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Revealing Density-Based Clustering Structure
from the Core-Connected Tree of a Network
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Abstract—Clustering is an important technique for mining the intrinsic community structures in networks. The density-based
network clustering method is able to not only detect communities of arbitrary size and shape, but also identify hubs and
outliers. However, it requires manual parameter specification to define clusters, and is sensitive to the parameter of density
threshold which is difficult to determine. Furthermore, many real-world networks exhibit a hierarchical structure with communities
embedded within other communities. Therefore, the clustering result of a global parameter setting cannot always describe the
intrinsic clustering structure accurately. In this paper, we introduce a novel density-based network clustering method, called
gSkeletonClu (graph-skeleton based clustering). By projecting an undirected network to its core-connected maximal spanning
tree, the clustering problem can be converted to detect core connectivity components on the tree. The density-based clustering
of a specific parameter setting and the hierarchical clustering structure both can be efficiently extracted from the tree. Moreover,
it provides a convenient way to automatically select the parameter and to achieve the meaningful cluster tree in a network.
Extensive experiments on both real-world and synthetic networks demonstrate the superior performance of gSkeletonClu for
effective and efficient density-based clustering.
Index Terms—Network Clustering, Density-Based Method, Hierarchical Clustering, Spanning Tree, Parameter Selection.
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I NTRODUCTION

N

ETWORK is a widespread form of data consisting of a set of vertices and a set of edges
that are connections between pairs of vertices. Many
real-world networks possess an intrinsic community
structure, such as large social networks, Web graphs,
and biological networks. A community (also referred
to as cluster) is typically thought of as a group of
vertices with dense connections within groups and
relatively sparse connections between groups as well.
Since clustering is an important technique for mining
the intrinsic community structure in networks, it has
become an important problem in a number of ﬁelds,
ranging from social network analysis to image segmentation and from analyzing biological networks to
the circuit layout problem [2].
However, detecting communities in complex networks is a nontrivial task, since the structure of a
large-scale network is highly complex and the communities are in arbitrary size and shape. Moreover, it
has been shown that there always exits a hierarchical
structure in many complex networks with communities embedded within other communities [3]. Es-
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sentially, small communities group together to form
larger ones, which in turn group together to form
even larger ones. Besides the cluster vertices densely
connected within communities, there are some vertices in special roles like hubs and outliers. As we
know, hubs play important roles in many real-world
networks. For example, hubs in the WWW could be
utilized to improve the search engine rankings for
relevant authoritative Web pages [4], and hubs in viral
marketing and epidemiology could be central nodes
for spreading ideas or diseases [5]. On the contrary,
outliers are marginally connected with the community members which should be isolated as noises.
Therefore, how to detect multilevel communities and
identify hubs and outliers in a network has become
an interesting and challenging problem.
A recently proposed network clustering algorithm
SCAN [6] extended from the traditional density-based
clustering algorithm DBSCAN [7] not only detects
meaningful clusters, but also identiﬁes the vertices
in special roles, such as hubs and outliers. However,
it needs user to specify a minimum similarity ε and
a minimum cluster size μ to deﬁne clusters, and is
sensitive to the parameter ε which is hard to determine. Actually, how to select the parameter ε automatically for the density-based clustering methods
(e.g., DBSCAN and SCAN) is a long-standing and
challenging task. Moreover, SCAN searches for the
clusters in a network by using a global parameter
setting and has difﬁculty to handle the hierarchical
clustering structure. To deal with the problem, Bortner
et al. proposed an algorithm, called SCOT+HintClus
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V

Let G = (V, E, w) be a weighted undirected network,
where V is a set of vertices, E a set of edges and w a
function that assigns each edge a positive number as
its weight. Our goal is to detect all the clusters and
identify hubs and outliers in it. Therefore, both local
structure and connectivity are used in our deﬁnition
of network clustering. In this section, we formalize the
notion of a structure-connected cluster in networks,
which extends that of a density-based cluster [6], [7].
The structure of a vertex can be described by its
neighborhood, and two vertices are assigned to a
cluster always according to how they share neighbors.
A formal deﬁnition of structure neighborhood is given
as follows.
Deﬁnition 1. (Structure Neighborhood) The structure
neighborhood of a vertex u ∈ V is the set Γ(u) containing
u and its adjacent vertices which are incident to a common
edge with u:
Γ(u) = {v ∈ V |{u, v} ∈ E} ∪ {u}.

(1)
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[8], to detect the hierarchical cluster boundaries of a
network through extension of the algorithm OPTICS
[9]. However, it has difﬁculty to locate the global
optimal ε and to extract the meaningful cluster tree.
We have found that each density-based cluster can
be determined by a set of cores (a special class of
vertices that have a minimum of μ neighbors with
a structural similarity exceeding the threshold ε [6])
embedded in it uniquely. Hence, once all the components of connected cores have been detected, all
clusters can be obtained. Accordingly, the problem of
detecting clusters for a certain value of parameter ε
in an undirected network can be converted to ﬁnd
core-connected components in it. A core-connected
maximal spanning tree is prepared in advance which
contains the necessary information for extracting the
density-based clustering for various values of ε. Then
a novel density-based clustering algorithm, called
gSkeletonClu, is proposed which can perform the
clustering on the spanning tree of the original network. It can select the parameter ε automatically by
using a cluster validity measure. Furthermore, meaningful hierarchical clusters also can be easily revealed
by our algorithm, because density-based clustering
with respect to various values of parameter ε can
be detected progressively on the tree. Experimental
results indicate that our algorithm is scalable and
achieves high accuracy.
The rest of the paper is organized as follows. Section 2 introduces the concepts of structural connected
clusters. Section 3 formalizes the notion of clusters
derived from the core-connected components and
presents a theoretical analysis. Section 4 describes the
algorithm in detail. In section 5, the experimental
results are reported. Section 6 reviews the related
literature. Finally, section 7 concludes the paper.

Fig. 1. The relationship of structure reachability
and structure connectivity between the vertices in a
density-based cluster.
Here, a similarity function can be employed to measure the local connectivity density of any two adjacent
vertices in a network. A type of widely used similarity
function is based on common neighborhood (e.g.,
Cosine and Jaccard) [10]. In this paper, we introduce
a structural similarity which is deﬁned as

w(u, x) · w(v, x)

x∈Γ(u)∩Γ(v)

σ(u, v) =  

x∈Γ(u)

w2 (u, x) ·

 

w2 (v, x)

.

(2)

x∈Γ(v)

It is able to deal with weighted undirected network
which is extended from the cosine similarity used
in [6]. The more common neighbor vertices a vertex
shares with a neighbor vertex of it, the greater the
structural similarity between them is. Then we apply
a threshold ε for assigning cluster membership.
Deﬁnition 2. (ε-Neighborhood) Let u ∈ V and σ be a
similarity function for any pair of adjacent vertices, and
ε ∈ R be a threshold of similarity. The set of neighbors
of u having structural similarity no less than ε forms its
ε-neighborhood:
Γε (u) = {v ∈ Γ(u)|σ(u, v) ≥ ε}.

(3)

Deﬁnition 3. (Core) Let μ ∈ N. For a vertex u, if
|Γε (u)| ≥ μ, then u is a core, denoted by Kε,μ (u).
Cores are a class of vertices that have at least μ
neighbors possessing the structural similarity no less
than a threshold ε. In this way the parameters ε and
μ determine the clustering of a network. As shown in
Figure 1, when we set ε = 0.75 and μ = 4, the vertex p
is a core and the vertex q is in the ε-neighborhood of p.
According to the principle of density-based clustering,
the clusters grow from core vertices. If a vertex is in
the ε-neighborhood of a core, it should be in the same
cluster with the core. This idea is formalized in the
following deﬁnition of directly structure-reachable.
Deﬁnition 4. (Directly Structure-Reachable) Given ε ∈ R
and μ ∈ N, a vertex v ∈ V is directly structure-reachable
from a vertex u ∈ V iff Kε,μ (u) ∧ v ∈ Γε (u), denoted by
u →ε,μ v.
A vertex v ∈ V is directly structure-reachable from a
core u ∈ V if v ∈ Γε (u). Obviously, directly structurereachable is symmetric for pairs of cores. However,
directly structure-reachable is not symmetric if a core
and a border are involved. If a non-core vertex v is
directly structure-reachable from a core u, then v is a
border attached to u.
Deﬁnition 5. (Structure-Reachable) A vertex v ∈ V is
structure-reachable from u ∈ V iff ∃{u1 , ..., un } ⊆ V
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s.t. u = u1 , v = un , and ∀i ∈ {1, 2, ..., n − 1} such that
ui →ε,μ ui+1 . This is denoted by u →ε,μ v.

Actually, a structure-connected cluster is uniquely
determined by the structure-connected cores in it.
Each cluster C has at least one core and it contains exactly the vertices which are structure-reachable from
an arbitrary core in C. That is to say, the size of each
cluster is not less than the value of pre-speciﬁed parameter μ. If there are two cores u, v ∈ V s.t. u →ε,μ v,
then C[u] = C[v]. As shown in Figure 2, cluster 1
contains all the vertices which are structure-reachable
from cores p, q and r. Thus, C[p] = C[q] = C[r].
Besides the cores, there also may exist some border
vertices in a cluster (e.g., vertex s in Figure 2). Note
that a border may be structure-reachable from cores
in different clusters and thus it may be adopted by
one or more clusters.
Given parameters ε ∈ R and μ ∈ N, the clustering CRε,μ of a network G consists of all structureconnected clusters in G. After the network is clustered, there may be some vertices that are not suitable
to be assigned to any clusters and they may be hubs
or outliers.
Deﬁnition 7. (Hub and Outlier) Given a clustering
CRε,μ of network G, a vertex h ∈ V is a hub iff (1)
h does not belong to any cluster: ∀C ∈ CRε,μ , h ∈
/ C;
(2) h bridges multiple clusters: ∃C, D ∈ CRε,μ , C = D,
and ∃u ∈ C, v ∈ D, s.t. h ∈ Γ(u) ∧ h ∈ Γ(v). If a vertex
o ∈ V does not belong to any cluster and is not a hub, it
is an outlier.
As shown in Figure 2, the vertex h that connects two
vertices from different clusters is regarded as a hub,
and the vertices o1 and o2 , which are connected with
only one cluster, should be identiﬁed as outliers. Since
outliers have little or no inﬂuence in the clustering of
a network, they should be isolated as noises.
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Fig. 2. An example graph with two structure-connected
clusters, one hub and two outliers.
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Deﬁnition 6. (Structure-Connected Cluster) The set
C[u] ⊆ V is a cluster represented by Kε,μ (u) ∈ V iff
(1)u ∈ C[u]; and (2)∀v ∈ V , u →ε,μ v ⇔ v ∈ C[u].
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We depict the notion of structure-reachable in Figure 1. When we set ε = 0.75 and μ = 4, there are four
vertices in the neighborhood set of vertices p, q and
r respectively with structure similarities no less than
current ε, thus p, q and r are all core vertices. Since
the structure similarity between p and q is greater
than 0.75, vertices p and q are directly structurereachable from each other. And for the same reason, r
and q are also directly structure-reachable from each
other. According to Deﬁnition 5, the cores p, q and r
are structure-reachable from each other. However, the
border s is only structure-reachable from the above
three cores on one side.
The transitive closure of the directly structurereachable relation forms clusters which is formally
deﬁned in the following, and any pair of vertices in
the same cluster is structure connected.
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Fig. 3. An example graph for calculating core-similarity,
reachability-similarity and core-connectivity-similarity.

3 CLUSTERS DERIVED FROM CORECONNECTED COMPONENTS
For a speciﬁc parameter setting, the density-based
clustering algorithm SCAN searches for structureconnected clusters and isolates hubs and outliers in a
network by visiting each vertex only once. However,
the algorithm SCAN is sensitive to the parameter
ε. It often produces very different clustering results
even for slightly different parameter settings. In this
section, we propose a novel approach for revealing
density-based clustering structure in a network by
detecting core-connected components of each cluster
in various ε levels. It can be easily performed on the
spanning tree of the network. The involved concepts
are introduced in the following.
3.1

Core Connectivity Similarity

For detecting cores in each cluster, we ﬁrst need to
determine whether each vertex u ∈ V is a core under
a speciﬁc parameters setting.
Deﬁnition 8. (Structure Core-Similarity) Given a vertex
u ∈ V , the structure core-similarity of u is

CS(u) ≡

max{ε ∈ R :
|{v ∈ Γ(u) : σ(u, v) ≥ ε}| ≥ μ}
0

|Γ(u)| ≥ μ
otherwise.

The core-similarity of a vertex u is the maximum
of structural-similarity ε̃ such that u would be a core
vertex with respect to |Γε̃ (u)| ≥ μ. Otherwise, the
core-similarity is zero. As shown in Figure 3, the coresimilarity of vertex p is 0.75 when μ = 4, because the
size of the ε-Neighborhood of vertex p is just four
when ε = 0.75 and p will no longer be a core when
ε > 0.75. Just the same, the core similarity of vertex q
is 0.8.
Deﬁnition 9. (Reachability-Similarity) Given vertices u,
v ∈ V , the reachability-similarity of v w.r.t. u is
RS(u, v) ≡ min{CS(u), σ(u, v)}.
The above two concepts are extended from the literature [9]. Intuitively, the reachability-similarity of a
vertex v w.r.t. a vertex u is the maximum of structural
similarity such that v is directly structure-reachable
from u when u is a core. As shown in Figure 3,
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the reachability-similarity of vertex q w.r.t. the core
vertex p is 0.75 which is equal to the core-similarity
of p, because the similarity between the two vertices
is greater than the core-similarity of p. While the
reachability-similarity of the vertex r w.r.t. p is 0.7
which is equal to the similarity between vertices p
and r. If the value of the parameter ε is not more
than RS(u, v), vertex u is a core and vertex v is a
member of cluster C[u]. However, the reachabilitysimilarity is an asymmetric measurement. Therefore,
if we detect clustering through reachability between
vertices by visiting each vertex in a network once,
the clustering result may be related to the traversing
order of the vertices and some border vertices may be
misclassiﬁed [6], [8], [9].
In order to overcome the problem above, our
method only detects the connected cores in a cluster
and deals with the border vertices using an additional
process. So it is necessary to determine that whether
two vertices u and v are both cores and are reachable
from each other w.r.t certain values of parameters ε
and μ. If so, u and v will lie in the same cluster. Then
we introduce a symmetric concept of core connectivity
in the following.
Deﬁnition 10. (Structure Core-Connected) Given ε ∈ R,
μ ∈ N, u, v ∈ V , u and v are directly core-connected
with each other iff Kε,μ (u) ∧ Kε,μ (v) ∧ u →ε,μ v. This is
denoted by u ↔ε,μ v.
If two vertices are both cores and directly structurereachable from each other, then they are directly coreconnected. The transitive closure of the directly coreconnected relation forms core-connected components,
and any pair of vertices in the same closure is coreconnected.
Deﬁnition 11. (Core-Connectivity-Similarity) Given
{u, v} ∈ E, the core-connectivity-similarity of u and
v is
CCS(u, v) ≡ min{RS(u, v), RS(v, u)}
.
≡ min{CS(u), CS(v), σ(u, v)}

The core-connectivity-similarity of two vertices
is the minimum of their core-similarities and the
structure-similarity between them. As shown in Figure 3, the vertices p and q are core-structure-connected
when ε = 0.75 and μ = 4, because p and q are both
cores and their structure-similarity is not less than the
current ε. But if we set current ε > 0.75, vertices p and
q are not core-structure-connected any more, because
p will not be a core under this conﬁguration. Thus, the
core-connectivity-similarity of p and q is 0.75 when
μ = 4. The following Theorem 1 shows that the coreconnectivity-similarity of two vertices is the maximal
threshold of structural similarity such that they are
both cores and directly structure-reachable from each
other.
Theorem 1. Let G = (V, E) be a network. Given a edge
{u, v} ∈ E, μ ∈ N and CCS(u, v) = ε̂. Then ε̂ is the
maximum of ε s.t. u ↔ε,μ v.

Proof: Assume ε̂ > 0, then |Γε̂ (u)| ≥ μ
≥
μ. ε̂
=
CCS(u, v)
=
and |Γε̂ (v)|
min{CS(u), CS(v), σ(u, v)}.
(i) If ε ≤ ε̂, then ε ≤ min{CS(u), CS(v), σ(u, v)}. So
ε ≤ CS(u), ε ≤ CS(v), and ε ≤ σ(u, v). u and v are
both core vertices, and u →ε,μ v, then u ↔ε,μ v.
(ii) If ε > ε̂, then ε > min{CS(u), CS(v), σ(u, v)}.
So ε > CS(u), ε > CS(v), or ε > σ(u, v). That is, u or
v is not a core, or v ∈
/ Γε (u). Thus u ↔ε,μ v.
For each edge e = {u, v} ∈ E in an undirected network G = (V, E), we calculate the core-connectivitysimilarity for each pair of adjacent vertices u and v.
Let (e) = CCS(u, v), we will get a core-connected
weighted network G = (V, E, ). Then we build the
Core-Connected Maximal Spanning Tree (CCMST) on
G = (V, E, ). The core-connected components can be
easily detected on the CCMST of a network. Since the
core-similarity of the two adjacent vertices is equal to
the largest similarity of their incident edges which is
no less than their structural similarity σ(u, v) when
μ = 2. The core-connectivity-similarity of any two
adjacent vertices is equal to their structural similarity
in this case. Therefore, the CCMST of a network is
equal to the MST of the network weighted by the
structural similarity when μ = 2.
3.2 Core-Connected Components on the CCMST
According to the Cut Property of MST [11], we can
prove that partitioning the weighted network G =
(V, E, ) with ε (remove edge e s.t. (e) < ε from
G) is equal to the partition of its CCMST with ε.
Therefore, the core-connected components can be easily detected on the CCMST, the connectivity skeleton
of the network [12].
Deﬁnition 12. (Connectivity Level) Let G = (V, E, ) be
a core-connected undirected network and each edge e ∈ E
has a value of core-connectivity-similarity (e) ∈ [0, 1].
Given vertices u, v ∈ V , u = v and ε ∈ R. u and v are not
connected if each edge e ∈ E s.t. (e) < ε is removed from
G, but they are connected if each edge e ∈ E s.t. (e) ≤ ε
is removed from G. Then the connectivity level of u and v
in G is ε. This is denoted by γG (u, v) = ε.
Theorem 2. Let G = (V, E, ) be a core-connected
undirected network and each edge e ∈ E has a value of
core-connectivity-similarity (e) ∈ [0, 1]. T is a CCMST
of G. ∀u, v ∈ V, u = v, γG (u, v) = γT (u, v).
Proof: ∀u, v ∈ V , u = v, let γT (u, v) = ε, and P be
the path from u to v in T. Obviously, ∃e = {p, q} ∈
P s.t. (e) = ε and ε is the minimal edge weight in
P. When each edge d s.t. (d) < ε is removed from
G, the path P still remains in G. Thus, the vertices u
and v will stay connected in G.
Assume that each edge d ∈ E s.t. (d) ≤ ε is
removed from G, u and v are still connected. There
must be a path P  from u to v in G s.t. ∀d ∈ P  ,
/ T , otherwise P
(d) > ε. So ∃e = {p , q  } ∈ P  ∧ e ∈
and P  will form a circle in T. T  = (T − {e}) ∪ {e }
is also a Spanning Tree of G s.t. (T  ) > (T ). It is
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Fig. 4. A sample network weighted by core-connected
similarity with parameter μ = 4 which possesses
clusters of different size and density.
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Fig. 5. An example for calculating the attachabilitysimilarity and finding attractor.
inconsistent with that T is the maximal spanning tree
of G. So u and v will not be connected when each
edge d ∈ E s.t. (d) ≤ ε is removed from G. Thus
γG (u, v) = γT (u, v) = ε.
In Figure 4, there is a sample network. For a certain value of μ (e.g., μ = 4), we ﬁrst calculate the
core-connectivity-similarity for each pair of adjacent
vertices in the network which is indicated on the
edge. Given ε = 0.4, if all the edges with weights
less than current ε are removed from the network,
four unconnected sub-graphs containing two obvious
dense clusters and two isolated vertices 7 and 17 will
emerge. In contrast, if we ﬁrst construct the CCMST
of the network which is denoted by the thick lines
in Figure 4, and then partition the CCMST with the
same threshold, the partitioning result on the CCMST
is equal to that on the original graph. In this way,
the core-connected components can be detected on the
CCMST of a network.
Since each edge of the CCMST is a cut edge, different edge weights will lead to different partitioning results and form different clusters. It also means
that without considering the slight effect of borders
all possible ε values lie in the edge weights of the
CCMST. Then all the different edge weights sorted in
descending order will be stored in an array W as the
ε candidates.
3.3 Attractor Indices for Attaching Borders
The partition on the CCMST of a network is able to
detect the cores of each cluster. In addition, there may
exist some borders in a cluster. In order to attach the
borders of each cluster efﬁciently, we build the indices
in advance. The involved concepts and the process are
given as follows.
Deﬁnition 13. (Attachability-Similarity) Given v ∈ V ,
the attachability-similarity of v w.r.t. its neighbor vertices
is
AS(v) = max{RS(u, v)|u ∈ Γ(v) − {v}}.

The attachability-similarity of a vertex v is the
maximum of reachability-similaries with respect to
its neighbor vertices. The vertex u that possesses the
maximal reachability-similarity to v is regarded as the
attractor of v.
If CS(v) < AS(v) (i.e., the core-similarity of v is
less than its attachability-similarity), then v is not a
core, but its attractor u is a core when ε = AS(v).
That is to say, v should be attached as a border to
the cluster containing core u. In this case, an index
of the attachability-similarity for vertex v and its
attractor u will be built in advance. As shown in
Figure 5, the reachability-similarity of vertex p w.r.t.
its neighbor vertices are labeled on the arrowhead
lines. Since the reachability-similarity from q to p is
the largest, vertex q should be the attractor of p and
the attachability-similarity of vertex p is 0.82 which
is equal to the reachability-similarity of p w.r.t q.
Then a record consisting of p, its attractor q and 0.82
(i.e., the attachability-similarity of p) is stored in a
priority queue AIQ which is sorted in descending
order of the attachability-similarity. Note that a vertex
may have one or more attractors and the indices can
be built during the calculation of core-connectivitysimilarity. Furthermore, the procedure of attaching
borders can be passed over when μ = 2, because
the core-connectivity-similarity of any two adjacent
vertices is equal to their structure-similarity.
In this section, we have shown that the necessary
information for density-based clustering of a network
is stored in the CCMST and the attractor indices. In
the following, we will use them to extract densitybased clustering structure w.r.t. various ε values. Note
that the clustering results are not sensitive to the
parameter μ which can be set as a constant.

4

CLUSTERING EXTRACTION

In this section, we will introduce gSkeletonClu, the algorithms for extracting multilevel density-based clustering from the CCMST of a network.
4.1

Clustering of User-Specified Parameter ε

Actually, we can easily extract the density-based
clustering on the prepared CCMST for a certain
value of parameter ε. The pseudo-code of our algorithm gSkeletonClu for extracting clusters of the userspeciﬁed ε is given in Algorithm 1.
Considering an initial forest of n isolated vertices,
we can add the edges with the weights no less than ε
to it which will group the vertices into multiple coreconnected components. After attaching the borders,
we will get all the clusters. For the remaining isolated
vertices, they will be recognized as hubs or outliers
respectively. As shown in Figure 6(a), three clusters
C1 , C2 and C3 as well as one hub and two outliers
are detected in the sample network with ε = 0.75. In
the cluster C2 , vertices 2, 3 and 5 are connected cores
and vertices 1 and 4 are attached borders.
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Algorithm 1 ExtractEpsilonClusering



4.3

Extraction of Hierarchical Clusters

Actually, the clustering hierarchy can be naturally
revealed and pruned in the agglomerative clustering
process above. The pseudo-code of extracting cluster
tree in a network is given in Algorithm 2.



 





 





the agglomerative clustering is performed on the
CCMST in descending order of all the values of parameter ε. Beginning with an initial forest of n isolated
vertices, we add the edges having the same weights in
the CCMST to the forest, from the highest value to the
lowest. For each ε value, we will extract a clustering
result using Algorithm 1. Then the score of the function Q of current clustering result can be calculated.
The output of the algorithm is the clustering result
and the correspoinding ε value which achieves the
optimal value of the adopted function Q. For example,
two clusters are discovered in the sample network
with ε = 0.6172, as shown in Figure 6(b), which is the
clustering result selected by our algorithm through a
similarity-based modularity function.



















Input: CCMST T = (V, E  , , W, AIQ) and ε ∈ R
Output: A set of clusters CR = {C1 , C2 , · · · , Cm } and a set of hubs and
outliers N
Ẽ={e|e ∈ E  ∧ (e) ≥ ε};
2: T̃ = (V, Ẽ);
//Phase 1: Detect Core-Connected Components
4: CR = {C[c]|c ∈ V , C[c] is a connected component in T̃ };
//Phase 2: Attach borders
6: while AIQ.getHead().KeyValue ≥ ε do
(p, q, KeyV alue) = AIQ.popHead();
8:
if {p} ∈ CR then
C[q] = C[q] ∪ {p};
10:
CR = CR − {{p}};
end if
12: end while
//Phase 3: Detect clusters, hubs and outliers
14: N = ∅;
for each C ∈ CR do
16:
if |C| = 1 then
CR = CR − {C};
18:
N = N ∪ C;
end if
20: end for
return CR and N ;






 



 











 














Algorithm 2 ExtractClusterTree












 





 







 






















Fig. 6. Procedure of the clustering extraction with
different values of parameter ε on the CCMST of the
sample network.
However, to extract density-based network clusterings with various values of parameter ε from the
CCMST is not the main intended application of our
algorithm. The possible extraction only demonstrates
that the CCMST of a network deﬁnitely contains the
information about the intrinsic density-based clustering structure. In the following, we will show that the
clustering result of a proper parameter setting and the
hierarchical clusters also can be extracted through an
agglomerative clustering process on the CCMST.
4.2 Clustering of Automatically Selected ε
As proven above, all possible values of parameter ε
can be detected on the CCMST. If a cluster validity
function Q is adopted in our algorithm, the automatic
selection of the parameter ε and its corresponding
clustering result can be achieved conveniently. Here,

Input: CCMST T = (V, E  , , W, AIQ), a threshold δ
Output: A cluster tree CT
CR(0) = ∅; ω = |W |;
for i = 1 to ω do
3:
ε(i) = W [i];
CR(i) = ExtractEpsilonClustering(ε(i) );
for each cluster C ∈ CR(i) do
6:
for each cluster C  ∈ CR(i−1) ∧ C  ⊆ C do
if |C  .epsilon − C.epsilon| ≥ δ then
C.AddChild(C );
9:
C  .Parent ← C;
else
merge(C, C  );
12:
end if
end for
end for
15: end for
CT .root ← C ∈ CR(ω) ;
return CT ;

In the process of the agglomerative clustering, we
ﬁrst select the maximal weight value W [1] of the
CCMST and extract a clustering result CR1 with
parameter ε = W [1]. If we repeat the extraction above
with another weight W [2], we may obtain a different
clustering result CR2 with a lower value of parameter
ε. It is clear that each cluster C  ∈ CR2 consists of
one or more clusters in CR1 . If C  = C(C ∈ CR1 ),
then C  and C are the same cluster which will be
represented by the same vertex in the hierarchical
structure of the clustering. If C  ⊇ C1 ∪C2 ∪· · ·∪Ck (k ≥
2, 1 ≤ i ≤ k, Ci ∈ CR1 ), the cluster C  should be
considered as the father of the clusters Ci embedded
in it. Continuing the process, the entire network will
eventually be grouped into one cluster containing all
the vertices in the network with the lowest value of
weight on the CCMST. It should be identiﬁed as the
root of the cluster hierarchy. Finally, we will obtain the
whole density-based hierarchical clustering structure
in the network.
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Fig. 7. Hierarchical clustering structure extracted by
our algorithm on the sample network.
As shown in Figure 6(b), two clusters C4 and C5 are
discovered in the sample network with ε = 0.6172. In
the next step, a cluster C6 containing all the seventeen
vertices in the sample network are detected with ε =
0.378, as shown in Figure 6(c). Therefore, the cluster
C6 are identiﬁed as the root and clusters C4 and C5
are its two children. The whole cluster hierarchy of the
sample network extracted by our algorithm is given
in Figure 7(a).
However, there may exist some trivial information
in the cluster hierarchy. For example, cluster C2 containing vertices 1, 2, 3, 4, and 5 is detected with
ε = 0.75. While another vertex 6 joins this cluster
and they form cluster C4 with ε = 0.7303. Since these
two clusters are too similar in member set and size,
they may be merged into one cluster so as to prune
the scale and shape of the tree. In our algorithm, a
threshold δ is adopted to control the process of the
cluster tree pruning. If the deference of the ε values
between a child cluster and its father cluster is no less
than δ, we will keep the branch remaining in the tree.
Otherwise, these two clusters will be merged together.
For example, in the process of extracting hierarchical clustering structure of the sample network, if we
set the pruning threshold δ = 0.1, clusters C2 and C4
will be merged. Then the reduced cluster tree of the
example network is produced which becomes more
meaningful and visualizable, as shown in Figure 7(b).
4.4 Analysis of Running Time Complexity
Finally, we analyze the computational complexity of
our algorithm. In the stage of clustering preparation,
the running time is mainly consumed in constructing
the CCMST, building the attractor indices and sorting
the edge weights. The core-connectivity-similarity and
attractor indices can be calculated within a complexity of O(m). We construct the CCMST of the coreconnected network using the Prim’s algorithm with a
Fibonacci heap. Its running time complexity is O(m +
n log n). Moreover, the edge weights can be sorted
in a complexity of O(n log n). Therefore, the overall
running time complexity of clustering preparation is
O(m + n log n).
In the procedure of agglomerative tree clustering
for extracting hierarchical clustering structure, we
should deal with all the edges in the CCMST and
detect connected components. It is similar to the
Kruskal’s algorithm for building minimal spanning

tree which has a complexity of O(m log n). The running time of attaching borders has been accelerated
signiﬁcantly through the attractor indices which has
a complexity of O(m). Therefore, the running time
complexity of extracting clustering tree is O(m log n).
Clearly, it is also the upper bound of the complexity
of extracting single ε clustering. However, the calculation of the adopted quality function Q is a little time
consuming in selecting the parameter ε automatically.
If its complexity is O(t) and the number of edge
weights is ω, the time complexity of our algorithm
is O(ω · t + m log n).

5

EXPERIMENTS

In this section, we evaluate the proposed algorithm
using some real-world and synthetic networks. The
performance of gSkeletonClu is preferentially compared with two state-of-the-art network clustering
methods: SCAN[6] and CNM[13]. SCAN is an efﬁcient density-based network clustering algorithm, and
CNM is a representative modularity-based algorithm
for community detection in networks. We also compare our algorithm with the algorithms ξ-cluster [9]
and SCOT+HintClus [8] in extracting the densitybased hierarchical clustering structure in networks.
Our algorithm is implemented in ANSI C++. All the
experiments were conducted on a PC with a 2.4 GHz
Pentium IV processor and 4GB RAM.
5.1

Datasets

The performance of our algorithm is evaluated on two
types of datasets. One is on the real-world networks
and the other is on the computer-generated benchmark graphs with the known intrinsic clusters.
5.1.1 Real-World Networks
To assess the performance of the proposed method
in terms of accuracy, we conduct experiments on two
popular real-world networks: NCAA college-football
network [14] and DBLP co-authorship network [15].
NCAA college-football is a social network with communities (or conferences) of American college football
teams which represents the schedule of Division IA games for year 2000 season. The DBLP network
represents the coauthor relationship between scholars
in four research ﬁelds (DB, IR, DM and ML). It is a
weighted undirected network that was extracted from
the DBLP computer science bibliographical dataset.
5.1.2 Synthetic Graphs
We also use the Lancichinetti-Fortunato-Radicchi
(LFR) benchmark graphs [16] to evaluate the performance of our algorithm. By varying the parameters
of the graphs, we can analyze the behavior of the
algorithms in detail. We generate several weighted
undirected benchmark graphs with the number of
vertices n = 10,000 and 100,000. The values of the
parameters for the generated datasets are given in
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TABLE 1
The parameters of the computer-generated
benchmark graphs for performance evaluation.
Dataset
10000
100000

n
10,000
100,000

m
99,036
1,990,271

k
20
40

maxk
50
100

minc
20
100

maxc
100
200

Table 1, where n is the number of vertices, m is the
average number of edges, k is the average degree of
the vertices, maxk is the maximum degree, mu is the
mixing parameter (i.e., each vertex shares a fraction
mu of its edges with vertices in other clusters), minc is
the minimum cluster size, and maxc is the maximum
cluster size. For each n, we generate ﬁfteen graphs
with different mixing parameter mu ranging from 0.1
to 0.8 with a span of 0.05. Generally, the higher the
mixing parameter of a graph is, the more difﬁcult it
is to reveal the intrinsic clusters.
Another type of synthetic network with built-in
hierarchical clustering structure introduced by Arenas [17] is also adopted to evaluate the performance
of our algorithm in extracting hierarchical clustering
structure in networks.
5.2 Cluster Validity Measures
Cluster validity checking is an important issue in cluster analysis. It uses a predeﬁned quality function to
evaluate the clustering results and guide the selection
of the best one that ﬁts the underlying data [18], [19].
In this paper, we adopt three popular cluster validity
measures (i.e., Davies Bouldin index, Silhouette index
and similarity-based modularity) to select the parameter ε. We consider an undirected network G, with n
vertices vi ∈ V and m edges eij ∈ E between vertices
vi and vj . G is clustered into a set {C1 , C2 , . . . , Ck }. ni
is the number of vertices and mi the number of edges
of cluster Ci . Moreover mij is the number of edges
between Ci and Cj and mi· is the number of edges
between Ci and the other clusters. Distance between
vi and vj denoted as d(vi , vj ) is deﬁned as the length
of the shortest path between vi and vj in G.
Davies Bouldin Index [20]. This measure is deﬁned
as
DBI =



k
diam(Ci ) + diam(Cj )
1
,
max
k i=1 j =i
d(Ci , Cj )

where diam(C) =

1
n2i



d(u, v) is the diameter of

d(u, v) is
the cluster C and d(Ci , Cj ) = n1ij
u,v∈C

u∈Ci ,v∈Cj

the distance of two different clusters Ci and Cj .
Silhouette Index [21]. Let consider a vertex vi that
belongs to a cluster Cj . The closest cluster to vertex
vi is denoted Ch . The Silhouette index of vertex vi is
deﬁned as
s(vi ) =

d(vi , Ch ) − d(vi , Cj )
.
max{d(vi , Ch ), d(vi , Cj )}

For a cluster Cj , its silhouette Sj is deﬁned as
sj =

nj
1 
s(vi ).
nj i=1

A global Sihouette value SI is computed by
SI =

k
1
Sj .
k j=1

Similarity-Based Modularity [22]. We also use the
popular modularity measure Q proposed by Newman
and Girvan [23] to evaluate the goodness of the
clustering results. Here, a similarity-based modularity
function Qs was adopted which is extended from
the connection-based modularity Q and has a better
ability to deal with hubs and outliers. The Qs function
is deﬁned as follows:

k
2

DSi
ISi
Qs =
,
−
TS
TS
i=1
where
k is the number of clusters, ISi =

u,v∈Ci σ(u, v) is the
 total similarity of vertices within
cluster Ci , DSi = u∈Ci ,v∈V σ(u, v) is the total similarity between vertices in 
cluster Ci and any vertex
in the network, and T S = u,v∈V σ(u, v) is the total
similarity between any two vertices in the network.
5.3 Criterion for Accuracy Evaluation
In our experiments, we adopt Normalized Mutual Information (NMI) [24], an information-theoretic based
measurement, to evaluate the quality of clusters generated by different methods. It is currently widely
used in measuring the performance of clustering algorithms. Formally, the measurement metric NMI can
be deﬁned as

Nij N
NMI = 

−2

i,j

Nij log( Ni. N.j )

Ni. log( NNi. )
i

+



j

N.j log(

N.j
N

)

,

(4)

where N is the confusion matrix, Nij is the number
of vertices in both cluster Xi and Yj , Ni. is the sum
over row i of N and N.j is the sum over column j
of N . Note that the value of NMI ranges between 0.0
(total disagreement) and 1.0 (total agreement).
5.4 Performance Evaluation
In the following, we do a series of experiments to evaluate various performance aspects of our algorithm.
5.4.1 Extraction of User-Specified ε-Clustering
We have compared our algorithm with the densitybased network clustering algorithm SCAN on several
data sets. Although the clustering procedure of our
algorithm is quite different from that of SCAN, the
clustering results of these two algorithms are almost
the same w.r.t. the same values of parameters ε and
μ. But there still exists a minor difference on tackling
border vertices. Since our algorithm assigns the border vertices to their attractors possessing the maximum of reachability-similarity to them. However, a
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border vertex is attached to the core vertex which
associates with it ﬁrst in the algorithm SCAN.
The density-based network clustering algorithm
SCOT is extended from OPTICS. SCOT produces an
ordered reachability-plot of a network by using a
priority queue and a procedure similar to constructing
a MST. However, we cannot consider the reachabilityplot as a spanning tree of the network. Because the
MST should be constructed in an undirected network
with symmetric edge weights. However, the structural
reachability is an asymmetric measure between pairs
of neighbor vertices.
The reachability-plot of a network is determined
by parameters ε0 and μ. In extracting clusters from
the ordered reachability-plot by SCOT, we should set
parameter ε ≥ ε0 and the core-similarities of the
vertices are also needed. A core v in a cluster is
identiﬁed as a starting core vertex using the coresimilarity of vertex v or should be associated by a
neighbor core vertex u with a reachability-similarity
RS(u, v). Since RS(u, v) ≥ CCS(u, v), the clustering
result w.r.t a value of parameter ε ≥ ε0 extracted from
the reachability-plot will yield the same result on the
core vertices detected by our algorithm gSkeletonClu
on the network with the same values of parameters
ε and μ. Actually, SCOT can also extract the coreconnected components of a network w.r.t. various
values of parameter ε ≥ ε0 from its reachabilityplot. In this respect, we may consider that the ordered reachability-plot and the CCMST of a network
are equivalent for detecting cores of the densitybased clusters. However, the CCMST of a network is
only concerned with the parameter μ and the coreconnected components w.r.t all possible values of
ε can be correctly extracted only from the CCMST
of a network. Therefore, the CCMST of a network
contains more integrated information for extracting
core vertices.
Furthermore, some border vertices may be missed
in the clusters extracted from the reachability-plot as
pointed out in [9]. For example, given a border vertex
v and its two neighbor vertices u and w, RS(u, v) and
RS(w, v) may be not equal. Then, different traversing
orders may lead to different reachability-similarity
values of vertex v. Therefore, vertex v may belong to
different clusters under the same parameter setting.
To illustrate the problem above, we show the ordered
reachability-plot of the sample network in Figure 8
where the reachability-similarity is indicated by the
black boxes and the core-similarity of a vertex is
denoted by the white transparent box on it. The
obtained traversing sequence from vertex 1 is shown
in Figure 8(a). We can observe that vertices 1, 2, · · · ,
and 7 are in the same cluster when we set ε = 0.4,
as denoted by the horizontal white line. However,
if we traverse the network from another vertex 15,
we will obtain a different sequence which is shown
in Figure 8(b). With the same parameter setting of

ε = 0.4, the border vertex 7 is assigned to the cluster
containing vertices 8, 9,· · · , and 17. Actually, a border
vertex detected in a traversing sequence can also be
identiﬁed as an outlier in another order of traversal.
For example, vertex 17 will be recognized as an outlier
if we traverse the network from it which is different
from the two cases above, because it is not a core
and the vertex visited after it should be selected
randomly. Therefore, the clustering results on border
vertices extracted by SCOT from the reachability-plot
of a network depend on the traversing order of the
vertices. Our algorithm gSkeletonClu does not suffer
from this problem, because the border vertices are
attached to their attractors which have been assigned
properly in advance.
5.4.2

Automated Selection of Parameter ε

In [7], [6], the authors presented a “knee hypothesis”
for the algorithms DBSCAN and SCAN respectively
to locate the proper value of parameter ε. We sort
3-nearest similarity of all vertices in the networks to
locate the knees. Two curves obtained on DBLP coauthorship network and the benchmark graph 10000
with mu = 0.3 are given in Figure 9. It can be observed that there are no obvious knees in the curves.
Furthermore, there is no rigorous way to ensure that
the identiﬁed “knees” are the appropriate values of
the parameter ε. In the reachability-plot produced by
SCOT, it is also difﬁcult to select the parameter automatically, because the clustering results with various
values of parameter ε have to be extracted from the
plot in different cut levels respectively.
In contrast, our algorithm can select the parameter
ε automatically by using a cluster validity measure
in the tree clustering process. Actually, any cluster
validity measure for network clustering is able to
be adopted in our algorithm. Here, we compare the
performance of three widely used criteria: DBI, SI
and Qs . For each clustering result, we can calculate
the scores of various validity measures. Therefore,
we can obtain the curves of the measurements w.r.t.
the varying values of parameter ε in a network.
For comparing the performance of different validity
criteria, we also illustrate the NMI values between the
clustering results for various values of parameter ε
and the ground truth of the network. The obtained
curves on the real-world network football and the
synthetic graph 10000 with mu=0.3 are shown in Figure 10(a) and Figure 10(b) respectively. In Figure 10(a),
we can see that the NMI value reaches the peak when
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Fig. 8. The reachable-similarity plots of the sample
network produced by algorithm SCOT starting from
different vertices.
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Fig. 11. Clustering result of our algorithm selected by
Qs on the NCAA college-football network.

(b)

Fig. 10. The distribution of NMI values and scores
of various validity measures w.r.t. clustering results of
varying values of parameter ε.
ε = 0.522 and it drops gradually after that. It means
that the ε = 0.522 is the optimal parameter value since
the clustering result of it is closet to the ground truth.
Interestingly, the trend of Qs scores is similar to that
of the NMI values and it smoothly reaches the top at
ε = 0.522. In Figure 10(b), we can observe that the
peak values of Qs and NMI also meet at the same
clustering result with parameter ε = 0.252. However,
the curves of DBI and SI scores ﬂuctuate sharply
and they peak obviously before and after that of the
NMI respectively.
The optimal ε values and the corresponding NMI
values on some networks with known ground truth
are given in Table 2. We try our best to select a “knee”
as the ε for each network from its 3-nearest similarity
plot and give the NMI value of the corresponding
clustering result. We also report the values of parameter ε detected by our algorithm using the validity
measures Qs , DBI and SI, as well as the corresponding NMI values. As shown in Table 2, the manually
selected ε is always not the optimal one because it
depends greatly on user’s intuition. The automatically
selected parameter ε on football network and LFR
benchmark graphs with mu = 0.3 are the same as the
optimal ones. When the value of mixing parameter
of a benchmark graph increases, though the values
of parameter ε detected by Qs is different from the
optimal one, they are still very close. However, the
parameter ε detected by the measures DBI and SI
are quite different from the optimal ones.
It shows that the manual parameter selection
method is unreliable and the Qs measure is more
effective and stable which leads to more accurate
results on clustering networks.
5.4.3 Comparison of Clustering Accuracy
In the following, we compare the clustering accuracy
of gSkeletonClu with SCAN and CNM on various
real-world and synthetic networks. Our algorithm
adopts the Qs measure to select the parameter ε.
NCAA College-Football Network. This network
contains 115 nodes and 613 edges. All the college
football teams are divided into eleven conferences

and ﬁve independent teams (Utah State, Navy, Notre
Dame, Connecticut and Central Florida) that do not
belong to any conference. There is a link between
two teams if they played a game together. Now the
question is to ﬁnd out the communities from the
graph that represents the schedule of games played
by all teams.
Figure 11 illustrates the original NCAA collegefootball network and the clustering result of our algorithm with each vertex representing a school team. For
the original network, the conferences and the group
of ﬁve independent teams are indicated by cliques.
Our algorithm obtains eleven clusters in this network
which demonstrates a perfect match with the original
conference system. The teams belonging to a conference and the independent teams are denoted by circles
and diamonds respectively, and the teams in the same
conference are represented by the same color. Four
independent teams are correctly identiﬁed as hubs.
Although another four teams, which are Louisiana
Monroe, Louisiana Lafayette, Louisiana Tech, and
Middle Tennessee State, are identiﬁed as hubs, and
other three teams are misclassiﬁed, our algorithm still
performs much better than other methods including
SCAN and CNM, which will be described as follow.
The SCAN algorithm detects thirteen clusters as
its best result in this dataset with manually selected
parameter setting (ε = 0.5466, μ = 3). Two conferences
are divided into two clusters respectively. Meanwhile,
it ﬁnds ten hub vertices with only four are correctly
identiﬁed, and one independent team UtahState is
misclassiﬁed into a conference. The modularity-based
algorithm CNM discovers seven clusters, but only
four clusters correctly match with the conferences. For
the ﬁve independent teams, they are assigned to three
different clusters. Therefore, it is obvious that our
algorithm gSkeletonClu obtains better performance
on this real-world network.
DBLP Co-authorship Network. The DBLP coauthorship network is a weighted undirected network
with 28,701 vertices and 66,832 edges, in which each
vertex corresponds to a distinct author and the edge
between two vertices represents their coauthor relationship. The weight of an edge denotes the number
of papers co-authored by these two authors.
Since the link of this real-world network is very
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TABLE 2
The parameter ε selected by various methods and the corresponding NMI values of the clustering results.
ε selected manually
ε
NMI
0.5802
0.8114
0.2223
0.6102
0.25
0.8585

ε selected by Qs
ε
NMI
0.5222
0.9414
0.252
0.9699
0.1917
0.9287

sparse, our algorithm ﬁnds 1,441 clusters, 917 hubs
and 12,822 outliers in this network with μ = 3.
However, the cluster number can be reduced to 155
by setting parameter μ = 10, while the automatically
located parameter ε = 0.3699. The discovered clusters
represent the real communities of academic associations much better. Due to the limited space, we can not
present all the extracted communities. We then select
six representative clusters and list no more than ten
cluster members along with two representative hubs
or outliers in Table 3. Each community represents a
group of scientists with the same research interests,
such as data mining communities (32, 33), information
retrieval community (56), database community (96)
and machine learning community (130) in Table 3.
Here we are able to observe that our algorithm can
discover meaningful co-authorship clusters. The identiﬁed hubs indicate some famous researchers who
have published a large number of papers in collaboration with a variety of research groups. On the
contrary, the identiﬁed outliers always correspond to
those researchers who may only publish one or few
papers coauthored with other scholars. Based on the
results, we can see that our algorithm is also effective
to identify the vertices in special roles.
The clustering results of algorithm SCAN on this
network depend on the values of parameters ε and μ
which is difﬁcult to determine. The modularity-based
algorithm CNM discovers 2,372 communities in this
network. Among these communities, there are seven
big communities including more than 500 vertices
which consist of forty-ﬁve percents of the vertices
in the network. We observe that these big communities do not correspond to the real-world meaningful
groups, because they consist of researchers from various research ﬁelds. Meanwhile there are 2,218 small
communities containing no more than ten vertices.
In summary, our algorithm gSkeletonClu can discover meaningful co-authorship clusters. It is also
effective to identify vertices in special roles (i.e., hubs
and outliers). We can see that the accuracy of gSkeletonClu on this large-scale network are better than
that of the modularity optimization algorithm CNM,
because the algorithm CNM tends to produce a small
number of big communities on huge networks, due
to the resolution limit problem of modularity [26].
LFR Benchmark Graphs. For a more standardized
comparison, we turn to the recently proposed LFR
benchmark graphs, which are claimed to possess
properties found in real-world networks and incorporate more realistic scale-free distributions of vertex-
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Fig. 12. NMI values of gSkeletonClu, SCAN and CNM
on the computer-generated benchmark graphs.
degree and cluster-size. We compare the above three
clustering algorithms on the graphs with size of 10,000
and 100,000.
The NMI scores of the three methods are plotted
in Figure 12. On most of the benchmark datasets, our
algorithm gets NMI = 1 as mu < 0.4, which means
a perfect match with the intrinsic clustering structure.
However, the performance of our algorithm decreases
when mu > 0.4. This is because that more and more
hubs and outliers are isolated in the graphs with the
increasing of parameter mu. As shown in Figure 12,
the performance of gSkeletonClu is better than that
of CNM on all of the generated graphs, because the
algorithm CNM tends to produce small number of big
clusters on the large-scale graphs.
For SCAN, the NMI values are lower than those
of our algorithm but higher than CNM in most cases.
This veriﬁes the advantage of the density-based methods in cluster detection within complex networks.
However, we observe that the results of SCAN are
sometimes unreasonable. For example, the NMI value
of SCAN on the graph with mu = 0.6 is higher than
mu = 0.5 in Figure 12(b), and the NMI value of
SCAN on the graph with mu = 0.1 is much lower
than mu = 0.2 in Figure 12(b). This is in conﬂict with
the characteristic of the LFR benchmark graphs which
demonstrates that SCAN is sensitive to the parameter
ε and the manually selected parameter cannot provide
the optimal clustering results.
The NMI values demonstrate that gSkeletonClu can
always locate the optimal ε and produce clustering
result resembling the true clusters of the networks.
5.4.4 Extraction of Hierarchical Clustering
Finally, we evaluate the performance of our algorithm
for extracting hierarchical clustering structure using
synthetic networks with built-in hierarchical clusters.
There are 256 vertices in the networks which are
split into 16 clusters with 16 vertices on the ﬁrst
level, as shown in Figure 13. The number of links of
each vertex with other vertices in the same cluster at
the ﬁrst level is denoted by Zin1 . Each four clusters
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TABLE 3
Six communities discovered by gSkeletonClu on DBLP network with μ = 10. The last two rows are hubs and
outliers associated with the corresponding communities which are labeled by  and  respectively.
community[32]

Community[33]

Community[54]

Community[56]

Community[96]

Community[130]

Philip S. Yu
Jiawei Han
Rakesh Agrawal
H. V. Jagadish
Divesh Srivastava
Qiang Yang
Nick Koudas
Jian Pei
Charu C. Aggarwal
Michael Stonebraker
... ...
Bing Liu
Bassam Bamieh

Hans-Peter Kriegel
Martin Ester
Christian Böhm
Peer Kröger
Thomas Seidl
Jörg Sander
Daniel A. Keim
Kai Yu
Matthias Schubert
Xiaowei Xu
... ...
Surajit Chaudhuri
Mathias Hampel

Jon M. Kleinberg
Jure Leskovec
Spiros Papadimitriou
Jimeng Sun
Deepayan Chakrabarti
Eric P. Xing
Caetano Traina Jr.
Hanghang Tong
Jia-Yu Pan
Gueorgi Kossinets
... ...
Christos Faloutsos
Roded Sharan

Douglas W. Oard
James Mayﬁeld
Martin Franz
G. Craig Murray
Jianqiang Wang
Wei-Jing Zhu
Todd Ward
Guangyu Zhu
David S. Doermann
Jian-Ming Xu
... ...
Dimitris Papadias
Christine D. Piatko

Jennifer Widom
Rajeev Motwani
Jun Yang
Shivnath Babu
Utkarsh Srivastava
Kamesh Munagala
Arvind Arasu
Mayur Datar
Brian Babcock
Piotr Indyk
... ...
Surajit Chaudhuri
Noboru Ohnishi

Tom M. Mitchell
Reid G. Smith
Louis I. Steinberg
Van E. Kelly
Janice S. Aikins
Peter M. Will
S. T. Kedar-Cabelli
Howard A. Winston
R. A. Chestek
Pat Schooley
... ...
Andrew McCallum
Harry C. Reinstein

Fig. 13. The synthetic network consists of 256 vertices
with hierarchical clustering structure.
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Fig. 14. The reachability plot produced by SCOT
and the hierarchical clustering structure extracted by
HintClus and ξ-cluster on the synthetic networks with
build-in hierarchical clustering structure.
are grouped into a larger cluster with 64 vertices at
the second level. The links of each vertex with the
vertices in other three small clusters with 16 vertices
in the same cluster at the second level is denoted by
Zin2 . And there is only one edge of each vertex that
connects with other three larger clusters in a network.
The networks are indicated as HZin1 −Zin2 , and we
test the performance of our method on two widely
used networks H13-4 and H15-2 respectively.
One major weakness of the algorithm SCAN is
that it has difﬁculty to detect network clusters in
varying densities and in a hierarchical structure.
SCOT+HintClus has been proposed to handle this
problem. Algorithm SCOT visits each vertex in a
network once and produces the reachability-plot of
the network. In Figure 14, the reachability-plots of
the networks H13-4 and H15-2 are shown respectively.
They are 2D plots, with the ordering of the vertices
on the x-axis and the reachability similarity on the yaxis. Since vertices belonging to a cluster have a high
reachability similarity to their nearest neighbor, the
clusters show up as mountains in the plot and they are

separated by the valleys between them. The problem
is that it only gives a visualized representation of
the hierarchical clustering structure, which has to be
analyzed by using complicated clustering extraction
techniques.
In [9], a parameter ξ was introduced to extract hierarchical clusters from the distance reachability-plot of
the vector data by identifying ξ-steep-up and ξ-steepdown areas in it. Actually, the method can be easily
transformed to extract cluster hierarchy from the similarity reachability-plot of a network. When we set ξ=
0.1, the obtained cluster trees on networks H13-4 and
H15-2, as the best result, are depicted underneath the
x-axis in Figure 14(a) and Figure 14(b) respectively.
We can observe that although 16 clusters with 16
vertices and 4 super-clusters with 64 vertices are both
correctly identiﬁed, the cluster trees both have 7 levels
with some middle redundant clustering results. The
reason is that the steepness in the reachability-plot
changes dramatically and the method is sensitive to
the parameter ξ.
The algorithm HintClus extracts all possible εclusters from the similarity reachability-plot of a network and stores them in a data structure of contiguous subinterval heap. Then, it prunes the clusters
whose Δε is within one weighted standard deviation
away from the weighted mean of Δε. The clustering
results of HintClus on networks H13-4 and H15-2
are denoted by the horizontal white lines on the
reachability-plots in Figure 14(a) and Figure 14(b)
respectively. The result on network H13-4 is relatively
reasonable, where 16 clusters with 16 vertices and one
super-cluster containing all 256 vertices are correctly
identiﬁed. However, only one cluster with 64 vertices
is discovered. The clustering result on network H15-2
contains only one level with 16 clusters of 16 vertices
which is obviously over pruned. It can be seen that
although this statistical pruning based method is free
from manual parameter speciﬁcation, its pruning results are relatively unstable.
Different from the above two methods, our algorithm gSkeletonClu calculates the difference of the
values of ε between each pair of father-child clusters
along with the agglomerative clustering progress. A
threshold δ is set in advance by the user and the
pairs of clusters with ε difference less than δ will be
merged. If δ = 0, the whole cluster hierarchy will be
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Fig. 15. The clustering hierarchy and reduced cluster
tree extracted by gSkeletonClu on the network H13-4.
achieved. For example, the overall hierarchical clustering of network H13-4 is given in Figure 15(a). If we
set δ ∈ [0.021, 0.110], the standard three-level cluster
hierarchy will be obtained as shown in Figure 15(b).
On the network H15-2, we can obtain the same result
with δ ∈ [0.011, 0.058].
The clustering results on the synthetic networks
with build-in hierarchical clusters clearly show that
our method can extract the hierarchical clustering of
a network easily and can prune it ﬂexibly by using a
simple threshold parameter.
5.4.5 Running Time Comparison
To illustrate the running time of the proposed algorithm, we generate nine networks with the number
of vertices n ranging from 1,000 to 500,000. For each
network, the number of edges m is ﬁve times that of
vertices. The running times are plotted as a function
of the number of vertices in Figure 16.
First, we compare the running time of the algorithms for extracting single ε-clustering and hierarchical clustering structure. The algorithms SCAN
and SCOT+HintClus are more efﬁcient whose performance is linear to the number of vertices and
edges. It shows that the running time of our algorithm
for extracting single ε-clustering and cluster tree are
almost the same. They are a little slower than SCAN
and SCOT+HintClus.
We also analyze the running time of our algorithm
for locating the parameter with modularity Qs . It
shows that our algorithm is faster than CNM which
has a computational complexity of O(m log2 n). The
running time of our algorithm with parameter μ > 2
is a little slower than that with μ = 2, because it
needs a process of border attachment which has been
accelerated by the pre-built attractor indices.
In summary, though our algorithm is slower than
SCAN and SCOT+HintClus, it is still quite efﬁcient
for extracting density-based clusters in networks.

6
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R ELATED WORK

Clustering as an important problem in data mining
has been studied for years and many clustering methods have been presented (e.g., KMeans, CLARANS
[27], etc.). Especially, many real-world networks have
been found possessing intrinsic communities. Since
the clustering structure in networks is highly complex,
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Fig. 16. The running time comparison for algorithms
gSkeletonClu, CNM, SCAN and SCOT+HintClus.
many clustering methods have been introduced to
solve this challenging problem, such as partitioningbased method (e.g., Metis [28] and normalized cut
[29]), spectral clustering method [30], and method
through modularity optimization (e.g., CNM [13]).
Density-based Clustering Methods. Density-based
clustering approaches have been widely used in data
mining owing to their ability of ﬁnding clusters of
arbitrary shape and size even in the presence of
noise [7], [9], [31], [32]. In 2007, Xu et al. proposed
a structural network clustering algorithm SCAN [6]
through extension of a density-based clustering approach DBSCAN [7]. It can ﬁnd structural clusters
as well as hubs and outliers in large-scale networks.
However, the main difﬁculties of the algorithm SCAN
are that it is sensitive to the parameter ε and it
is hard to detect hierarchical clusters in networks.
Bortner et al. proposed an algorithm SCOT+HintClus
to overcome this problem through extension of the
algorithm OPTICS [8]. However it does not locate the
optimal ε and needs a more sophisticated technique
to extract the cluster hierarchy from the reachabilityplot of a network [25]. Our work is different from the
existing work and it really presents a new solution
for extracting density-based clustering structure in a
network.
MST-Based Clustering Methods. The MST-based
clustering method was initially proposed by Zahn
[33]. The standard MST divisive algorithm removes
edges from the MST in the order of decreasing length
until the speciﬁed number of clusters results. A clustering algorithm using an MST takes the advantage
that it is able to only consider the necessary connections between the data patterns and the cost of clustering can be decreased. However, the number of desired
clusters should be given in advance and the data
must have well-separable clusters in order that they
can be recognized. Some clustering algorithms have
been shown closely relating to MST, such as Singlelink [34]. Actually, MST-based clustering algorithms
have been widely used in various domains including
clustering micro-aggregation data [35] and complex
network analysis [36]. Our work introduces tree clustering into the framework of density-based clustering
which is rather different from the traditional MSTbased clustering method.
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C ONCLUSIONS

In this paper we present a novel network clustering
algorithm gSkeletonClu which can extract the densitybased clustering structure and detect cluster hierarchy
from the core-connected tree of a network. A theoretical analysis and experimental results show that the
structural clustering result on the tree is equal to that
on the original network. In the future, it is interesting
to use our method to analyze more complex networks
in various applications.
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