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ERROR ESTIMATES OF SPLITTING GALERKIN METHODS FOR
HEAT AND SWEAT TRANSPORT IN TEXTILE MATERIALS*

YANREN HOU', BUYANG LIf, AND WEIWEI SUN¢$

Abstract. This paper is concerned with a single-component model of heat and vapor (sweat)
transport through three-dimensional porous textile materials with phase change, which is described
by a nonlinear, degenerate, and strongly coupled parabolic system. An uncoupled (splitting) Galerkin
method with semi-implicit Euler scheme in time direction is proposed for the system. In this method,
a linearized scheme is applied for the approximation to Darcy’s velocity simultaneously in the mass
and energy equations, which leads to physical conservation of the method in the flow convection.
The existence and uniqueness of solution of the finite element system is proved and the optimal error
estimate in an energy norm is obtained. Numerical results are presented to confirm our theoretical
analysis and are compared with experimental data.
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1. Introduction. Mathematical modeling and numerical simulations on heat
and moisture transfer in porous media have been attractive in recent decades. Ap-
plications can be found in many areas of engineering and science, such as the food
industry [13], building materials [12], fuel cells [21, 22], and recently the textile indus-
try [2, 5, 10, 16]. Here we focus on heat and sweat transport through a porous textile
assembly; see Figure 1 for the schematic diagram. The physical process can be viewed
as a single component (vapor) and multiphase flow, described with the conservation
of mass and energy by [10, 16, 17, 27]

(1.1) (€C)e + V- (ueC) = —Tee,
(1.2) (€CyCT + (1 = €)CsT), + V - (euCyCT) =V - (k. VT) = Alce,

where C is the vapor density (mol/m?®), T is the absolute temperature (K), € is
the porosity of the medium, x is the thermal conductivity, A is the latent heat of
evaporation/condensation, and Cy and C are the molar heat capacity of vapor and
volumetric heat capacity of fiber, respectively.
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Fic. 1. Schematic diagram of the porous textile assembly.

The gas velocity (volumetric discharge) is given by Darcy’s law,

k
(1.3) Cu=——VP,

Hg
where £ and 14 are the permeability and the viscosity of the vapor, respectively. The
molar rate of phase change per unit volume I'.. is defined by the Hertz—Knudsen
equation [15]

(1.4) Lee = Br <iﬁatm>,

VT

where fSr is a positive constant. The vapor pressure is given by P = RCT due
to the ideal gas assumption, and the saturation pressure Py, is determined from
experimental measurements [9].

With the Darcy velocity and the ideal gas law, (1.1)—(1.2) define a degenerate,
nonlinear, and strongly coupled parabolic system. Mathematical analysis has been
studied recently in [27] for the existence and uniqueness of a classical solution of
a steady state model and in [17] for the existence of weak solutions of the vapor-
temperature system (1.1)—(1.2). The proof in [17] was based on the physical conser-
vation of gas convection. The positivity of temperature and nonnegativity of vapor
density were also proved. Some more general cases were studied in [1, 18].

Numerical methods and simulations for heat and moisture transport in porous
textile materials have been studied by many authors [4, 10, 12, 14, 16, 28]. In [10],
a classical finite difference method is applied for solving a single-component multi-
phase model with a thermal radiation in one-dimensional space, where the thermal
radiation equation was solved analytically. A semi-implicit finite volume method was
presented in [14] for a multicomponent heat and moisture model. Several practical
cases of clothing assemblies were investigated in a comparison of experimental data.
However, due to the degeneracy, the strong nonlinearity and the coupling of the
system, error analysis of these existing numerical methods is limited. A Galerkin
FEM was proposed in [4] for a simplified one-dimensional model, in which only vapor
diffusion and heat conductive processes are included and the vapor bulk motion is
neglected (u = 0). The optimal-order error estimate of the FEM in energy norm was
presented. Error analysis of a semi-implicit finite difference method was given in a
recent work [24] for the vapor-temperature system in one-dimensional space. In this
paper, we present a splitting (uncoupled) Galerkin method and its analysis for the
nonlinear vapor-temperature system in d-dimensional space, d = 1,2, 3, with a class
of commonly used flux type boundary conditions. In this method, a backward semi-
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implicit Euler scheme is applied in the time direction and Galerkin approximation
is used in the spatial direction. The difficulty lies in the strong nonlinearity and
coupling. The equations in this nonlinear parabolic system are coupled mainly via
Darcy’s velocity, which induces the vapor flow and the heat convective transfer. In
our scheme, a linearized approximation to the mass flux is used in both the mass
and energy equations so that the energy flux due to convection equals the mass flux
multiplied by temperature. This maintains the physical conservation to a certain
degree, as noted in previous theoretical analysis of the nonlinear parabolic system
[17]. Based on the physical conservation, existence, uniqueness, and optimal error
estimates in an energy norm are obtained.

A related model is the fluid flow in petroleum engineering and groundwater hydrol-
ogy (see [7] and references therein), which usually is described by an elliptic pressure
(or density) equation coupled with parabolic concentration (or saturation) equations
for incompressible case and a system of parabolic equations for compressible case. The
corresponding mathematical analysis can be found in [11, 19]. Numerical solutions
for both the elliptic-parabolic and parabolic-parabolic systems have been investigated
by many authors with a variety of numerical methods, e.g., see [3, 6, 7, 8, 20, 23, 25]
and references therein. Among these methods, mixed FEMs, a modified method of
characteristics, and an Euler—Lagrangian localized adjoint method are competitive to
stabilize the numerical approximations. An optimal error estimate for a family of El-
lam approximations to the incompressible porous medium flow was studied in [25, 26]
under certain restrictions on both the time step and the spatial step. In all these works,
the temperature was ignored and the phase change (condensation/evaporation) does
not occur due to the nature of these applications, while both temperature and phase
change in the vapor-temperature system play important roles and result in stronger
nonlinearity and coupling.

Under the above assumptions, the system (1.1)—(1.2) with nondimensionalization
reduces to the equations

(1.5) ¢t —V-V(cb) =—-T(c6),

(1.6) (cd+00), — V- (0V(ch)) — V- (k(c)VO) = \'(c, 6)

for z € Q and t > 0, where k(c) = k1 +kac, D(c,0) = v/ —ps(0), ps(0) ~ Pear(0)/V0
is a smooth and increasing function satisfying ps(0) = 0, and Q is a smooth and
bounded domain in R%, d = 1,2, 3.

Here we consider a class of commonly used flux type boundary conditions [10, 12,
14]

(1.7) V() -i=alp—c) ond, 0<t<T,
(1.8) k()VO-mi=pr—0) ondf), 0<t<T,
and the initial conditions

(19) C(ﬂ?,O) = CO(m)a 0(1:70) = 90(1;)7 TE Qv

where a represents the mass transfer coefficient, 8 the heat transfer coefficient, p the
vapor density in the background, and v the background temperatures. Physically,
a, > 0 and all other parameters are positive constants and co(z) > ¢, 0o(z) > 0
with ¢ and @ being positive constants.

The rest of the paper is organized as follows. In section 2, we present a splitting
Galerkin method for the nonlinear vapor-temperature system and our main results. In
section 3, we prove the existence and uniqueness of the discrete Galerkin system and
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provide optimal error estimates of a numerical solution in an energy norm. Numerical
examples will be given in section 4 to illustrate our theoretical analysis and compare
with experimental data.

We suppose that the system (1.5)—(1.9) has a unique solution {c(z, t),0(z,t)} and
there exist positive constants Omin, Cmax, fmax such that

(110) 0 <c< Cmax amin < 0 < emax .

Global existence of weak solutions satisfying the above conditions was proved in [17].

2. Splitting Galerkin methods. In this section, we present a splitting FEM
for solving the system of nonlinear equations (1.5)—(1.9). Due to the practical interest
in a long time period, say, 8-24 hours, the backward Euler scheme is used in the time
direction.

For any functions u,v € L?(Q), we denote the L?(£2) inner product and norm by

(1) = /Q @@ de,  ul® = (u ),

respectively. Let H*, k being a positive integer, denote the usual Sobolev space with
the norm ||u|| := [|ul| gx(q)-
We rewrite the system (1.5)—(1.6) into

(2.1) et — V-V(cb) =-T(c,0), z€Q, t>0,
(2.2) (c4+0)0—V(clh) -VO—-V-(k(c)Vl) =A+0)I(c,0), z€Q,t>0,

where the second equation is obtained by adding (1.5) times —6 into (1.6). With
the boundary conditions (1.7)—(1.8), the weak formulation of the above equations is
to find ¢, 0 € L2(0,T; H(Q2)) N L>(0,T; L>()) and ¢, 0; € L2(0,7T; H-*(Q)) such
that for all &.,& € HY(Q)

)

(23)  (er, &) + (V(eh), V&) + (ac, &e)oa = — (T(c, 0), &) + (ap, &e)oa,

(0, (c+0)) — (V(ch), &VO) + (k(c) VO, V&) + (B0, &o)on
(24) (( ) ( )7 59) + <BU7 €9>BQ

for almost all ¢t > 0.

Let 73, be a regular division of Q with Q = U.Q, and let h = maxq_cr, {diamQ.}
denote the mesh size. For a given division 7, we introduce the C%-finite element
space

Vhr = {Uh S C(ﬁ) n Hl(Q) : ’Uh|Qe S PT(QG)},

where, for a given positive integer r, P,(€).) is a r-order polynomial space defined on
Q. Let I}, be the Lagrange finite element interpolant on V. For 0 <! < r 41 and
2 < p < 00, we have

1
P
(25) o= Ivllyiog = ( 3 Jo- Ihu||§vl,pme)> < B ol

Qe€Th

for v € WrThP(Q), where E. is a positive constant. Let (R}, P'), n =0,1,2,..., be
certain projection pairs from H'(Q) x H'(Q2) onto V;" x V;, which will be defined in

section 3. Moreover, let {t,}X_, be a partition in the time direction with N = [L],
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where 7 is a fixed positive constant. We denote

" — cnfl

Dtc” = f’

where 7 > 0 is a given time-step size.
The fully discrete FEM scheme is to find ¢}, 07 € V; such that for all £, & € V};

(Dycy, &) + (CZ_1VGZ_1 + 07 Ve, V&) + (ack, &) on
(2.6) = —(T(cp 10070, &) + (am o,
((cp=t +0)Dyb7, 9) — ((cp VO + 0771Vl - YOy, &)
+ (5(ch ™ )VOR, Véo) + (B0}, ) on
(2.7) = (A +0;7HT(ch™ 10571, &0) + (Br o) oc

with initial conditions ¢} = I,c® and 69 = I},0°, where ¢ = c(z,t,), 0" = 0(x,t,,) are
defined by the solution (e, 8) of the system (2.1)—(2.2).

In the above scheme, we have used the same discrete mass flux F* = ¢}~ 'V~ !+
HZ_IVCZ for both the mass and energy equations. This consistency approximately
maintains the physical conservation due to mass convection and makes the analysis
in section 3.2 possible.

We define error functions by

e =cp, —Rpc", ey =0y —FP0", 0<n<N,
and the truncation error functions by
ny=c"—Rpc", ng=60"—PF'0", 0<n<N.

We present our results in the following theorem, and the proof will be presented
in the next section.

THEOREM 2.1. Let Q2 be a either a smooth bounded domain or a convex polygonal
domain in R%, d = 1,2,3. Suppose that the solution (c,0) of the system (2.3)-(2.4)
with the initial condition (1.9) satisfies (1.10). If the solution satisfies

c,0 € L=(0,T; WH>(Q)) N L=(0,T; H(Q)),
Ct, 6‘t S LOO(O, T; HTJrl(Q)), Ctt, Htt S LOO(O, T; Hil(ﬂ))

forr > 1, then there exist positive constants hg, po, and Ey, independent of h and T,
such that when

1, when d =1,
h<ho, A2 <po, where v¢={ (1+|Inh|)2, when d=2,
h=3, when d = 3,

the finite element system (2.6)—(2.7) is uniquely solvable and

(2.8) ez l® + llegl> +7 D UVerl® + [VeglIP) < Eo(r +h™F1)?, 0<n < N.

m=0

In particular,

2.9 w—c" 0y —0"|| < E R,
29) Jmax [l — e[+ max_ |65 — 8" < Bo(r + ")

3. The proof of Theorem 2.1. In the rest of this paper, we denote by C
a generic positive constant and by Cjp,Ca, ... some fixed positive constants, which
depend solely upon the physical parameters k1, k2,0, A, the solution of the system
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(2.1)—(2.2) and the parameters involved in initial and boundary conditions, indepen-
dent of n, k, h, 7, and Ej.

3.1. Preliminaries. By (2.1)—(2.2), (¢", 0") satisfies the following system:

(Dyc”, &) + ("7IVOM T+ 0771V, VE) + (ac, E)on
(3'1) = - (F(Cn_la 0n_1)7§6) + <O‘,U7§C>BQ + (R?a fc) + (Rna vfc) ’
("t +0)Di0", &) — ("Y1 +6"71VC") - VO™, &)
+ (k(c"MVO™, V&) + (B0™, &p)oa
= ((A+0"HD(E 10", &) + (B, €o)on
(3.2) + (Rgy, §o) + (R™ - VO™, &) + (Rya, V),

where

= (Dyc™ — 9c™) + (D(c™, ™) —=T(c" 1,6 hY)
R" e v LY L v VA (A
o= (D™ — 0,0™) + (A + 0™ (c™,0™) — A+ 6" HI(c* L o)
Rijy = (k(c") — (") VO™

With the regularity assumption in Theorem 2.1, we have
(3-3) (R, &)l < Cll€ellas (R, §o)l < CTlelln, [1R™, | Rgs| < C7.
By (2.6)-(2.7) and (3.1)—(3.2), the error functions (el, ej) satisfy the system

(Drel &) + (e~ 'Vep ™ + 0771 Vel, VEe) + (ael, £c)an
= ((0" 'Vl + ¢ TIVng), VE) + V(B0 VE) + g V(R T, VEe)
+ <0‘77?a Ec)oa + m(n?a &)+ Jh (&) + J:z(fc)a
(3.4)
and

(3.5)  ((cf ' +0)Diey, &) — ((cf'Vep ™t + 077 1Vel) - Vey, &)
+ (5(c ) Vey, Vég) + (Bey, &) on
= (Bng, €o)an + (K(c"~ 1)V, VEg) + (0" 1V + "~ 1Vng) - VO™, &)
FO R ) B ) - Vg )
+m(ng, o) + Jg1 (o) + Jo2(80),

where m is a positive constant to be determined later and

Jh (&) = = (et V(PY 10" + e TV (RyCM), VE)
— (D07 = DRy e L P tonh) &)
(3.6) = J7(&) + J7 (&),
Tl(&e) = (2 = n?)WP,?‘l@"*) + (g™t =g ) V(R ™), VEe)
+ (g V(R = Ry~ 1", VE) — ("' V(g — g, VEe)
— (Dl &) —m(n2, &) + (D(c™ 10" ) —T(Ry e, PPton ), &)
(R

(3.7) + (R, &) + (R, VE),
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Ji(&o) = —(el " Dy PRO™ &) + ((cp V(PP 1) + 05 'V (R} c™)) - Veg, &)
Ve T+ 07 IVe) - V(PRO™), &)

— (r2el " V(PRO™), VE) + (A + 67 H)(T(ch ™, 6571
- F(szlcn—l, Pf?ilon_l))a 59) =+ (egle(szlcn—l, Pf?ilon_l)v 50)

3
ng V(R + IV (PETOMTY) - V(PR )
(0" V(R — Ry~ ) - Vg, &) + (07 IV (n — 7Y - VO™, &)

— ("IN —myt) - VO™, &)
+ (A + Pt YRy e P — (M), &)
— (g7 'T(" 1, 0"7Y), &) + (kanl ' V(PRO™), VEg)
("' + 0)Deng, &) + (02~ ' D (P0™), )

(3.9) + (Rg1, o) + (R" - V0", &) + (Ro2, Vo) — m(ng, o).

Now we introduce the projection pairs (RZ7 P,f) For given sequences 6"~ ! and
n—1

"+, n=1,..., N, satisfying
0<e" ! <lmax, 0<Omin <O <max, (") >R >0,
and two positive constants (,m > 0, we define a bilinear form

B™[(u,v), (&, &)] := (0" 'Vu, VE.) + (" 'Vu, VE) + (uV(P,?_10"_1), V&)
+ (WV(Ry 1Y), VE) + (au, Ee)oa + (B, o)on
+ (0" Vu + " TEV) - VO &) + (Y (PP
+ 0" IV(RE M) - Vo, &)} + C(R(c™ TV, V)
(3.10) +m{(u, &) + (v, o)},

where m and ( are positive constants to be determined. For any given (u,v) €
H'(Q) x H(Q), we define (RYu, P/'v) € V;" x V" such that

(1) B(u— Riuo— PPo), (En)] =0 V(€né) € Vi x Vi, n>0.
Here, (R) %, PP6°) is the solution of the system
(3.12) BY(c" — R, 00— POO%), (€0, £0)] =0 ¥ (€,E9) € VI x V7.

Clearly, (RYc°, P26°) is a solution of a system of nonlinear elliptic equations.
The existence and uniqueness of solution of the system (3.12) is given in the following
lemma.

LEMMA 3.1. There exist positive constants Ci and hy, ¢ such that if the positive
constants m and C satisfy

Cy(2C1 + 1)

(3.13) m> 2 (1 + o

>+Ol—|—1
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and h < hp, ¢, then the nonlinear equation (3.12) has a solution (RYc°, PP0%) €
Vi x V)7 which satisfies the following estimates:

le? = Ryl + RV (c” = Rpe”)|| < Co(m, QL™

(3.14) 167 — PRO°|| + RV (° — PJ6%)|| < Co(m, QR

Proof. First, we show that there exist R)c” and PP6° in V;", which satisfy the
truncated equation

(3.15)

(0°V(c® — R)cY), VE) + (OV(8° — PPE°), VE,)
+ (FL(RY — 1,V (PPE° — 0°), VE) + ((° — RY)VE°, VE,)
+ (Fo(PR6° — ,0")V (R — %), VE) + ((6° — PYO°)V P, VEL)
+ (a(® = R, Ec)aa + (B(6° — PR6°), &) o + m(c® — Ry, &)
+m(0° — PY6°, &) + ({(r(")V(6° = P6°), Vo) + ((0°V(c” — Ryc”) - VO, &)
+(°V(6° — PP6°)) - Vo', &) + (Fg(Rhc — I, °, PPO° — 1,6°)V(6° — P6°), &)
+ ((°V° + 6°Ve?) - v (6° — PP6°), &)} =0

for all &,&p € V)|, where F1, Fy, and F3 are defined by

=TI, —u
JeO— Ihcofu\

A —Ip® —u if | — I, —ul <e,
F1 u) =
() if [0 — Ic® —u| > e,

6‘0—Ih6‘0—v if |90—Ih90—v|<e,
Fr(v) =
5(v) % if 00 — 1,00 — ] > e,
Fg(U,’U)

—(V(0° — I,0° — v) + 0°V (¥ — I,° —u)) if |v| <e,
B (V0 = 1,00 — 0) + 0°OV(L = In” —w)) if |v] > e

T

Clearly, if ||(® — RY°|| L= < € and || [,0° — PP6°|| L~ < €, then (3.15) reduces to (3.12).
For any given (uo,v0) € V7 x V)7, we define (u,v) as the solution of the linear
system

(GOV(CO Ic® — ), VE) + s(°V(6° — I,6° — v), V&)
+ 5(F1 (ug) V(v — (6° — I,0)), V&) + s((c — Inc® — u)VH°, VE,)
+ 5(Fa(vo)V(u — (° = Ic)), V&) + 5((0° — I1,0° — v)V°, VE,)
+ {a(c” = In® —u), &)oq + (B(0° — 1,6° — v), &)oa
+m{(® = I,® —u, &) + (0° — 1,0° — v, &)} + C{(k(")V(0° — I,,6° — v), V&)
+5((0°V(? — Ic® —u) - VO, &) + s(PV(0° — 1,,0° —v)) - VO, &)
+ 5(F3(ug, vo)V(0° — I;,0° —v), &) + s((°VE° +0°V ) - V(00 — I,6° —v), &)} =

for any (&,&p) € V7 x V7. We can see that the map M : V' x V7 x [0,1] = V" x V[T
defined by M (ug,vo, s) = (u,v) is bounded.
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To prove the existence of a fixed point for the map, we use the Leray—Schauder
fixed point theorem. If (u, v) is a fixed point, then R)c® = I},c® —u and PP¢° = I,6°—v
is a solution to the nonlinear problem (3.15). By the Leray—Schauder fixed point
theorem, it suffices to establish a priori estimates for any (u,v) such that (u,v) =
M (u,v,s) for some s € [0,1]. In this case, (u,v) is the solution to the following
equation:

(3. 16)
(0°V(® — I,® —u), VE) + 5(PV(0° — 1,6° — v), V&)
+s(FL(u)V(v — (0° — 1,6%)), V&) + s((c® — I,c® — u)VH°, V&)
+5(Fa(0)V(u— (¢ = Inc")), Vo) + 5((0° — 1n6° — v) Ve, VE,)
+ (= Inc® — ), &)oa + (B(6° — In6° — v), &)aa
+m{(c® = Inc® —u, &) + (0° — 1,6° — v, &)} + C{(k(")V(6° — I,6° — v), V&)
+5((0°V(c” — Inc® — u) - VO', &) + s("V(0° — I,6° —v)) - VO, &)
+ 5(F3(u,v)V(0° — I,0° — v), &) + s((°VO° + 0°V ) - V(00 — 1,,6° — v), &)} =

for any (&,&) € Vi x V7. Substituting (&.,&) = (—u,0) and (&,&) = (0, —v)
into the above equation, respectively, and by noting that 6° > Oy, |Fi(u)| < €,
|Fo(v)| <, |F3(u,v)v| < e|V(0° — I,0° — )| + €| V(c” — I5,c® — u)]|, and the inequality
(w1, w2)aal < |lwillL2a0)wsllL200) < llwill1]ws]l1, we obtain

(3.17)
mljul? + [|Vul?
< Cillull? + Ci[[ Vol + (C1 + Cim)||e” — Inc® [T + C1[|6° — 1n6°| 1,
(3.18)
m
2—<||v||2 + k1| Vo2

C’lm)

C
< e[ Vul]? + €| Vol * + ?1||v||2 + (Cle + 16° = 10°1F + Cuellc® — Inc®||?

for some positive constant C; (independent of m and ¢) and any small positive con-
stant € to be determined. The inequality (3.17) times 2¢ plus (3.18) gives

m C
2e(m — C1)Jull® + € Vull? + (52 = = ) ol + (k1 = (2C1 + 1)e) Vo

<CC (% + e+ me)hzr.

By choosing €, m, and ¢ in such a way that

_ H1/2
20, +1

(3.19) and m > 2C<1 + ﬁ)—I—C& +1,
€

we get the estimate ||u?+||v||? < C2h?" for some positive constant Cy, which together
with the Leray—Schauder fixed point theorem implies the existence of a fixed point
(u,v) for the map M. Thus R)c® = u+ I,c° and P)6° = v + I;,6° form a solution of
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(3.15), which satisfies the estimates

16° — PRO°|| + [|V(8° — PRO°)|| < Csh”,
[ = RRe”| + [[V(c” = Rpe®)|| < Csh”
Second, we consider Fj(u), F5(v), and F3(u,v) again. Let . and ¢y be the
solution of the elliptic boundary value problems
—V - (0°V.) + V0 -V, +mp. — V- (VO pp) = — RV in Q,
—0OV . - v = ap. + OV - vy on 02

and

=V - (Ck(c")Vg) + mpg — A,
_V - [C(V(O80) 4+ OV6 )gq] = (69 — POGO) i Q,

—(R() Ve - v = Bpg + (°VE° - v+ 0OV - 1) o — %%Otpc on 0,

respectively. It is not difficult to prove the existence of a solution to the above
boundary value problems, and the solutions ¢, and ¢y satisfy the estimate

@ellz + llpallz < C(m, Ol = Rpc®|| + C(m, ¢)]|6° — PE°||.
Substituting &. = Inp. and & = Iy into (3.15), we can derive that
[ull + (o]l < C(m, Qh(|lull + [[v]l) < Co(m, Q)R

where Cy(m, ¢) is some positive constant which depends on m and ¢. With the above
estimates, we have (by the inverse inequalities)

[ = R e + 116 — PO || oo < (| — Ine®||Los + [|6° — In6°]| Lo~
+ Ch™2(||I,® — RO || + || 1,6° — P6°))
< Ch+ CCy(m, )h +1=4/2,

Therefore, Fy(u) = c® — R)c® and Fy(v) = 0° — P?¢° a.e. when h is small enough in
the sense that Ch + CCy(m, )h"+1=42 <.
In conclusion, the solution of (3.15) satisfies (3.12) and the estimates (3.14). 0
Since (R} %, Pl6°) is the unique solution of the linear problem

B'((¢? = Ryc®,0° — P6°), (&,80)) =0 € Vi x Vj,

it follows that R} = R)® and Pl¢° = PP0°. Therefore, we can simply define
(RYu, PPv) = (R} u, Plv) for any (u,v) € H'(2) x H*(Q) without contradiction.

LEMMA 3.2. If ( and m are chosen as certain fixed positive constants, then there
exists a positive constant hy > 0 such that when h < hy the bilinear form B™(-,-) is
continuous and coercive for n > 1.

Proof. We prove the lemma by mathematical induction. With Lemma 3.1, we
can assume that the projection pair (R?, PP) : HY(Q) x HY(Q) — V;" x V[ is well
defined for 1 <n < k (k > 1) and satisfies

et = Ryt 4 AV (et = By < o m, OB
671 = PR + BV (O™ = P < Gt (m, QBT
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By the inverse inequalities, we have

(3.20) V(PP om =t — 10" 1) || s
< Ch= MOV (Pt — 1,677 )|| < CCpy(m, (R0,
(3.21) V(R et — Ine™ )| 1o

< Ch 8| V(Ry "t — D" || < CCo1(m, RS,
we have
B"[(u, ), (u,v)]
> Guin| Vel + Cra |Vl + m(flull + [[v]|*)
+ ("W, V) + {0 Vu + V) - VO v)
+ (VPP 4 0m V(R ) - Vo, )}
+ (uV(Pr o), VE) + (oV(RY ), V)
> Guin| V]2 + G | V02 + m(lfull® + [[v]]?)
= Cmax | Vul [[V0]] = C(Omax][Vull + cmax][ VO[] VO™ || L< [|v]]
— Cemax(ClIVO" || Lo 0l] + CCri (m, O)]167 HI2h'=/C o] o) [ V0|
= Binax(CI V" [z [[0]] + CCr (m, Ol 2B =0 0] )| Vo
— (CIVO" Y| oo full + CCrr (m, Ol [l2h = lul| o) | Vul|
— (CIVE" g Jol| + CCrr (m, Ol b =0 0] 1) [V

> (P22 = i (m, O |V
+ (¢l = CaCrar(m, ORI /%) = €y ) V0

+ (m = (Ca+ CaCrma (m, PR3 (1 4¢3 (lul + o)),

where C} is some positive constant independent of m, (. If we choose

_2(Cy+1)
(3.22) (==
(3.23) m > {2<<1 + Cl(#llﬂ))jtcl + 1} +2C4(1 4¢3 +1

(clearly, m and ( satisfy the condition (3.13)) and, with m and ¢ being fixed, choose
h to be small enough such that

(8:24) b <hpg and Coy(m, OB < min (Omin/(4C1), 51 /(2C0), 1),
where h,, ¢ is the positive constant in Lemma 3.1, then we get
(3.25) B"|(u,v), (u,0)] = Cs(||ull{ + v]I7),

where C5 = min(0in /4, 1).
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With m and ¢ fixed, the dependence of C,,_1(m, ) on m and ¢ can be omitted.
Moreover, with the help of (3.20)—(3.24), we find that

(3.26) B"[(u,v), (&, &0)] < Cr([lulls + ol (€l + [I€oll1),

where C7 = 20y + 5(Cy + 1) + 2m + C2(a + B), where m is given by (3.22)—(3.23)
and Cs is the constant in the Sobolev inequality ||ulz2a0) < Csllul|1-

Thanks to the Lax—Milgram theorem, for any given (u,v) € H(Q)x H(Q), there
exists a unique (Rju, Pf'v) € V7 x V7 which satisfies (3.11) and

(3.27) [Rpully + [Pl < Cs([lully + [Jvlly)

for some positive constant Cg which depends only C5 and C7. Furthermore, by
the classical finite element theory for linear elliptic equations (using the approach
of Lemma 3.1 for the L? error estimates), we can derive that

lu = Ryull + hlIV(u = Rpw)| < Co(ullrr1 + [[vllr2) A",
lv = Pl + V(v = Pro)ll < Collullrsr + [[vllr1)h"

for some positive constant Cy which depends only on Cs, C7, and certain norms
qf the exact solution (c,#), independent of Cj for 0 < k < n — 1. We see that
Cr < Co(lc™lr41 + 107 |lr+1)- If we choose

Cio = Co+ max Colllc*[lrs1 -+ 6]41),

then Cp < Cyo for 1 < k < n — 1 implies that C,, < Cyo with the condition (3.24)
which reduces to

(3.28)  h<hme and Cioh'™%/® < min (Gmin/(404),/11 /(2Cy), 1).

The proof of the lemma is complete. 0
From the above proof, we also get the following result.
LEMMA 3.3. There exists a positive constant hy such that when h < hy we have

(3.29) ™ — Rirc™|| + h||V(c™ — Ric™)|| < Cyoh™
(3.30) 10" — Pro" ||+ h|[ V(" — Pro™)|| < Croh™!
form=0,1,2,... N.
In addition to the above result, we also need the following lemma.
LEMMA 3.4.
(3.31) JImg —ng =+l =g I+ RV (0 =g =D +RIV (g =5~ < Curh”™
Proof. Note that

B*((c" = Rpc", 0" — Po"), (&, 80)) = 0,
Bn—l((cn o szlcn79n o P,’l%l@"), (50750)) _ 0

for any (&,&) € V) x V7. The difference of the above two equations with & = 0
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gives
/Q (0" 2V (Rpc™ — Rp~'e) - Ve + "2V (PO — PRl0") - VE] da
+ [ B - B de + (o B — B Eon
= /Q (0" =02V + (" = ") Vi) - V&, da
+ [ [(evEtet = B v (R - o) v,
+ (VR B2 ) 4 g V(R (T - 7)) - Ve do
- [ [(rrer - meyviE2en) v,
+ (PRO™ — PPNOM)V(RY 2" ?) - VE, | da
= J1+ Jo+ J3
and the difference of the two equations with &. = 0 gives
/Q {K(CM)V(P;;W — PP - VEg + 0" 2V V(REET — RN - &
+ T m(PROT — P06 + B — PO, o)on
= /Q [(0"—1%” —0"TEVOMTY) U G+ (TEVON — V) - Vg &
+ (R(c" ) = K(¢" 7)) Vg - V& — " 2VO" T V(PO — PR - &

+ (cnflv(P;:—lenfl _ P;:—Qenfl) 4 (cnfl _ cn72)v(P}?—26m71)
+ Cn72vpf7—2(9n71 _ 0n72) + 0”71V(RZ_1C7171 _ Rz—chfl)

+ (enfl _ 9n72)v(R1}:—20n71) + 6m72VRZ_2(Cn71 _ cn72)) . V,r]’gb 59:| dx
+ (TEV(PE TR0 ) 4+ 0" V(R TR TR) - V(RO — BT @} dx

7.

M-

Il
=~

J

Set & = Ric™ — R} 'c™ and & = P0™ — P '6™ in the above equations. By
using (3.29)—(3.30), we obtain the following estimates:

Ji < /Q [Cetr2(|nR 2 + IV I2) + eV (Rpen — Bp=1em)|?]da,
T < el 2 V(PR 101 — PE20" 1) |2 4 el 2V PR2(67 1 — 07 2) 2,
T el I3 V(R e — RE2 Y2 4+ e |2 [V RE 2 (e — )2,
+ Ot V(R — Rplem) 2
< V(PP — PE2gn )2 4 e V(RN — Ry 22
F O (2 + ) + el Rpe — RN 2,
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Jo < (CIIRRe" = By + | Be" — Ry e | oCh! =) [V (RRer — By~ e™)|
(O — P04 PR — P67 Ot ) [V (Rjen — Ry
< C*e MR — RYeM)P + (Ce + Ch'=9/%)| Ry ™ — Ry e,
T < O 2O |2 + C g |+ el B — B
< OV + O Vg P + | B - B,
Ty < CU B0 — BT 4 V(B — B0 4 O 7 |V
To < IVng | s |V (PRt~ = PR20n= )|V (Pro™ — Pr=07)]| e
+ Ot =L [V P20 s [ Vg ||| Pr6™ — P07 o
< O B — B0 3+ OO B g — g
O [y 4 el PR - B0,
T < VB2 0" — ) Vg 0 — P67 e
VR e = By 2 9 RO — PR 0 e
< O [P + (e + OH =) [ Bpor — B0
FON O R - Ry R
Ts < OI6™ " = 0" 2|1 [ VR 2o | Vg ||| Pr6™ — B0 1o
+ VR (e = D) es [ Vg || Pro™ — P =10"| o
< Ce 72| Vg || + el Pro™ — P ton |,
Jo < C(IVPR20" Lo + VR %" 2| 10)
IV (PRe™ — Pyt ||| Pro™ — P60 s
< €||Ppo" — PrOM|T 4+ Cre | PRt — PR

Since C* does not depend on m, if we choose m to be larger than 3C* and choose ¢

and h small enough, then we derive that
|Rye — By Len|2 + || Pro” — PR tor2

1
< SR ™ = Ry R+ 1Bt ont = Pren )+ O

By our definition of (R, P?), we note that R} = R) and P = P?. Hence, the above

inequality implies that
(3.32) |Rpc™ — Rty + || Pro™ — Prtom||7 < Cr2h™.
Then
In2 —n2 =+ g —np
<t =Ryt — (¢t = RN L+ R — Ry
+10" =Pt — (07 — PR L+ |1 PR — PO
<Ol = " Mg + 116" = 0" lpg1)h” + CTh”
< Crh".

The L? estimates in (3.31) can be performed in a routine way, as
Lemma 3.1. d

in
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The following lemmas can be proved by the inverse inequality and classical inter-
polation formulas.
LEMMA 3.5. Suppose that 7, is a regular division of Q. Then for any v € V},

lullze < Crovgllully,
lullzee < Crah™"2|u],
V] < Crah™|ull,
and moreover,
lull Lo < Cro min(yilr=2, B=2)(Jul® + 7| Vul*)/?,
IVall < Cramin(r™2, k=) (Jull® + 7| Vul )2,
Hereafter we assume that the mesh size 7 and h satisfy the following condition:

(3.33) (Eo 4+ 1)(ylr2 + h'/4) < ey,

where € is a small positive constant to be determined.
By Lemmas 3.2 and 3.3 and the assumption of induction for (2.8), we get

(3.34)  [ler iz, lleg ™ oo, In2 Moo, g~ iz, llef ™ s lleg ™ 1 < Craer
LEMMA 3.6. Foru e V),
111 (u?) = w?|| 2 < CR?||Vul?,
(15 (w?) = u?|lyra < Ch||Vulf.

3.2. A priori estimates. We prove Theorem 2.1 by mathematical induction.
By the initial conditions for (2.6)—(2.7) and Lemma 3.3, (2.8) holds for n = 0. We
assume that for some Fy > 0, (2.8) holds for 0 < n < k — 1. We need to show that
there exists such a Fy so that (2.8) also holds for n = k with the same Ey.

Here we assume that the system (2.6)—(2.7) has a solution (c},6}). Since the
projection pair (Rju, Pf'v) satisfies (3.11), (3.4) can be written by

(Deel, &) + (01 Ve, VE) + (ael, &c)on
(3.35) = —(ch Ve VE) + T (&) + Tb(E)-
By (3.3) and Lemmas 3.3 and 3.4, for 1 <n < k we have
f(e) = —(ed T V(BTN 4 e T V(R VE)
— (T(ep 0 —T(Ry e, PR tom 1), €)
< (e Hlzs V(R0 = 6" HLs + [ler VO™ o) [ VE|

336y (Ied el V(R = )lzs + lleg NIV ) Ve
+O(ler M+ lles e
< Cua [P HS(ler Yl + e M) + (et + s D] 1Ee s,
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(3.37)
T (&) = (e~ =)V (P10 1), V&)

+ (g™ =g ) V(R ™), VE) + (g V(R ™™™t — Rje™), VEe)

+ (F(Cn_l, on—l) _ F(szlcn—l’ P}’;’L*l@ﬂ—l), fc)

— (D, &e) + (R, &) + (R, VE) —m(n, &) — (Cn_lv(ng - 77371), \%39)

< Cua(m+ R ) e
Setting . = e in the above estimates and choosing €3, h to be small enough such
that Clze; 'h?~ 43 < €5 < Opmin/8, we get
aled) +Ji(ed)

< Cusey [+ R + el P+ lleg M I1PT + eI Ve~ P 4+ [IVeg 1P + llelII3),

where C15 = C%; + C%,. The equation (3.35) with &, = e” reduces to

1 T Hmin n
(3.38) §Dt||€’?||2 + §||Dt62||2 + THVEC |12
< Cuse; T+ T2+ e[ Vel 1P + Ve 1P
+ Crsex (llel® + lleg = 1 + ller1%).

The above inequality holds for any €3 > 0. If we choose €2 = 61in/16, then by the
induction assumption the above inequality reduces to

Hmin
| ver|?

1 n 2 T2 ni|2
(3.39) 5~ Cue7 | lecl® + 51 Deec” +

< (017E0 + Ci7EoT + 0177-)(7- 4 hr+1)2,

where C16 = 16C15/0min and C17 = 3C16 + Omin/16 + 1/2. Therefore, if 7 is small
enough such that

1
CieT < Z,

the inequality (3.40) together with Lemma 3.5 implies that

(3.40) Mo < Cis(Eo +1)% (yfir® + hH174/2),
(3.41) IVer|l < Cis(Eo + 1)(7% + h7),

where Cig3 = \/012017(4+4/0min). If we choose ¢; and h so small that (Ci2 +
Cig)er < /4 and Ciph"t! < € < 1, then Lemmas 3.3, 3.4, and 3.5, the estimates
(3.33) and (3.40)—(3.41) imply that

ler lpee + [lef|Le < (Ci2 + Cis)er, [m2 e + il L < 2e,
and

g ag
(342)  lellie + G e < Cro SR 20, ST 20,

where Chg = 2||C||LOO(Q><(O,T)) +o0/4+4c/(2C12 + 2C43).
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By taking &y = e} in (3.5) and noting that
(o + ™) Deeg, ef) = Dt((ff +Rpc"), (€§)?) + (el ™ Dreg, €f)
n _n n T n— n— n
- §(DtRhC  (e5)?) + 5((0 + Ry, (Deeg)?)

and (3.11), we get

1 o o T 1o "

S D (2 + REC), (e8)?) + TDueR) + S (o + Ry~ e ™), (Die)?)

+ (e Dyel, en) + (H(cz_l)Veg, Veg) + (Bey, eq)on
—((cp'Vey t +0771Vel) - Vey ef)

(De(Ryic™), (e§)?) + T (eg) + Jga(eq)-

N)I»—A

By taking & = 515 (e})? in (3.35),
1 n n\2 1 n n\2 n\2 1 n—1 n—1 n—1 n n\2
§(Dt€ca (eg)”) + §(Dtec’1h(69) — (eg)”) + E(Ch Vey ™ + 0, Ve, VIn(ef)”)
1 n n\2
+laeg, In(eg) ) on
= i (5n(e0)?) + T (510(eR)?)-
Summing up the last two equations and noting that
1 n n\2 n—1 n .n 1 n n\2 T/ n—1 n\2
S(Diel, (e§)°) + (e Duef,ef) = 5 Dulel (e5)?) + Z(en ™, (Dief)?),

we get (using the notation defined in (3.6)—(3.9))

5D (5 +chs (e5)2) + TDile ) + 5 (o + i~ (Dre)?)

+ (ﬁ(cZﬁl)Veg,VeZ) + (Bey, eq)on

n 1 2 1 n n\2
= c1(§lh(€9) )+J02( In(ep) )+J91 eg) + Jooley) — §<aecalh(69) )

+§(Dtecﬂ(60) — In(ep)?) + 5 (Dec”, (e 5)?) — §(Dt77¢a(69)2)
1

+ 5(02‘1%3‘1 + 0, 1Vel, Vi(eg)® — In(eg)?])
n 1 n\2 n n

(343) = J. (5[}1(69) ) +JCQ( Ih 69 ) +ZJ 69 + ng 69 + Z J

=10

Since the discrete energy flux due to the mass convection is just the mass flux multi-
plied by temperature, the major nonlinear term ((c} 'Vep ™' + 077 'Vel) - Vep, el)
from the convection vanishes by combining these two discrete systems. The remainder
J14 can be dealt with using Lemma 3.6.

We need to estimate each term on the right-hand side of the above equation. By
using (3.31), (3.34), (3.36), (3.37), (3.40)—(3.41), the condition (3.33), and Lemmas
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3.2-3.4, we have

n 1 n — n— n— n— n— n
Jd(yh(ee)?)\wzo[hl 0(lle M + llep 1) + et + lleg ™ ]I (€)1

< Coo(Craerh' =6 + Bo(r + h™FY)) |lep | o< [lef |1
< 2C0ge€1 e |3,
[T (I (e5)?)] < 2C1(r + ™) [leg | e leg | < Cazerlleg I3,
T3 () < (lef ™ I zoe 1 Diemg || + 1D0™ || o<l D [leg I
< Coa(rh™ =2 e M + e M Dlleg |l < Coser el I* + e fleg ||,
T3 ()] < llcp o= IVng sl Veg gl Lo
+ e o= V0" iz Veglllleg
F 108 e IV~ sl Veg lllleg [l o
+ 105 = IV = IVeg|lleg |
< Coser Hleg | + e Vey 1%,
T8 (e5)| < Corey tlley ™ 1* + Carey el ||* + er|| Veg |12,
[J§ (eg)] < ((eg ™ (VO™ = Vg ™) + eg (V" = Vi) - (V0" = Vi), )
< ||6271||(V9”71V9n — V9”71V773
— Vg TIVO" + VTVl s lle | o
+ leg MV VO™ = Ve Vg — VnEve" + Vi Vgl slleg || s
< Cogey Hled7H1? + Caser e 1 + elleg |13,
I3 (e)] < Coo(ller ™ Lo I Vmg s + VO™ | oo ller DIV eg |
< Caoey et H1? + Caoer [ Vel T|* + e[| Veg |17,
T3 ()| < Car(lleg ™ 1> + ller11” + lleg 1),
|5 (e§)] < Caz(lleg ™ I” + lleg 1),
| T < Caslle2l| = (1n(ef)? = (e5)? ]l 1 o0y + l1(€5)? |21 00)
< C34(Crz + Cig)er ([ In(eg)? = () [lwrr + [1(e§)?lwr)
< Caserleg||® + Casen | Veg ||,
| T35] < Cllegllza < Callegll” + eall Veg |,
T35l < Cllegllzs < Celleg ) + el Vep |,
[Tl < C(IVey ™ o= + IVelll =)V (In(ef)* = (e5))]| 1
< Cy7(Eo + 1)(7% + BRI Y/2||Vep|[?

< Cgrer||Veg|1?,

| (eg)| < exlleg || + exl|Veg || + Caoey (7 4 ™).



106 YANREN HOU, BUYANG LI, AND WEIWEI SUN

It remains to estimate Jy; = %(Dte’g, (em)? — In(el)?). Let & = Dye” and use
(3.4). We have
IDiell? = (-1 Vep~ + 81V er, Y Del) — {ael, Dielhon
+ (0" + "IV ), VD) + (i V (P07, VDgel!)
(3.44) (o, Duelon + T (D) + T(Deel)

With (3.34), it is easy to see that

|(CZ_1V€g_1 + 92_1V62, VD.el)|
< Caoez H(Eo + 1)(T + W) R + eg]| Dyel ||,
[(ae?, Died)oql
< Cllaeg Deeg |lwra
< C(leg], [Deeg]) + C(IVe], [Deeg]) + C(lez |, [VDeer|)
< Cueg ' (Eo+1)(m + W20 7% + e Dyl |7,
(0" + " Vng), VDyerl)
< Caoes (T + W2~ + €3] Diel |12,
(v (P10 1), VDyel)|
< Lol V(P10 = 1,6" 1) || Lsh ™| Deel|
+ 2 NIV IR oo ™| Dyl
< Cuzeg (T +h )W + es]| Dyel |,
[{ang', Dieg)oql
< C(|n|s [Deec]) + C(IVnl, [Deeg|) + C(Ine |, [V Dee|)
< Cuaeg (1 + h)?07% + 6| Dyl |12,

and by (3.36)—(3.37),

" (Deel) < O456§1(E0 + 1) (7 + hr+1)2h_3 + 63||Dt€?||2,
" (Diel) < Cysez (1 + W22 4 3] Diel .

By choosing a small €3, (3.44) reduces to

| Dsel||? < Cag(Eo + 1)( + A™F1)2h 72,
On the other hand, from (3.40) we see that

| Dee™||* < Cyr(Eo + 1) (1 + A" )22,
Therefore,

||Dt62||2 < (EO + 1) min(C477'72, C46h74)(7' + hr+1)2 < C48(E0 + 1)
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Using Lemma 3.6, we get
12J11] = [(Deel, I (e5)* — (e)?)]
< || Deel || 17 (eg)? — (eg)?]| 1
< Cio(Eo + 1)R*~ 42| Vey|?
< Caoer | Veg I,

where we have used the assumption (3.33).
Substituting the above inequalities into (3.43) leads to

o 1 o 2
ﬂ#W+jW—+#£ |+ marlves

< TP 4+ |2 + e+ Cartr ey
+Croar7([Ver HI” + [ Ve |* + ||V63*1||2 +[Veg|?)

+ Ceym(lleg ™M I + lle2ll* + lleg 1% + lleg 1),

where C5¢ depends on the constants Cyp up to Cyg, and C¢, is a positive constant
which depends on ¢;.

Finally, we recall that (3.38) holds for any e3. Add (3.38) times 16C50€1/6min tO
the above equation with €3 = 61yin/16. Then we obtain that for 1 <n <k,

805061 g 1 g 2
et + Fhes I+ 5 /5 +che

+3Cs0er7|| Ve | + ( — Cs0e1)7||Vey |12

805061 en— 1 2 2 n—1 n 1
(345) < et S 4 5 /5 + b
I

+ 2050617’||V62_1”2 + O50617'||V€9 2
+Ca (€2 l” + et I* + lleg | + lleg = I1%) + Ceym(r + A2,

By the discrete Gronwall inequality, we obtain

n
leg1? + llegll® +7 - (IVer|® + Ve |?) < Csi(r + A7)
m=1
for 0 < n < k, where C5; depends only upon C5¢ and independent of n, h, 7, and Ej.
From the above equation, we can see that the constant Ey in (2.8) can be chosen
as Cs1. Then we complete the mathematical induction. The condition (3.33) thus
reduces to

T<71 and (Cs + 1)("/,‘?7% + h1/4) <€

for some positive constants 7y and €1, which hold if 7 and & satisfy the condition
of Theorem 2.1 with proper constants hy and pg. Finally, the inequality (2.9) is a
combination of (2.8) and Lemmas 3.3 and 3.4.

3.3. Existence and uniqueness. Clearly, the numerical solution (¢}, 6}) can
be obtained by solving the system (2.6)—(2.7). However, this system is not linear for
the pair (c},07). Thus the unique solvability of the system does not follow immedi-
ately from the boundedness of the numerical solution. Since (2.6) is a linear system
for ¢}, it is obvious that (2.6) is uniquely solvable once ¢}~ and 6}~ ' are known. If
i, cZ‘l, and 92‘1 are known, the estimate (2.8) still holds if we set the right-hand
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side of (2.7) to be zero. Hence, the homogeneous linear system (2.7) has only the
trivial solution (otherwise there exist solutions which are unbounded). The proof of
Theorem 2.1 is complete. a

4. Numerical examples. In this section, we present two numerical examples.
The computations are performed with the software FreeFEM-++.

Example 4.1. First we consider an artificial example to confirm our theoretical
analysis. The system is defined by

(4.1) Oc — V- V() = -T(c,0) + f,
(4.2) O(cd+00) — V- (0V(ch) — V- (6(c)VO) = A+ )T (c,0) + g,

where k(c) =1+ ¢, I'(c,0) = ¢v/0 — ps(0), and p,(#) = #2. The boundary conditions
are

(4.3) V() -i=pu—ec, k(c)VO-T=2(r—60) on 09,

where Q = (0,1) x (0, %) and 0 < ¢t < 1. The functions f, g, u, and v are chosen
correspondingly to the exact solution

oz, y,t) =1+ e Tv02 O(z,y, 1) = 2+ e Y=02t,

The initial conditions are given by the above exact solution.

A uniform triangular partition with M nodes in the horizontal direction and M/2
nodes in the vertical direction is used in our computation. We solve the system by
the proposed splitting Galerkin method with a linear element method and a quadratic
element method, respectively. To confirm our error estimates, we choose 7 = 1/M?>
for the linear element method and 7 = 1/M?3 for the quadratic element method. Thus,
our estimates in Theorem 4.1 become

(4.4) lleiy = eIl + 16 — ™[] < Ch™

We present in Table 1 the error of the linear Galerkin method and in Table 2 the
error of the quadratic Galerkin method, respectively, in L2 norm with M = 20, 40, 80

TABLE 1
L? error with piecewise linear FEM with 7 = 1/M?.

[len]] Order lleg |l Order

t M =20 M =40 M =80 (h7) M =20 M =40 M =80 (h7)
0.25 | 7.188E-4 1.787E-4  4.503E-5 1.99 2.415E-4  6.070E-5 1.534E-5 1.98
0.50 | 8.076E-4 1.484E-4 3.745E-5 2.21 2.686E-4 5.078E-5 1.284E-5 2.19
0.75 | 7.993E-4 1.364E-4 4.685E-5 2.04 2.696E-4 4.812E-5 1.612E-5 2.03
1.00 | 5.800E-4 1.292E-4 3.557E-5 2.01 1.999E-4 4.645E-5 1.243E-5 2.00

TABLE 2
L? error with piecewise quadratic FEM with T = 1/M3.

[len]] Order llegll Order
t | M=10 M=20 M=40 (') | M=10 M=2 M=40 (&)
0.25 | 2.585E-4 3.235E-5 4.043E-6 2.99 9.808E-5 1.227E-5 1.534E-6 2.99
0.50 | 3.057E-4 2.761E-5 3.451E-6 3.23 1.110E-4 1.055E-5 1.318E-6 3.19
0.75 | 3.047E-4 2.546E-5 4.436E-6 3.05 1.103E-4 9.882E-6 1.631E-6 3.03
1.00 | 2.928E-4 3.352E-5 3.303E-6 3.23 1.068E-4 1.245E-5 1.243E-6 3.21
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TABLE 3
L2 error at each time level with h = 1/80 and T = k/M.

llec |l lleg I

t k=5 k=10 k=20 k=5 k=10 k=20
0.25 | 1.514E-2 2.856E-2 5.035E-2 | 5.998E-3 1.222E-2  2.414E-2
0.50 | 1.865E-2 3.640E-2 6.993E-2 | 6.800E-3 1.332E-2  2.636E-2
0.75 | 1.894E-2 3.759E-2 7.410E-2 | 6.846E-3 1.357E-2  2.638E-2
1.00 | 1.834E-2 3.670E-2 7.314E-2 | 6.665E-3 1.330E-2 2.646E-2

at different times t. We can see clearly that the numerical errors for both the compo-
nents, temperature and vapor concentration, are proportional to R" 1, r = 1,2, which
confirms our theoretical analysis in previous sections. We also test the linear Galerkin
method with M = 80 and large time steps 7 = 5/M,10/M,20/M. The results are
presented in Table 3. Numerical results show that the scheme is stable for the large
time steps, although the numerical results with 7 = 20/M seem not very accurate.

Example 4.2. The second example is a textile assembly with a porous bat-
ting sandwiched by two covering layers, which was investigated in [10, 27] for the
single-component model with finite difference methods and finite volume methods,
respectively. A polyester batting and two nylon covers are tested here. The values
of all these physical parameters can be found in [10, 14]. We test the problem in
the rectangular domain = (0,0.0492) x (0,0.5) up to 24 hours. We assume that
the inner boundary (z = 0) is connected to a human body and the outer boundary
(x = 0.0492) is exposed to a cold environment. The temperature at the inner and
outer backgrounds is fixed at ¥ = 248K and v = 308 K with relative humidity of
Ry = 100% and Ry = 90%, respectively. Therefore the inner and outer background
vapor concentrations are given by

Psat (V)
"Ry
We apply the commonly used flux type boundary conditions [10, 14] in our simulation,
where a; = 0.0070 and 31 = 0.9542 for x = 0 and as = 0.0017 and 52 = 0.1083 for
x = 0.0492, as given in [10, 14]. We assume that no flux passes through the boundary
at y =0and y = 0.5 (i.e., « = § =0). To compare with the experimental data in [9],
(1.1)—(1.2) are coupled with a a water equation [14]

4.5) O (pw (L — W) =T,

=R at =0 and z = 0.0492.

—~

where py is the density of water and W is the water content relative to the fiber
weight.
The initial conditions are given by

Pt (T(,0))

C(z,0) =0.65 RT(2.0)

T(x,0) =298K, W(z,0)=0.

We apply the splitting linear Galerkin method for solving the vapor-temperature
system defined in (1.1)—(1.2) and the Euler scheme for the water equation (4.5) with
a uniform triangular partition of 200 linear triangular elements and 7 = 10s. The
Galerkin method with a smaller time step and spatial step is also tested to confirm
our numerical results. We present in Figure 2 numerical results of vapor concentra-
tion, temperature, and water content on the line y = 0.25 at 8 hours and 24 hours,
respectively. Comparisons with experimental measurement of water content done in
[9] are given in last two subfigures.
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F1G. 2. Numerical results of Example 4.2.

5. Conclusions. We have presented a splitting Galerkin method with error anal-
ysis for a system of parabolic equations from heat and sweat transport in porous
textile media. Similar models can be found in many other areas [2, 12, 13, 21, 22].
Numerical simulations have been done extensively for different applications. How-
ever, error analysis of existing numerical methods for such a nonlinear system has not
been explored. The problem is especially challenging due to the strong nonlinearity,
degeneracy, and coupling. Since the scheme is decoupled for the system, the method
is efficient for problems in high-dimensional space. It is also noted that theoretical
analysis for the system of nonlinear parabolic equations is very limited. Existence of
strong solutions has not been proved yet, while we believe that the physical system
has a unique classical solution.
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fessor Claudio Canuto, and three anonymous referees for their valuable suggestions
and comments.

REFERENCES

[1] M. BENES AND J. ZEMAN, Some properties of strong solutions to nonlinear heat and moisture
transport in multi-layer porous structures, Nonlinear Anal. Real World Appl., 13 (2012),
pp. 1562-1580.

[2] C. CaNuTO AND F. CIMOLIN, A sweating model for the internal ventilation of a motorcycle
helmet, Comput. & Fluids, 43 (2011), pp. 29-37.

[3] C. CHAINAIS-HILLAIRET AND J. DRONIOU, Convergence analysis of a mized finite volume scheme
for an elliptic-parabolic system modeling miscible fluid flows in porous media, SIAM J.
Numer. Anal., 45 (2007), pp. 2228-2258.

[4] A. CHENG AND H. WANG, An error estimate on a Galerkin method for modeling heat and
moisture transfer in fibrous insulation, Numer. Methods Partial Differential Equations, 24
(2008), pp. 504-517.



ANALYSIS OF GALERKIN METHODS FOR SWEAT TRANSPORT 111

F. CmmoLIN, Analysis of the Internal Ventilation for a Motorcycle Helmet, Ph.D. thesis, Po-
litecnico di Torino, Italy, 2008.

C. Du AND D. LiANG, An efficient S-DDM iterative approach for compressible contamination
fluid flows in porous media, J. Comput. Phys., 229 (2010), pp. 4501-4521.

R.E. EWING, ED., The Mathematics of Reservoir Simulation, SIAM, Philadelphia, 1984.

R.E. EWING, Y. LIN, T. SuN, J. WANG, AND S. ZHANG, Sharp L?-error estimates and super-
convergence of mized finite element methods for non-Fickian flows in porous media, SIAM
J. Numer. Anal., 40 (2002), pp. 1538-1560.

J. FAN, X. CHENG, AND Y.S. CHEN, An ezxperimental investigation of moisture absoption and
condensation in fibrous insulations under low temperature, Experiment. Thermal Fluid
Sci., 27 (2002), pp. 723-729.

J. FaN, X. CHENG, X. WEN, AND W. SUN, An improved model of heat and moisture trans-
fer with phase change and mobile condensates in fibrous insulation and comparison with
experimental results, Int. J. Heat Mass Transfer, 47 (2004), pp. 2343-2352.

X. FENG, On existence and uniqueness results for a coupled system modeling miscible displace-
ment in porous medium, J. Math. Anal. Appl., 194 (1995), pp. 883-910.

G. HENRIQUE, D. SANTOS, AND N. MENDES, Combined heat, air and moisture (HAM) transfer
model for porous building materials, J. Building Phys., 32 (2009), pp. 203-220.

H. Huang, P. LIN, AND W. ZHOU, Moisture transport and diffusive instability during bread
baking, SIAM J. Appl. Math., 68 (2007), pp. 222-238.

H. HuaNng, C. YE, AND W. SUN, Moisture transport in fibrous clothing assemblies, J. Engrg.
Math., 61 (2008), pp. 35-54.

F.E. JONES, Evaporation of Water, Lewis Publishers, Chelsea, MI, 1992, pp. 25—43.

C. LE AND N. G. Ly, Heat and mass transfer in the condensing flow of steam through an
absorbing fibrous medium, Int. J. Heat Mass Transfer, 38 (1995), pp. 81-89.

B. Li, W. SuN, AND Y. WANG, Global existence of weak solution to the heat and moisture
transport system in fibrous media, J. Differential Equations, 249 (2010), pp. 2618-2642.

B. L1 AND W. SuUN, Global existence of weak solution for nonisothermal multicomponent flow
in porous textile media, SIAM J. Math. Anal., 42 (2010), pp. 3076-3102.

A. MIKELIC, Mathematical theory of stationary miscible filtration, J. Differential Equations, 90
(1991), pp. 186-202.

E.-J. PARK, Mized finite element methods for generalized Forchheimer flow in porous media,
Numer. Methods Partial Differential Equations, 21 (2005), pp. 213-228.

P.T. SUN, Modeling studies and efficient numerical methods for proton exchange membrane
fuel cell, Comput. Methods Appl. Mech. Engrg., 200 (2011), pp. 3324-3340.

P.T. SuN, Efficient numerical methods for an anisotropic, nonisothermal, two-phase transport
model of proton exchange membrane fuel cell, Acta Appl. Math., 118 (2012), pp. 251-279.

S. SUN AND M.F. WHEELER, Symmetric and nonsymmetric discontinuous Galerkin methods
for reactive transport in porous media, STAM J. Numer. Anal., 43 (2005), pp. 195-219.

W. SUN AND Z. SUN, Finite difference methods for a nonlinear and strongly coupled heat and
moisture transport system in textile materials, Numer. Math., 120 (2012), pp. 153-187.

H. WaNG, An optimal-order error estimate for a family of ELLAM-MFEM approzimations to
porous medium flow, SIAM J. Numer. Anal., 46 (2008), pp. 2133-2152.

K. WANG AND H. WANG, An optimal-order error estimate to Ellam schemes for transient
advection-diffusion equations on unstructured meshes, SIAM J. Numer. Anal., 48 (2010),
pp. 681-707.

C. YE, B. L1, AND W. SUN, Quasi-steady-state and steady-state models for heat and moisture
transport in textile assemblies, Proc. Roy. Soc. A Math. Phys. Engrg. Sci., 466 (2010),
pp. 2875-2896.

Q. ZHANG, B. L1, AND W. SuUN, Heat and sweat transport through clothing assemblies with
phase changes, evaporation/condensation and fiber absorption, Proc. Roy. Soc. A Math.
Phys. Engrg. Sci., 467 (2011), pp. 3469-3489.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


