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As the amplitude of the unsteady flow oscillation is large or large changes occur in the mean background flow such as limit
cycle oscillation, the traditional proper orthogonal decomposition reduced order model based on linearized time or frequency
domain small disturbance solvers can not capture the main nonlinear features. A new nonlinear reduced order model based on
the dynamically nonlinear flow equation was investigated. The nonlinear second order snapshot equation in the time domain
for proper orthogonal decomposition basis construction was obtained from the Taylor series expansion of the flow solver. The
NLR 7301 airfoil configuration and Goland+ wing/store aeroelastic model were used to validate the capability and efficiency
of the new nonlinear reduced order model. The simulation results indicate that the proposed new reduced order model can
capture the limit cycle oscillation of aeroelastic system very well, while the traditional proper orthogonal decomposition re-

duced order model will lose effectiveness.

reduced-order model, limit cycle oscillation, proper orthogonal decomposition, aeroelasticity

PACS: 47.11.-], 47.52.4j, 47.40.-x, 47.40.Hg

With the development of computational aeroelasticity, the
aeroelastic response can be accurately predicted by the
high-fidelity physics-based mathematical model such as
computational fluid dynamics (CFD) and computational
structure dynamics (CSD) couple solver. However, the
computation cost is too large for these high-fidelity methods
to be applied to the multidisciplinary conception design
with many iterations. Unlike high-fidelity couple solver, the
reduced order model (ROM) aims to construct a simple
mathematical representation model, which can capture the
dominating behavior of aeroelastic system and can be con-
veniently used in conception design, control and data-driven
systems [1].

Many approaches for constructing linear flow based
aeroelastic ROMs have been developed and were shown to
produce numerical results which compare well with high-
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fidelity nonlinear solver. Among these approaches, the re-
duced order model based on proper orthogonal decomposi-
tion (POD/ROM)has become the most popular method. For
example, the POD/ROM was successfully applied to the
CFD-based aeroelastic analysis of airfoil [2], wing [3] and
full aircraft [4], especially in flutter prediction [3—5]. Most
of the currently proposed ROMs are typically constructed
based on the linearized time or frequency domain small
disturbance solvers, which are dynamically linearized about
the nonlinear steady mean background flow.

Most aeroelastic phenomena such as flutter and gust re-
sponse can be dealt with these ROMs based on dynamically
linearization methods. But unfortunately, some important
strong nonlinear dynamics with large structure deformation
can not be simulated by the small disturbance solvers, for
example, limit cycle oscillation (LCO) [6,7]. There are sel-
dom successful reports about the traditional time-domain
POD/ROM to predict LCO generated by nonlinear aerody-
namics. Although the first order frequency-domain har-
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monic balance POD (HB/POD) solver developed by Dowell
et al. [8] can capture LCO very well in some instances,
there are still obvious errors in other instances far away
from the frequency where the ROM was created.

Modeling the cases where the amplitude of the unsteady
flow oscillation is large or large changes occur in the mean
background flow requires the ROMSs for dynamically
nonlinear solvers, because the linearized time or frequency
domain small disturbance solvers can not capture the main
nonlinear features [6,7]. Such ROMs are essential for
matched point flutter onset analysis as well as nonlinear
LCO analysis. We will develop a new dynamically nonlin-
ear solver based POD/ROM, or called NPOD/ROM, which
will enable the rapid modeling of nonlinear unsteady aero-
dynamic flows and the associated fluid forces, especially for
the LCO prediction. NPOD/ROM intends to extend the
conventional dynamically linear POD snapshot equation to
dynamically nonlinear snapshot equation by second order
Taylor serials expansion in the time domain .This means
that the traditional POD/ROM is the first order model, while
the NPOD/ROM is the second order model. The NLR 7301
Airfoil Configuration and Goland+ wing/store aeroelastic
system are used to validate the capability and efficiency of
the new nonlinear NPOD/ROM.

1 The POD algorithm

For one series data {xk }, x* eC" of n-dimension space,

which is called snapshot in POD method, search a
m -dimension proper orthogonal subspace ¥ € R™™ to

minimize the mapping errors from {x"} to ¥
G= m(gni”x* —d7d7ka|| = i"x" —Y’Y’ka||,¢Hd7 =1,(1)
k=1 pa

It is equal to

H:maxz 5 =i , d"d=1, (2)

S el = el

S

(--) is an inner product, and (- ) is the mean value operator.
If the snapshot matrix is computed by a numerical simula-
tion, the (-) can be neglected. The constraint optimization
problem of eq. (2) can be transformed into Lagarange equa-
tion:
n 2
J(@)=) (@) -A(|@|-1). 3)

k=1

Solve the partial derivative objective function J(®D) to @,
and we could get
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ij(q)) —2XX"® 2.0, (4)
do
X ={x1 X x"’} is the snapshot matrix, consisting

of snapshots. Let eq. (4) equal zero. There is
(Xx" - AI)¥ =0, 5)

eq. (5) is a real symmetry eigenvalue problem of POD ker-
nel K=XX". For high order K € R™", the large eigenvalue
problem is not easy to solve. Considering XX” and X"X

have the same eigenvalue, we can obtain ¥ from the follow
lower m-dimension problem:

X"Xv=va,
-1/2 (6)

V=Xva',
¥=[y, v, v, ] A=diag(1, 2, A)s A >
A, z--2A4,. Truncate ¥ to r-order vector ¥ =
[1//l v, - !//r], the full system x™' can be reduced to

ar-order system:

xnxl — Trgrxl . (7)

2 NPOD/ROM method

2.1 Aeroelastic equation

The full-coupled nonlinear aeroelastic equation decentral-
ized by finite volume method for flow and finite element
method for structure is:

m+R(w,u,u) =0, (8)
dr
My, + " (u,v) = f (u,w). 9

For the flow equation, w is the conservative flow field value
including flow velocity, flow density and enthalpy. R is flux
value, A is the fluid cell volume, u is structure general dis-
placement, and v is structure general displacement deriva-
tives. For structure equation, M is mass matrix, f™ is struc-
ture inner force and f* is the aerodynamic loads acting on
the structure.

2.2 Dynamically nonlinear flow equation

2.2.1 Nonlinear snapshot equation
In order to reduce the flow system, first, compute the value of
the operator (-,-) and (- ), or the covariant matrix of the un-

steady flow parameters, which are the so-called snapshots.
For the FVM-decentralized NS equation, at the convergent
steady flow (wo, uo, u,) as a given reference flow condition,

we have
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dA (u,, 1, )w,
dr
R(w,u,i)=0,w, =0,u, =0,1, =0,ii, =0.

Suppose (Ow,ou,dou) is the flow perturbation around

=R(w,,u,,1,)=0,

the nonlinear steady solver (w,,u,,u,) and then expand
the flow eq. (8) at (w,,u,,u,) by the Taylor serials. The
first item of eq. (8) is

A(u,i)w +[wa—A)u+[wa—Aju
ou on
= A(wi)w +E i+ D-i. (10)

Considering that the accuracy of the geometry conserva-
tion law of FVM method is second order, the third order ef-
fect or the gird acceleration effect can be ignored and the last
item of eq. (10) is also ignored. Retaining the second order
items of Taylor serials of the above equation, we obtain

A(u i)W = Auy + 51,1, + i), + SW)
= A(u, + S, 1y + O1)SW

={A(u0,o)+[a—Aj 5u+[a—f_\J 51’4}5%’1, (11)
ou ), ou ),

Eu=E, u,+E, -5a+(a—E5w +a—E5u +6_E5uj “u,
ow ou ou 0

+ a—Eéw +a—E§u +a£5d ou
ow Ou ou 0

2 2
=E, Su+ a—A§w+wai‘52u+w aA_é'itéu Su
ou ou Ouodu 0
0A . (0A .
= woa—u(uo)-5u+(a—uJ0 owdu. (12)

By expanding the second item of the equation and ne-
glecting the third order item, there is

OR

R(w,u,u)zR(wo,uo,u0)+(g—1;jo Sw +(8_j0 Su

u

+(6—RJ §u+L(i§w +i§u+i§uj
ou ), 21\ ow ou ou

xR(w,u,1)

2
:l vR 5w
2\ 0°w ),
2 2
+ (a—RJ + —aR ou+ 6R. ou |ow
ow ), \owou ), owou ),
2 2
+l 62R 52u+l 82R ]
2\ 0°u o 2( 0°w 0

2
+ 0 R, §u5u+[a—R] 5u+(a—l?j ou. (13)
Ouou ), ou ), ou ),

2

0
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The total second order Taylor serials or the discrete NS
equation can be rearranged by dw:

2
A(uo,o)+(a—Aj 6u+(a—é) S | 5w+ 62R 5w
ou ), on ), 2(0w ),
2 2
+ (a—Rj +(8—AJ ou+ OR ou+ aR. ou |ow
ow ), \ou), owou ), owou ),
2 2 2
+l 62R 52u+l 821'{ Su+ aR_ Sudu
2\ 0w ), 2\ 0u ), ouon )

OR 0A OR
+|— | Su+ — +|—| |ou=0. 14
(aul ‘ {w“ ) (auH ! (9

The accuracy of the spatial decentralization scheme is no
more than the third order, and the derivatives of flux to grid
displacement and velocity are much bigger than the second
order partial derivatives. The non-dimensional ou and Jn
than one. So the

2 2 2
(a—R] 52”{8 R] 52u,(a—RJ ouou is much less than
0 0 0

are smaller second order item

o’u o*u dudn
the first order items of du, Ju, and the second order items

can be neglected. Finally we obtain the dynamically
nonlinear POD snapshot equation:

A5% +B,5*w + H 6w +G,5u+(C, +E,)si=0, (15)

where

A :A(uo,o)—i-[a—Aj é‘u+(%j ou,
ou ), i),

1(0°R

n-3{),
w 0
2 2

HI:(a—R) +(6—AJ ou+ oR ou+ aR. ou.

ow J, \Ou ), owou ), owou )
The partial derivatives should be computed previously

according to the background steady flow. The inputs are Ju,
ou, and the outputs are dw, which can be solved by the

Newton-Raphson technique. Sw is the nonlinear snapshot
required for ROM construction.

2.2.2 NPOD/ROM for the aeroelastic system
Suppose snapshot matrix is W, and the POD kernel matrix
R=WW". Using the POD algorithm to obtain a r-dimension
proper orthogonal space ¥, which is the fluid mode, and
projecting the eq. (8) to ¥, we can get the nonlinear
NPOD/ROM for aeroelastic system:
AY.5w, +BY¥’ 5w+ HY.ow,
+G15u+(C1+E1)5u:0, (16)
Mii+Cu+Ku—q P¥ow, =0,
where

af ext

P= " (uy,w,).K, =K, —jar—u(uo,wo).
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s is the order of the structure equation which can be reduced
by structure modes. The order of the system (16) is just 2s+7,
which is much smaller than the original system. It is very
convenient to analyze the stability of the aeroelastic system
and observe the time response from the NPOD/ ROM. It
is much more simple and efficient than CFD/CSD coupled
computation.

2.3 Traditional POD/ROM

Retain the first order factors of eq. (15), and the full order
dynamically linearized snapshot equation can be obtained:

A,5w +HSw+GSu+(C+E)si =0, (17)

R .
H =a—w(w0,u0,u0),

OR )
G :a—(wo,uo,uo),
c =g(wo,u0,uo),

0A
E = woa(uo).

The linearization fluid eq. (17) can be transformed into
the state space equation:

{W:Aw+3[v u]T, (19)

F =Cw.

A=-A'H, B=-A'[E+C G], C=P. Use the al-

gorithm in section 2 to obtain r-dimension proper orthogo-
nal subspace ¥, project the eq. (13) into ¥ and then we
can obtain the reduced fluid model:
W =¥"'A¥w +¥ By,
(20
F =P¥Pw,.
By placing eq. (20) into eq. (19), the traditional time-

domain POD/ROM of aeroelastic system can be represented
as follows:

W,
y
i
-PTAHY, -¥'A)'(E+C) -¥'A)'G
= %pwvjﬂ-lmf, -M"'C -M'K; v . (21)
0 1 0 “

as can be seen, the traditional time-domain POD/ROM is
just one special case of the NPOD/ROM.
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3 Numerical simulation

3.1 NLR 7301 airfoil aeroelastic model

3.1.1 NLR 7301 airfoil model

A typical two-degree-freedom pitch and plunge aerofoil
section aeroelastic model is depicted in Figure 1. The pitch
movement around the elastic axis is represented by the an-
gle of attack o and the plunge movement relative to the
horizontal surface is denoted by h. The NLR 7301 airfoil
section aero-elastic model was tested intensively by Dietz et
al. [9] and the model parameters are presented in their arti-
cles. Transonic aeroelastic experiments in wind tunnel were
conducted for various Mach numbers and angles of attack,
and LCO was observed in some special instances. The
model was also numerically simulated by Thomas et al. [10]
to validate their aeroelastic solver for LCO prediction at
different Mach numbers and reduced velocities. So the NLR
7301 airfoil section aeroelastic model is good enough for
validating the capability of the new NPOD/ROM.

3.1.2  Snapshots comparison between linearization and
nonlinear equation

A general multi-block structure gird POD/ROM solver in-
cluding CFD solver, CFD/CSD coupled solver and lin-
earized snapshot solver was developed by the authors and
validated by many aeroelastic models including the agard
445.6 wing model [11], which indicated the developed
solvers were accurate and efficient. In order to investigate
the characteristics of the different fidelity models, the un-
steady lift coefficient response of NRL 7301 aeroelastic
model was computed by the direct CFD solver, linearized
snapshot solver and second-order nonlinear snapshot solver.
The flow conditions indicate Ma=0.76, o=0°, h=0,
V'=0.375 and the aerodynamic O-type mesh is 400x100.
Figure 2 displays the lift coefficient response of different
fidelity solvers at a given pitch vibration movement with
very small amplitude. The responses of different models are
shown to be very close. It answers why the dynamically
linearized model is accurate enough to predict the unsteady
aerodynamics at the small disturbance [6]. It also points out
the essentials why the conventional or first order POD/

1 Airfoi
neo) NLR 7301 Airfoil

Figure 1 The typical airfoil section (pitch and plunge) aeroelastic model.



CHEN Gang, et al.

0.08- ——CFD
----- Nonlinear
0.06_ "'"'"Linear X
0.04- /
0.02-
© 0.004 / \

-0.02 \

0.04

0.06]

0 100 200 300 400 500
Time steps

Figure 2 Lift coefficient response (small disturbance).
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Figure 3 Lift coefficient response (large disturbance).

ROM can model the traditional aeroelastic phenomena very
well such as flutter and gust response, because they are still
small perturbation to the steady reference mean flow.

Next we enlarge the amplitude of pitch movement ten
times which is a large disturbance to the steady mean flow
field and observe the unsteady aerodynamics response again.
Figure 3 shows the unsteady lift coefficient response of di-
rect CFD, linearization and nonlinear snapshot equation. It
is clearly seen that the linearized snapshot equation has ob-
vious errors in amplitude and also some little shifts in fre-
quency, while the nonlinear snapshot equation still shows
good performance in contrast to the direct CFD solver. The
simulation results indicate why the traditional time-domain
POD/ROM is very sensitive to the flow parameters.

3.1.3 LCO prediction

Egs. (15) and (17) are used to solve the snapshots with the
time step of 510~ s and 200 step response is obtained from
Dirac triangle impulse function for each mode displacement
and mode velocity for each structure mode movements un-
der the condition of Ma=0.75, a=0°. The correlation coeffi-
cient matrix of the snapshots for some observed grids are
computed and most of the elements are no more than 0.05,
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which indicated that the snapshots are not correlated. And
then 80-order POD/ROM and NPOD/ROM for the aeroe-
lastic system are constructed.

We hope to meet the LCO at the reduced velocity
V'=0.376 which is above the flutter point. In this case, the
conventional time-domain linear POD/ROM failed while
the NPOD/ROM catches the LCO. Figure 4 shows the pitch
responses of LCO predicted by the NPOD/ROM and the
direct CFD/CSD couple solver. Figure 5 is the plunge
movement of the LCO. The local zoom map is also plotted.
The amplitude error of the LCO predicted by the NPOD/
ROM is less than 8% of those by the CFD/CSD solver. The
LCO is very close to Tang’s results [12] which were com-
puted by the CFL3D solver. The consistent response shows
the capability and accuracy of NPOD/ROM for LCO pre-
diction.

Similar to the traditional POD/ROM, the computation ef-
ficiency of NPOD/ROM is also excellent. For LCO predic-
tion of the two-dimensional viscous NLR 7301 aeroelastic
model, the computation cost is reduced from the order of
hours for direct CFD/CSD solver to on the order of seconds
for NPOD/ROM. We also find that the NPOD/ROM can
predict the response very well even at @=3.5° which is far
from the steady background flow at &=0° where the ROM is
constructed, while the traditional POD/ROM fails to do so.
This means that the NPOD/ROM is much more robust to

—CFDICSD
...NPOD

a ()
e

00 05 10 15 20 25 30
t(s)

——CFDICSD
- NPOD

2.0 2.1875 2.375 2.5625 2.75

t(s)

Figure 4 Pitch movement predicted by NPOD vs. CFD/CSD solver.
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——CFDICSD
101 -+ NPOD

00 05 10 15 20 25 30
t(s)
—— CFD/CSD
...NPOD

2.0 2.1875 2.375 2.5625 2.75

t(s)

Figure 5 Plunge movement predicted by NPOD vs. CFD/CSD solver.

flow parameter variation than traditional POD/ROM. This is
benifit from the second order items of the dynamically
nonlinear snapshots equation.

3.1.4 LCO response trend prediction

In this section, the 100-order NPOD/ROM is constructed at
Ma=0.75, a=0.2°. And then we compute the pitch ampli-
tude of LCO trend in different reduced order velocities.
Figure 6 gives the LCO pitch amplitude vs. reduced velocity
predicted by different models. As can be seen, the first order
HB/POD developed by Thomas et al. [13] can capture LCO
very well in some instances such as the reduced velocity
0.37-0.41, but there are still obviously large errors in other
conditions. The first-order ROM is unsuitable for LCO ac-
curate trend prediction. However, the LCO trend predicted
by NPOD/ROM is very close to the direct CFD/CSD solver
in most instances. It indicates again that NPOD/ROM is the
enhanced version of the traditional first order POD/ROM
when the flow state is far away from the steady background
flow where the ROM is constructed.

3.2 Goland+ wing/store aeroelastic system

3.2.1 Goland+ wing/store model
The Goland+ wing/store model is a variant of the heavy
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Figure 6 LCO response trend predicted by different models.

el

Figure 7 surface mesh of the Goland+ wing/strore system.

Goland wing developed as a transonic flutter test case by
Eastep and Olsen [14]. The Goland+ wing is rectangular
and cantilevered from an infinite midplane. The wing semi-
span is 6.096 m, the chord is 1.8288 m and the thick-
ness-to-chord ratio is 0.04. The elastic axis is located 0.6096
m from the leading edge. The airfoil section is constant over
the spanwise extent of the wing and is chosen to be sym-
metric. There is a 3.048 m long, 0.127 m diameter cylindri-
cal store with an elliptic nose cone centered on the wing tip.
The frequencies of the first six structure modes are 1.7051,
3.0516, 9.200, 10.906, 16.271 and 22.861 Hz. The aerody-
namic grid is about 200k and the surface mesh of Goland+
wing/store model is shown in Figure 7.

3.2.2 LCO prediction

The aeroelastic response of the wing Goland+ wing/store
aeroelastic system was also investigated by Gregory et al.
[15] through the FLUENT solver. At a Mach number 0.92
and an angle of attack zero, snapshots matrix was first
computed. The elements correlation coefficient matrix of
the snapshots Matrix for some observed grids are no more
than 0.06, which indicates that the snapshots are not corre-
lated. And then a 300-order NPOD/ROM was constructed.
We use our coupled CFD/CSD solver and the 300-order
NPOD/ROM to simulate limit cycle oscillation of Goland+
wing after the general mode velocity 0.1 is given to the
second structure mode. The six structure modes are simul-
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Figure 8 LCO of the first structure mode.
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Figure 9 LCO of the first structure mode.

taneously computed, but only the general mode displace-
ment of the first two modes are given in Figures 8 and 9.

As can be seen, our solvers can capture the LCO which is
very close to Gregory’s results. From the right zoom picture
of Figure 8 and 9, it is found that the results of NPOD/ROM
are consistent with the direct CFD/CSD solver with the er-
rors no more than 8.1% which is accurate for limit cycle
oscillation simulation. The total order for the direct
CFD/CSD couple solver is 753660 which is so large, took
us more than one day to obtain the LCO results. While the
300-order NPOD/ROM just takes several minutes to capture
the LCO with excellent accuracy. The computation efficient
NPOD/ROM is very convenient for large scale analysis
such as LCO trend prediction or sensitivity analysis of
nonlinear aeroelasticity.

4 Conclusion

The NPOD/ROM, a new nonlinear reduced order model in
the time domain for computational fluid dynamic flow
solver is investigated. The construction method of NPOD/
ROM for aeroelastic system is obtained by the Taylor series
expansion of the flow solver together with proper orthogo-
nal decomposition method. The efficiency and capability for
NPOD/ROM to predict the LCO is demonstrated by the
NRL 7301 aeroelastic experimental model and Goland+
wing/store system. The simulation results show that the
NPOD/ROM can predict the aeroelastic response very well
with excellent computation efficiency, even under the con-
dition far from the steady background flow where the ROM
is constructed. The robustness will benefit flow control or
near real time aeroelastic simulation such as virtual flutter
flight experiment. The next step is to enhance the capability
of NPOD/ROM for modeling those cases with more flow
parameters varying individually or simultaneously such as
Mach number, and angel of attack or bank.

This work was supported by the National Natural Science Foundation of
China (Grant No. 10902082) and New Faculty Research Foundation of
Xi’an Jiaotong University.
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