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Quantitative Studies on Asymptotic Growth Behaviors of
Trajectories of Nonlinear Discrete Dynamical Systems

Lisheng Wang and Zongben Xu

Abstract—This technical note studies quantitatively asymptotic growth
behaviors of trajectories (AGBT) of nonlinear autonomous discrete dynam-
ical system that has unbounded domain, non-Lipschitz continuous non-
linear operator, and stable or unstable equilibrium point. We explain how
trajectory motion speed is quantitatively determined in the system, and
study exact computation and sharp estimation of the smallest exponential
bound of trajectories. We characterize exponential stability and asymptotic
stability of the system from a new point of view, and provide a simple con-
dition to distinguish them from each other. These results extend existing re-
sults that were obtained in some special cases of the system, and are helpful
for quantitative analysis and understanding of AGBT of the system.

Index Terms—Asymptotic growth behaviors, nonlinear discrete dynam-
ical systems, trajectory motion speed.

[. INTRODUCTION

Suppose that X' is a Banach space, ' C X is an arbitrary subset
containing the origin (J as an interior point, 7" : £ — F is a nonlinear
operator. This technical note considers the following nonlinear discrete
dynamical system (NDDS):

z(k+1)=T(x(k)). =(0)€E, k=0,1.2... (1
where, O is an equilibrium point (i.e., 7(0) = ), trajectories of the
system converge to or diverge from the equilibrium point exponentially
as ¥ — oc. This means that there exist constants ;3 € (0.2c) and
M () > 0 such that the trajectory motion of the system satisfies

(k)| < M(3)- 8" - ||=(0)

|, Vz(0)eE, k=12... (2)
here, 3 is called an exponential bound of trajectories, and M (3) the
growth coefficient corresponding to 3. Any positive number larger than
{3 is an exponential bound as well. 3 can be less than one if system (1)
is exponentially stable in E' [1], but cannot be less than one in all other
cases. System (1) models many different NDDS in practice, such as
ones in neural networks, economic or biological systems, numerical
analysis [2], [3], [18], etc. Thus, it is useful to study dynamical behav-
iors and trajectory motion of system (1).

In many cases, users attempt to know or estimate how fast trajec-
tories of system (1) converge to or diverge from the equilibrium point
(namely, the speed of trajectory motion) [1], [2], [14], [15]. One pos-
sible way to the problem is to compute appropriate 3 and A (;3) in
(2). By such computation, asymptotic growth behaviors of trajectories
(AGBT) of system (1) can be well described. In system (1), it is the
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infimum of all possible exponential bounds of trajectories rather than
any given 3 that can describe the fastest speed of trajectory motion or
real AGBT. Thus, this technical note focuses on the discussion of the
infimum. The infimum is denoted by # and called the essential expo-
nential bound (e-EB) of trajectories starting from E.

7) is an intrinsic quantity of system (1) [15]. While there is no expo-
nential bound less than 7, each exponential bound can be represented
as 7 + =0, here £ > 0 is varied for different exponential bound. Fur-
thermore, for any sufficiently small ¢ > 0, there must exist a growth
coefficient M () > 0 (M (¢) is the function of ) such that the trajec-
tory motion of system (1) satisfies

(Bl < M) - () - l2(O)] . Ye(0)EE. k=1.2.... (3)

Naturally, there are problems: how 7 is determined in system (1) and
how M (=) is changed with 5 + = and/or with different vector norms
[|-]|? Answering these two problems facilitates us to understand clearly
the mechanism of how trajectory motion speed (TMS) or AGBT is
quantitatively determined in system (1), and possibly is helpful for the
computation of 7 and M (¢). Thus, this technical note will discuss the
e-EB 7, M (z) and several problems related to ;7. These problems in-
clude:

(P1) What are the factors affecting 1 and M (=) and how n and

M (<) are determined by them?

(P2) Is there a simple condition to distinguish asymptotic stability

from exponential stability of system (1)?

(P3) Whether there are equivalent relationships between stability

properties of system (1) and contraction properties of 1'?

(P4) Computation or sharp estimation of 7.

The system with exponential stability is more robust to various dis-
turbances than the system with only asymptotic stability. Whenever
system (1) is asymptotically stable in F, users usually attempt to know
whether or not it is exponentially stable in £. Thus, it is important to
study the problem (P2). In linear systems, stability properties are usu-
ally equivalent to contraction properties of linear operators. Hence, we
try to study whether similar results exist in the system (1) or not [i.e.,
the problem (P3)]. This will provide a different view to understand dif-
ferent stability properties of system (1).

TMS or AGBT has been deeply studied in linear systems. For ex-
ample, by the spectral radius of a matrix .4 and equivalent vector norms
in R", the e-EB of trajectories of #:(k + 1) = A(x(k)) can be well
characterized [2]. By the joint spectral radius of a matrix set and equiv-
alent norms of the matrix set, the e-EB or maximal Lyapunov exponent
(namely In ) of trajectories of linear time-varying discrete dynamical
systems can be well described [4], [5]. By the pseudo-spectra of the
matrix A, the power growth of || A"||, which is closely related to the
estimation of the growth coefficient, can be quantitatively described
[6]. These useful concepts or tools developed in linear cases, however,
usually cannot be applied directly in nonlinear system (1).

In past two decades, stability properties of NDDS have been
studied widely by Lyapunov functions, see [7]-[13] and references
therein. Some researchers studied sufficient conditions for different
stability properties [7]-[10], and others studied the converse Lya-
punov problem for different nonlinear systems with different stability
properties [11]-[13]. These results are important and useful for us
to understand stability properties of various NDDS. Differing from
the existing results, this technical note tries to provide general under-
standing and quantitative analyses of TMS or AGBT of the system
(1) that might be stable or unstable in E. Some researchers have
discussed the estimation of 3 and/or M (3) of different NDDS [1],
[2], [14], [21]. However, exact computation or sharp estimation of 5
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and M (), the mechanism of how TMS of system (1) is quantitatively
determined, are seldom studied.

Recently, some attempts have been made to describe or estimate 7 in
some special cases of system (1) [14], [18], [21]. Nonlinear spectral ra-
dius and lub Lipschitz constant, introduced in [14] and [21], were used
to estimate exponential bounds of the NDDS with Lipschitz continuity.
But these values are only upper bounds rather than equal to 5. In [15]
and [17], we discussed 7 and M (=) in a special case of the system (1)
where E is bounded and T Lipschitz continuous. However, methods
in [15] and [17] cannot be applied to the NDDS that has no Lipschitz
continuity or/and its domain E is unbounded. In [16], we studied the
quantitative relation between 7 and Lyapunov functions of the globally
exponentially stable system (1). However, the ideas in [16] cannot be
applied to the NDDS that is not globally exponentially stable.

The stability problem is very important. While the linear case is well
developed, the nonlinear case is still growing up. So, this technical note
tries to develop a general framework to describe quantitatively TMS or
AGBT of general nonlinear discrete dynamical system (1). Based on
our preliminary results in [17], [18], this technical note introduces a set
of equivalent measure functions of ||-|| in E and defines the nonlinear
operator modulus for T'. By the tools, we provide a theoretical expla-
nation on how 5 and M (¢) are quantitatively determined in system (1),
study the exact computation and sharp estimation of 5, and reveal that
equivalence relations really exist between exponential and asymptotic
stability of system (1) and different contraction properties of 7'. We also
show that in many cases, the exponential stability and asymptotic sta-
bility of system (1) can be distinguished from each other based merely
on the information at a single point—the equilibrium point. These re-
sults are helpful in understanding TMS or AGBT of system (1). They
extend main results in [15]-[18], and present a theoretical basis for an
important aspect of discrete-time model development. Such quantita-
tive studies allow for more accurate system analysis and modeling. Re-
searchers in the control engineering field will benefit from the results
in this technical note, and potentially be able to use these results for
discrete-time system analysis and design.

II. QUANTITATIVE DESCRIPTIONS OF TMS

In X, let ¥, denote the set of all equivalent vector norms of ||||,
and T the set of all topologically equivalent metrics of ||-||. Then
¥, C ¥, and they are two classes of different equivalent measure
functions of ||-||. In this section, we will introduce new equivalent mea-
sure functions of ||-|| in E.

Suppose that F'(r) : E C X — [0,0c) is a positive definite func-
tion. F'(x) is called a strongly equivalent function (SEF) of ||-|| in E if
there exist two constants C> > 1 > 0 such that

Cyolzl] € Fle) < Cy - |||, Wz € E. 4

Here, Cs and (', are called strongly equivalent coefficients between
F(-) and ||-]|. They describe quantitatively the metric-based equivalent
relation between ||-|| and £'(-). The infimum of all possible ((—f is called
the equivalent ratio between ||-|| and F'(-), denoted by R{||-|| . F'(-)).
IC?(|||| . F(+)) may be replaced approximately by a certain choice of
‘ "Let T3 denote the set of all SEFs of [|-]] in E. It is easy to see that
different equivalent norms in ¥, have the same set of SEFs in E'. Fur-
ther, SEFs have the following properties:
(1). ¥, C ¥y, but there are some SEFs that are not vector norms.
A metric function is a mapping from X x X to [0, oc). Hence,
SEFs are a class of new equivalent measure functions of ||-|| in E,
differing from the strongly equivalent metrics in [15], topologi-
cally equivalent metrics of ||-|| and equivalent vector norms of ||-||.
¥'3 may be regarded as a special case of the strongly equivalent
functional in [18]. But strongly equivalent functional are varied
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with the equilibrium point ™ of nonlinear systems, and even some
equivalent vector norms do not belong to them if z* # O.

(ii). ¥y, ¥, and ¥3 are measure functions determined by ||-|| and
E, but independent of nonlinear systems defined on E. Differing
from ¥, ¥, and ¥, Lyapunov functions will not exist if system
(1) is not stable, and Lyapunov functions of stable system (1)
are varied when T represents different systems. Hence, Lyapunov
function based methods (such as [16]) actually describe AGBT of
system (1) by different sets of functions when 1" represents dif-
ferent systems. By SEFs, we may describe the TMS of system (1)
in a uniform manner, no matter whether the system is stable in £
and 7" represents different systems.

In system (1), [|T(x)|| < M(3)- 3 - ||z|| holds for any x € E.
This implies that for any SEF F'(:) € W3, F(T'(x)) < R(||-||.F(-))-
M(3) -3 - F(x) holds for all z € E. This means that for each
given SEF F(-) € ¥3, we can define a functional Ly (7. 0, E) =

Fg((f)) ), Here, L. (T, O, E) can be regarded as the nonlinear

operator modulus of I'. We have L) |(T, O, E) =

sup
R z# 0,z lf
F(-) isanorm ||-]|. For any positive integers k. m, we have

LF‘(;J-]‘V-"_W,H 07 E) S L’F(Tkv ()7 E) ‘ LF(TW7 ()e E) (5)
This implies that the limit klimr L. (TF, 0. £) T exists [16]. Denote

Lip(T.0.E) = lim L (T, 0, E)'/*, (6)

According to (4), Lip(T. O, E) is an invariant quantity derived from
different SEFs and different equivalent norms of ||-||. This means that
for any ||-||, € ¥1

Lip(T.0.E) = lim Ly (T".0,E)'/". 7

To some extents, Ly (T, O, E) and Lip(T, O, E) can be regarded
as nonlinear generalizations of the norm and spectral radius of a ma-

trix. Further, we have Lip(T, O, F) = F(i}lfv Lrp(T,0, F), namely,
- E\ 3

Lip(T, O, E) is the infimum of all nonlinear operator moduli of 7" over
all SEFs (see Theorem 1). This shows that for any sufficiently small
= > 0, there is a SEF F.(-) such that the subordinated Zr_(T, O, E) <
Lip(T. O, E) + =. Here, F.(-) can be constructed explicitly as (9).

No matter whether system (1) is exponentially stable and E is
bounded and T is Lipschitz continuous, we have:

Theorem 1: For system (1), the following quantitative results are
stated with respect to the TMS:

(1) The e-EB of trajectories starting from E has the following prop-

erties:

n=Lip(T,O,E)= inf Ly(T,0,F). ®)
F)eVs /

(i1) For any sufficiently small ¢ > 0, the growth coefficient
M (z) can be regarded approximately as the equivalent ratio
between ||-|| and a specific SEF F.(-) whose subordinated
Lr (T,0,E) <n+z. Namely, M (2) = R(||-||, F-(-)). Here,
F.(+) can be constructed as that in (9) (in (9), Lip(T, O, E') can

be replaced by 7).
Proof: We first prove Lip(T. O, E) = F(i}lfl Ly (T.0,E).
. 6\13

By (5), we have Lp(T. 0. E) > Lip(T.O, E) for any F(-) € T3,
This implies that F(i)nfq Lo(T,0.E) > Lip(T.0, E). By (7), for
N e /3

any £ > (), there is a positive integer IV such that L (TN, 0,.E) <
(Lip(T, 0, E) + ). Denote

b
F(o) =Y (Lip(T.0.E) + =)' " - HT‘V‘“(I)

k=1

, VreE. (9
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F.(-) isa SEF of ||-|| in E. For any x € F, we have

HTN(T) |§L||-H

LO,E)- |||l < (Lip(T. O, E)+)™ - |||

Denote Lip(T, O, E) + ¢ by L.. Forany « € I

N

F(T(2) = Y (Lip(T.0,E) +2)* - HTI\"—’“H(\.;L-)H
k=1

=Lsﬁ5L§* T )|+ |7 ) | £V e
< (Ltp(T O.E)+e)F:(x)
Thus, with respect to F.(-), we have
Lr (T.O.E)= :ig % < Lip(T,O,E) + (10)
Since ¢ is arbitrary, (mf Lp(T,0,E) < Lip(T,0, E) holds.

Lr(T.0,E) = Lip(T. O, E).

For any given = > (), there exists a SEF F.(:) € W3 such that
Ly (T,0,E) < Lip(T, O, E)—l—" Here, F.(-) can be explicitly con-
structed as that in (9). Let C2(s) > C'(g) > 0 represent arbitrary
strongly equivalent coefficients between ||| and F.(z). Then for any
«(0) € E and any positive integer m, we have

Hence, we have inf
F()ely

[|x(m)]] < 1(5) P (;U(m)j)ﬁ%-l’s(;v(ﬂ))
Cal=
<G WO+ 0. D

Equation (11) holds for arbitrary strongly equivalent coefficients.
Hence

le(rll < RAMLL Fo()) « (Lip(T, O, E) + )" - [l2(0)]] . (12)
Thus, Lip(T. O, E') + ¢ is an exponential bound. Since € can be arbi-
trary, we have Lip(T, O, F) = n.

Suppose that 3 > 0 is an arbitrary exponential bound of trajectories
starting from E. By (2), there exists a positive constant M (3) > 0
such that || T*=(0)|| = [la(k)]] < M(3) - ||(0)]] holds for any

r(0) € F and any positive integer k. Thus we haveL” H(T O, E)
\[(, ). 3" for any positive integer k. This implies Lip(T. O, E) <
Since /3 can be arbitrary exponential bound, we have Lip(T, O, F) §
5. This implies that n = Lip(T, O, E). According to (12), for any

The proof is completed. u

Remark 1:

(1) The e-EB 7 is the infimum of all nonlinear operator moduli of T’
over all SEFs. It is an invariant quantity derived from different
SEFs or equivalent norms of ||-|| via the formula (6).

(ii) Theorem 1 explains how A{(¢) is changed with ||-|| or
¢ or 1. For example, if ¢ is changed as =1 > (), then
M(z1) = R(|||. F=1(-)). If ||-|| is replaced by ||-||,, then
M=) = R(|||l, . F=(-)). Here, ||-|| in F-(-) (see (9)) is replaced
by ||-||, and N might be different. If T" is different operator, then
M(z) = R(||-|| , F=(-)) butn and NV in F.(-) are varied with T

(iii) Based on SEFs, the modulus of 7" and Lip(T, O, E'), some fa-
mous results in linear cases can be extended to nonlinear cases.

(iv) For different ;7 > 0 and positive integer (), the functions

Q
Frole)=3 4"

k=1

T " (x)

, YreFl (13)
|
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form a set of SEFs of ||-|| in E. Denote the set by . Then ¥, C
® and Fj (x) = ||z|| holds for any = € E. Furthermore, we

have p = 1nf L o(T,0,E).
Fg(zjee 7
(v) By [17], we have p > p(T'(O)) if T is Frechet differentiable at

O. Here, p(T' (0)) is the spectral radius of 7' () (the Frechet
derivative (or Jacobian matrix in ™) of T at O).

III. SOME CHARACTERIZATIONS OF STABILITY PROPERTIES

By Theorem 1, system (1) is exponentially stable in £ if and only
if T' is contractive in E with respect to a certain SEF of ||-|| (namely,
thereisa F(-) € ¥y suchthat F(Tw) < (- F(x) holds for a constant

¢ € (0,1) and any » € E). However, sup W > 1 might
TEY ;
hold for any ||-|| € ¥, even if system (1) is exponentially stable in

E' [15]. Additionally, system (1) might be not exponentially stable in
E even if T is contractive in E' with respect to a certain topologically
equivalent metrics of ||-|| (namely, there is a d(-,-) € ¥ such that
d(Tx,Ty) < {-d(x,y)holds foraconstant{ € (0,1) andany 2,y €
E). Thus, SEFs of ||-|| are equivalent measure functions appropriate for
characterizing exponential stability of system (1).

If system (1) is only asymptotically stable rather than exponentially
stable in E, then the e-EB 57 > 1 and T is not contractive in E with
respect to any SEF of ||-||. In a special case of system (1) where X =
R™, E is an unbounded closed set and 7" is continuous in F, there
is the following equivalent relationship: system (1) is asymptotically
stable in E if and only if T' is contractive in E with respect to some
topologically equivalent metrics of ||-|| (i.e., ([(.itl)léw‘) LyT.E) <1

d(T(=),T(y))

here, Ly(T. E) = ETERN)

sup ). The proof of the statement

rZy,r.yeER
is as follows:

It is known that system (1) is asymptotically stable in £ C " if and
only if it is uniformly asymptotically stable in £’ (namely, for arbitrarily
large M > 0 and arbitrarily small £ > 0, there exists a positive integer
(Q(M, ) such that ||z(k)|| < = holds for any ¥ > Q(M, =) and any
z(0) € E with [|z(0)|] < M) ([3], p. 166). Hence, by Theorem 1.3 in
[19] or Theorem 1 in [20], if system (1) is asymptotically stable in E,
then T is contractive in E' with respect to certain topologically equiva-
lent metric of ||-||. Further, for any sufﬁciently small e > (), there exists
ad.(-,-) € Uy such thatd.(Tx,Ty) < - d(x.y), fm allz Y € F
([19], p- 176). This implies that d(.i_l)lf Ld(T E) < =, and for any

«(0) € E and any positive integer k&, d- ,L(L ). 0) < f d-(x(0),0)
holds. Since = may be arbitrary, we have ” 11% v, L,T.E) = 0.
Below, we prove that system (1) is uniformly asymptotically stable in
E if T is contractive in E with respect to a certain d(-,-) € ¥,. For
each pair of positive number M, = with M arbitrarily large and = ar-
bitrarily small, denote Byy = E'N B(AM). Here, B(M) = {z € X :
||| < M}. Then, By, is a bounded closed set in B", and therefore
is a compact set. Since d(-, -) is topologically equivalent to the norm
|-, Bas is also a compact set in the metric space induced by d(-, ).
Denote diam(Bur) = sup{d(z,y) : x,y € Bar}. Then we have
diam(Byr) < oo. Since diam(Bas) < oc and T is contractive in
E with respect to d(-, -}, it is easy to imply that T%(Bs) — {O} as
k — oo in the metric space induced by d(-, -). Thus, there exists a pos-
itive integer (Q( M., =) such that for any integer ¥ > (M., ) and any
x € By, there holds 7" (x) € B(z), i.e., ||2(k)|| < =. Thus, system
(1) is uniformly asymptotically stable in E. The proof is completed.
Remark 2: Theorem 1 means that no matter which equivalent norm
replaces ||-|| in (2), the exponential bound of trajectories cannot be less
than . However, if system (1) is asymptotically or exponentially stable
in the closed £ C R"™, then mf Ly(T,E) = 0 holds. It means

A(-)E
that for any sufficiently small = € ((] ), wecanfindad.(-,-) € ¥»

such that the exponential bound of trajectories described by d.(-,-) is
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smaller than . This demonstrates that a NDDS might exhibit different
TMS or AGBT in Banach spaces and in metric spaces.

IV. EXPONENTIAL STABILITY AND ASYMPTOTIC STABILITY

Lemma 1: 1f system (1) is uniformly asymptotically stable in E,
then the e-EB of trajectories starting from different bounded subsets
(containing O as an interior point) of F is a constant.

Proof: Suppose that D, C E and D, C E are two bounded
sets containing (O as an interior point. Let W C Dy N D5 represent
a neighborhood of (0. Denote the e-EBs of trajectories starting from
Dy, Dy, W by m1, 12 and 1., respectively. Then we have 1., < n1
and .. < 72. Let v represent an exponential bound of trajectories
starting from W. By (2), there is M {a) > 1 such that ||z(k)|| <
M(a) - o - ||2(0)|| holds for any +(0) € W and any positive integer
k. Since trajectories starting from D; converge uniformly to O, there
exists a positive integer A such that T%x € W for any «+ € D; and
any positive integer # > K. Thus, for any 2(0) € D, and any positive
integer m > K

(177 2(0)]| = ||=( 4LH-”(T(; G2

m)|| < M (a){ ) a2 (0)]] -

(14)

This implies 7. = lim L. 1(T™,0. D)™ < a. a can be arbi-
trary exponential bound so 71 < 1. Thus, we have n; = 9,,. Sim-
ilarly, 72 = 7. can be proved. This implies 71 = 72. The proof is
completed. [ |

The constant in Lemma 1 is called the local essential exponential
bound (local e-EB) of trajectories of system (1), denoted by &. If T°
is continuously differentiable in a local neighborhood of O, then by
Lemma 1 of [17], we have £ = p(T'(0)).

In a special case of system (1) where X = IR", E is bounded and T
is continuous in £, by Lemma 1, it is easy to imply that system (1) is ex-
ponentially stable in E if and only if system (1) is asymptotically stable
in £ and locally exponentially stable (namely, exponentially stable in
a local neighborhood of ). When F is unbounded, we have:

Theorem 2: In system (1), suppose that X = I?", ' is unbounded,

T is continuous in E and lim sup Hﬂ‘(j‘)” < « holds for a constant

el —co
a € (0,1). Then system (1) is exponentially stable in £ if and only if it

is asymptotically stable in £ and locally exponentially stable. Further,
the e-EB 7 < max{a, ¢},

Proof: We only need to prove the sufficient condition. Let 3 &
(0, 1) denote the exponential bound of trajectories starting from a local
neighborhood of . Denote L = max{a./3}, ¢ = 1 — L. Since

lim sup % < a < 1, forany = € (0,¢), there exists b > 0 such

[lz]|—

that H?( ”)H < &+ ¢ < 1 holds for any = € E with ||:x|| > &. Denote
E(2b) = {x € E : ||=|| > 2b} and B(2b) = {x € E : ||z|| < 2b}.
Observe that for any = € E(2b) and any positive integer i, if T"(x) €

E(2b) hold foralli = 1,2,...,h — 1, then we have

7

=A@t e)|| < @4 el < (B all. (15)
In the following we verify the exponential convergence of trajectories
starting from B(2b) and E(2b), respectively.

It is known that system (1) is uniformly asymptotically stable in E as
well. By Lemma 1, we imply that the e-EB of trajectories starting from
B(2b) is not larger than /3. This implies that for any positive integer &
and any x(0) € B(2b), there exists () > 1 such that
2. (6)

ek < Q- (34" 20| < Q- (L+

Subsequently, we prove that trajectories starting from E(2b) con-
verge exponentially to (J. Since system (1) is asymptotically stable in
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FE, we have khm T*(a ») = O for any x € E(2b). This implies that

for each given » € £(2b), we can assume that there exists a positive
integer m,. such that 7" () € E(2b) for all positive integers i < m.
and T (x) € B(2b). For each fixed positive integer k, there are two
possible cases: either & > m, or k < m,. For any fixed x € F(2b)
and any fixed positive integer k, we consider the two cases respectively
below:
(1) If ¥ > m,, then by using (15) and (16), we get

"

[Eates (17)

| CQUT4) T (L) | S QT 2)

(ii) If & < m,, then T7(x) € E(2b) for any positive integer i < k.
Thus, by (15), we have

|7 @) < @+l (18)

By (17) and (18), for any x(0)) € E(2b) and any positive integer k,
we have

e (B < Q- (L+2)* - e (0] (19)
By (16) and (19), for any «#(0) € E and any positive integer %, we
thus have ||« (%)|| < Q- (L + )" - ||+(0)]]. Since L + ¢ < 1, system
(1) is exponentially stable in £. Since = is allowed to be arbitrary and
{3 can be arbitrary exponential bound, by Lemma 1,7 <= max{a, £}.

The proof is completed.
]

Remark 3:

(1) System (1) is locally exponentially stable if there exists a small
neighborhood " of ) and a constant ¢ € (0.1) such that
|[Tz|| < ¢-||lz| holds for any = € U.If T is continuously
differentiable in a local neighborhood of O, then system (1) is
locally exponentially stable if and only if p(T"(0)) < 1.

(i) Asymptotic stability and exponential stability of system (1) can
be distinguished from each other by a simple condition: local
exponential stability of system (1) or p(T'((Q)) < 1

V. EXPONENTIAL BOUNDS OF TRAJECTORIES

The e-EB 7 and the local e-EB £ are intrinsic quantities of exponen-
tially stable system (1). £ describes the smallest exponential bound of
trajectories starting from any bounded set £ N B{(+) of O. Here, » > 0
may be arbitrary. # describes the smallest exponential bound of trajec-
tories starting from the whole region E. If E' is bounded, then n = €.
If E is unbounded, then £ < 7. We have the following results:

(i) For any given sufficiently large & > 0 and sufficiently small £ >

0, there existsa M (1, £) > 0 such that forany x(0) € ENB(h)

[l (O

Here, M (I, =) might be varied with h.
(ii) For any given = > 0, there exists a A{(z) > 0 such that for any
+(0) € E

(Rl < M (h

(e E=0,1.2..... (20)

le(B)]| < M(e)- (n+ )" - [2(0)], k=0.1,2,.... (D)
Based on Lemma 1 and the proof of Theorem 2, we have:
Corollary 1: Suppose that system (1) is exponentially stable in the

unbounded set E. (i) If limn sup Hﬂ(f”)” < « for a constant v € (0, 1),

[l=]|— "

then we have £ < n < nlax{

L&}, (i) If lim sup Hﬂ(ﬁ‘)”
[l=]l—

< &, then
we have np = £.
Remark 4: If T is continuously differentiable in a local neigh-

borhood of O, then p(T'(0)) < 1 < max{a, p(T'(0))}. Further,
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if T is bounded in E (namely, sup ||[T(z)|| < o) or satisfies
el

lim sup Hﬂ ’H'” =0, thenn = p(T'(0)).
[l =00
If system (1) is only asymptotically stable rather than exponentially

stable in E', then we have n > 1, but do not know whether # = 1 holds
or not. In some special cases of system (1), we have:

Corollary 2: In system (1), suppose that X = 1", T is continuous
in £ and is continuously differentiable in a local neighborhood of (3,
system (1) is only asymptotically stable rather than exponentially stable
in £. Then we have n = 1 if E’ is bounded, or if £ is unbounded but

lim sup Hﬂ 7‘"” < 1.
[l =00
Proof: We only need to prove 17 < 1 in both cases. Since system

(1) is uniformly asymptotically stable in E, we have £ = p(T"(0))
and p(T'(0)) < 1 [9]. This implies & < 1. If E is bounded, then
by Lemma 1, we have = & < 1. By using the proof similar as

one in Theorem 2, we can prove that < 1 if &' is unbounded but
[Ex€]|

limn sup ot < 1. The proof is completed. |
llzll—eo
VI. EXAMPLES
Example 1: In system (1), if E = X and T is a positive homo-

geneous operator (namely, 7(Az) = A - T(x) for any + € X and
any A > (), then Lip(T, O, X) = Lip(T, O, B(r)) for any » > 0.
Further, Lip(T, O, X) = p(T'(0)) holds if T is continuously differ-
entiable in a local neighborhood of O.

Example 2: Consider a system in [9] as follows:

2(k+1) = T(2(k)). T(z) = <‘““’: ' fj_

2
]:2 .

) .2(0) € R*. (22)
rae
The system has the unique equilibrium point O, p(T"(0)) = 1, and is
asymptotically stable rather than exponentially stable in R? [9]. Since
lim sup “’]‘;‘“«'” < 1, by Corollary 2, we have = 1. Similarly, for the
[l =00
system in Example 2.10 of [9], we can also imply that p = 1.

Example 3: Consider the discrete-time recurrent neural network

z(k+1)= Dx(k)+ Pf(Ax(k) +u()+ua, 2(0)€ R" (23)
where, D = diag(d,.ds,...,d,) is a diagonal matrix with 0 <
|di| < 1,ui.uz € I are two constant external inputs, I” and A
are two real-valued matrices, f(x) = (fi(x1), fa(za), ..., fulz))?

W 270, £ ()

is the nonlinear activation function and lim sup el
h||x;|| for a constant h > 0 and any

satisfies || fi(z:) — f:(0)|| < o

r; € R'. Equation (23) includes neural network models in [7], [14],
[18] and [22], [23] as special cases. According to [3], by changing
coordinates, the NDDS whose equilibrium point is not at ) can be
transformed into one whose equilibrium point is at (7. Thus, without
loss of generality, we assume that O is the unique equilibrium point of
(23). Denote T'(x) = Dz + Pf(Ax + u) + ue foranyx € R”.

We have L. (T, O, R") < oo and hmsup Hﬂ(rHFH < v < 1. Here,
[[=[|—

vy=max{|d;| : i =1.2,...,n}.By Theorems 2 and Corollary 2, we
can easily imply the following results:

(a) If the network is globally exponentially stable, then the e-EB
n < max{~, &}. Further, if the network has small state feedback
coefficients in the sense of v < &£, then? = £. Here, € is the local
e-EB (¢ can be replaced by p(T"(0)) = p(D+ P+ f'(u1) - A)
if f () is continuously differentiable in a local neighborhood of
0).

(b) If f;(x;) is continuous, then the network is exponentially stable

in R" if and only if it is asymptotically stable in R™ and locally
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exponentially stable (or p(T'(0)) < 1 if f(x) is continuously
differentiable in a local neighborhood of O).

(c) If fi(x;) is continuous, f(x) is continuously differentiable in a
local neighborhood of (7, and the network is only asymptotically
stable rather than exponentially stable in R", thenn = 1.

Example 4: Consider a system as follows:

xr

z(k+1)=T(zk)).T(x) = Tra

2(0) # —1,2(0) € R'. (24)

The function T' is not Lipschitz continuous in ', O is the unique
equilibrium pointand 7" () = 1. Forany x:(0) # —1 and any positive
integer &, we have w(k + 1) = |+1(0)(o) Let §2 denote the set {—% :
n € ZT}, where Z7 represents the set of all positive integers. For any
r(0) € Q, there exists a positive integer m such that 1 +m - x(0) = 0,
and thus =(m + 1) cannot be defined. Hence, in (24), we only need
to consider the trajectory motion speed of the trajectories starting from
R' - Q.

The system is not locally exponentially stable, and not asymptoti-
cally stable in R*, but uniformly asymptotically stable in [0}, oc Smce

hmsup Hﬂ(f”)” = 0 and |T(x)| < |z| holds for any = € [0, >c), by

ll=ll—
the proof of Theorem 2, we can imply that the e-EB of the trajectories

starting from (0, oc) is not larger than one (namely, < 1). Mean-
while, we have # > 1, because the system is not exponentially stable.
This implies that the trajectories starting from (0, oc) converge to
with the e-EB 5 = 1.

For any z(0) € (—>c, —1), 2(1) € (1, oc). Hence, the trajectories
starting from (—2c. —1) have the same e-EB as one of the trajecto-
ries starting from (1, oc). In other words, the trajectories starting from
(—o0, —1) also converge to O with the e-EB 7 = 1.

For any given sufficiently small ¢ > (), there exists a positive integer
k. such that 14+ k. -2(0) < 0 holds forany #:(0) € (—1, —=) —€2. This
implies that x (k. + 1) € (0, 2c) forany x(0) € (—1, —2) — Q. Thus,
for any given sufficiently small¢ € (0, 1), the trajectories starting from
(=1, —z) — € have the same ¢-EB as one of the trajectories starting
from (1. oc ). Namely, the trajectories starting from (—1, —z) — £2 also
converge to (O with the e-EB #» = 1. Based on the results above, we
can deduce that for any given sufficiently small £ > 0, the trajectories
starting from (0. >c), (—oc, —1) and (—1, —z) — 2 converge to O with
the e-EB 7 = 1.

Example 5: Consider the system as follows:

w(k+ 1) =Tk), «=(0)€R', T(x)=sign(x). (25)
Here, T is not continuous in R', the system has three equilibrium
points: 7 = —1,25 = 0,25 = 1, and is not asymptotically stable
in *. However, x} and ; are exponentially stable in D, = (—oc, 0)
and D3 = (0, +oc), respectively. In such case, we may analyze how
fast the trajectories starting from D7 (or D3) converge to «7 (or x3).
Alternatively, we may also analyze the e-EB of trajectories starting
from the whole R', with respect to =} or z3. Let y(k) = x(k) — 23.
Then (25) is transformed intoy(k + 1) = G(y(k)), y(0) € R".
Here, G(y) = sign(y + x3) — «3, and O is exponentially stable in
(—1,42x). By Corollary 1, in the transformed system, the trajectories
starting from (—1, +oc) converge to O with the e-EB = (. Thus, in
system (25), the trajectories starting from D4 (or D3) converge to z}
(or %) with the e-EB 5 = 0. For any = € R' and any positive integer
"(x) — Iﬂ < 2|x — 27| and |T"‘(1‘) - 17§| < 2|z — 2% holds.
Thus, with respect to x7 (or z%), the e-EB of trajectories starting from
R* equals to 1, and the growth coefficient may be selected as 2. With
respect to x5, trajectories starting from R' have no bounded e-EB.

Example 6: Consider a system as follows:

r(k+1)=T(e(k), «0)eR". T()=2".  (26)
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Here, T is not Lipschitz continuous, the system has two equilibrium
points: O and & = 1. O is exponentially stably in the region (—1,1),
but # = 1 is unstable. The trajectories starting from (—1, 1) will ex-
ponentially converge to (7 with the e-EB 7 = (), but will exponentially
diverge from = = 1 with the e-EB = 2 (Since p > 7'(1) = 2 and
|T(x) — 1| < 2|z — 1| forany = € (—1.1)). Forany M > 0, trajec-
tories starting from the region D = (1. M) U (— A, —1) will diverge
from O with the e-EB 5 = M7 (since |z(k + 1)| < M1 (MH)*- |2
for any positive integer & and any = € D).

VII. DISCUSSIONS

This technical note discusses the AGBT of system (1) where 1" might
be not Lipschitz continuous (even not continuous), E might be un-
bounded (7(E) is also unbounded) and the equilibrium point might
be unstable. The results in this technical note extend our previous re-
sults in [15]-[17] where special cases of system (1) were studied. In
[15], lub Lipschitz constant L) |(T, E') = L2=1yll pq

sup To—v1l

r#y @ yeL
Lip constant Lip(T, E) = lim L (T", E)» were introduced to
describe the exponential stabizlit;%f a special case of system (1) where
E is bounded and T’ Lipschitz continuous. L., (1, E) and Lip(T, E)
can only be defined for a Lipschitz continuous operator T". Hence, they
cannot be used to analyze the AGBT of system (1). Main results in [15]
(Theorems 3—4 and partial results of Theorem 2) are special cases of
the results in this technical note (where £ is assumed to be bounded).
In [16], the quantitative relation between the e-EB 7 and Lyapunov
functions of exponentially stable system (1) was studied. However, the
method in [16] cannot be used to describe AGBT of system (1) if the
system is not exponentially stable. The main results (Theorems 1-2)
in [16] are special cases of Theorems 1 and 2 in this technical note.
In [17], we discussed a special case of (1) where £ is a bounded and
closed subset and 1" continuously differentiable in £ (i.e., Lipschitz
continuous). Main results in [17] (i.e., Theorems 1-2) are special cases
of Theorems 1-2 and Corollary 1 in this technical note.

The activation function f () in (23) can be unbounded. Hence, the
results in the example 3 improve the main results in [18] where f{z)
was assumed to be bounded and continuous. In [7], [22], and [23], suffi-
cient conditions for global asymptotic stability of different neural net-
works were discussed. By example 3, we can further judge whether
these networks are globally exponentially stable or not through com-
puting p(D + P+ f'(u) - 4).

For the equivalent relationship between asymptotic stability and uni-
form asymptotic stability of system (1), we do not know whether the
conditions “I" is continuous” and “X = R"” are necessary or not. If
no, then these conditions can be removed from Theorem 2, Corollary

2 and Example 3. lim sup W < o (or 1) is used in the proof of

x| —oc
Theorem 2 and Corollaries 1-2, but we do not know whether or not the
condition could be removed or replaced by a more weak condition. In
the future, we will discuss the related problems.

VIII. CONCLUSION

This technical note explains the mechanism of how the e-EB of tra-
jectories is quantitatively determined in system (1), and discusses the
computation of the e-EB and characterizations of exponential stability
and asymptotic stability of system (1). These results extend existing
results obtained in the special cases of system (1), and are helpful for
quantitative analysis and understanding of AGBT of system (1).
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