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A fully discrete postprocessing mixed finite element scheme is considered for solving the time-dependent Navier–
Stokes equations. In the PP method, we only consider a non-linear equation in the coarse-level subspace and a linear
problem in the fine-level subspace. The analysis shows that the PP scheme can reach the same accuracy as the
standard Galerkin method with a very fine mesh size h by an appropriate choice of H. Numerical examples are
provided that confirm both the theoretical analysis and the corresponding improvement in computational efficiency.
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1. Introduction

This article is to study a fully discrete postprocessing
(PP) scheme for the time-dependent Navier–Stokes
equations.

ut � nDuþ ðu � rÞuþrp ¼ f 8ðx; tÞ 2 O� ½0;T�;
r � u ¼ 0 8ðx; tÞ 2 O� ½0;T�;
u ¼ 0 8t 2 ½0;T�; 8x 2 @O;
uðx; 0Þ ¼ u0 8x 2 O:

8>><
>>:

ð1:1Þ

Here O is a bounded domain in R2 with a Lipschitz
continuous boundary, u is the velocity field, u0 is
the initial velocity satisfying r � u0 ¼ 0, p denotes the
pressure, f is the density of body forces and n4 0 is the
kinetic viscosity.

For given positive constants h and H with
0 5 h 5 H, we construct two finite element couples
(XH,MH) and (Xh,Mh). Based on the usual L2

orthogonal projection, Ait Ou Ammi and Marion
(1994), Marion and Xu (1995) introduced the space
splitting as follows

Xh ¼ XH þ XH
h :

Note that XH and XH
h are orthogonal with respect to

the scalar product (�,�). On the basis of this space
splitting, the final approximation uh 2 Xh can be
naturally decomposed into the large eddy component
vH 2 XH and the small eddy component wh 2 XH

h .
According to the theory of the approximate inertial

manifold (AIM) for dissipative system initialised by
Foias et al. (1988), there exists a smooth mapping f
from XH onto XH

h reflecting the approximate inter-
active relation between the large and small eddy
components such that

wh � fðvHÞ;

which is frequently expressed via a steady Stokes
problem. Thus, a class of two-level schemes called non-
linear Galerkin method (NLG) was widely studied by
Marion and Temam (1989, 1990), Ait Ou Ammi and
Marion (1994), Marion and Xu (1995), in either the
finite element or spectral case. The finite element non-
linear Galerkin method addressed in Ait Ou Ammi and
Marion (1994) is described as: for a finite time T 4 0,
find vH 2 XH, wh 2 XH

h and ph 2 Mh such that for all
t 2 (0,T]

ðvHt; vÞ þ naðvH þ wh; vÞ þ bðvH þ wh; vH; vÞ
þ bðvH;wh; vÞ � dðv; phÞ ¼ ðf; vÞ; 8v 2 XH;

aðvH þ wh;wÞ þ bðvH; vH;wÞ � dðw; phÞ ¼ ðf;wÞ;
8w 2 XH

h ;
dðvH þ wh; qÞ ¼ 0; 8q 2 Mh:

8>>>><
>>>>:

ð1:2Þ

The detailed definitions of the bilinear forms a(�,�),
d(�,�) and the trilinear form b(�,�,�) will be discussed in
section 2.

One of the main advantages of NLG and its variants
is that they can present higher convergence rate than the
classical Galerkin method as the analysis in Foias et al.
(1988), Marion and Temam (1989, 1990), Ait Ou Ammi
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and Marion (1994), Marion and Xu (1995). Under the
assumptions that the initial data are given by satisfying
u0 2 (H2(O))2 and f, ft 2 L? (0,T;(L2(O))2), then the
convergent results of Equation (1.2) are

jjuðtÞ � ðvHðtÞ þ whðtÞÞjjH1 ¼ OðhþH2Þ;
jjpðtÞ � phðtÞjjL2 ¼ OðhþH2Þ; 8t 2 ð0;T�;

where (u, p) is the exact solution of the Navier–Stokes
equations.

However, recalling the construction of Equation
(1.2), it is easy to find that when computing vH, we have
to use the information of wh and vice versa. This may
inspire doubt whether the better accuracy of NLG is
worth its computational cost. Therefore, a class of PP
techniques was developed to increase the accuracy and
computational efficiency of Galerkin methods for dis-
sipative partial differential equations in a series of work
by Titi et al. (1998, 1999, 2000, 2003). The PP method in
Titi and coworkers (1998, 1999), both its analysis and
understanding seemed to depend on the approach of
AIM, which was only applicable to the near attractor
case. Lately, Novo and coworkers (2005) developed the
PPmixed finite element for theNavier–Stokes equations.
They first compute a standard Galerkin approximation
(uH, pH) 2 (XH, MH), then by solving a steady Stokes
problem to obtain a final approximation (uh, ph) 2
(Xh,Mh). Specifically, find vH 2 XH, uh 2 Xh and ph 2
Mh, for all t 2 (0,T] such that

ðuHt; vÞ þ naðuH; vÞ þ bððuH; uH; vÞ � dðv; pHÞ ¼ ðf; vÞ;
8v 2 XH;

naðuh; vÞ � dðv; phÞ ¼ ðf; vÞ � ðvHtðTÞ; vÞ � bðvHðTÞ;
vHðTÞ; vÞ; 8v 2 Xh: ð1:3Þ

8>><
>>:
The PP scheme (1.3) is cheaper to be implemented than
the finite element NLG (1.2) because the first equation
in (1.3) is actually the standard finite element Galerkin
method (SGM), which does not use the information on
the fine mesh at all. Only at the end of the integration,
we have to use the solution vH in order to refine the
solution. Hence, we think the finite element PP method
(1.3) is weakly coupled, which can be seen as a very
efficient scheme to some extent. Moreover, the PP
scheme (1.3) can obtain a similar high convergence rate
as the finite element NLG. Novo et al. (2005) has
shown that for all t 2 (0,T]

jjuðtÞ � uhðtÞjjL2 ¼ Oðh2 þ L2
hH

3Þ;
jjuðtÞ � uhðtÞjjH1 ¼ Oðhþ L2

hH
2Þ;

jjpðtÞ � phðtÞjjL2 ¼ Oðhþ L2
hH

2Þ;

where Lh * jlog(h)j1/2.

However, both in the NLG scheme (1.2) and PP
scheme (1.3), the interaction of the large and small
eddies components are reflected by a steady generalised
Stokes equations, such schemes are only accepted only
for t 4 t0 when the time derivative of the solution
possesses enough regularity. People realised that, in
general, such relation should be time-dependent to
better describe the interaction. Hence, Titi et al. (2003)
presented a more general PP scheme called the
dynamical postprocessing (DPP) scheme

ðuHt; vÞ þ naðuH; vÞ þ bððuH; uH; vÞ � dðv; pHÞ ¼ ð f; vÞ;
8v 2 XH;

ðuht; vÞ þ naðuh; vÞ � dðv; phÞ ¼ ð f; vÞ � bðvHðtÞ;
vHðtÞ; vÞ; 8v 2 XH

h :

8>><
>>:

ð1:4Þ

The omission of all the small eddy components both in
PP and DPP leads to a weakly decoupled system. In
fact, such approximation can be seen as a first-order
linearisation of the non-linear term. This is only valid for
the large viscosity cases and our later numerical results
also agreewith our presumption. Tomake the algorithms
applicable for the small viscosity cases, a second-order
linearisation of the non-linear term should be considered.
In thisarticle,wearededicated toconstructa fullydiscrete
PP scheme for the time-dependent Navier–Stokes equa-
tions, which is weakly coupled like that of Equation (1.3)
and can improve the L2 and H1 convergence rate about
one order compared with the scheme (1.3). In fact, we
have obtained the following results

jjuðtnÞ � unhjjL2 ¼ Oðkþ h2 þ LhH
4Þ;

jjuðtnÞ � unhjjH1 ¼ Oðkþ hþ LhH
3Þ;

jjpðtÞ � pnhjjL2 ¼ Oðkþ hþ LhH
3Þ;

1 � n � N;

where (unh; p
n
h) is given by our PP scheme, k is the time

step length, tn ¼ nk and N ¼ [T/k].
The remainder of this article is arranged as follows:

section 2 gives some mathematical preliminaries. The
detailed presentation of the PP scheme and its stability
are presented in section 3. The convergent results are
investigated in section 4. Finally, section 5 presents
some numerical examples to complement our theore-
tical analysis in previous sections.

2. Mathematical preliminaries

Let us denote

X ¼ ðH1
0ðOÞÞ2; M ¼ L2

0ðOÞ

¼
�
q 2 L2ðOÞ;

Z
O
qdx ¼ 0

�
;
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H ¼ fv 2 ðL2ðOÞÞ2; divv ¼ 0; v � njO ¼ 0g;

V ¼ fv 2 X; divv ¼ 0g:

The spaces H and V are equipped with the following
scalar products and norms

ðu; vÞ ¼
Z
O
u � vdx; juj ¼ ðu; uÞ12; 8u; v 2 H;

ððu; vÞÞ ¼ ðru;rvÞ; jjujj ¼ ððu; uÞÞ12; 8u; v 2 V:

The Stokes operator A ¼ 7PD with domain D(A) ¼
(H2(O))2 \ V and the bilinear operator

Bðu; vÞ ¼ ðu � rÞvþ 1

2
ðdiv uÞv; 8u; v 2 X;

where P is the Leray orthogonal projection of (L2(O))2

onto H.
Furthermore we introduce the bilinear forms a(�,�)

d(�,�) and trilinear form b(�,�,�)
aðu;vÞ ¼ hAu;viX0 ¼ ððu;vÞÞ; 8u;v2X;
dðv;qÞ ¼ �ðv;rqÞ ¼ ðq;divvÞ; 8v2X; 8q2M;

bðu;v;wÞ ¼ hBðu;vÞ;wiX0

¼ ððu �rÞv;wÞþ 1
2 ððdivuÞv;wÞ¼ 1

2 ððu �rÞv;wÞ� 1
2 ððu �rÞw;vÞ; 8u;v;w 2X:

The finite element subspace (Xh, Mh) is characterised
by a partition th, assumed to be uniformly regular as h
tending to 0. We define the subspace Vh by

Vh ¼ fvh 2 Xh; dðvh; qhÞ ¼ 0; 8qh 2 Mhg:

Let Ph: (L
2(O))2 ! Vh be the L

2 orthogonal projection
defined by

ðv� Phv; vhÞ ¼ 0; 8v 2 ðL2ðOÞÞ2; 8vh 2 Vh:

Also, we define rh: M ! Mh by

ðq� rhq; qhÞ ¼ 0; 8q 2 M; 8qh 2 Mh:

Here and after, we will use j � jLa and j � ja to denote
the (La(O))2 and (Ha(O))2 norms, respectively, for all
a 2 R. Furthermore, we always use c to denote a
generic positive constant depending only on the data
(n, O, f) and use k to denote a constant which may
depend additionally on u0 and on time t, assumed to be
continuous with respect to t.

We assume that the couple (Xh, Mh) satisfies the
following approximate properties

(A1) For each v 2 (H2(O))2 \ X and q 2 H1(O)
\ M, there exists approximations Ihv 2 Xh and Jh
q 2 Mh such that

dðv� Ihv; qhÞ ¼ 0 8qh 2 Mh;
jv� Ihvj þ hjjv� Ihvjj � ch2jjvjjH2 ;
jq� Jhqj � chjjqjj;

8<
:

(A2) Inverse inequality in the finite element
subspace

jjuhjj � ch�1juhj; 8vh 2 Xh;

(A3) The so-called inf-sup condition: for each
qh 2 Mh, there exists vh 2 Xh and vh 6¼ 0 such that

dðuh; qhÞ � bjqhjgtjjuhjj;

where b is a constant independent of h.

The following properties are classical consequences of
above assumptions (A1)–(A3) (see Girault and Raviart
1986).

jjPhvjj � cjjvjj; 8v 2 X;

jv� Phvj þ hjjv� Phvjj � ch2jAvj; 8v 2 DðAÞ;
jv� Phvj � chjjv� Phvjj; 8v 2 X: ð2:1Þ

The semi-discrete Galerkin approximation of (1.1)
based on (Xh, Mh) reads: find (Uh, ph) 2 (Xh, Mh), such
that for 8t 2 (0,T]

ðUht; vÞ þ naðUh; vÞ þ bðUh;Uh; vÞ � dðv; phÞ þ dðUh; qÞ
¼ ð f; vÞ; 8ðv; qÞ 2 ðXh;MhÞUhð0Þ ¼ Phu0: ð2:2Þ

Above semi-discrete Galerkin approximation based on
Vh reads: find Uh 2 Vh, such that for 8t2 (0,T]

ðUht; vÞ þ naðUh; vÞ þ bðUh;Uh; vÞ ¼ ð f; vÞ; 8v 2 Vh;

Uhð0Þ ¼ Phu0: ð2:3Þ

In Heywood and Rannacher (1982), it has shown the
following theorem.

Theorem 2.1: Under the assumptions (A1)–(A3), let
u0 2 D(A) and f, ft 2 L?(0,T;(L2(O))2) \ L2(0,T;X) be
given, then the solution of Equation (2.2) satisfies the
following estimates

juðtÞ �UhðtÞj þ hjjuðtÞ �UhðtÞjj þ hj
pðtÞ � phðtÞj � CðtÞh2; 0 � t � T;

where C(t) is a continuous function with respect to t.

We define a discrete analogue Ah 2 L(Xh,Xh) of
Stokes operator A defined by Ah ¼ 7PhDh through
the condition that (7Dhuh,vh) ¼ ((uh,vh)), 8uh, uh 2 Xh.
Thanks to Heywood and Rannacher (1990), we know
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the restriction of Ah to Vh is invertible, with inverse
denoted by A�1

h . Since A�1
h is self-adjoint and positive

definite, we define discrete Sobolev norms on Vh that
juhjr ¼ jAr=2

h uhj; 8r 2 R; 8uh 2 Vh. These discrete norms
will be assumed to have various properties similar to
their continuous counterparts.

Furthermore, some regularity results hold for the
semi-discrete solution Uh proven in Heywood and
Rannacher (1982).

Theorem 2.2: Under the assumptions of Theorem 2.1,
there exists a time t0 4 0 such that the semi-discrete
solution Uh satisfies the following estimates

jAhUhðtÞj � k; jjUðjÞ
h ðtÞjj � k; 0 � j � 3; t � t0;

where Uh
(j) (t) represents the j-th partial derivative with

respect to t.

To end this section, we recall some useful inequal-
ities. The trilinear form satisfies the following proper-
ties used in Heywood and Rannacher (1990),
Olshanskii (1999), He (2003).

bðuh; vh;whÞ ¼ �bðuh;wh; vhÞ; ð2:4Þ

jbðuh; vh;whÞj � cðjuhjL1jjvhjj þ jjuhjj jjvhjL1Þjwhj;
ð2:5Þ

jbðuh; vh;whÞj � cjuhjðjjvhjj jwjL1 þ jvhjL1jjwhjjÞ; ð2:6Þ

jbðuh; vh;whÞj � cðjuhj jjvhjj þ jjuhjj jvhjÞjwhjL1 ; ð2:7Þ

jbðuh; vh;whÞj � cðjuhjL1jjvhjj þ jjuhjjL4 jvhjL4Þjwhj;
ð2:8Þ

jbðuh; vh;whÞj � cjuhj1þs jjvhjj jwhj;
cjjuhjj jvhj1þsjwhj;
cjuhjjvhj1þsjjwhjj; 8s 2 ð0; 1�;

ð2:9Þ

jbðuh; vh;whÞj � cðjuhjL4 jjvhjjL4 þ jjuhjjL4 jvhjL4Þjwhj;
ð2:10Þ

jbðuh; vh;whÞj � cjAhuhjjAhvhjjwhj�1; ð2:11Þ

for 8uh, uh, wh 2 Xh.
We have the Brezis-Gallouet inequality and

Galiardo-Nireberg estimates provided in Brezis and
Gallout (1980), Hill and Suli (2000)

jvhjL1 � cLhjA
1
2

hvhj; 8vh 2 Vh; ð2:12Þ

jvhjL4 � cjvhj
1
2jjvhjj

1
2; jrvhjL4 � jjvhjj

1
2jAhvhj

1
2; 8vh 2 Vh:

ð2:13Þ

3. Fully discrete postprocessing scheme and its

stability

We consider the fully discrete approximation of
Equation (1.1) by defining the two sequences

ðunH; pnHÞ 2 ðXH;MHÞ and

ðunh; pnhÞ 2 ðXh;MhÞ; 0 � n � N:

They are given by u0h ¼ Phuo; u
O
H ¼ PHuo; p

o
h ¼ rhpo

poH ¼ rHpo and

ðunþ1
H ; vÞ þ knaðunþ1

H ; vÞ þ kbðunþ1
H ; unþ1

H ; vÞ
� kdðv; pnþ1

H Þ þ kdðunþ1
H ; qÞ ¼ kðf nþ1; vÞ

þ ðunH; vÞ; 8ðv; qÞ 2 ðXH;MHÞ; ð3:1Þ

ðdtunþ1
H ; vÞ þ naðunþ1

h ; vÞ þ bðunþ1
H ; unþ1

h ; vÞ
� dðv; pnþ1

h Þ þ dðunþ1
h ; qÞ ¼ ðfnþ1; vÞ

þ bðunþ1
H ; unþ1

h ; vÞ; 8ðv; qÞ 2 ðXh;MhÞ ð3:2Þ

Similarly, considering above schemes (3.1)–(3.2) in the
subspaces VH and Vh respectively implies the following
PP scheme

ðunþ1
H ; vÞ þ knaðunþ1

H ; vÞ þ kbðunþ1
H ; unþ1

H ; vÞ
¼ kðfnþ1; vÞ þ ðunH; vÞ; 8v 2 VH; ð3:3Þ

ðdtunþ1
h ; vÞ þ naðunþ1

h ; vÞ þ bðunþ1
H ; unþ1

h ; vÞ
þ bðunþ1

h ; unþ1
H ; vÞ ¼ ðf nþ1; vÞ

þ bðunþ1
H ; unþ1

H ; vÞ; 8v 2 Vh: ð3:4Þ

We decompose unþ1
h and unþ1

h as

unþ1
h ¼ unþ1

H þ ûnþ1
h ; pnþ1

h ¼ pnþ1
H þ p̂nþ1

h :

Here, unþ1
H ¼PHu

nþ1
h ; ûnþ1

h ¼QHu
nþ1
h ; QH¼ I�PH. Fur-

thermore, the first Equation (3.1) is to get the large
eddy component ðunþ1

H ; pnþ1
H Þ which is nothing but the

SGM equation. Regarding ðunþ1
H ; pnþ1

H Þ 2 ðXH;MHÞ as
an initial guess, the second equation is to obtain the
final approximation ðunþ1

h ; pnþ1
h Þ 2 ðXh;MhÞ which is a

one-step Newton iteration in fact. Thus, we call our PP
scheme (3.1)–(3.2) the DPP scheme of Newton type
(DPPN).
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We recall two Gronwall lemmas provided in
Heywood and Rannacher 1990, He 2003.

Lemma 3.1: Let k, B and an, bn, cn, dn for integer k0 � 0
be non-negative number such that

am þ k
Xm
n¼1

bn � k
Xm�1

n¼0

dnan þ k
Xm�1

n¼0

cn þ B; 8m � 1:

Then,

am þ k
Xm
n¼1

bn � exp k
Xm�1

n¼0

dn

 !
k
Xm�1

n¼0

cn þ B

 !
;

8m � 1:

Lemma 3.2: Let k, B and an, bn, cn, dn for integer n � 1
be non-negative number such that

am þ k
Xm
n¼1

bn � k
Xm
n¼1

dnan þ k
Xm
n¼1

cn þ B; 8m � 1:

Suppose that kdn 5 1, for all n, and set gn ¼ (17
kdn)

71, then,

am þ k
Xm
n¼1

bn � exp k
Xm
n¼1

gndn

 !
k
Xm
n¼1

cn þ B

 !
;

8m � 1:

Lemma 3.3: Suppose that the assumptions (A1)–(A3)
are valid and the time step length k � tT, where tT is a
constant which can take different values at its different
occurrences. Then there exists a positive constant k such
that

jjunHjj2 þ kn
Xn
i¼1

jAHu
i
Hj � k; 1 � n � N:

Proof The proof will be similar to the procedure of
Theorem 3.3 provided in He and Liu (2006). Here we
omit it. ¤

Lemma 3.4: Under the assumptions of Lemma 3.3, there
exists a positive constant k0 such that

junhj2 þ kn
Xn
i¼1

jjuihjj2 � k20; 1 � n � N:

Proof First, we rewrite the scheme (3.4) as

ðdtuiþ1
h ; vÞ þ naðuiþ1

h ; vÞ þ bðuiþ1
h ; uiþ1

h ; vÞ
� bðûiþ1

h ; ûiþ1
h ; vÞ ¼ ð f iþ1; vÞ; 8v 2 Vh:

Taking v ¼ 2kuiþ1
h in above equation and using

Equation (2.4), there holds

juiþ1
h j2 þ juiþ1

h � uihj2 � juihj2 þ 2knjjuiþ1
h jj2

� 2kbðûiþ1
h ; ûiþ1

h ; uiþ1
H Þ ¼ 2kð f iþ1; uiþ1

h Þ: ð3:5Þ

Using Equation (2.9), we have

2kjð f iþ1; uiþ1
h Þj � 2kj f j�1 jjuiþ1

h jj � kn
2
jjuiþ1

h jj2

þ ck

n
j f j2�1; 2kjbðûiþ1

h ; ûiþ1
h ; uiþ1

H Þj
� ckjûiþ1

h j jjûiþ1
h jj jAHu

iþ1
H j

� kn
2
jjuiþ1

h jj2 þ ck

n
jAHu

iþ1
H j2juiþ1

h j2

where j f j71 ¼ jj f jL1ð0;T;X0Þ.
Summing Equation (3.5) from i ¼ 0 to i ¼ n71

and noticing above estimates implies

junhj2 þ kn
Xn
i¼1

jjuiþ1
h jj2 � ju0j2

þ ck

n

Xn
i¼1

ðj f j2�1 þ jAHu
i
Hj2juihj2Þ:

ð3:6Þ

Finally, applying Gronwall Lemma 3.2 to Equation
(3.6) and noticing Lemma 3.3 yields the prescribed
result of this lemma. ¤

Lemma 3.5: Under the assumptions of Lemma 3.3, there
exists a positive constant k1 such that

jjunhjj2 þ kn
Xn
i¼1

jAhu
i
hj2 � k21; 1 � n � N;

provided that ckL2
hk

2 � n
2.

Proof First, the scheme (3.4) can be rewritten as

ðdtuiþ1
h ; vÞ þ naðuiþ1

h ; vÞ þ bðuiþ1
H ; uiþ1

h ; vÞ
þ bðûiþ1

h ; uiþ1
H ; vÞ ¼ ð f iþ1; vÞ; 8v 2 Vh:

Taking v ¼ 2Ahu
iþ1
h in the above equation leads to

juiþ1
h jj2 þ jjuiþ1

h � uihjj2 � jjuihjj2 þ 2knjAhu
iþ1
h j2

þ 2kbðuiþ1
H ; uiþ1

h ;Ahu
iþ1
h Þ

þ 2kbðûiþ1
h ; uiþ1

H ;Ahu
iþ1
h Þ

¼ 2kðf iþ1;Ahu
iþ1
h Þ:
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With the help of Equation (2.5), (2.8) and (2.12), we
have

2kjðf iþ1;Ahu
iþ1
h Þj

� 2kj f j jAhu
iþ1
h j � kv

2
jAhu

iþ1
h j2

þ ck

n
j f j2; 2kjbðuiþ1

H ; uiþ1
h ;Ahu

iþ1
h Þj

þ 2kjbðûiþ1
h ; uiþ1

H ;Ahu
iþ1
h Þj

� ckjuiþ1
H jL1jjuiþ1

h � uihjj jAhu
iþ1
h j

þ ckjjuiþ1
H jj juiþ1

h � uihjL1jAhu
iþ1
h j

þ ckjuiþ1
H jL1jjuihjj jAhu

iþ1
h j

þ ckjjuiþ1
H jjL4 juihjL4 jAhu

iþ1
h j

� ckLH~k1jjuiþ1
h � uihjj jAhu

iþ1
h j þ ckLh~k1jjuiþ1

h � uihjj
� jAhu

iþ1
h j þ ckjuiþ1

h j12jjuihjj jAhu
iþ1
h j32

þ ckjjuiþ1
H jj12jjuihjj jAhu

iþ1
h j32

� ckL2
H~k

2
1

n
jjuiþ1

h � uihjj2 þ
ckL2

h~k
2
1

n
jjuiþ1

h � uihjj2

þ ck

n3
juiþ1

h j2jjuihjj4 þ
ck

n3
jjuiþ1

H jj2jjuihjj4 þ
kn
2
jAhu

iþ1
h j2:

Hence, summing Equation (3.7) from i ¼ 0 to i ¼ n71
and noticing above estimates, we have

jjunhjj2 þ kn
Xn
i¼1

jAhu
i
hj2 � jju0jj2 þ k

Xn�1

i¼0

dijjuihjj2

þ cn�1Tj f j2; ð3:7Þ

where di ¼ cv�3ðjuiþ1
h j2jjuihjj2 þ jjuiþ1

h jj2jjuihjj2Þ for 0 � i
� n71.

Finally, applying Gronwall Lemma 3.1 to (3.7) and
taking into account Lemma 3.3, Lemma 3.4, we obtain
the prescribed result of this lemma. ¤

Lemma 3.6: Under the assumptions of Lemma 3.5, there
exist constants k0r > 0 such that

jdtunhj2r þ kn
Xn
i¼1

jdtuihj2rþ1 � k0r; r ¼ 0; 1; 1 � n � N:

Proof From the PP scheme (3.4), we derive

ðdttuiþ1
h ; vÞ þ naðdtuiþ1

h ; vÞ þ bðdtuiþ1
h ; uiþ1

h ; vÞ
þ bðuih; dtuiþ1

h ; vÞ � bðdtûiþ1
h ; ûiþ1

h ; vÞ
� bðûih; dtûiþ1

h ; vÞ ¼ ðdt f iþ1; vÞ; 8v 2 Vh:

Taking v ¼ 2kAr
hdtu

iþ1
h in Equation (3.8) yields

jdtuiþ1
h j2r þ jdtuiþ1

h � dtu
i
hj2r � jdtuihj2r þ 2knjdtuiþ1

h j2rþ1

þ 2kbðdtuiþ1
h ;uiþ1

h ;Ar
hdtu

iþ1
h Þ

þ 2kbðuih;dtuiþ1
h ;Ar

hdtu
iþ1
h Þ

� 2kbðdtûiþ1
h ; ûiþ1

h ;Ar
hdtu

iþ1
h Þ� 2kbðûih;dtûiþ1

h ;Ar
hdtu

iþ1
h Þ

¼ 2kðdtfiþ1;Ar
hdtu

iþ1
h Þ: ð3:8Þ

With the help of Equation (2.5), (2.6), (2.9) and (2.12),
we find

2kjbðdtuiþ1
h ; uiþ1

h ;Ar
hdtu

iþ1
h Þj

þ 2kjbðdtûiþ1
h ; ûiþ1

h ;Ar
hdtu

iþ1
h Þj

� ckLhjdtuiþ1
h jrþ1 jjuiþ1

h j j jdtuiþ1
h � dtu

i
hjr

þ ckjdtuihjr jAhu
iþ1
h j jdtuihjrþ1

� kn
3
jdtuiþ1

h j2rþ1 þ
ckL2

h

n
jjuiþ1

h jj2jdtuiþ1
h � dtu

i
hj2r

þ ck

n
jAhu

iþ1
h j2jdtuihj2r ;

2kjbðuih; dtuiþ1
h ;Ar

hdtu
iþ1
h Þj þ 2kjbðûih; dtûiþ1

h ;Ar
hdtu

iþ1
h Þj

� ckLhjdtuiþ1
h � dtu

i
hjrj juihjj jdtuiþ1

h jrþ1

þ ckjAhu
i
hj jdtuiþ1

h jrþ1jdtuihjr
� kn

3
jdtuiþ1

h j2rþ1 þ
ckL2

h

n
jjuihjj2jdtuiþ1

h � dtu
i
hj2r

þ ck

n
jAhu

i
hj2jdtuihj2r ;

2kjðdtfiþ1;Ar
hdtu

iþ1
h Þj � 2kjdt fiþ1jr�1 jdtuiþ1

h jrþ1

� kn
3
jdtuiþ1

h j2rþ1 þ
ck

n
j ftj2r�1;

where jftj ¼ j ftjL1ð0;T;ðL2ðOÞÞ2Þ.
Hence, summing Equation (3.8) from i ¼ 0 to

i ¼ n71 and using above estimates, we have

jdtunhj2r þ kn
Xn
i¼1

jdtuihj2rþ1 � jdtu0hj2r þ k
Xn�1

i¼0

dijdtuihj2r

þ cn�1Tj ftj2r�1; ð3:9Þ

where di ¼ cv�1ðjAhu
iþ1
h j2 þ jAhu

i
hj2Þ for 0 � i � n71.

Finally, using Gronwall Lemma 3.1 to Equation
(3.9) together with Lemma 3.5 suggests the results of
this lemma. ¤

Lemma 3.7: Under the assumptions of Lemma 3.5, there
exists a positive constant k2 such that

jAhu
n
hj � k2; 1 � n � N:
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Proof We rewrite (3.2) as

nPhAhu
n
h ¼ �dtu

n
h � PhBðunH; unhÞ � PhBðûnh; unHÞ þ Phf

n:

As pointed in Heywood and Rannacher (1982), we
have

jAhu
n
hj � cjPhAhu

n
hj:

Therefore, the following estimate holds

njAhu
n
hj � cjdtunhj þ cjBðunH; unhÞj þ cjBðûnh; unHÞj þ cj f nj:

ð3:10Þ

By using Equations (2.10) and (2.13), we have

jBðunH;unhÞj
� cjunHj

1
2jjunHjj

1
2jjunhjj

1
2jAhu

n
hj

1
2 þ cjjunHjj

1
2junhj

1
2jjunhjj

1
2jAhu

n
hj

1
2

� n
4
jAhu

n
hj þ

c

n
jjunHjj junhj jjunhjj;

jBðûnh;unHÞj
� cjûnhj

1
2jjûnhjj

1
2jjunHjj

1
2jAhu

n
hj

1
2 þ cjjûnhjj

1
2junHj

1
2jjunHjj

1
2jAhu

n
hj

1
2

� n
4
jAhu

n
hj þ

c

n
jjunHjj junh j jjunhjj:

Finally, combining above estimates with Equation
(3.10) and noticing Lemma 3.5, we obtain the result of
this lemma. ¤

We derive from Equation (3.2) that for 8u 2 Xh

dðv; pnhÞ ¼ ðdtunh; vÞ þ naðunh; vÞ þ bðunH; unh; vÞ
þ bðûnh; unH; vÞ � ð f n; vÞ; 0 � n � N:

Due to the inf–sup condition (A3) and (2.9), there
holds

jpnhj � b�1ðjdtunhj�1 þ njjunhjj þ cjjunHjj jjunhjj þ j f nj�1Þ:

The combination of Lemma 3.4, Lemma 3.5 and
Lemma 3.6, Lemma 3.7 permits us to conclude the
following theorem. ¤

Theorem 3.8: Under the assumptions of Theorem 2.1 and
Lemma 3.3, furthermore, if k satisfies the following
stability condition

ckL2
hk

2
1 �

n
2

ð3:11Þ

then there exist positive constants kr, k0r, kp and k2 for
all 1 � n � N such that

junhj2r þ kn
Xn
i¼1

juihj2rþ1 � k2r ; r ¼ 0; 1;

jdtunhj2r þ kn
Xn
i¼1

jdtuihj2rþ1 � k0r; r ¼ 0; 1;

jpnhj � kp; jAhu
n
hj � k2:

Remark 3.1. The stability condition (3.11) implies that
the restriction on the time step of DPPN is similar to
the fully implicit one-level method or the cheaper semi-
implicit one-level method. However, the fully implicit
one-level method is a time-consuming procedure. The
linearized nonlinear term in the semi-implicit scheme is
similar to the first b–term from Equation (3.2). It is the
first-order linearisation of the non-linear term, which is
only valid for the large viscosity case. In spite of the
easy implementation of the semi-implicit one-level
method, it will lose effectiveness for solving the
Navier–Stokes equations with large Reynolds number.
Some detailed comparisons of these algorithms will be
provided in section 5.

4. Error estimates

Now, we begin to establish the convergence theorem of
DPPN, which gives us the mathematical guidance on
the configuration of H and h. For simplicity of
analysis, from now on, we always assume that the
results in Theorem 2.2 are valid for t0 ¼ 0.

Lemma 4.1: Under the assumptions of Theorem 3.8,
there holds

jûnhj2 þ kn
Xn
i¼1

jjûihjj2 � kH4; 1 � n � N:

Proof First, from Equation (3.4), we derive

ðdtuiþ1
h ; vÞ þ naðuiþ1

h ; vÞ þ bðuiþ1
h ; uiþ1

h ; vÞ
� bðûiþ1

h ; ûiþ1
h ; vÞ ¼ ð f iþ1; vÞ; 8v 2 QHVh: ð4:1Þ

Taking u ¼ 2kûiþ1
h in Equation (4.1) and noticing

Equation (2.4) leads to

jûiþ1
h j2 þ jûiþ1

h � ûihj2 � jûihj2 þ 2knjjûiþ1
h jj2

þ 2kbðuiþ1
h ; uiþ1

h ; ûiþ1
h Þ ¼ 2kð f iþ1; ûiþ1

h Þ: ð4:2Þ

With the help of Equation (2.11), we obtain

2kjbðuiþ1
h ; uiþ1

h ; ûiþ1
h Þj

� ckjAhu
iþ1
h j2jûiþ1

h j�1

� kn
3
jjûiþ1

h jj2 þ ck

n
jAhu

iþ1
h j4H4; 2kjð f iþ1; ûiþ1

h Þj
� 2kjjfiþ1jj jûiþ1

h j�1

� kn
3
jjûiþ1

h jj2 þ ck

n
jj f iþ1jj2H4:
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Summing Equation (4.2) from i ¼ 0 to i ¼ n71 and
considering above inequalities, we arrive at

jûnhj2 þ kn
Xn
i¼1

jjûihjj2 � jq0j2

þ ck

n

Xn
i¼1

jAhu
i
hj4H4 þ jj f ijj2H4

� �
:

Finally, noticing Theorem 3.8 implies the prescribed
result of this lemma. ¤

For given time step length k4 0 and space
discretisation scales h,H with 05 h5H, we denote

tn ¼ nk; Un
h ¼ UhðtnÞ;

enh ¼ Un
h � unh; 0 � n � N;

Lemma 4.2: Under the assumptions of Theorem 3.8,
there holds

jenhj2r þ kn
Xn
i¼1

jeihj2rþ1 � kðL2
hH

8�2r þ k2Þ;

r ¼ 0; 1; 1 � n � N:

Proof Subtracting Equation (3.4) from Equation (2.3)
at t ¼ tiþ1, for 8u 2 Vh, we have

ðdteiþ1
h ; vÞ þ naðeiþ1

h ; vÞ þ bðeiþ1
h ;Uiþ1

h ; vÞ
þ bðuiþ1

h ; eiþ1
h ; vÞ þ bðûiþ1

h ; ûiþ1
h ; vÞ ¼ ðhiþ1; vÞ ð4:3Þ

where hiþ1 ¼ 1
k

R tiþ1

ti
ðUhtðsÞ �Uhtðtiþ1ÞÞds.

First, taking v ¼ 2keh
i þ 1 in Equation (4.3) and

noticing Equation (2.4), we obtain

jeiþ1
h j2 þ jeiþ1

h � eihj2 � jeihj2 þ 2knjjeiþ1
h jj2

þ 2kbðeiþ1
h ;Uiþ1

h ; eiþ1
h Þ þ 2kbðûiþ1

h ; ûiþ1
h ; eiþ1

h Þ
¼ 2kðhiþ1; eiþ1

h Þ: ð4:4Þ

By virtue of Equations (2.5), (2.9) and (2.12), there
holds

2kjbðeiþ1
h ;Uiþ1

h ;eiþ1
h Þj � ckjjeiþ1

h jj jAhU
iþ1
h jjeiþ1

h j
� kn

3
jjeiþ1

h jj2þ ck

n
jAhU

iþ1
h j2jeiþ1

h j2;2kjbðûiþ1
h ; ûiþ1

h ;eiþ1
h Þj

� ckLhjûiþ1
h j jjûiþ1

h jj jjeiþ1
h jj � kn

3
jjeiþ1

h jj2

þ ckL2
h

n
jûiþ1

h j2jjûiþ1
h jj2;2kjðhiþ1;eiþ1

h Þj

� 2kjhiþ1j�1jjeiþ1
h jj � kn

3
jjeiþ1

h jj2þ ck

n
jhiþ1j2�1:

Summing Equation (4.4) from i ¼ 0 to i ¼ n71 along
with above estimates gives

enhj2 þ kn
Xn
i¼1

jjeihjj2

� ck

n

Xn
i¼1

ðjAhU
i
hj2jeihj2 þ Lhjûihj2jjûihjj2 þ jhij2�1Þ:

ð4:5Þ

Then, applying Gronwall Lemma 3.2 to Equation (4.5)
along with Lemma 4.1 and Theorem 2.2 yields the
inequality of this lemma with r ¼ 0.

Next, taking v ¼ 2kAheh
iþ1 in Equation (4.3), we

have

jjeiþ1
h jj2 þ jjeiþ1

h � eihjj2 � jjeihjj2 þ 2knjAhe
iþ1
h j2

þ 2kbðeiþ1
h ;Uiþ1

h ;Ahe
iþ1
h Þ þ bðuiþ1

h ; eiþ1
h ;Ahe

iþ1
h Þ

þ bðûiþ1
h ; ûiþ1

h ;Ahe
iþ1
h Þ

¼ 2kðhiþ1;Ahe
iþ1
h Þ: ð4:6Þ

The usage of Equations (2.5), (2.9) and (2.12)
suggests

2kjbðeiþ1
h ;Uiþ1

h ;Ahe
iþ1
h Þj

� ckjjeiþ1
h jj jAhU

iþ1
h jjAhe

iþ1
h j � kn

4
jAhe

iþ1
h j2

þ ck

n
jAhU

iþ1
h j2jjeiþ1

h jj2; 2kjbðuiþ1
h ; eiþ1

h ;Ahe
iþ1
h Þj

� ckjAhu
iþ1
h j jjeiþ1

h jj jAhe
iþ1
h j � kn

4
jAhe

iþ1
h j2

þ ck

n
jAhu

iþ1
h j2jjeiþ1

h jj2; 2kjbðûiþ1
h ; ûiþ1

h ;Ahe
iþ1
h Þj

� ckLhjjûiþ1
h jj2jAhe

iþ1
h j � kn

4
jAhe

iþ1
h j2

þ ckL2
h

n
jjûiþ1

h jj4; 2kjðhiþ1;Ahe
iþ1
h Þj

� 2kjhiþ1jjAhe
iþ1
h j � kn

4
jAhe

iþ1
h j2 þ ck

n
jhiþ1j2:

Summing Equation (4.6) from i ¼ 0 to i ¼ n71
together with above inequalities yields

jjenhjj2 þ kn
Xn
i¼1

jAhe
i
hj2 �

ck

n

Xn
i¼1

ððjAhU
i
hj2

þ jAhu
i
hj2Þjjeihjj2 þ L2

hjjûihjj4 þ jhij2Þ: ð4:7Þ

Hence, using Gronwall Lemma 3.2 to Equation (4.7),
noticing Lemma 4.1 and Theorem 2.2, we obtain the
inequality of this lemma with r ¼ 1. ¤
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Lemma 4.3: Under the assumptions of Lemma 4.2, we
obtain

jdtenhj2�1 þ kn
Xn
i¼1

jdteihj2 � kðL2
hH

6 þ k2Þ; 1 � n � N:

Proof First, we deduce from Equation (4.3) that

ðdtteiþ1
h ; vÞ þ naðdteiþ1

h ; vÞ þ bðdteiþ1
h ;Uiþ1

h ; vÞ
þ bðeih; dtUiþ1

h ; vÞ þ bðdtuiþ1
h ; eiþ1

h ; vÞ þ bðuih; dteiþ1
h ; vÞ

þ bðdtûiþ1
h ; ûiþ1

h ; vÞ þ bðûih; dtûiþ1
h ; vÞ

¼ ðdthiþ1; vÞ; 8v 2 Vh: ð4:8Þ

Taking v ¼ 2kAh
71 dteh

iþ1 in Equation (4.8) leads to

jdteiþ1
h j2�1 þ jdteiþ1

h � dte
i
hj2�1 � jdteihj2�1

þ 2knjdteiþ1
h j2 þ 2kbðdteiþ1

h ;Uiþ1
h ;A�1

h dte
iþ1
h Þ

þ 2kbðeih; dtUiþ1
h ;A�1

h dte
iþ1
h Þ

þ 2kbðdtuiþ1
h ; eiþ1

h ;A�1
h dte

iþ1
h Þ

þ 2kbðuih; dteiþ1
h ;A�1

h dte
iþ1
h Þ

þ 2kbðdtûiþ1
h ; ûiþ1

h ;A�1
h dte

iþ1
h Þ

þ 2kbðûih; dtûiþ1
h ;A�1

h dte
iþ1
h Þ ¼ ðdthiþ1;A�1

h dte
iþ1
h Þ:

The application of Equations (2.4) and (2.9) gives

2kjbðdteiþ1
h ;Uiþ1

h ;A�1
h dte

iþ1
h Þj

� ckjdteiþ1
h jjAhU

iþ1
h jjdteiþ1

h j�1 �
kn
7
jdteiþ1

h j2

þ ck

n
jAhU

iþ1
h j2jdteiþ1

h j2�1;2kjbðeih;dtUiþ1
h ;A�1

h dte
iþ1
h Þj

� ckjjeihjjjdteiþ1
h jjdtUiþ1

h j � kn
7
jdteiþ1

h j2

þ ck

n
jdtUiþ1

h j2jjeihjj2;2kjbðdtuiþ1
h ;eiþ1

h ;A�1
h dte

iþ1
h Þj

� ckjdtuiþ1
h jj jeiþ1

h jj jdteiþ1
h j � kn

7
jdteiþ1

h j2

þ ck

n
jdtuiþ1

h j2jjeiþ1
h jj2;2kjbðuih;dteiþ1

h ;A�1
h dte

iþ1
h Þj

� ckjAhu
i
hjjdteiþ1

h j�1 jdteiþ1
h j � kn

7
jdteiþ1

h j2

þ ck

n
jAhu

i
hj2jdteiþ1

h j�1;2kjbðdtûiþ1
h ; ûiþ1

h ;A�1
h dte

iþ1
h Þj

� ckjdtûiþ1
h j jjuiþ1

h jj jdteiþ1
h j � kn

7
jdteiþ1

h j2

þ ck

n
jjûiþ1

h jj2jdtûiþ1
h j2;2kjbðûi;dtûiþ1

h ;A�1
h dte

iþ1
h Þj

� cjjûihjj jdteiþ1
h jjdtûiþ1

h j � kn
7
jdteiþ1

h j2

þ ck

n
jjûihjj2jdtûiþ1

h j2;2kjðdthiþ1;A�1
h dte

iþ1
h Þj

� 2kjdteiþ1
h jjdthiþ1j�2 �

kn
7
jdteiþ1

h j2þ ck

n
jdthiþ1j2�2:

Therefore, summing Equation (4.9) from i ¼ 0 to
i ¼ n71 and using above estimates, we obtain

jdtenhj2�1 þ kn
Xn
i¼1

jdteihj2 � jdte0hj2�1 þ k
Xn
i¼1

dijdteihj2�1

þ ck

n

Xn
i¼1

ðjjen�1
h jj2jdtUi

hj2 þ jjeihjj2jdtuihj2Þ

þ ck

n

Xn
i¼1

ðjdtûihj2ðjjûihjj2 þ jjûn�1
h jj2Þ þ jdthij2�2Þ; ð4:9Þ

where di ¼ cv�1ðjAhU
i
hj2 þ jAi

hu
i
hj2.

Finally, applying Gronwall Lemma 3.2 to Equa-
tion (4.9) together with Lemma 4.1, Lemma 4.2,
Theorem 3.8 and Theorem 2.2 suggests the results of
this lemma. ¤

We subtract Equation (3.2) from (2.2) at t ¼ tn for
0 � n � N, obtaining

dðv; phðtnÞ � pnhÞ ¼ ðdtenh; vÞ þ naðenh; vÞ
þ bðenþ1

h ;Unþ1
h ; vÞ þ bðunþ1

h ; enþ1
h ; vÞ þ bðûnþ1

h ; ûnþ1
h ; vÞ

� ðhn; vhÞ; 8v 2 Xh:

Also, thanks to the inf–sup condition (A3) and (2.7),
one finds

jphðtnÞ � pnhj � b�1ðjdtenhj�1 þ njjenhjj þ cjjenhjjðjjUn
hjj

þ jjunhjjÞ þ cLhjûnhj jjûnhjj þ jhnj�1Þ:

Therefore, applying Lemma 4.2, Lemma 4.3 in above
inequality together with Theorem 2.1 allows us to
conclude the following estimates.

Theorem 4.4: Under the assumptions of Theorem 3.8, we
have

juðtnÞ � unhj � kðLhH
4 þ kÞ þ CðtnÞh2; 1 � n � N;

jjuðtnÞ � unhjj þ jpðtnÞ � pnhj � kðLhH
3 þ kÞ

þ CðtnÞh; 1 � n � N:

Remark 4.1. The results of Theorem 4.4 implies that, to
make the DPPN reach the same accuracy as the SGM
with a fine mesh size h, we should choose

LhH
4 	 DðnÞh2; LhH

3 	 DðnÞh;

where D(n) ¼ C(tn)/k can be seen as the functions of n.
A careful observation will allow us to find that k has an
exponential factor with respect to 1/n owing to the
applications of Gronwall Lemma in above error
estimates. Therefore, D(n) will increase rapidly when
n decreases, we should choose a smaller H to keep
above configurations for a fixed h.
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Table 1. Convergent rates of standard Galerkin method (SGM).

h L2 error rate H1 error rate L2 pressure rate CPU time

1/4 0.038172 0.164771 0.048414 378.2s
1/8 0.004840 2.979 0.044217 1.898 0.012103 2.000 1403.8s
1/16 0.000603 3.005 0.011316 1.966 0.003026 2.000 6062.3s
1/32 7.6332e-05 2.982 0.002849 1.990 0.000756 2.001 32347.7s

Table 2. Convergent rates of the dynamical postprocessing method of Newton type (DPPN).

H h L2 error rate H1 error rate L2 pressure rate CPU time

1/2 1/4 0.038207 0.164771 0.0484136 327.9s
1/4 1/8 0.004841 2.981 0.044217 1.898 0.0121031 2.000 1041.3s
1/8 1/16 0.000604 3.003 0.011316 1.966 0.003026 2.000 4312.4s
1/16 1/32 7.6319e-05 2.984 0.002848 1.990 0.000756442 2.000 17211.4s

5. Numerical examples

This section gives some numerical examples to confirm
the theoretical analysis in previous sections. All the
numerical experiments are carried out by using the
Taylor-Hood element. That is, the Lagrange quadratic
elements are used to approximate the velocity and line
elements to approximate the pressure. For all the
implicit time stepping, we use Newton iterative method
with tolerance 1076. And we use GMRES iterative
method to solve the linear algebraic equations arising
at every time step with tolerance 1079.

Example 1. The first example to be considered here is
to confirm the error estimates, given in previous
sections, are also obtained numerically. In this
example, we choose domain O ¼ [0, 1]2 and a time
interval [0, T] with T ¼ 1. In the following calcula-
tions, we divide the domain into triangles, which are
induced by the set of nodes (i/M, j/M), 0 � i, j � M,
where M ¼ jOj/h is a positive integer. For convenience
of computing the error, we give an exact solution, then
obtain the forcing term f. We choose the exact solution
as follows

u1ðx; y; tÞ ¼ 10ð1� xÞ2x2ð1� 2yÞð1� yÞy tanhðtÞ;
u2ðx; y; tÞ ¼ �10ð1� 2xÞð1� xÞxð1� yÞ2y2 tanhðtÞ;
pðx; yÞ ¼ 10ð1� 2xÞð1� 2yÞ:

8<
:
A simple calculation can verify that r � u ¼ 0 and
p 2 L0

2 (O).

Table 1 shows the relative errors, convergence rates
and CPU time of SGM (the fully implicit one-level
method) with different space discretisation scale h.

Table 2 presents the performances of DPPN with
various h and H. The numerical results presented in
these two tables are obtained when n ¼ 0.01. More-
over, we are careful to choose the time step length
k ¼ 1074 which ensures the dominant error in the
computations is the spatial discretisation error and
satisfy the stability condition (3.11). DPPN first solves
a non-linear equation on a coarse-level subspace, then
to get the final approximate solution by solving a linear
equation in the fine-level subspace which will involve
much less work compared with SGM with the fine
mesh scale h.

In Figures 1–3, we compare the errors of the fully
implicit one-level method, semi-implicit one-level
method, PP, DPP and DPPN with a larger time step
length k ¼ 0.05 when n ¼ 1072, 1073, 1074 at the
final time instant t ¼ 1. For fully implicit one-level
method and semi-implicit one-level method, we alter
the mesh size h ¼ 1/M,M ¼ 2, 4, 8, 16, 24, 32. For PP,
DPP and DPPN, we fix the finest scale h ¼ 1/32, then
to vary the coarse mesh size H ¼ 1/M,M ¼ 2, 4, 8, 16,
24, 32. We find that the fully implicit one-level method
presents very good approximations whereas the semi-
implicit one-level method can’t reach so good approx-
imations compared with other schemes. On the other
hand, PP, DPP and DPPN can reach the same
accuracy as the fully implicit one-level method with a
fine mesh size h for an appropriate coarse mesh scale H
for large viscosity cases. However, for further small
viscosity cases, for example n � 1073, the PP and DPP
can’t get the optimal accuracy except H ¼ h. These
results verify our presumption in the introduction that
PP, DPP are only efficient for the large viscosity cases.
On the contrary, the DPPN can keep the good
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accuracy for the small viscosity cases. Moreover, we
choose a finer H to reach the prescribed accuracy with
the decrease of viscosity coefficient n, which is in good
agreement with the analysis in Remark 4.1.

Example 2. The second example to be considered here
is the flow around a circular cylinder. The flow around
a cylinder has been widely studied from the theoretical,
experimental and numerical point of view, e.g., see Van
Dyke (1982) for the experimental results, Franca and
Nesliturk (2001) employed the finite-dimensional
spaces consisting of piecewise polynomials enriched
with residual-free bubble function, Ding (2003) for a
dynamic mesh method, Wang et al. (2007) for the
computation of leading eigenvalues and eigenvectors.

At upper and lower computational boundaries and at
the inflow section, a uniform free-stream velocity
boundary condition is imposed. The traction-free
condition is imposed at the outflow boundary. The
geometry and the boundary conditions are shown in
Figure 4. Figure 5 states the coarse and fine meshes
distributions employed in the simulations. We choose
the time step length k ¼ 0.05 in this example.

The cylinder problem can be characterised by the
Reynolds number which is based on the free-stream
velocity and the cylinder diameter d, i.e. Re ¼ (u?d)/n.
For Reynolds numbers less than or equal to 40, the
flow is steady, causing a wake behind the cylinder to
develop. For Re ¼ 0.01 shown in Figure 6(a), the flow
is symmetrical upstream and downstream, the right

Figure 2. (a) L2 error of velocity, (b) H1 of velocity, (c) L2 error of pressure n ¼ 1073.

Figure 1. (a) L2 error of velocity, (b) H1 of velocity, (c) L2 error of pressure n ¼ 1072.

Figure 3. (a) L2 error of velocity, (b) H1 of velocity, (c) L2 error of pressure n ¼ 1074.
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hand of Figure 6(a) is the mirror image of the left
hand. As Reynolds number increases, the upstream–
downstream symmetry disappears. When Reynolds
number exceeds about 4, two attached eddies appear
behind the cylinder which will become bigger with
increasing Reynolds number. Figure 6 shows these
features and Figure 7 presents the pressure contours
when flow reaches its final steady state at Re ¼ 0.01,
10, 20, 40. Moreover, some comparisons of the wake
length L which is from the rearmost point of the
cylinder to the end of the wake and the separation
angle y with some previous simulations are listed in
Table 3.

Figure 5. The coarse and fine meshes tested.

Figure 6. Streamlines. (a) Re ¼ 0.01, (b) Re ¼ 10, (c) Re ¼ 20, (d) Re ¼ 40.

Figure 4. The statement of the flow around a cylinder.
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We also consider another frame so that the flow is
unsteady for 40 5Re 5190, leading to periodic vortex
shedding, known as the Karman vortex street. The
eddy on one side is being shed while on the other side it
is reforming. Figure 8 shows the temporal development

of the drag and lift coefficients. Figure 9 shows the
streamlines around the cylinder during a period for
Re ¼ 160. From Figure 8, we get the shedding
period Tp ¼ 20.5 and obtain the Strouhal number
St ¼ d/(u?Tp). Table 4 states the Strouhal number
comparisons obtained by DPPN with some other
results.

Table 3. Recirculation length and detachment angle.

Re Method L/r y

Present work 0.52 25.8
Dennis and Chang (1970) 0.53 29.6
Nieuwstadt and Keller (1973) 0.434 27.96
Coutanceau and Bouard (1977) 0.68 32.5
He and Doolen (1997) 0.474 26.89

10 Rome et al. (2007) 0.549 25.47
Present work 1.945 43.63
Dennis and Chang (1970) 1.88 43.7
Nieuwstadt and Keller (1973) 1.786 43.37
Coutanceau and Bouard (1977) 1.86 44.8
He and Doolen (1997) 1.842 42.96

20 Rome et al. (2007) 2.16 41.98
Present work 4.55 53.13
Dennis and Chang (1970) 4.69 53.8
Nieuwstadt and Keller (1973) 4.357 53.34
Coutanceau and Bouard (1977) 4.26 53.5
He and Doolen (1997) 4.49 52.84

40 Rome et al. (2007) 4.94 50.99

Figure 7. Pressure contours. (a) Re ¼ 0.01, (b) Re ¼ 10, (c) Re ¼ 20, (d) Re ¼ 40.

Figure 8. Drag and lift coefficients at Re ¼ 160.
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