe-II (−4.091 eV/atom), SnSe-
III (−4.103 eV/atom), and SnSe-IV (−4.106 eV/atom)
are all higher than free energy of the Pnma phase
(−4.137 eV/atom). The dynamical stabilities of these
metastable structures have been confirmed by phonon
dispersion relations at 0 K, and ab initio molecular
dynamics (AIMD) simulations at 300K, as shown in
Figs. 3(a) and 3(b). There is no imaginary frequency
in the phonon dispersions of the 2D SnSe-I, SnSe-
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III, or SnSe-IV. Moreover, there are a few imaginary
frequencies near the 𝛤 point in the phonon disper-
sion of 2D SnSe-II. For 2D materials, these imag-
inary frequencies near the 𝛤 point have also been
reported for germanene,[50] as well as honeycomb
arsenenes,[52] and this artificial imprecision in the
computation has nothing to do with structural tran-
sition or instability.[53−55] Subsequent to the AIMD
and NVT ensemble simulations, the atomic configu-

rations are altered to the position of equilibrium at
300 K. Furthermore, AIMD simulations with NVE en-
semble at a series of elevated temperatures with a life-
time of 9 ps at 300K are performed, in order to verify
their dynamic stability with the oscillating free energy
shown in Fig. 3(b). The top views of 2D SnSe-I, SnSe-
II, SnSe-III, and SnSe-IV after the AIMD simulations
are shown in the inset pictures. These illustrate the
dynamic stability of the four structures.

Table 1. Properties of four 2D SnSe structures. Here, 𝑎 and 𝑏 are the lattice parameters. The 𝐸, 𝑚*
DOS,F,

𝑚*
band, 𝑁𝑣 , and 𝑆 denote free energy per atom, density-of-states effective mass at the Fermi energy level,

isotropic parabolic band effective mass, band degeneracy, and thermopower, respectively, where 𝑚e is the free
electron mass.

Materials Space group (No.) 𝑎 (Å) 𝑏 (Å) 𝐸 (eV/atom) 𝑚*
band (𝑚e) 𝑚*

DOS,F (𝑚e) 𝑁𝑣 𝑆 (mV/K)
SnSe-I 𝑃3𝑚1 (156) 3.91 3.91 −4.08 1.34 8.03 6 3.587
SnSe-II 𝐶𝑚 (8) 9.64 9.64 −4.09 2.19 4.38 2 2.763
SnSe-III 𝑃𝑚𝑚𝑛 (59) 3.92 6.17 −4.10 1.31 2.62 2 2.596
SnSe-IV 𝐶𝑚 (8) 7.67 7.67 −4.11 0.37, 0.76 1.13 2 1.871
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Fig. 3. Phonon dispersions and AIMD simulations at
300K of SnSe-I, SnSe-II, SnSe-III, and SnSe-IV. (a) Phonon
dispersions along the high symmetry points. There is no
imaginary frequency in the phonon dispersions of SnSe-I,
SnSe-III, and SnSe-IV, and there are few imaginary frequen-
cies near the 𝛤 point in the phonon dispersion of SnSe-II.
(b) The total energy varies with time during the AIMD
simulations at 300K with a lifetime of 9 ps. The oscillat-
ing redlines represent the changes of the total free energy
during the AIMD simulations. The inset pictures of AIMD
simulations are the top views of SnSe-I, SnSe-II, SnSe-III,
and SnSe-IV structures after the AIMD simulations, re-
spectively.

The electronic band structure-linked density of

states (DOS), Fermi surface, and thermopower of
SnSe-I, SnSe-II, SnSe-III, and SnSe-IV, are shown in
Fig. 4. We find that in the SnSe-I structure, the va-
lence band maximum (VBM) is in the 𝛤–𝐾 path, and
the conduction band minimum (CBM) is in the 𝑀–
𝛤 path in the Brillouin zone (BZ), with an indirect
band gap of 2.22 eV. In the case of SnSe-II, the VBM
is in the 𝑌 –𝛤 path, and the CBM is in the 𝛤 point,
with an indirect band gap of 1.66 eV. For SnSe-III, the
VBM is in the 𝑌 –𝛤 path, and the CBM is in the 𝛤–𝑍
path, with an indirect band gap of 1.61 eV. Further-
more, with respect to SnSe-IV, both VBM and CBM
are in the 𝛤 point, with a direct band gap of 1.10 eV.
Their band gaps are all larger than that of the mono-
layer Pnma phase (0.91 eV[4]). In all four structures,
the sharp peaks of DOS near the valence maxima and
conduction minima may enhance their thermopower
value.

Figure 4(c) shows the average thermopower, de-
pending on chemical potential. The thermopower
along the 𝑥 and 𝑦 directions is shown in the Support-
ing Information. The positive and negative signs of
thermopower correspond to the hole carrier (p-type
and 𝜇 < 0) and the electron carrier (n-type and
𝜇 > 0), respectively. The maximum thermopower
with p-type carrier concentrations of SnSe-I, SnSe-
II, SnSe-III, and SnSe-IV are 3.587 mV/K, 2.763mV/K,
2.596 mV/K, and 1.871 mV/K, which are much greater
than the values for the known 2D SnSe monolayer
in the 𝑃𝑛𝑚𝑎 phase [around 1.75 mV/K],[56] and 3–6
times that of bulk SnSe [0.5-0.58 mV/K].[57]

Generally speaking, there are several ap-
proaches to enhance thermopower, including high
valley degeneracy produced by carrier pocket
engineering,[8,13,14,18,58,59] a distorted DOS, via dop-
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ing, to resonate one energy level of a localized atom,[60]

weak electron-phonon coupling,[61] the phonon drag
effect,[62] and a pudding-mold-like shape in the high-
est valence band or lowest conduction band, which
is beneficial to a high Seebeck coefficient value and
high conductivity.[63] In the Mott formula,[64] 𝑆 =
𝜋2𝑘2

B𝑇
3𝑞

𝑑[ln[𝜎(𝐸)]]
𝑑𝐸 |𝐸=𝐸F , where 𝜎(𝐸) = 𝑔(𝐸)𝑓(𝐸)𝑞𝜇 is

the energy-dependent electrical conductivity. Mean-
while, 𝜎(𝐸) is dominated by 𝑓(𝐸), 𝑔(𝐸), 𝑞, 𝑘B, and 𝜇,
i.e., the Fermi–Dirac distribution function, the DOS,
the carrier charge, the Boltzmann constant, and mo-
bility, respectively. Generally, where materials exhibit
a substantial local increase in the energy-dependent
DOS at the Fermi energy, the thermopower will be
significantly enhanced.
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Fig. 4. Electronic band structure-linked density of states (DOS), Fermi surface, and thermopower of SnSe-I, II, III,
IV. (a) Electronic band structure linked DOS. the cyan line and symbol are the valence band falling on the 100meV
energy window of the VCM, denoted by the cyan flat band. The Fermi energy is set to 0 eV. (b) Fermi surface in
the first Brillouin zone in the 100meV energy window of the VCM, corresponding to the cyan flat band in (a). (c)
Average Seebeck coefficient versus chemical potential.

For 2D materials, the correlation between the ther-
mopower and the DOS effective mass at the Fermi
energy can be expressed by the following equation
(details can be found in the Supporting Informa-
tion): in contrast to the thermopower of 3D materi-
als, 𝑆3D =

2𝜋2𝑘2
B𝑇

3𝑞~2 ( 1
3𝜋2𝑛 )2/3𝑚*

DOS,F, for 2D materials,

𝑆2D =
𝜋𝑘2

B𝑇
6𝑞𝑛~2𝑚

*
DOS,F, where ~ is the reduced Planck’s

constant, 𝑚*
DOS,F is the DOS effective mass at the

Fermi energy level, and 𝑛 is the carrier concentra-
tion. Therefore, larger DOS effective mass will lead
to greater thermopower.

For 2D materials, the correlation between the DOS
effective mass (𝑚*

DOS) and the isotropic parabolic
band effective mass (𝑚*

band) is

𝑚*
DOS = 𝑁𝑣𝑚

*
band, (1)

in contrast to the formula for 3D density-of-states ef-

fective mass: 𝑚DOS = 𝑁
2/3
𝑣 𝑚band, where the 𝑁𝑣 is the

band degeneracy (details can be found in the Support-
ing Information). In the sense of p-type doping, the
Fermi energy is close to the top of the valence band,
and Fermi surfaces within 100 meV from the top of the
valence band in the first Brillouin zone are calculated,
as shown in Fig. 4(b). Based on the electronic band
structures and Fermi surfaces of the SnSe-I, SnSe-II,
SnSe-III, and SnSe-IV structures, we find that the val-
ues of band degeneracy 𝑁𝑣 are 6, 2, 2, 2, and that
the DOS effective mass (the isotropic parabolic band
effective mass) values are 8.03𝑚e (1.34𝑚e), 4.38𝑚e

(2.19𝑚e), 2.62𝑚e (1.31𝑚e), 1.13𝑚e (0.37𝑚e at 𝑀

point and 0.76𝑚e at 𝐺 point), respectively, where 𝑚e

is the free electron mass.

According to the Mott formula, together with the
DOS effective mass of 2D materials, we can directly
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obtain the thermopower measurement for 2D materi-
als:

𝑆2D = 𝑁𝑣𝑚
*
band

𝜋𝑘2B𝑇

6𝑞𝑛~2
, (2)

which differs from the thermopower calculation for 3D
materials: 𝑆3D = 𝑁

2/3
𝑣 𝑚*

band
2𝜋2𝑘2

B𝑇
3𝑞~2 ( 1

3𝜋2𝑛 )2/3. Here,
thermopower is determined by band degeneracy 𝑁𝑣,
band effective mass 𝑚*

band and carrier concentration
𝑛. In addition, the band degeneracy in 2D materi-
als is more important than in 3D materials with re-
spect to thermopower. For the four 2D SnSe mate-
rials, the higher band degeneracy and band effective
mass could lead to the larger density-of-states effec-
tive mass 𝑚*

DOS, as well as the higher thermopower, as
shown in Table 1. Due to the different correlations be-
tween thermopower and band degeneracy, 𝑆2D ∝ 𝑁𝑣

for 2D materials and 𝑆3D ∝ 𝑁
2/3
𝑣 for 3D materials,

the band degeneracy 𝑁𝑣 plays a more vital role in the
case of 2D materials. Moreover, the band engineer-
ing strategies[58,65−67] have the capacity to increase
the band degeneracy of 3D materials, which would be
even more effective for 2D materials.

In conclusion, we have achieved the directional de-
sign of materials via the multi-objective Pareto op-
timization method, based on Pareto efficiency and
particle-swarm optimization only, in accordance with
chemical composition. This method facilitates the de-
sign of structures with lower free energy and greater
thermopower at the same time. The designed novel 2D
SnSe monolayers on the first Pareto front also indicate
that structures from main groups IV–VI, for instance,
the monolayer of 𝛽-GeSe at the high pressure,[51] and
main group-V, such as abundant phosphorene,[68−70]

may share similar homogeneous configurations, ow-
ing to their similar outer valence electrons. Hence,
the efficiency of Pareto optimization of structures has
demonstrated that it is instructive with respect to ma-
terials design, and even for the purpose of experimen-
tal synthesis.

So far, we have only focused on stability and ther-
mopower. Moreover, we explain why the band degen-
eracy is more significant in relation to thermopower
in 2D materials than in 3D materials. In the future,
we will apply more functional objectives, such as elec-
tronic relaxation time and lattice thermal conductiv-
ity, to the design of efficient thermoelectric materials,
possibly even to the design of multiple-function mate-
rials.
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