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Static and dynamic responses analysis for
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Abstract. The static and dynamic responses analysis for the 1-3 meguzsite laminates equipped with Interdigitated
Electrodes (IDE) is performed with analytical method. Ie #tatic analysis, the solution of the derived governinecitial
equations is obtained through the power series expanstRaurier expansion methods. Inthe dynamic analysis, therging
equations for the transverse vibration are establisheddbas the thin plate theory, and the solutions are obtainemligin
the separation of variables and Fourier expansion methbs.illustrative analysis is carried out to investigate $tetic and
dynamic characteristics of the laminated plates. The nigaeresults show that, the magnitude of shear curvaturéugidéy
increases with the increment of the stiffness anisotroplytha free-strain anisotropy of the piezocomposite and ikation
suppression can be also achieved by adopting a time-depecmgrol voltage to the IDE of the piezocomposite.
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1. Introduction

In the recent years the study of adaptive structures haecttt significant researchers, due to their
potential benefits in a wide range of applications [1,2]. Tke of piezoelectric piezoelectric materials,
in the form of reinforced fibers embedded in the laminatedmmsite structures, can provide structures
that combine the superior mechanical properties of conpasaterials and the capability to sense and
adapt their response. Different from traditional electrmdan Interdigitated Electrode, i.e. IDE, was
proposed by Hagood et al. [3] (see Fig. 1). With interdigithtlectrodes, the piezoelectric fibers in
piezocomposite layer are poled along the fiber length, oglesh anisotropy piezoelectric deformation,
and thus the effective constant of piezocompositg,will play an important dominant role on the active
control.

Investigators have developed several numerical and acellgriodels for the static and dynamic control
of laminated plates with piezoelectric ceramic sensorsaagiators. A pioneering work is due to Alik
and Hughes [4], which analyzed the interactions betweaniradity and elasticity. Ray et al. [5] studied
the exact static analysis of piezoelectric plates undendsital bending. Comparing with the analysis
of laminate plates with piezoelectric layers, the work mgw in the area of laminated plate with 1-3
piezocomposite layers is still quite limited, especiadiythe analytical analysis of the static and dynamic
control of laminates with 1-3 piezoelectric composite faauipped with the IDE. In this paper, the static
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Fig. 1. A N-layer rectangular composite laminate with 1-&pielectric composite layer.

and dynamic responses analysis has been conducted fargataacomposite laminates which consists
of 1-3 piezoelectric fiber-reinforced composites layelgexted to the electromechanical loadings by the
analytical method. The numerical examples are presentaddstigate static and dynamic characteristics
of the laminated plates.

2. Static responseanalysis

The rectangular laminated plate considered in the stasie illastrated in Fig. 1. A pressure is applied
on the upper surface of the laminated plate and a contrahgelts applied to the 1-3 piezocomposite
layer with interdigitated electrodes.

In the absence of body forces and electric charge densityighl equation of elastic equilibrium and
Gauss’ law of electrostatics are

0ijj =05 Dii=0 @

whereo;; is stress tensor); the electric displacement vector, a comma denotes paifiatehtiation
with respect to the coordinaig. The constitutive equations of 1-3 piezocomposite meditan a

0ij = Cijrier — erijEr;  Di = eipicn+ €ix i (2)

Substituting Egs (2) into (1), the governing differentiguations of the 1-3 piezocomposite laminated
plate are obtained as follows

Ci1U,zz +Co6Uyyy +Cs5U,22 +(Cr2 + Co6)Vyzy +(C13 + Cs5)W,02 +€110, 22 + €260, @)
vy + e35¢7zz =0

Co6Vs00 +C220,yy +Cu40,22 +(Cr2 4 Co6)Uyzy +(Co3 + Cag)w,y. +(e12 + €26)0, 2y =0 (4)
Cs5W, 30 +CaaW,yy +C33w,., +(C13 + Cs5)Usqz +(C23 + Caa)v,y. +(e35 + €13)p, 22 =0 (5)
e11U gz + €26U yy + €35U 2> + (€12 + €26)V 0y + (€13 + €,35)W 22— €11 P zz— €22 G yy— €33

6
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Here, we adopt the simply supported conditions. The ingitiatied electrodes are applied on the top and
bottom surfaces of the layer, the electric potential oneatte® surfaces can be expressedas ¢(z)

for 2 = 0,b. Then, the displacement functions satisfying the simpppsuted edge boundary conditions
are given by

[ o e CINe o]

U= Z Z Z Apn (k)2 cos(mmz /a) sin(nmy /b) (7)

k=0m=1n=1

oo X

v = Z Z Z B (k)2 sin(mma /a) cos(nmy /b) (8)

k=0m=1n=1

oo 0 XX

w = Z Z ZDmn )2F sin(mmrx /a) sin(nmy/b) 9)

k=0m=1n=1

The electric voltage induced by the IDE also can be expanttedHourier series, as follows:

oo 0 XX

o = Z Z Z Bran (k) 2F cos(mmz /a) sin(ny /b) (10)

k=0m=1n=1

After substituting Egs (7)—(10) into the governing Egs (8)- the recurrence relations of
Apn(k), Bin (k) Din (k), dmn (k) can be obtained. Givem andn, there are six unknowns for each
layeri.e. A, (0), Apn(1), Bin(0), By (1), Dy (0) @and D, (1). These unknowns can be obtained
by satisfying the boundary conditions on the outer surfackthe continuity conditions on the interface
between two adjacent layers. For details please refer taetheence [6]. Thus, the static displacements
of the laminates can be solved.

3. Transversedynamic response analysis

The laminated plate considered in dynamic case consistodhatropic graphite/epoxy composite
layer sandwiched between two 1-3 fiber-reinforced piezntédecomposite layers, and the control
voltages are applied to the 1-3 piezocomposite layers pgdipith the IDE. According to the thin plate
theory, the displacements of the laminates are

0 0
u(e,y,z ) =uo(e,y,t) = 255 v(@y 2, ) =vo(e.y,t) = 251wy, 7 1) =w(z,y,2,t)(11)
€z Y

Ignoring the body force, the vibration equation for trarrseeresponse of the laminated plate can be
expressed as
0 M, O*My,  9*M, 0w
— ph =0 12

02 " “owoy o Mor (12)
whereM,, M, andM,,, are stress couples apll = 2p”h,, + ph.. The superscripts™ and “p” denote
the orthotropic composﬂe material and the 1-3 piezoetectrmposites material, respectlve}yjs the
density. The simply supported boundary conditions areadapted here, and the initial conditions are

w(z,y,0) = Oy(z,y), w(x,y,0)=Ty(z,y) (13)
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Table 1
Material properties of the elastic composites

Ci Caa Cs3 Ci2 Cis Cas Cuq Css Css  (Units)
13.03 7.563 7.815 2.721 3.036 2766 4.305 5.158 2.542°P40

Here we assume that the electric field has the opposite sthe [piezocomposite layers symmetric about
the middle plane. for the transverse vibration, the cowadpg motion equation is expressed as

*w N d8w4 N *w N fa4w PV PV

e = P55 49

o2 " oxt T 2o T oyt T Paaz T 1oy

In order to use the separation of variables method to solv€lBy the transverse displacement:, y, t)
is sought in the form

w(z,y,t) = Z Z Nmn(t; V') sin m;m sin % (15)

(14)

m=1n=1

The control electric field induced by the IDE can be expandemfourier series as follows

V(z,y,t) Z Zan sin 7% gin mbry (16)

m=1n=1

Substituting Eqs (15) and (16) into (14), we have

i+ [d(0) 4 e(Z2) (50 + £ I
’ ’ 4m 4dn (17)
=Vt )(Fg + —qu)(cosmw —1)(cosnm — 1)

According to Eqg. (13), the initial conditions are also exgedhinto Fourier series. The coupled differential
Eq. (7) together with their initial conditions can be solvednerically. For more details please refer to
reference [7].

4. Numerical examples
4.1. Static response analysis

The numerical example in this case is for two layers lamihatiate made of orthotropic elastic
composite with the thickneds, = 3 mm as top layer and 1-3 piezocomposite with the thickhgss
2 mm as bottom layer. The side lengths of two layersaare b = 5 cm. The material properties
for elastic composite and 1-3 piezoelectric compositeiated in Tables 1 and 2, respectively, where
Rc = Cy2/Ch1, Rd = dy1/d12. The uniformly distributed load is applied on the top suefatthe plate,
i.e.qo = —0.01MPa. The maximum electric potential induced by IDEjs= — 100V with the number
of the electrode® = 50.

Since the numerical analysis indicates that the maximumevaf shear curvature at each layer of
the plate appears at the four angular points, the analyséisd@ffects of different factors on the shear
curvature of the laminate at poiat = a,y = 0 alongz-axis are carried out. Figure 2. examined
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Table 2
Material properties of the 1-3 piezoelectric composites
Ci Caa Css Ciz2 Cis Cas Caq Css Ces (Units)
48.35 ReC11 RcChy 4.995 4,995 4.477 2.962 3.274 3.274 °pa
di1 di2 dis das dss (Units) €11 €22 €33 (Units)

Rddi, —0.0467 —0.0467 0.0088 0.0088 18C(mN)~! 130G, 1.47%, 1.47%, CVm!
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Fig. 2. Distribution of maximum value of shear curvature.

the effect of piezoelectric free-strain anisotrofly on the maximum value of shear curvature across
thickness. As we can see, Fig. 2. displayed that the maxirmaloewf shear curvature changes slowly
at the top layer but increases rapidly at the bottom pientédecomposite layer. The shear curvature
of plate increases continuously with the magnitude of paéerctric free-stain anisotropild. Figure 3
illustrates the effects akc on the distribution of the maximum value of shear curvatlwegdirection

z when only the compression load is applied. The negativershe®ature of plate is induced, and it
changes slowly in the bottom piezocomposite layer but ceamgpidly in the upper elastic composite
layer. Furthermore, as the value®f increases, the stiffness along directipand directiorr is higher.
Thus the shear curvature of plate is smaller.

4.2. Forced response of transverse vibration with actieelback control

In this section, the numerical example is for three layarstated plate, which consists of a orthotropic
elastic composite middle layer with the thicknéss= 2 mm sandwiched by two 1-3 piezo-composite
layers with the thickness, = 1 mm. In this case, the electric field with opposite sign isligdpto
the top and bottom piezocomposite layers, and induces bgmidbments as control forces. The active
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Fig. 3. Distribution of maximum value of shear curvaturetwdifferent Rc under uniform pressure.

velocity feedback electric field is designed as

Dw

Snyi @/ 20:6/20,1) =

V(CE, Y, t) =T

o o
nmw
E CO& M s 28
20

whereama oo (a/20,6/20,t)is the velocity of the shear curvature at x=a/20,y=b/20 &indhe control
gain given byr = 10. The initial conditions are taken as

nmy

b

w(z,y,0) = Pyp(z,y) =0 w(z,y,0) = Vy(z,y) =

m=1n=1

In this analysis, the Newmark method is employed to obtagnthnsient displacements of the plate.
The numbers of modes are setito= n = 11 which provide a 121-term approximation for the solutions
of transverse vibration. In Figs 4 and 5, the transversdatisment at = a/2,y = a/2 is plotted with
time for the two cases of the free vibration and forced vibrat It is obviously that, under the active
control electric field, the transverse displacement deg@avith time.

5. Conclusion

This study presented an analytical analysis of the staticdgmamic responses of laminated plates
with 1-3 piezoelectric composite layers equipped with DE.IThe solutions are obtained through the
separation of variables and Fourier expansion method&éostatic and transverse vibration governing
equations. The solution can be obtained to any desired defexcuracy by truncating the power series
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Fig. 4. The transient of the transverse displacemefur free vibration.
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Fig. 5. The transient of the transverse displacemefdr the forced vibration.

to appropriate number of terms, which also has some othetsy®ich as simplicity, convenience and so
on. Due to the fact that, with the IDE, the piezoelectric effdong the fiber direction is more significant

than that perpendicular to the fiber direction, the anigi¢rproperties would be created in the laminated
plate. Therefore, the effects of stiffness anisotropyz@édectric free-strain anisotropy on the shear
curvature of a two-ply piezoelectric composite laminate iavestigated in the static analysis. In the
dynamic analysis, the active control capability and dyrachiaracteristics of the laminated plates with
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1-3 piezocomposite layers is studied through a numericahgke. The numerical results show that the
maximum magnitude of shear curvature of the laminate irsg@avith the magnitude d&d, and it also
increased as th&c decreased. Active damping control of vibration responsetmimplemented by
adopting a negative velocity feedback. Results presergsidan be used to enhance the understanding
of the static and dynamic response behavior of the 1-3 plecinie composite structures.
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