RESEARCH ARTICLE

W) Check for updates

ADVANCED
SCIENCE

Open Access,

www.advancedscience.com

Accurately Models the Relationship Between Physical
Response and Structure Using Kolmogorov—Arnold Network
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1. Introduction

Artificial intelligence (Al) in science is a key area of modern research.

However, many current machine learning methods lack interpretability,
making it difficult to grasp the physical mechanisms behind various
phenomena, which hampers progress in related fields. This study focuses on
the Poisson’s ratio of a hexagonal lattice elastic network as it varies with
structural deformation. By employing the Kolmogorov—Arnold Network
(KAN), the transition of the network’s Poisson’s ratio from positive to
negative as the hexagonal structural element shifts from a convex polygon to
a concave polygon was accurately predicted. The KAN provides a clear
mathematical framework that describes this transition, revealing the
connection between the Poisson’s ratio and the geometric properties of the
hexagonal element, and accurately identifying the geometric parameters at
which the Poisson’s ratio equals zero. This work demonstrates the significant
potential of the KAN network to clarify the mathematical relationships that

underpin physical responses and structural behaviors.
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The application of artificial intelligence in
scientific research to uncover the mech-
anisms underlying physical phenomena
represents a significant trend in future
research.l3] Al enhances scientists’ ability
to address complex problems, improves re-
search efficiency, and facilitates predictions
that are challenging to achieve through
traditional theoretical approaches.[** Deep
learning algorithms are extensively utilized
in the scientific domain, enabling tasks
such as data dimensionality reduction,!”™!
dimensional expansion,'% inverse design
of metamaterials,'''* and predictions
of RNA and protein structures.'>%]
Moreover, various neural networks have
been employed in scientific research,
including Graph Neural Networks,!181]
Convolutional ~ Neural — Networks, 2022
Recurrent Neural Networks,[?*?*]  Generative Adversarial
Networks, 2?7 and Physics-Informed Neural Networks.[28-3]

The Multi-Layer Perceptron (MLP), grounded in the Universal
Approximation Theorem, is a fundamental component of con-
temporary deep learning models and serves as the model for
approximating nonlinear functions in machine learning.[31-34]
By connecting multiple nodes, the MLP integrates nonlinear
models and produces outputs, facilitating automatic learning
from data for analysis and prediction. Current research on “Al
for Science” often involves using neural networks to reduce
dimensionality and extract features from complex data associ-
ated with physical phenomena, thereby enabling accurate pre-
dictions of their behavior based on the reduced data.**! How-
ever, key features within neural networks are obscured within
the hidden layers, preventing researchers from understanding
them.3] This presents two critical issues: first, the unintelligibil-
ity of these Al tools limits our ability to comprehend the mech-
anisms underlying physical phenomena, highlighting a lack of
interpretability.l*’°] Second, for the academic community to uti-
lize trained neural networks for new predictions, relevant algo-
rithm programs must be supplied, which restricts research find-
ings from being independent of the computational environment,
neural networks, and data. This situation hinders the dissemina-
tion of knowledge, revealing a deficiency in the communicability
of the results.

In academic exploration over the past few centuries, math-
ematical formulas have served as the primary carriers of
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Figure 1. a) Schematic representation of the deformation of bulk material with both positive and negative Poisson’s ratios. The initial geometry of the
bulk is depicted in green, with arrows indicating the direction of the applied force. Beige represents the final state of the material after deformation,
showcasing a positive Poisson’s ratio in response to external loading. Conversely, transparent gray illustrates the ultimate state of the material exhibiting
a negative Poisson’s ratio. b) Hexagonal lattice mechanical network with a positive Poisson’s ratio, where the geometric parameters include angle «,
base length I, and overall height h. c) Three typical hexagonal lattice elastic network structures demonstrating positive, zero, and negative Poisson’s

ratios.

natural science knowledge due to their interpretability and
communicability. Mathematical expressions are powerful tools
that enable mechanistic analysis, facilitate predictions, and
enhance the dissemination of knowledge.l***21 Consequently,
transforming the feature engineering of black box models into
mathematical formulas is a critical step in advancing AI for
Science.[**]

The Kolmogorov—Arnold Network (KAN) is a deep learn-
ing algorithm based on the Kolmogorov-Arnold representa-
tion theorem,** which states that any multivariate continu-
ous function can be represented as a finite composite func-
tion formed by univariate continuous functions and binary
addition operations.[**] KAN extends this theorem to arbi-
trary widths and depths, improving both accuracy and inter-
pretability. KAN combines the strengths of MLP and spline
functions, employing MLP for external feature learning and
spline fitting at internal nodes. Unlike MLP that utilizes
fixed activation functions, KAN replaces weight parameters at
the nodes with nonlinear parametric spline functions on the
edges, allowing nodes to perform only summation operations.
This modification enhances both accuracy and interpretabil-
ity. KAN with fewer layers achieve accuracy comparable to or
exceeding that of larger MLP in function-fitting tasks, while
their symbolic regression capabilities enable more intuitive
visualization.

Splines are highly precise for low-dimensional functions and
allow localized adjustments. However, they suffer from the curse
of dimensionality (COD) due to their inability to leverage com-
positional structures. In contrast, MLPs are less affected by COD
due to feature learning but are less accurate than splines in low-
dimensional cases. By integrating these approaches, KAN miti-
gates COD and achieves strong symbolic regression capabilities,
enabling precise and interpretable mathematical formula fitting.
Consequently, KAN not only predicts physics quantity like neu-
ral networks but also facilitates symbolic regression efficiently
and at low computational cost, summarizing physical phenom-
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ena into an “empirical formula.”**l Mathematical formulas not
only enhance our understanding of the physical mechanisms un-
derlying phenomena but also serve as practical tools for related
predictions. Thus, KAN presents new opportunities for “Al for
Science”.

Despite the advantages of KAN, specific physical application
cases to validate its practical utility are currently lacking. The
Poisson’s ratio (v) represents the ratio of transverse negative
strain to axial positive strain in materials under uniaxial ten-
sion or compression (see Figure 1a).[*’! Previous studies indicate
that modifying the geometric structure of elements in a hexag-
onal lattice elastic network can significantly affect the network’s
Poisson’s ratio.*% As the edges of the hexagonal lattice tran-
sition from convex to concave, the Poisson’s ratio shifts from
positive to negative. This transition has been validated through
finite element simulations and experiments.[**552] Deriving a
functional expression to describe this structural effects leading
to changes in Poisson’s ratio is both challenging and complex,
due to the bending and shearing effects in real fiber elastic
network.[*833]

Based on this research gap, we selected the hexagonal
lattice elastic network to evaluate the application potential
of KAN in exploring physical mechanisms and engineering
structural design. Through finite element analysis, we gen-
erated data on the relationship between the geometric pa-
rameters of the hexagonal lattice network-angle a and base
length I (see Figure 1b)-and the Poisson’s ratio v. We then
employed KAN to model the Poisson’s ratio of the elas-
tic network, resulting in a corresponding mathematical ex-
pression. The coefficient of determination (R?) of this ex-
pression with the actual variation curve reached 0.986, ac-
curately reflecting the relationship between the angle and
the Poisson’s ratio, thereby demonstrating excellent inter-
pretability and accuracy. This study exemplifies the use of
KAN to investigate the physical mechanisms underlying
phenomena.
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Figure 2. The prediction process of Poisson’s ratio variation in the hexagonal lattice elastic network, considering changes in geometric parameters using
finite element analysis and KAN: first, structural models are generated by varying the angle a and length | of the hexagonal lattice; then, a parametric
scan through finite element analysis produces a dataset of Poisson’s ratio v as a function of angle a and length [; finally, the KAN network is trained

using the constructed dataset to derive a mathematical expression.

2. Results

To create the training dataset, we generated numerous elastic net-
work structures by thoroughly scanning the geometric parame-
ters of the hexagonal lattice elements, i.e., « and . Through finite
element simulations, we calculated the corresponding Poisson’s
ratio values for various combinations of these parameters, under
the periodic boundary conditions. The range for angle a spans
from —40° to 40°, the length lis [8, 32] mm, and the overall height
h is 8 mm. We acknowledge the overlapping at internal concave
angles when h/l < tan a, resulting in structural failure. The range
for angle a spans from —40° to 40°. The length ! falls within the
range of 8-32 mm, and the overall height, h, is set at 8 mm. We ac-
knowledge the presence of internal concave angle overlap when
the ratio of h to ! is less than or equal to the tangent of «, leading
to structural failure. When the side edge rotates in a clockwise
direction relative to the y-axis, the angle a is considered positive,
resulting in the formation of a concave polygon. Conversely, a
counterclockwise rotation of the side edge results in a negative
a, leading to the creation of a convex polygon. As a varies from
—40° to 40°, the Poisson’s ratio transitions from positive, through
zero, to negative.

The flowchart for training the KAN is shown in Figure 2.
It is crucial to adjust the dimension of the KAN to an ap-
propriate scale. An underscaled KAN may result in the un-
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derfitting problem, while a too complicated KAN structure not
only consumes computational resources, but also diminishes
interpretability and accuracy, leading to overfitting. To iden-
tify the best-performing KAN, we began with a larger struc-
ture and employed pruning adjustments based on prior knowl-
edge of the hexagonal lattice, ultimately arriving at an op-
timal four-layer KAN structure. Besides, grid size G, which
represents the number of grid intervals used in spline func-
tion fitting, also influences accuracy and interpretability: low
grid size may reduce the expressiveness of each activation
function, leading to ensemble strategies that complicate in-
terpretation, while high grid size can impede computation
speed. After evaluation, grid sizes of 300 and 600 were se-
lected.

Reducing the number of activation functions results in
a concise mathematical expression for the targeted quantity.
This is achieved through sparse regularization in KAN, con-
trolled by two hyperparameters, A and A,,. Specifically, 4 reg-
ulates the overall sparsity penalty, while 4,, adjusts the en-
tropy penalty, optimizing the number of active activation
functions.|]

After training the KAN structure, model pruning is performed
to reduce its size. Neurons with low weights are removed based
on predefined thresholds, decreasing parameters and computa-
tion while preserving accuracy. The default pruning threshold is
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Figure 3. Vicuiated aNd Vpregicreq represent the finite element simulation value and KAN prediction value respectively. a,d) Comparison of v yicjareq and
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Equation (1) under a constant bottom edge length of 8 mm. ¢,f) Comparison between the v ;1104 and Equation (3), which was obtained from the KAN
prediction by training with the original dataset at a fixed length of /| = 8 mm. The dashed lines in panels (d—f) represent the reference curve y = x; a closer
alignment of the blue line to the dashed line indicates a greater accuracy of v ictey cOMpared to Vyo(yiated-

1072, with smaller values retaining more hidden nodes. Prun-
ing also removes associated connections. Once pruned, the net-
work is retrained to enhance performance. Upon achieving the
target accuracy, spline fitting is applied to the KAN. Spline curves,
defined by piecewise polynomials, are characterized by their or-
der, k, typically set to 3 to balance smoothness and precision.
The activation functions for the input and hidden layers are then
adjusted based on the spline fitting results, generating a func-
tion combination. Fine-tuning the coefficients of this combina-
tion further improves precision, yielding the final functional
expression.

The trained KAN comprises three layers, with a two-
dimensional input layer corresponding to the input parameters
« and I, and a one-dimensional (1D) output layer. The grid size
was set to 300. The prediction performance of the KAN for v is
depicted in Figure 3a. The x-axis and y-axis represent the angle
and length, respectively, while the z-axis showcases the Poisson
ratio values. To quantify the accuracy of the model predictions, we
calculated the coefficient of determination R? and the root mean
square error (RMSE) to assess the regression performance, de-
fined aas R? = L)_Y); and RMSE = \/w. The KAN pre-

X -7
dictions were compared with the finite element calculation val-

ues, as shown in Figure 3d. The predicted Poisson ratio achieved
an R? value of 0.986 and an RMSE of 0.056, indicating good ac-
curacy. Additionally, the function expression for the Poisson ratio
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in relation to the length ! and angle « is provided in Equation (1).

0.11
(0.06%, + 0.25x, + 1)2

v=—6.05in<

+0.34(=0.61x, + 0.33x, — 1)° + 1.21) )

— 0.6 sin (—0.18(0.14x,; + 0.62x, — 1)’
+0.08sin(1.37x, — 0.74x, + 2.07) + 4.42) + 5.1

where x; = sin (8.92a + 8.61), x, = sin (2.45a — 10.08), x; =
tan (6.3] — 4.39), and x, = v/0.15] — 1.

We further simplified the model to validate the accuracy and
interpretability of the formula provided by KAN. As shown in
Figure 3a, when the angle a varies, particularly during its tran-
sition from negative to positive, the hexagonal unit shifts from a
convex to a concave polygon, resulting in the Poisson ratio chang-
ing from positive to negative, with v = 0 at « = 0. To illustrate this
phenomenon more clearly, we fixed the bottom edge length at [ =
8 and plotted the variation of v with respect to « in Figure 3b. The
mathematical expression provided by KAN effectively elucidates
the relationship between the Poisson ratio of the hexagonal lattice
mechanical network and the geometric structure of the hexago-
nal unit. In contrast to previous vague descriptions regarding the
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transition of the Poisson ratio, the formula given by KAN offers
a clear explanation and prediction.

By assigning a length [ of 8 in the KAN prediction Equation (1),
we derive Equation (2). The comparison between the predicted
values and the computed values of this functional relationship is
illustrated in Figure 3b,e. The prediction results yield an R? value
0f 0.984 and an RMSE of 0.120.

0.46

v=—6.0sin| ————
((0.12x1 +1)

+0.21(=0.72x, — 1)* + 1.21) )

- 0.6sin (—2.1(0.06x; — 1)*
+0.08sin(1.37x, + 1.74) + 4.42) + 5.11

where x, = sin (8.92« + 8.61) and x, = sin (2.45a — 10.08).

Subsequently, we trained another KAN network to derive the
equation for v and compared it with Equation (2). A 3-layer KAN
network was employed, featuring a 1-dimensional input layer
only for a, a 1D output layer, and five nodes in each hidden layer.
Additionally, the grid size was set to 600. The predictive perfor-
mance of the single-variable regression for a is showcased in
Figure 3¢ f. In these figures, the x-axis represents the angle, while
the y-axis represents Poisson’s ratio.

v=—425(1-0.07(-0.97a — 1)%)*
— 0.63(—sin(5.34a + 6.89) — 0.42)*
+0.25in(5.72(—=0.93a — 1) + 4.46) (3)
— 1.81 arctan(1.47 arctan(3.43a — 0.2) — 0.92)

—0.33 arctan(0.91 arctan(3.9a — 0.35) — 0.03) + 2.28

The KAN predicted formula for the single variable case has an
R? value of 0.995 and an RMSE of 0.067. Compared to the two-
variable case, the KAN formula for the single variable demon-
strates superior accuracy. The resulting function expression for
the angle and Poisson’s ratio is presented in Equation 3.

As shown in Figure 3, both bivariate and univariate predic-
tions effectively capture the transition of the Poisson’s ratio from
positive to zero and then to negative as the hexagonal unit cell
shifts from a convex to a concave polygon. While the prediction
accuracy of the bivariate predictions is slightly lower than that of
the univariate case, the function curves from KAN predictions
across different network structures and dataset sizes exhibit con-
sistent trends. The results suggest that the KAN-derived mathe-
matical expression aligns more closely with reality under fewer
parameters. However, a more complex case with numerous pa-
rameters is required to investigate the correlation between the
KAN’s empirical formula and physical phenomena, as well as
the impact of parameter quantity. This analysis lies beyond the
scope of the present study. The R? values for the predictions are
0.995 and 0.986, indicating excellent accuracy. Notably, the posi-
tion of the zero Poisson’s ratio, which marks the transition be-
tween positive and negative values, is predicted with high preci-
sion. Additionally, the predictive formula derived from KAN com-
prises functional forms that include trigonometric and power
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functions, consistent with the fundamental physical principle
that the Poisson’s ratio of the mechanical network is determined
by its geometric structure. KAN bridges the gap between tradi-
tional neural networks and symbolic computation. Its ability to
derive explicit formulas supports knowledge dissemination, en-
hancing communicability and independence from specific com-
putational environments. This property is particularly valuable
for scientific applications requiring both precision and under-
standing. KAN’ spline-based architecture allows it to seamlessly
handle tasks ranging from high-dimensional data exploration to
low-dimensional functional modeling. Our results show that Kan
exhibits high accuracy and interpretability on small-scale Al for
scientific tasks.

3. Conclusion

Based on finite element simulations and KAN network predic-
tions, we successfully predicted the Poisson’s ratio for the hexag-
onal lattice mechanical network and derived its functional rela-
tionship. KAN accurately established that as the hexagonal unit
structure transitions from a convex to a concave polygon, the
Poisson’s ratio shifts from positive to negative values. The func-
tion expression provided by KAN comprises trigonometric and
power functions, reflecting the influence of geometric parame-
ters on the Poisson’s ratio.

Furthermore, when analyzing physical mechanisms with
small datasets, the KAN network requires fewer computational
resources than traditional machine learning algorithms. In our
study, calculations were conducted using only a CPU, demon-
strating that this method can effectively predict physical prop-
erties under typical computational conditions. Additionally, the
generated mathematical formulas possess explanatory power,
elucidating the underlying physical mechanisms and facilitating
knowledge dissemination within the academic community. KAN
uniquely transforms complex physical phenomena into symbolic
mathematical expressions, making it well-suited for small-scale
Al for science tasks. For instance, KAN effectively models the re-
lationships between thermal conductivity, elastic modulus, and
other properties with thermodynamic quantities. Future work
will further validate the KAN network in this context. In sum-
mary, we emphasized the significance of KAN’s accuracy and
interpretability in engineering design and the study of physical
mechanisms, using the case of the Poisson’s ratio in hexagonal
lattice networks as a focal point.

4. Experimental Section

The Kolmogorov—Arnold network is a machine learning algorithm de-
rived from the Kolmogorov—Arnold representation theorem.[*>4¢] |n real
analysis and approximation theory, this theorem asserts that a multivari-
ate continuous function can be expressed as a finite composition of single-
variable continuous functions and binary addition operations. Specifically,
for a smooth function f : [0, 1]" - R

2n n
Fe=Fla, o x) = X @ (Z bap (xp)> )
q=0 p=1

where ¢, :[0,1] > Rand @, : R — R.

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH

85UB017 SUOWILIOD BA 181D 3|qeotjdde 8y} Aq pausenof 81e Sapiie YO ‘88N JO S9IN1 10} ARG 1T 8UIIUO AB|IA UO (SUORIPUOD-PUR-SLLBYW0D" A8 | 1M ARR1q 1 BUIIUO//SANY) SUORIPUOD PUe WIS L 8L} 88S *[5202/60/L2] U0 A%eiqI BUIIUO AB]IM ‘SO8ETYZ0Z SAPR/Z00T OT/I0p/W0D" A8 1M A R1q Ul juo’paouRApeR//SANY WO} papeo|umMoq ‘2T ‘G202 ‘V8E86TE


http://www.advancedsciencenews.com
http://www.advancedscience.com

ADVANCED
SCIENCE NEWS

ADVANCED
SCIENCE

Open Access,

www.advancedsciencenews.com

This indicates that the sum is the only genuinely multivariate func-
tion, as all other functions can be expressed through univariate func-
tions and summing. However, the expressive power of a neural net-
work based on the Kolmogorov-Arnold representation theorem, limited
to a depth of two layers and a width of (2n+1), may lead to less
smooth prediction curves.?*%3] The KAN generalizes this representa-
tion to accommodate arbitrary width and depth, thereby extending be-
yond the constraints of the original two-layer, (2n+1) width fitting
structure.

Unlike MLP, which applies manually adjusted activation functions at
nodes, KAN assigns learnable activation functions to the edges.As a re-
sult, KAN does not possess a linear weight matrix; each weight parame-
ter is substituted with a learnable 1D function parameterized as a spline.
KAN nodes simply sum the inputs without applying non-linearity. Essen-
tially, KAN integrates spline functions with MLP characteristics, leveraging
the advantages of both approaches. This enables KAN to learn features
that benefit from high-dimensional expansion while also optimizing these
features with high precision in lower dimensions. When employing KAN
for data fitting, the dataset is first input into the KAN, where sparse regu-
larization trains the model to obtain weights for each activation function.
Subsequently, the trained KAN structure is pruned by removing “unimpor-
tant” activation functions, and refining the model to an appropriate size.
After additional training to achieve the target accuracy, spline function fit-
ting is applied to each activation function of the KAN network to derive
symbolic expressions.

Nevertheless, KAN has potential limitations. As the dimensionality of
the input parameter space increases, the computational efficiency of KAN
may decline due to the rising complexity of spline-based activation func-
tions. This issue becomes pronounced in large datasets with complex
nonlinear interactions among numerous variables. Although pruning and
sparse regularization can alleviate overfitting, these techniques may also
restrict the model’s generalization capacity in high-dimensional settings.

In this study, a Gen Intel(R) Core (TM) i5-13400 CPU was used for finite
element simulations conducted with COMSOL 6.2. Geometric models are
generated by varying the global parameters, angle @ and length I. Periodic
boundary conditions along the symmetric edges of the hexagonal lattice
simulate its deformation behavior, eliminating edge effects and capturing
the intrinsic mechanical properties. A uniaxial tensile displacement of 2
mm is applied along the y-axis to remain within the material’s elastic limit.
The mesh density was set to an ultrafine size, controlled by the physical
field network, ensuring a balance between precision and computational
efficiency. The mesh comprised 536 domain elements and 268 boundary
elements. The Poisson’s ratio is calculated from the ratio of periodically
averaged strain probes in the unit cell. Linear elastic material properties
were selected to match the mechanical characteristics of commonly used
3D printing resin materials. The material parameters for the structure were
set as follows: Young's modulus E = 1.2 X 107 Pa, Poisson’s ratio v =
0.2, and density p = 1300 kgm™3. For structures with varying angles and
lengths, a training set of 39 100 samples was generated through finite ele-
ment simulations and divided into training, testing, and validation sets in
an ~3:1:1 ratio.

In the KAN network with dual parameter variations in angle and length,
the KAN layer is configured with a width of [2, 2, 2, 1], a grid size of 300, k
=3, and a random seed of 114514. The optimization algorithm employed
in the training model is LBFGS, with A set to 0.01 and 4,,, set to 0.00.
Appropriate symbolic functions for the activation functions are automati-
cally selected from a library that includes x, x?, x3, x*, %, le' Xl;, )%, Vv, LX,

", sinx, tanx, arcsinx, arctan x. During coefficient training for the spline
functions, the optimization algorithm remains LBFGS, with a truncation
step of 50.

In the KAN network with a single parameter variation in angle, the KAN
layer is set with a width of [1, 5, 1], a grid size of 600, k = 3, and a random
seed of 114514. The optimization algorithm used in this training model
was also LBFGS, with A set to 0.01 and 4,,,; set to 0.00. Similarly, the ap-
propriate symbolic functions for the activation functions are selected from

. . 2 4 1 1 1 1 1 .
a library that includes x, x2, x3, x*, vt ﬁ, \—&, e, sinx, tanx,

arcsinx, arctanx.
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