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a b s t r a c t

In this paper, an adaptive finite element method is developed for stationary conduction
convection problems. Using a mixed finite element formulation, residual type a posteriori
error estimates are derived by means of the general framework of R. Verfürth. The effec-
tiveness of the adaptive method is further demonstrated through two numerical examples.
The first example is problem with known solution and the second example is a physical
model of square cavity stationary flow.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

Let X � R2 be a bounded and connected polygonal domain, with a Lipschitz continuous boundary C. We consider the sta-
tionary conduction–convection problems whose coupled equations governing viscous incompressible flow and heat transfer
for the incompressible fluid are Boussinesq approximations to the stationary Navier–Stokes equations.

Find u = (u1,u2), p and T such that

�mDuþ ðu � rÞuþrp ¼ kjT; x 2 X;

div u ¼ 0; x 2 X;

�DT þ ku � rT ¼ 0; x 2 X;

u ¼ 0; T ¼ T0 x 2 C;

8>>><>>>: ð1Þ

where u = (u1,u2) represents the velocity vector, p the pressure, T the temperature, k > 0 the Groshoff number, j = (0,1) the
unit vector and m > 0 the viscosity.

Finding the numerical solution of conduction convection problems (1) is a difficult task. The reason is that the problem (1)
not only contains the velocity vector field and the pressure field but also contains the temperature field. There are some
works devoted to the development of efficient numerical schemes for these equations [1–5]. The non-stationary problem
is considered, too [6–9].

Within the framework of finite element methods, generating optimal or near optimal meshes is a useful technique for
increasing accuracy at a lower computational cost. A posteriori error estimates have been used with much success as a guid-
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ing tool in adaptively generating optimal or near optimal meshes and in adaptively computing solutions to problems with
boundary layers (regions of rapid transition of the solution; see [10–13]). There are numerous works devoted to the devel-
opment of the a posteriori analysis [14–19], for instance. R.Verfürth [14,17] has developed a general framework for a pos-
teriori error estimates for nonlinear equations. In [18], Using the general framework, V.J. Ervin et al. derive the a
posteriori error estimates for finite element approximations of viscoelastic fluid flows governed by differential constitutive
laws of Giesekus and Oldroyd-B type. We also can find that the general framework has been used to derive a posteriori error
analysis in [13,18,19]. In this paper, we will use the general framework of R.Verfürth [14,17] and derive a posteriori error
estimates for finite element approximations of stationary conduction convection problems.

The present paper is organized as follows. In Section 2, we introduce some function spaces and recall some preliminary
results. The general framework of R.Verfürth [14,17] is presented in Section 3. In Section 4, we cast the stationary conduction
convection problems into the framework, that is, residual type a posteriori error estimates are derived for this problem. In
Section 5, the effectiveness of the adaptive method is further demonstrated through two numerical examples. The first
example is a known solution problem and the second example is a physical model of square cavity stationary flow. Conclu-
sion is given in Section 6.

2. Functional setting and finite element approximation tools

In this section, we aim to describe some notations and results which will be frequently used in this paper. The Sobolev
spaces and norms used in this context are standard [20]. We introduce the following Hilbert spaces.

Velocity Space : M ¼ H1ðXÞ2 ¼ v 2 H1ðXÞ2 : v ¼ 0 on @X
n o

;

Pressure Space : Q ¼ L2
0ðXÞ ¼ p 2 L2ðXÞ; ðp;1ÞX ¼ 0

n o
;

Temperature Space : W ¼ H1ðXÞ; W0 ¼ H1
0ðXÞ:

For ease of notation, we drop the domain from the norm and seminorm notations when the domain is obvious. We use
the same notation for the corresponding norms of vector valued functions.

For problem (1), the following assumptions are recalled (see [6,20–22]).

(A1) There exists a constant C0 which only depends on X, such that
(i) kuk0 6 C0kruk0; kuk0;4 6 C0kruk0; 8u 2 H1

0ðXÞ
2ðor H1

0ðXÞÞ;
(ii) kuk0,4 6 C0kuk1, " u 2 H1(X)2,
(iii) kuk0;4 6 2

1
2kruk

1
2
0kuk

1
2
0; 8u 2 H1

0ðXÞ
2ðor H1

0ðXÞÞ:
(A2) Assuming @X 2 Ck,a(k P 0,a > 0), then, for eT 0 2 Ck;að@XÞ, there exists an extension T0 2 Ck;a

0 ðR2Þ, such that

kT0kk;q 6 e; k P 0; 1 6 q 61;

where e is an arbitrary small positive constant number.
(A3) b(�, �, �) and �bð�; �; �Þ have the following properties:
(i) For all u 2 M;v ;w 2 Mðor T;u 2 H1

0ðXÞÞ, there holds

bðu;v ;vÞ ¼ 0; bðu;v ;wÞ ¼ �bðu;w; vÞ;
�bðu; T; TÞ ¼ 0; �bðu; T;wÞ ¼ ��bðu; T;wÞ;

where

bðu; v;wÞ ¼ 1
2

Z
X

X2

i;k¼1

ui
@vk

@xi
wkdx�

X2

i;k¼1

ui
@wk

@xi
vkdx 8u; v;w 2 M;

"

�bðu; T;wÞ ¼ 1
2

Z
X

X2

i¼1

ui
@T
@xi

wdx�
X2

i

ui
@w
@xi

Tdx

" #
; 8u 2 M; T;w 2W0:

(ii) For all u 2M, v 2M(or T 2W), "w 2M(or u 2W0), there holds

jbðu;v ;wÞj 6 Nkruk0krvk0krwk0;

j�bðu; T;uÞj 6 Nkruk0krTk0kruk0;

where

N ¼ sup
u;v;w
jbðu; v;wÞj=ðkruk0krvk0krwk0Þ;

N ¼ sup
u;T;u
j�bðu; T;uÞj=ðkruk0krTk0kruk0Þ:
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(A4) Letting A ¼ 2m�1kð3C0 þ 1ÞkT0k1; B ¼ 2krT0k0 þ ð2C2
0kÞ

�1mA, then, there exist two positive constant d1, d2, such that

m�1NA 6 1� d1; 0 < d1 6 1; d�1
1 m�1C2

0BN 6 1� d2; 0 < d2 6 1:

Theorem 2.1 [6]. Under the assumption of (A1) � (A4), then problem (1) has a unique solution (u, p, T) 2 X �M �W, and

kruk0 6 A; krTk0 6 B:

Let Xh �X be the polygon region, such that mes (X �Xh) = 0. Let Ih;jðXÞ, j P 1, be a the uniformly regular family of triangulations
of �Xh, indexed by a parameter h ¼maxK2Ih;jðXÞfhK ; hK ¼ diamðKÞg, which satisfies the following conditions:

(1) Any two triangles in Ih;jðXÞ are either disjoint or share a complete smooth submanifold of their boundaries.
(2) The ratio hK/.K < . is bounded from above independently of K 2 Ih;jðXÞ and h > 0.

Here, .K and hE denote the diameter of the largest ball inscribed into K and the diameter of an edge E of K, respectively. We
note that condition (2) allows the use of locally refined meshes and it implies the ratio hK/hE, for all K 2 Ih;jðXÞ and all edges E
of K, is bounded from above and from below by constants which are independent of h, K and E.

For any K 2 Ih;jðXÞ, we denote by EðKÞ the set of its edges and by Eh ¼ [K2Ih;jðXÞEðKÞ the set of all edges of the triangulation.
The set Eh may be decomposed as Eh ¼ Eh;X [ Eh;C, Eh;X \ Eh;C ¼ /, where Eh;C denotes the set of all edges lying on C. For any
E 2 Ehand any piecewise continuous function u, we denote by [u]E the jump of u across E in a fixed direction. Here, u is
continued by 0 outside X and the direction is given by the exterior normal of C if E 2 Eh;C. Similarly, we define Ih and Nh

as the collection of all the triangles and vertices, respectively, in the partition Ih;jðXÞ.
For each triangle K 2 Ih;jðXÞ and for each side E 2 Eh, we define:

xK ¼
[

K 0 :EðKÞ\EðK 0Þ–/f g
K 0; ~xK ¼

[
K 0 :@K\@K 0–/f g

K 0;

xE ¼
[

K 0 :E2EðK 0Þf g
K 0; ~xE ¼

[
K 0 :E\@K 0–/f g

K 0:

Let Wl;qð ~xKÞ and Wl;qð ~xEÞ be suitable Sobolev spaces defined on the extended neighborhoods of K and E, respectively. For
k 2 N, we define

Sk;�1
h ¼ u : X! R : ujK 2 Pk; 8K 2 Ih;jðXÞ

� �
; Sk;0

h ¼ Sk;�1
h \ CðXÞ;

where Pk is the space of polynomials of degree 6 k.
Let Sh : L1ðXÞ ! S1;0

h denote the interpolation operator of Clément [23]. Then, the following lemma holds.

Lemma 2.2 ([14,17]). There exist two constants c1 and c2, depending only on the ratio hK/.K, such that for K 2 Ih;jðXÞ, E 2 Eh, and
1 6 q 61, the following error estimates are valid:

ku� Shukk;q;K 6 c1hl�k
K kukl;q; ~xK

; 0 6 k 6 l 6 2; u 2Wl;qð ~xKÞ;

ku� Shukq;E 6 c2hl�1=q
E kukl;q; ~xE

; 1 6 l 6 2; u 2Wl;qð ~xEÞ:

Let VK � L1(K) and VE � L1(E) denote fixed polynomial spaces defined on K and E respectively. For a simplex K with face E, let
P : L1ðEÞ ! L1ðKÞ be the continuation operator defined in [17], and let p and q be two real numbers such that (1/p) + (1/q) = 1,
then the following lemma holds.

Lemma 2.3 ([14,17]). There are constants c1, . . . , c7, which only depend on the spaces VeK and VeE , the functions weK and weE , the
number p, and the ratio hK/.K, such that the following inequalities hold for all K 2 @h;j; E 2 Eh, u 2 VK, and T 2 VE:

c1kuk0;p;K 6 sup
v2VK

R
K uwKv
kvk0;q;K

6 kuk0;p;K ;

c2kTkp;E 6 sup
s2VE

R
E uwEs
kskq;E

6 kTkp;E;

c3h�1
K kwK uk0;p;K 6 krðwK uÞk0;q;K 6 c4h�1

K kwK uk0;p;K ;

c5h�1
K kwEPTk0;p;K 6 krðwEPTÞk0;q;K 6 c6h�1

K kwEPTk0;p;K ;

kwEPTk0;p;K 6 c7h1=p
K kTkp;E:
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In next section, we will present the abstract framework of R.Verfürth [14,17] for constructing a posteriori error estimates for non-
linear differential equations. We follow the notations used in R.Verfürth [14,17].

3. Abstract a posteriori error estimates

Let X and Y be two Banach spaces with the norms k�kX and k�kY, respectively. For any element u 2 X and any real number
R > 0, define

Bðu;RÞ ¼ v 2 X; ku� vkX < R
� �

:

Let QðX;YÞ denote the Banach space of continuous linear maps from X to Y equipped with the operator norm k � kQðX;YÞ� . De-
note by IsomðX;YÞ � QðX; YÞ the open subset of linear homeomorphisms of X onto Y. The dual space of Y, Y� ¼ QðY ;RÞ and
h�, �i represents the duality pairing between Y and Y⁄. Let F 2 C1(X,Y⁄) be a continuously differentiable function. We denote
the linearization of F about u� by DFðu�Þ; Z ¼ kDFðu�ÞkQðX;Y Þ and bZ ¼ kDFðu�Þ�1kQðY�D ;XDÞ.

Theorem 3.1 ([14,17]). Let u⁄ 2 X satisfy F(u⁄) = 0 and assume there exists (non-trivial) subspaces XD � X, Y�D � Y� such that
DFðu�Þ 2 IsomðXD;Y

�
DÞ. In addition, assume that DF is Lipschitz continuous at u⁄, i.e., there is an R⁄ > 0 such that

c ¼ sup
u2Bðu� ;R�Þ

kDFðuÞ � DFðu�ÞkQðX;Y�Þ
ku� u�kX

<1;

and let R be given by

R ¼ min R�; c�1bZ�1;2c�1Z
n o

:

Then for any u 2 B(u⁄,R) \ XD, we have the estimates

1
2Z
kFðuÞ � Fðu�ÞkY� 6 ku� u�kX ; ð2Þ

and

ku� u�kX 6 2bZkFðuÞ � Fðu�ÞkY� : ð3Þ

Remark 3.2. From Remark 2.2 of [17], estimate (2) can be modified to obtain local estimates. Specifically, let S =
span{wi} � Y, where support (wi) �K �X. Then,

kFðuÞ � Fðu�ÞkS� 6 2Zkðu� u�ÞjKkX : ð4Þ

Let Fh 2 CðXh;Y
�
hÞ be an approximation of the function F. Denote the identity operator from Y to Y as IdY. Then, we have the

following result.

Theorem 3.3 ([14,17]). Let uh 2 Xh be an approximate solution of the equation Fh(uh) = 0, with kFhðuhÞkY�h
‘‘small’’. Assume that

there is a restriction operator Rh 2 QðY;YhÞ, a finite dimensional subspace eY h ¼ spanfwig � Y, where support (em wi) �K �X,
and an approximation eF h : Xh ! eY �h of F at uh. Then,

kFðuhÞkY� 6 kðIdY �RhÞeF hðuhÞkY� þ kðIdY �RhÞ FðuhÞ � eF hðuhÞ
h i

kY� þ kRhkQðY ;YhÞkFðuhÞ � FhðuhÞkY�h

þ kRhkQðY ;YhÞkFhðuhÞkY�h
; ð5Þ

and

keF hðuhÞkeY �
h

6 kFðuhÞkeY �
h

þ kFðuhÞ � eF hðuhÞkeY �
h

: ð6Þ

Remark 3.4. From Theorems 3.1 and 3.3, we get the basis for obtaining a residual based a posteriori error estimate.

Remark 3.5. In Theorem 3.3, operator Rh may be chosen as Clément [23] type interpolation operator. The space eY h is the
space spanned by a set of bubble functions constructed such that (6) holds. eF hðuhÞ is a projection of Fh(uh) elementwise onto
a suitable finite dimensional space.

Remark 3.6. Same as in[13,18,19], to apply the above framework to our problem, one relevant issue is how the various con-
stants c, Z, bZ , and R depend on m and k. We note that obtaining a very precise dependence in general is very difficult. Some
crude estimates can be obtained, for example, we can bound Z ¼ kDFðu�ÞkQðX;Y�Þ by mþ 4Nm�1kð3C0 þ 1ÞkT0k1 þ 2

ffiffiffi
2
p
þ
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kC2
0 þ 2kNm�1kð3C0 þ 1ÞkT0k1 þ 2kNkrT0k0NC�2

0 kð3C0 þ 1ÞkT0k1(see Remark 4.2). Similarly, one can estimate the Lipschitz
constant c(see Eq. (13)). For bZ ¼ kDFðu�Þ�1kQðY�D ;XDÞ, since bZ is a common multiplier of the right-hand side of (3), it is not
for mesh redistribution, only for the computation of a reliable upperbound in order to check if a final stopping criterion
is satisfied. Thus, we can approximate the multiplier kDFðu�Þ�1kQðY�D ;XDÞ by kDFðuhÞ�1kQðY�h ;XhÞ, given an approximation solution
[uh,ph,Th], where Xh � XD � X and Yh � Y � YD are appropriate finite element spaces. These estimates, however, are not sharp
in general, and future studies are obviously needed to examine such dependence more carefully.

4. A Posteriori error estimation for conduction–convection problems

In order to cast problem (1) into the framework of §3, we set

X ¼ M � Q �W; Y ¼ M � Q �W0;

k � kX ¼ k � kY ¼ k � k2
1;2 þ k � k

2
0;2 þ k � k

2
1;2

n o1=2
:

We also define

hFð½u;p; T�Þ; ½v; q; g�i ¼
Z

X
ðmrurv þ ðu � rÞuv � pr � v þ qr � u� kjT � vÞ þ

Z
X
ðrTrg þ ku � rTgÞ; 8½v; q; g�

2 ½M;Q ;W0�: ð7Þ

We introduce finite element subspace Mh �M, Qh � Q, Wh �W as follows

Mh ¼ vh 2 M \ C0ð�XÞ2; vhjK 2 PkðKÞ2; 8K 2 Ih;jðXÞ
n o

;

Q h ¼ qh 2 Q \ C0ð�XÞ; qhjK 2 P‘ðKÞ; 8K 2 Ih;jðXÞ
n o

;

Wh ¼ gh 2W \ C0ð�XÞ; ghjK 2 PsðKÞ; 8K 2 Ih;jðXÞ
n o

;

where P‘(K) is the space of piecewise polynomials of degree ‘ on K, ‘ P 1, k P 1, s P 1 are three integers. We set
W0h ¼Wh \ H1

0ðXÞ and assume (Mh,Qh) satisfies the inf-sup (or LBB) condition. We set

Xh ¼ Mh � Q h �Wh;Yh ¼ Mh � Q h �W0h;

and define

hFhð½uh;ph; Th�Þ; ½vh; qh; gh�i ¼ hFð uh;ph; Th½ �Þ; ½vh; qh; gh�i: ð8Þ

In order to cast this discretization into the framework of §3, we define eF h in the same way as F. We define the restriction
operator Rh : Y ! Yh as

Rh½u;p; T� ¼ Shu1; . . . ;Shun;0;ShT½ �:

Let the polynomial degrees of the approximating spaces for u, p and T be k, ‘, and s, respectively, then, the space eY h is defined as

eY h ¼ span ½wKv;0;0�; ½0;wK q;0�; ½0;0;wK g�; ½wEPw;0;0�; 0;0;wEPr½ � : v 2 ½Pm1 ðKÞ�
2
; q 2 ½Pk�1ðKÞ�; g 2 ½Pm2 ðKÞ�;w

n
2 ½Pm3 ðEÞ�

2
; r 2 ½Pm4 ðEÞ�

o
;

where P is the continuation operator defined in [14,17], 0 is the zero vector and

m1 ¼max k; ‘� 1; sf g; m2 ¼max k; ‘� 1; sf g; m3 ¼ max k� 1; ‘; s� 1f g; m4 ¼ max k� 1; ‘; s� 1f g:

For all K 2 Ih;jðXÞ, we define local a posteriori error indicator by

g2
K ¼ h2

Kk � mDuh þ ðuh � rÞuh þrph � kjThk
2
0;2;K þ h2

Kk � MTh þ kuh � rThk2
0;2;K þ kr � uhk2

0;2;K þ hEk½m@nuh

� phn�Ek
2
2;E þ hEk½@nTh�Ek

2
0;2;E: ð9Þ

Theorem 4.1. Let [u�; p�; T�] be a weak solution of problem (1) which is regular in the sense of Theorem 3.1, and let
[uh,ph,Th] 2 [Mh,Qh,Wh] be a solution of

hFhð½uh;ph; Th�Þ; ½vh; qh; gh�i ¼ 0;8½vh; qh; gh� 2 ½Mh;Q h;Wh�; ð10Þ

where Fh is given in Eq. (8), which is sufficiently close to [u�; p�; T�] in the sense of Theorem 3.1 and satisfies the assumptions of the
Theorem 3.3. Then, for some constants c8, c9 the following a posteriori error estimates hold:

ku� � uhk2
1;2 þ kp� � phk

2
0;2 þ kT� � Thk2

1;2

n o1=2
6 c8kDFðu�;p�; T�Þ

�1kQðY�D ;XDÞ

X
K2Ih;jðXÞ

g2
K

8<:
9=;

1=2

; ð11Þ
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and

gK 6 c9kDFðu�;p�; T�ÞkQðX;Y�Þ ku� � uhk2
1;2;xK

þ kp� � phk
2
0;2;xK

þ kT� � Thk2
1;2;xK

n o1
2
; ð12Þ

where gK is defined by (9) and the constants c8, c9 only depend on the polynomial degrees of the spaces Mh, Qh, Wh, domain X
and on the ratio hK/.K.

Proof. First, we establish the existence of the derivative of F and show that it is Lipschitz continuous in a neighborhood of
[u⁄,p⁄,T⁄].

Let DF� 2 QðX;Y�Þ be defined by

hDF�ð½u; p; T�Þ; ½v ; q; g�i ¼
Z

X
ðmrurv þ ðu� � rÞuv þ ðu � rÞu�v � pr � v þ qr � u� kjT � vÞ þ

Z
X
ðrTrg þ ku� � rTg

þ ku � rT�gÞ; 8½v ; q; g� 2 Y :

Now, using the continuous imbedding of H1 in L4, we have

hFð½u;p; T�Þ � Fð½u�;p�; T��Þ � DF�ð½u� u�; p� p�; T � T��Þ; ½v; q; g�i

¼
Z

X
ððu� u�Þ � rÞðu� u�Þv þ

Z
X

kððu� u�Þ � rÞðT � T�Þg

6 Nkrðu� u�Þk2
0krvk0 þ keNkrðu� u�Þk0krðT � T�k0krgk0 6 ck½u; p; T� � ½u�; p�; T��k

2
Xk½v ; q; g�kY :

We denote

GðF;DFÞ ¼ Fð½u; p; T�Þ � Fð½u�;p�; T��Þ � DF�ð½u� u�; p� p�; T � T��Þ;

therefore

lim
½u;p;T�!½u� ;p� ;T��

kGðF;DFÞkQðX;Y�Þ
k½u;p; T� � ½u�;p�; T��kX

¼ 0:

It is said that F is differentiable about [u⁄,p⁄,T⁄].
Next, we check that the derivative DF is Lipschitz continuity. We let DF1(�) denote the derivative at [u1,p1,T1]. Then, for

[v,q,g] 2 Y, [u,p,T] 2 B([u�; p�; T�],R⁄), we get

hDF1ð½u; p; T�Þ � DF�ð½u; p; T�Þ; ½v ; q; g�i ¼
Z

X
ððu1 � u�Þ � rÞuv þ ðu � rÞðu1 � u�Þv½ �

þ
Z

X
kððu1 � u�Þ � rÞTg½ þkðu � rÞðT1 � T�Þg�

6 2Nkrðu1 � u�Þk0kruk0krvk0 þ keNkrðu1 � u�Þk0krTk0krgk0

þ keNkruk0krðT1 � T�Þk0krgk0

6 2max N; keNn o
k½u1;p1; T1� � ½u�;p�; T��kXk½u;p; T�kXk½v ; q; g�kY ;

that is

kDF1ð½u;p; T�Þ � DF�ð½u;p; T�ÞkQðX;Y�Þ
k½u1; p1; T1� � ½u�; p�; T��kX

6 2max N; keNn o
k½u; p; T�kX 6 2maxfN; keNgðk½u�; p�; T��kX þ R�Þ ¼ c: ð13Þ

We now construct the necessary bounds to the terms in (5) and (6). According to the definition of eF h and F, we can get

eF h ½uh;ph; Th�ð Þ � Fð½uh;ph; Th�Þ
��� ���eY �

h

¼ 0 ð14Þ

and

ðIdY �RhÞðeF hð½uh;ph; Th�Þ � Fð½uh;ph; Th�ÞÞ
��� ���eY �

h

¼ 0: ð15Þ

Based on the definition of eF h, for all [v,q,g] 2 Y, we have

eF hð½uh; ph; Th�Þ; ½v; q; g�
D E

¼
X

K2Ih;jðXÞ

Z
K
�mMuh þ ðuh � rÞuh þrphf

�
�kjThgv þ

Z
K

qr � uh

�
þ

X
K2Ih;jðXÞ

�
Z

K
�MTh þ kuh � rThf gg þ

X
E2Eh

Z
E

m@nuh � phn½ �Ev þ
X
E2Eh

Z
E
½@nTh�Eg: ð16Þ
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For simple, we denote

R1 ¼ �mMuh þ ðuh � rÞuh þrph � kjTh;

R2 ¼ �MTh þ kuh � rTh;

R3 ¼ r � uh;

R4 ¼ ½m@nuh � phn�E;
R5 ¼ ½@nTh�E:

From Lemmas 2.2 and 2.3, we have

ðIdY �RhÞeF hð½uh;ph; Th�Þ
��� ���

Y�
¼ sup

½v;q;g�2Y
k½v;q;g�k¼1

X
K2Ih;jðXÞ

Z
K

R1ðv � ShvÞ þ R2ðg � ShgÞ þ qR3f g

������
þ
X
E2Eh

Z
E

R4ðv � ShvÞ þ R5ðg � ShgÞf g
����� 6 c

X
K2Ih;jðXÞ

g2
K

8<:
9=;

1=2

: ð17Þ

By definition, we observe that

ðIdY �RhÞ½Fð½uh; ph; Th�Þ � eF hð½uh;ph; Th�Þ�
��� ���

Y�
¼ 0; ð18Þ

hFð½uh;ph; Th�Þ � Fhð½uh;ph; Th�Þ; ½vh; qh; gh�i ¼ 0;
kFð½uh;ph; Th�Þ � Fhð½uh;ph; Th�ÞkY�h

¼ 0:
ð19Þ

Combining (17)–(19) with (5) and (3), we can derive (11).
In order to prove inequality (6), we consider an arbitrary simplex K 2 Ih;jðXÞ and an arbitrary face E 2 Eh of K and defineeY hjx, x 2 {K,xE,xK}, as in §2. The definition of space eY h and Lemma 2.3 then yield the estimates

c1c�1
4 hKkR1k0;2;K 6 sup

e2½Pm1 ðKÞnf0g�
2

R
K R1wK e

krðwK eÞk0;2;K
¼ sup

e2½Pm1 ðKÞnf0g�
2

eF hð½uh;ph; Th�Þ; ½wK e;0;0�
D E

krðwK eÞk0;2;K

¼ sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh;ph; Th�Þ; ½vb; qb; gb�
D E

;

c1c�1
4 hKkR2k0;2;K 6 sup

f2½Pm2 ðKÞn 0f g�

R
K R2wK f

krðwK f Þk0;2;K
¼ sup

f2½Pm2 ðKÞn 0f g�

eF hð½uh;ph; Th�Þ; ½0;0;wK f �
D E

krðwK f Þk0;2;K

¼ sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh;ph; Th�Þ; ½vb; qb; gb�
D E

;

c1kR3k0;2;K 6 sup
w2½Pk�1ðKÞn 0f g�

R
Kðr � uhÞwK w
kwk0;2;K

¼ sup
w2½Pk�1ðKÞn 0f g�

eF hð½uh;ph; Th�Þ; ½0;wK w;0�
D E

kwK wk0;2;K

¼ sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh;ph; Th�Þ; ½vb; qb; gb�
D E

;

c2c�1
6 c�1

7 h1=2
E kR4k0;2;E 6 sup

r2½Pm3 ðEÞn 0f g�2
c2c�1

6 c�1
7 h1=2

E

R
E R2wEPr
krk0;2;E

¼ sup
r2½Pm3 ðEÞn 0f g�2

c2c�1
6 c�1

7 h1=2
E krk

�1
0;2;E � heF hð½uh;ph; Th�Þ; ½0;0;wEPr�i �

Z
xE

ðR1wEPrÞ
� �

6 sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh;ph; Th�Þ; ½vb; qb; gb�
D E

þ c�1
6 hEkR1k0;2;xE

6 c sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh; ph; Th�Þ; ½vb; qb; gb�
D E

;
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c2c�1
6 c�1

7 h1=2
E kR5k0;2;E 6 sup

l2½Pm4 ðEÞn 0f g�
c2c�1

6 c�1
7 h1=2

E

R
E R5wEPl
klk0;2;E

¼ sup
l2½Pm4 ðEÞnf0g�

c2c�1
6 c�1

7 h1=2
E klk

�1
0;2;E � heF hð½uh; ph; Th�Þ; ½0;0;wEPl�i �

Z
xE

ðR2wEPlÞ
� �

6 sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh;ph; Th�Þ; ½vb; qb; gb�
D E

þ c�1
6 hEkR2k0;2;xE

6 c sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh; ph; Th�Þ; ½vb; qb; gb�
D E

:

Combining all above inequalities with (9), we obtain

gK 6 c sup
½vb ;qb ;gb �2eY h jK
k½vb ;qb ;gb �kY¼1

eF hð½uh;ph; Th�Þ; ½vb; qb; gb�
D E

: ð20Þ

From the definition of eF h, we get

Fð½uh;ph; Th�Þ � eF hð½uh;ph; Th�Þ
��� ���eY �

h

¼ 0: ð21Þ

Combining (20) and (21) with (4) and (6), we yield (12). h

Remark 4.2. The above theoretical analysis is used to guide us in the design of effective adaptive algorithms based on
the a posteriori error estimator(9). A few comments are in order: as mentioned earlier, notice that the constants
c8kDFðu�; p�; T�Þ

�1kQðY�D ;XDÞ and c9kDFðu�; p�; T�ÞkQðX;Y�Þ depend on m and k, since the constants Z ¼ kDFðu�; p�; T�ÞkQðX;Y�Þ
and bZ ¼ kDFðu�; p�; T�Þ

�1kQðY�D ;XDÞ have such a dependence. Some of these constants rely on a priori information and
may not be easily computable; we thus cannot completely assure the reliability and efficiency of the a posteriori error
bounds theoretically. Nevertheless, our numerical experiments demonstrate that a very effective adaptive algorithm can
be implemented for conduction convection problems based on the a posteriori error estimator f

P
KðgKÞ

2g1=2 as defined
by (9). As mentioned earlier, we now present the crude estimate of kDFðu�; p�; T�ÞkQðX;Y�Þ. In fact, by the definition of
DF(u⁄,p⁄,T⁄), we can get

kDFðu�; p�; T�ÞkQðX;Y�Þ ¼ sup
½u;p;T�2X;½v;q;g�2Y

hDF�ð½u; p; T�Þ; ½v; q; g�i
k½u;p; T�kk½v ; q; g�k 6 mþ 2Nkru�k þ 2

ffiffiffi
2
p
þ kC2

0 þ kNkru�k þ kNkrT�k

6 mþ 2NAþ 2
ffiffiffi
2
p
þ kC2

0 þ kNAþ kNB 6 mþ 4Nm�1kð3C0 þ 1ÞkT0k1 þ 2
ffiffiffi
2
p
þ kC2

0

þ 2kNm�1kð3C0 þ 1ÞkT0k1 þ 2kNkrT0k0 þ NC�2
0 kð3C0 þ 1ÞkT0k1:

5. Numerical experiments

Our objectives here are mainly to illustrate the effectiveness of the adaptive methods. We present two numerical exam-
ples. The first example is a known solution problem and the second example deals with a benchmark problem [7]. The exper-
iments are all implemented in the two-dimensional framework using public domain finite element software FreeFem++ [24].
To approximate the velocity and pressure, we use the Taylor–Hood approximation pair. The lagrange quadratic elements is
used to approximate the temperature.

The adaptive strategy is carried out as follows.
First, set a tolerance g⁄; then we start from an initial triangulation Ih;0ðXÞ and compute g.

	 Step 1: If g 6 g⁄, stop. We obtain the final finite element solution. Otherwise, go to Step 2.
	 Step 2: Compute gK and g, generate a new mesh size h by the strategy presented in [24], and recompute g based on this

new triangulation. Then go back to Step 1. For convenience of presentation, we introduce the following notation:
	 N :¼ number of elements for triangulation Ih;jðXÞ;
	 Ieff :¼ g

E1
the effective index, i.e., the ratio between the related estimator and the true error. Here, g2 ¼

P
KðgKÞ

2,
E1 = {E1(u)2 + E0(p)2 + E1(T)2}1/2, E1(u) = ku�uhk1,2, E0(p) = kp�phk0,2, E1(T) = kT�Thk1,2.

Example 5.1. Known solution As in [18], X = [0,1] � [0,1], and chosen functions are added to the right-hand side of (1) such
that the exact solution of the problem is given by
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Tðx; yÞ ¼ u1ðx; yÞ þ u2ðx; yÞ;uðx; yÞ ¼ ðu1ðx; yÞ;u2ðx; yÞÞ;

u1ðx; yÞ ¼ 1� cos
2pðer1x � 1Þ

er1 � 1

	 
	 

sin

2pðer2y � 1Þ
er2 � 1

	 

r2

2p
er2y

ðer2 � 1Þ ;

u2ðx; yÞ ¼ �sin
2pðer1x � 1Þ

er1 � 1

	 

1� cos

2pðer2y � 1Þ
er2 � 1

	 
	 

r1

2p
er1x

ðer1 � 1Þ ;

pðx; yÞ ¼ r1r2sin
2pðer1x � 1Þ

er1 � 1

	 

sin

2pðer2y � 1Þ
er2 � 1

	 

er1xer2y

ðer1 � 1Þðer2 � 1Þ ;

where r1 and r2 are two strictly positive real parameters. The velocity field of this solution is similar to a counter clockwise
vortex in a unit-box (see Fig. 1). Playing with the parameters r1 and r2, we can move the center of this vortex that has coor-
dinates x0 ¼ 1

r1
log er1þ1

2

� �
and y0 ¼ 1

r2
log er2þ1

2

� �
. Increasing r1, the center goes rapidly towards the right-hand vertical side,

whereas increasing r2 it approaches the top edge. For the description of the above (u1(x,y),u2(x,y),p(x,y)), the readers also
can see [16].

The numerical results for Example 5.1 are presented in Tables 1–4. Tables 1 and 2 present each grid used the total
triangles N, approximate errors, the error indicator g and the effective index Ieff for Example 5.1 by using uniform procedures
and by adaptive procedures, respectively. We notice from Table 1 that the effective index Ieff remain always in a
neighborhood of 10.5, which confirms the reliability and efficiency of posteriori error indicator g. Comparing Tables 1 and 2,
we observe that the errors of the adaptive procedures decrease much faster than those obtained by the quasi-uniform ones.
For example, when the error around 0.0130001, we need 15842 Triangles by uniform procedures, while we only need 4423
Triangles by adaptive ones. This means we can save lots of work by the adaptive procedures than that by uniform
procedures.

For physical coefficients m and k, we also report some numerical results in Tables 3 and 4. We find that the effective index
Ieff decreases as m or k decreases, however, the effective index Ieff is less sensitive for k than for m. This question is currently
under investigation.
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Fig. 1. Exact solution for r1 = 3.5, r2 = 0.1. (left): velocity field. (right): pressure.

Table 1
Uniform meshes for m = 1.0, k = 1.0, r1 = 4.1, r2 = 0.1.

Mesh N E1(u) E0(p) E1(T) E1 g Ieff

12 � 12 288 0.41732 0.173035 0.376594 0.588149 4.99652 8.49533
16 � 16 512 0.240325 0.0763442 0.214324 0.330937 3.32426 10.045
24 � 24 1152 0.117942 0.0280296 0.106766 0.161539 1.71656 10.6263
32 � 32 2048 0.0694607 0.0149413 0.0633338 0.0951798 1.01273 10.6402
48 � 48 4608 0.031943 0.00642167 0.0292762 0.0438029 0.463137 10.5732
64 � 64 8192 0.0181863 0.00357096 0.016698 0.0249463 0.262625 10.5276
72 � 72 10368 0.0144165 0.0028126 0.0132432 0.019777 0.207903 10.5124
80 � 80 12800 0.0117048 0.00227299 0.0107559 0.016058 0.168618 10.5006
88 � 88 15488 0.0096902 0.00187528 0.00890696 0.0132948 0.139478 10.4912
89 � 89 15842 0.00947542 0.00183304 0.00870978 0.0130001 0.136374 10.4902
90 � 90 16200 0.00926768 0.00179221 0.00851905 0.0127152 0.133372 10.4892
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Example 5.2. Square cavity stationary flow The second example is a physical model of square cavity stationary flow [7]. The
side length of the square cavity and the boundary conditions are given in Fig. 2. From Fig. 1, we can see that T = 0 on left and
lower boundaries, @T

@n ¼ 0 on upper boundary, and T = 4y(1 � y) on right boundary of the cavity. In this example, we set k = 1
and m = 0.1.

Table 2
Adaptive meshes for m = 1.0, k = 1.0, r1 = 4.1, r2 = 0.1.

N E1(u) E0(p) E1(T) E1 g Ieff

172 0.496242 0.293 0.527071 0.780967 2.61738 3.35146
293 0.25333 0.119686 0.259643 0.381988 1.60124 4.19185
510 0.123429 0.0439571 0.123061 0.179752 0.986686 5.48914
1094 0.045364 0.0128941 0.045168 0.0653016 0.48127 7.36996
1808 0.0241433 0.00686228 0.0237789 0.0345749 0.290318 8.39679
2792 0.0147406 0.00437071 0.0145405 0.0211616 0.187505 8.86062
4423 0.00910426 0.00251417 0.00902693 0.013065 0.119078 9.11426
5726 0.00712507 0.00202163 0.0070154 0.0102014 0.0949947 9.31189
7258 0.00552339 0.00170527 0.00539269 0.0079055 0.0745884 9.43501
9520 0.00408493 0.00118323 0.00401302 0.00584731 0.0556845 9.5231
11885 0.00337291 0.00096654 0.00338277 0.00487379 0.0462988 9.49953
14121 0.00284108 0.000890163 0.00286308 0.00413054 0.0388237 9.39918
17495 0.0020751 0.000583912 0.00207008 0.00298868 0.0276867 9.26383

Table 3
m = 1, h = 1/32, r1 = 0.1, r2 = 0.1.

k E1(u) E0(p) E1(T) E1 g Ieff

10 0.00408709 0.00165679 0.0021204 0.0048934 0.0516914 10.5635
8 0.00408684 0.00164672 0.00209684 0.00487962 0.0511647 10.4854
6 0.00408689 0.00166502 0.00207887 0.00487819 0.0507646 10.4065
4 0.0040867 0.00163904 0.00206517 0.00486338 0.0504844 10.3805
2 0.00408684 0.00164652 0.00205755 0.00486279 0.0503182 10.3476
1 0.00408668 0.00163804 0.00205435 0.00485845 0.050263 10.3455

Table 4
k = 1, h = 1/32, r1 = 0.1, r2 = 0.1.

m E1(u) E0(p) E1(T) E1 g Ieff

2 0.00408075 0.00163845 0.00205435 0.0048536 0.0818078 16.8551
1.5 0.00408229 0.00163821 0.00205435 0.00485481 0.0652859 13.4477
1 0.00408668 0.00163804 0.00205435 0.00485845 0.050263 10.3455
0.5 0.00411031 0.00163794 0.00205435 0.0048783 0.0385358 7.89943
0.2 0.00427205 0.00163791 0.00205435 0.00501533 0.0345641 6.89169
0.1 0.00480547 0.00163791 0.00205435 0.00547683 0.0340245 6.21244

Fig. 2. Physics model of the cavity flows.
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Fig. 3. Initialization mesh (left). The first adaptation mesh using the error indicator (right).

IsoValue
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007
-4.56783e+007

Fig. 4. The third adaptation mesh using the error indicator (left). The streamlines of velocity numerical solutions after three levels of adaptation mesh
refinement (right).

IsoValue
0.0249996
0.0749988
0.124998
0.174997
0.224997
0.274996
0.324995
0.374994
0.424993
0.474993
0.524992
0.574991
0.62499
0.67499
0.724989
0.774988
0.824987
0.874987
0.924986
0.974985

IsoValue
-0.162922
-0.143554
-0.124187
-0.104819
-0.0854508
-0.0660829
-0.0467151
-0.0273472
-0.00797933
0.0113885
0.0307564
0.0501243
0.0694922
0.08886
0.108228
0.127596
0.146964
0.166332
0.185699
0.205067

Fig. 5. Numerical isotherm of temperature solution after three levels of adaptation mesh refinement (left). Numerical isobar of pressure solution after three
levels of adaptation mesh refinement (right).
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We first give initialization mesh (the left of Fig. 3). Then we generate adaptive meshes based on the a posteriori error
estimate (9). The right of Fig. 3 and the left of Fig. 4 are one and three levels of adaptive meshes, respectively. From these
adaptively generated meshes, we see that our method is able to recognize the singularities and the regions with high
gradients of the solutions. After three levels of adaptive meshes refinement, we present the numerical solution of (uh,Th,ph).
The right of Fig. 4 is the streamlines of velocity numerical solutions. The left and right of Fig. 5 are numerical isotherm and
numerical isobar, respectively.

6. Conclusion

In this paper, based on mixed finite element formulation and the general framework of R.Verfürth [14,17], residual type a
posteriori error estimates are derived for the stationary conduction convection problems. The effectiveness of the adaptive
method is further demonstrated through two numerical examples. The first example is problem with known solution and
the second example is a physical model of square cavity stationary flow. Precise information on the dependence of the con-
stants in the a posteriori error estimates on the coefficients m and k is currently under investigation.
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