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Abstract

In this paper, we first get the uniqueness result of the possible solution
to the steady-state coupled Stokes/Darcy model with Beavers-Joseph in-
terface condition for any physical parameters, especially for any a > 0.
Then we show the existence of solutions for any o > 0 by using Galerkin
method. Furthermore, we analyze the error of the corresponding coupled
finite element scheme and derive the optimal error estimates.
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1 Introduction

Because of the important applications in real world, the mixed Stokes/Darcy
and Navier-Stokes/Darcy model received much attention in both theoretical and
numerical aspects in last decades. Many numerical methods have been studied
for such mixed models, including coupled finite element methods [l 2, [7, 10, 26,
33, B, discontinuous Galerkin methods [L1, 21, 25, B1, B2], domain decompo-
sition methods [§, 13, 14, 15, [16, L7, 18, 19, 23], Lagrange multiplier methods
[22, 27], interface relaxation methods [28, 29], and decoupled methods based on
two-grid or multi-grid finite element [4, b, 24, B0, 86, B7, B&]. Although there
are so many literatures that made great contribution to the numerical simula-
tion of the steady-state mixed Stokes/Darcy and Navier-Stokes/Darcy model
with different interface conditions, some basic mathematical problems related
to these coupled systems still remain unresolved. For examples, the existence
of a weak solution to the steady-state mixed Navier-Stokes/Darcy model with
Beavers-Joseph (BJ) or even more simpler Beavers-Joseph-Saffman (BJS) in-
terface condition for general data and therefore the global uniqueness of the
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weak solution, the well-posedness of the steady-state Stokes/Darcy model with
BJ interface condition for any physical parameters keep unresolved. For the
steady-state Stokes/Darcy model with BJ interface condition, the authors in [§]
show that the coupled system is well-posed for small physical experiments deter-
mined parameter o > 0 and then they established the error estimations of the
coupled finite element approximation based on this small o assumption. In this
paper, we focus our attention in investigating the well-posedness of this steady-
state Stokes/Darcy model with BJ interface condition for any given physical
parameters, especially any o > 0 and try to establish the error estimates of the
coupled finite element approximation for any a > 0. The difficulty to do this is
that, for large a > 0, some interface bilinear form in the weak formulation of
this model could not be absorbed in the other positive terms as is pointed out
in [6]. The main idea in our investigation is to expanding the coupled model
to a larger coupled system and try to make that bilinear form be absorbed in
some newly appeared positive terms.

The rest of this paper is arranged as follows. In section 2, we give a brief
introduction to the steady-state Stokes/Darcy model with BJ interface condition
and its weak forms. In section 3, we give some technique lemmas for the later
analysis. In section 4, we first get the uniqueness result of the possible solution
to the steady-state coupled Stokes/Darcy model with Beavers-Joseph interface
condition for any physical parameters, especially for any « > 0. Finally, we show
the existence of solutions for any a > 0 by using Galerkin method. Furthermore,
we analyze the error of the corresponding coupled finite element scheme and
derive the optimal error estimates in section 5.

2 Mixed model with BJ interface condition

Let us consider the following mixed model for coupling a fluid flow and a porous
media flow in a bounded smooth domain Q ¢ R%, d = 2, 3. Here Q = Q,ul'uQ,,
where Q¢ and Q,, are two disjoint, connected and bounded domains occupied
by fluid flow and porous media flow and I' = ﬁf N ﬁp is the interface. For
simplicity, we assume 0f2, and 92y are smooth enough in the rest of this paper.
We denote I'y = 092y N 0N, I'y, = 09, N OS) and we also denote by n, and ny
the unit outward normal vectors on 9€), and 01y, respectively. Furthermore,
I',, consists of two disjoint parts I',q and T'p,. We also assume |T's|, [T'pq| > 0.
See Figure m for a sketch.

In the rest of this paper, we always use boldface characters to denote vectors
or vector valued spaces. For examples, for any given bounded domain D, we
denote

L?(D) = L*(D)?, HY(D)=H'(D)?, H?(dD)= H?(0D)".
The fluid motion in the fluid region {2 is governed by the Stokes equations

—V - (T (us,ps)) = g, 0y, (2.1)
V.uy =0, in Qf, ’
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Figure 1: A global domain € consisting of a fluid flow region ; and a porous media
flow region €2, separated by an interface I'.

where
1
Ty (us,ps) = =pfI+ 2D (uy), D(uy) = (Vuy + Viug),

are the stress tensor and the deformation rate tensor, v > 0 is the kinetic
viscosity and gy is the external force.
The fluid motion in the porous medium region €2, is governed by

{ V-uy = gp, in Q,,

w = KV, inQ, (22)

where K denotes the hydraulic conductivity in €2, which is a positive symetric
tensor and is allowed to vary in space, and g, is a source term. The first
equation is the saturated flow model and the second equation is the Darcy’s
law. Here ¢, = z + 2 is the piezometric (hydraulic) head, where p, represents
the dynamic pressure, z the height from a reference level, p the density and g
the gravitational constant, and uy is the flow velocity in the porous medium
which is proportional to the gradient of ¢,, namely, the Darcy’s law.

Combining the two equations in (P.2), we get the equation for the piezometric
head, which we will refer to it simply as the Darcy equation:

— V- (KV¢,) =gp, inQ,. (2.3)

The above equations (@) and (@) are completed and coupled together by
the following boundary conditions:

ur=0 only, KV¢, -n,=0 only,, ¢, =0 onl,, (2.4)



and the interface conditions on I':

s -nyg— ]KVgﬁp ‘1, = O,

—[T,(uy,py) -ny]-np = g(dp — 2), (2.5)

[Ty (ug,pp) ] i = 2 (uy + KVG,) - 7,
where 7;,7 =1,--- ,d—1, are the orthonormal tangential unit vectors along I',
is an experimentally determined parameter and II represents the permeability,
which has the following relation with the hydraulic conductivity, K = %. The
first condition is the mass conservation, the second one is the balance of normal
force and the third interface condition means the tangential components of the
normal stress force is proportional to the difference of the tangential components
of the fluid flow and the porous media flow velocities, which is called the Beavers-
Joseph (BJ) interface condition (see [B] and [34]). For more details of these
equations, we refer readers to [21] and [30)].

Furthermore, we assume

gr €L%(Qy), g, € L*(Q,), Ke L®(Q,)" (2.6)

In the rest of the paper, we assume that there exist two constants Apq. >
0, Amin > 0 such that

0 < Amin)X|? < Kx-x < Mpaa|x[?, Vx € Q,. (2.7)

From now on, we always use (-,-)p and ||-||p to denote the L? inner product
and the corresponding norm on any given domain D.
Now let us introduce some Hilbert spaces

Xf = {Vf € Hl(Qf) : Vf|Ff = 0}7
Xp={p € Hl(Qp) : wp‘l“pd =0},

Qr = L§(Qy) = {qr € L*(Qy) : /S2 qr =0},
f

where X is equipped with the following inner product and the associated norm

(v wp)x, = (D(vg),D(wp)a,,  ID(vp)lla, = /(D(vs), D(v))a,,

while X, is equipped with the following inner product and its associated norm

(W &)x, = (KEV, KEVE)a,,  IKE VY, o, = /(K3 Ve, KEVy,)a,,

and @y is equipped with the usual L? inner product and its associated norm.
Since |I'¢|, |T'pa| > 0, thanks to the Korn’s inequality and the Poincaré inequality,
the above norms are equivalent to the usual Sobolev norms.

Sometimes in the rest, we need the following subspaces of X,

Xpdiv ={pp € Xp : V- (KV1y) € Lz(Qp)}v
Xg()),div ={p € Xp : V- (KV1p,) = 0}.



Let us denote
U= Xf X Xp.

Henceforth, we use the notational convention that u = (uy,¢,) and v =
(vf,1¥p). They all belong to U. Now_the weak formulation of the mixed

Stokes/Darcy model (@), (@), (@), (@) reads as follows (see [B], [21], [27]
and [30] for details): for gy € L?(2y) and g, € L*(£,), find (u,ps) € U x Qy
such that V(v,qr) € U x Qy

(Q) a(u,v) — (pf, V- vy)a, +(¢r, V- us)o, =<F,v >y,

where

G(E7X) = QV(E(uf)v ]D(Vf))Qf + g(¢P7 Vi nf)F
n avvd
trace(IT)
—i—g(]KV(ép, va)ﬂp - g(ww Uy - nf)F
<F,v>u=(gs,vs)a, +9(9p, ¥p)a, +9(z, vy -ny)r,

P (uy +KVo,),vs)r

and U’ is the dual space of U, P,(-) is the projection onto the local tangential
plane that can be explicitly expressed as Pr(vf) = vy — (vy -ng)ny.

Thanks to [21], we know that there exists a positive constant 5 > 0 such
that the following Ladyzhenskaya-Babuska-Brezzi (LBB) condition holds:

V-v
it sup VoV g (2.8)
11€Qs vyex; llarlloy Ivellx,

If we define the following divergence-free space
VfZ{Vf EXf: V-VfZO},

and introduce
V = Vf X Xp,
the restriction of the test function v to V in (Q) leads to the following reduced
weak form: find u € V such that Vv € V
(P) a(w,v) =<F,v >v' .

By the same argument in [20], we know that the problem (@) and (P) are
equivalent.
For the purpose of later analysis, we recall some inequalities: Vv € H!(D)

”v”LQ(BD) < COHU”Ez(D)HU”E]l(D);
lvllz2op) < erllvllmi(pys
IVollL2(py < c2l|D(v)|L2(p)-

Here and hereafter, we always use ¢; and C; to denote positive constants
which are not dependent on the data of the problem.



3 Technique Lemmas

In this section, we first give two lemmas which are curial for our later analysis.
We use D(R?) to denote the space of infinitely differentiable vector valued
functions with compact supports in R and D(Q,) = {v|q, : v € D(R%)} the
space of bounded infinitely differentiable functions in domain (2,,.
Let

HE( )_{wPEH( p):¢p|1“p:0}~

We denote by H=(8Q,) = H' ()]0, and Hz(T') = H'(Q,)|r the trace spaces
on 09, and I' equipped with the following norm

ol = [ P D 1)t

where 4 = 8Q, or I'. Their dual spaces are denoted by (H2(0%,)) and

1
(H2(T')). We also consider the trace space HE(T) = Hy(Q,)|r, whose norm is
as follows:

Wl s = (1wl ||¢”||Lz o),

1, (1) 13 ()

where 7 is the distance function to the end-points of I' (see [21]). Sometimes we
will use vector valued trace spaces, their definitions are the same as the above
scalar valued trace space.

In addition, we introduce a Hilbert space

H(div, Q) = {1, € L*(Q,) : divp, € L* ()},
equipped with the inner product and its associated norm

[¢p7£p]ﬂp = (¢p>£p)ﬂp —+ (diV"/JpvdiVSp)Qpa |H'¢'p|||£22p = W’pa wp}ﬂp

Suppose h > 0 is a positive small constant, let us denote by 7" = {K} a
regular triangulation of Q,, X? ¢ H'(Q,) and XP¥ < XP N HL(Q,) are two
finite element spaces over €,. In addition, we introduce some finite dimensional

trace spaces H}% (09) = X} ]aq, and H}% (') = X}'|r equipped with the norm of
Hz(99,) and Hz (I, respectively. Let (Hh% (09,))" and (H}% (T"))" be the dual
spaces of Hé (092,) and H}% (T"). We also introduce Hf%,oo (T) = XP"|p, which is
a closed subspace of H}% (') in the sense of Hz(I') norm because of the finite

dimensionality of H} 5 (T).
Now, for any w € L%*(Q,), we give a discrete analog of the divergence
operator divy, from 12 () to X7

(divhwww;ﬁh)ﬂp = (’lnbp : np7¢ph)8ﬁp - (¢p7 vah)ﬂpa prh € X;Zz (31)
It is clear that

divyp, € L2(Q,) <= 1, - n, € (HE (09,)).



Now for such a triangulation 7, = {K}, we define a Hilbert subspace of
L?(Qy):
H(divy, Ty) = {1, € L*() « [divatp,[lo, < oo},

which is equipped with the following inner product and its associated norm
(¥, Epln0, = (¥, €0, + (divitp, divi€,)a,, 1,70, = [, )0,

Furthermore, from the definition of divy, for any given 1, € H(div,,), we
can easily verify that

(divh¢pv "/}ph)ﬂp = (div/l!]p? 'l/}ph)ﬂpv V%h S X}ZL) (32)
Lemma 3.1. The space D(Q,) is dense in H(divy, T}F).
Proof. Readers can find the proof of this lemma in the Appendix. O

Corollary 3.1. For any 1, € H(divy, T}"), there holds

[, - 1y < Iyl

1 h,Q,-
(H? (09p)) i

Once we have Lemma @ and (@), the above result can be obtained by
completely the same argument for the similar result in H(div, €2,) in textbooks.

Lemma 3.2. There exists a positive constant Cy that may depend on KK and T’
such that

[P (K ) | < Cil[[BVpllla,, (3-3)

(HE,())’
for any ¢, € X,, with KV, € H(div, Q).
Proof. The detail proof can be found in the Appendix. O

By the same procedure in the proof of Lemma @, we can easily get the
following corollary.

Corollary 3.2. There exists a positive constant Cy that may depend on KK and
I' such that

1P (KV 4y )| < Gol[[KV Yy [y, (3.4)

(7 o (D)

for any ¢, € X, with KV, € H(divy, T}V).

4 Uniqueness Result of the Coupled Model

In literatures, many authors have already discussed the well-posedness of the
weak solution to the steady-state Stokes/Darcy model with BJS interface con-
dition, which regard Pr(IKV¢,) = 0 since it is usually very small compared
with Pr(uy). In this case, the left hand side of (P) is obvious V— elliptic and
the well-posedness of (P) is a straight result of Lax-Milgram theorem. But for



the coupled system with BJ interface condition, since one of the interface bi-
linear terms, that is (MP (KVé¢,),vy)r, is not non-negative definite

Viracean 7T

and can not be absorbed in the other positive definite bilinear forms unless the
physical parameter o« > 0 is small enough. For examples, we refer readers to
[6] for details. This is also the crucial difficulty for showing the existence and
uniqueness of the solution to the finite dimensional approximation to (P). On
the other hand, if we expand the coupled system to a larger coupled system and
produce some other positive terms, we have the possibility to make this term to
be absorbed in some newly appeared positive terms. That is the main idea in
the following sections.

In this section, if there exist weak solutions to the steady-state coupled
Stokes/Darcy model with BJ interface condition, we want to show that the
solution is unique for any « > 0.

Since the Stokes/Darcy model with BJ interface condition, the problem (P),
is a linear system, the uniqueness of the solution to such linear system is equiv-
alent to the related homogeneous system

(Po) a(u,v) =0 Vvew,
only has zero solution, where
W = Vf X ngw.

That is, to show the uniqueness of the solution to (P), we only have to show
that any solution u € W to (FP) is actual u = 0.

As we mentioned previously, the main difficulty here is the presence of the
Otl/\/a P
Viracean ™ 7

difficulty, our idea is to expand the above homogeneous equation to a larger
coupled system such that this interface bilinear term could be absorbed in some
newly appeared positive terms.

To construct the above mentioned larger coupled system, we first introduce
a new Hilbert space defined on €2, as

interface bilinear term ( (KV¢p),vy)r. In order to overcome this

E,={v, € Hl(Qp) : Vplr, = 0}.

For any given §; € Xy, we consider the following auxiliary elliptic problem
defined in €2,:
{ —a1Auy, + apu, =0,  in Q,,

4.1
ulr, =0, wlr =&/, (4.1)

where ag, @1 > 0 are two constants which will be determined later.

For any given small parameter h > 0, let us denote by 7, = {K} a regular
triangulation of § such that the mesh aligns with I'. We denote Tz, = Tp|o ;
and Tpn = Tnla,, which are regular triangulations of {2y and €2, respectively.
In addition, let X¢p, Q¢n, Xpn and Epy, be finite element subspaces of X, Qy,
X, and E,, respectively.



In addition, we define the following orthogonal projection Py, from X onto
Xn as: for any given vy € Xy, find Py vy € Xy, such that

2v(D(vy = Prnvy), D(vin))a,
d
LoV

Pr(vy— Pspvy),v =0 Vv, € Xyp.
oo (1) (vi = Pruvy), ven)r n € Xy

It is clear that
lim [D(v; — Pyvy)lla, = 0.

The finite element approximation of (@) reads: find u,, € Ep, such that
vah S Eph

8uph

Tnp,vph)l‘ =0,

(AUXD) a1(Vupn, Vvpr)a, + ao(Upn, Vpr)a, — ai(

upn|r = Prruglr.

where we choose §; = Prpuy, the projection of the solution to (Fp).
Here we give the following inequality (see[9] and [[12]) which will be used in
the later analysis

_1 .
IxIlz2or) < esh™2||x|lz2(x) for any polynomial x on K & Tj,. (4.2)

Now the problems (P) and (AU X}) form a new larger coupled system. The
problem (AUX}) is subjected to the problem (P), while the problem (P) is
independent of the problem (AUX}). The well-posedness of this larger cou-
pled system implies the well-posedness of the problem (P,), which ensures the
uniqueness of the possible solutions to (P).

Taking v = u in (Py) and v, = upy, in (AUX}),

811ph
s uph)F

on,
1
> 20||D(uy)[1§, + 9llK2V,3, + arllVupnlid, + aollupmld,
8uph

avvd
2V p(K 7 _ “ph
trace(H)P KV, up)rl = ail( On,,

a(u, u) + a1 [ Vupn[fy, + aollupsd, —ai

7uph)F|-

Now we estimate the last two terms on the right hand side of the above
inequality one by one. Firstly for the first term of them, noticing the boundary
condition of the problem (AUX}), Lemma @, div(KV¢,) = 0 and using the



inverse inequality in finite element spaces, we have

avvd avvVd
—— P, (KVd¢,),u < |(————=P-(KV¢,),u; — Psrru
(s Pr (86 )] = (2 P (IKV0,), 0y — P )|
avvd
F(KVa,),u
trace(H) ( ¢p) ph)F|
ag V3
< —
< ST TON o (s = Pl gy o+ ol )
Sclozglu%

H2 (1)
1
KV oyplla,(cre2||D(uy — Prrug)lla, + coh™ 2Huph||9 Vupnllg,)
<9 C’lzc%c%ozzy)\mw
Z||K2v¢p”ﬂ R
g C? v mas
ZH]K2V¢17HQ lg\i,hﬂuphnﬁpnvuphnﬂ

ID(us — Praug)d,

2
951 1 C4V at
< §||]K2V¢p||?z ZHVuth?z

——ollupall?,
+es[D(uy — Prug)[d,

We want to emphasis that the constant c5 > 0 is independent of h, ag and ay
For the second term, we have

8uph

g (=L

e ( on

ou h
s upn)r| < || 5 F
4

on, L2y [lupn ey
< a1]|[Vug||rz(a0,) [[upn L2 00,)

1 1 1
<coar( Y IVunllieon)? lupnlld, [Vupsll3
K€Tpn

< cocsarh™H|Vupn|lo, [[upn|o

< ZHvuph”?)p + Cﬁalh72||uph”522p-
Now for any given h > 0, choosing «;
admits

1/ ua , 0 = 2y/cacera’h

0= a(u,u) + o[V &, + oollupsl?

8uph
» ol

87111)711;0}1)1—‘
> 2v||D(uy)[[?,

9L
+IREV, I
We actually get

IVpnlld, — es|D(uy — Praug)|,

2v|[D(uy)[5,

K=V, 8, < csD(uy — Praug)lg,

Taking h — 0 and notice the approximation property of the projection, we
get

u=0.

10



This means the homogeneous problem has only zero solution and proves
the uniqueness of possible solutions to (P), the Stokes/Darcy model with BJ
interface condition for any @ > 0. And the uniqueness of the pressure py € Q¢
can be easily gotten due to (R.§). We summarize the above result in the following
theorem.

Theorem 4.1. For any physical parameter a > 0, if there exist weak solutions to
the mized Stokes/Darcy model with BJ interface condition, the possible solution
is unique in U X Q.

5 Finite Element Approximation

In this section, we investigate the solvability of the steady-state mixed Stokes
/Darcy model with BJ interface condition for any o > 0 by the traditional
Galerkin method. Moreover, although the error estimates for the finite element
approximation for coupled Stokes/Darcy model with BJ interface condition have
already been discussed in formal literatures, for example see [0], the error esti-
mates were established heavily depending on the small « restriction and could
not be adopted in the case we consider here. Therefore we re-visit the error
estimate for the coupled finite element Galerkin scheme in this paper.

For any given small parameter h > 0, as what has been done in the previous
section, we construct the regular triangulations 7n, Trs and Tpn of €, Q2 and
Q. For simplicity, we assume that {0y and ), are smooth domains, for example,
polygons or polyhedrons. Let Xy, C Xy, Xy, C X, and Qpn C Qy are finite
element spaces such that the space pair (X, Q¢n) satisfies the discrete LBB

condition:

, Vv
inf sup (s 1), > B. (5.1)
q5h€Q n vin€Xyn quhHQf vah”Xf

For examples, in the rest of this paper, we always choose MINI finite element
pair for (X4, Q) and P1 finite element for X,.
If we define
Up, = Xypp X Xpp,

the coupled finite element Galerkin approximation of (Q) reads:
Coupled Finite Element Scheme: find u, = (uysn, ¢prn) € Un, ppn € Qpn
such that for any v, = (Vyn, ¢pn) € Uy, and g1, € Qyp

(@n) a(uy,,vy,) = (Pfa, V- Vin)a, + (@, V- ugn)a, =< F, v, >u,
Furthermore, we introduce
Vin=A{vin € Xpn: (V-Vin,qrm)a; =0, Varn € Qyn},

and denote
Vh = th X Xph.

11



Now the coupled finite element scheme for the problem (P) reads: find u;, € Vy,
such that Vv, € V,

(Pn) a(uy,v,) =< F,v, >y .

Theorem 5.1. For any given small positive parameter h > 0, there exists a
unique solution w, = (U, ¢pn) € Vi, of the coupled system (Py). And there
holds

9 ek 1 g g’
V||]D(ufh)\|?zf + Z”K?V%h”%p < C(gllgfl\?zf + P H9p||?zp + EHZH%z(F)%
mn

where C' > 0 is a constant independent of h. Furthermore, there exists a unique
prn € Qpn such that (wy,,psr) is the unique solution to the problem (Q) with

1 1
. g+ag2vz 1
Ipsnlla, < CB7 (WID(usn)le, + ST K2V opnlla, + lgslla;,)

min
C is a constant independent of h.

Proof. To show the unique solvability of (P}), we will use the same method in
the previous section. Let us recall the auxiliary system (AU X}) with & §=Uyn,
the possible solution of (P,). We construct a new auxiliary problem: find
u,, € Epp, such that Vv, € Epy,

6ﬁph

YVph -0
anp 7Vph)r )

(AUX2) a1 (Viyn, Vvpn)a, + ao(Upn, Vpn)a, — ai(

Upnlr = ugnlr.

It is obvious that (P,) and (AU X?) form a new larger coupled finite dimensional
system. The unique solvability of this new coupled system implies the unique
solvability of (P,) since (AU X}?) is subjected to (P,) while (P,) is independent
of (AUX?).

For any v, = (Vin, ¥pn) € Vi, and vy, € Epy, with vipp|r = v |r, we have

ov h
a(¥y, v) + a1 Vvpnld, + aollvenld, — al(anNph)F
P

1
> 2|[D(vyn) 1§, + gIIKE Veipnlld, + el Vvpnld, + aollvenl,

avvd Ovn
——— P (KV ) _ —_ph
trace(TD) (KVYpn), vin)r| — ax( on,

7Vph>F|~

Now let us estimate the last two terms on the right hand side of the above

12



inequality. Firstly, by using (@), we have

avd agzviVd
———— P (KVY,), ven < ———||KVYpn |2 VinllLe
I( trace(TT) ' (KVYpn), ven)r| trace(]K)H YprllLzm)lIvenllLa )
agivi\
< Y mar I SVl 1 Vpn L2
min
< %7|\V¢ph|\L2(anp)HVphlle(aQ,,)
min
coagél/%)\mam 9 1 i L
< QAT et (S o) IV I, [0l
min KeTpn
coc agéy%/\ 1 1
0C3 1 1
< 1.1 maxvathQpvahHép”vvthép
2 min
COC3O‘9% V% Amaz 1 1 1
= THEQV%h”ﬂp||Vph||9p||VVph||Qp
mn
2.2 92 12
97,1 CECRO VA
< SIKZVYpnlls, + 22— [vpnllo, [VVenlla,
2 202k

2 4
g 1 2 (€3] 2 [6rd 70 2
< §||]K2V?/1ph|\9p 7 Vvpnrlla, + b [Vpnlle, -

For the last term, the estimation is completely the same as the estimation of
the same term in the previous section, we just copy the estimation here:

8v h (6%} _
|a1(an,vph)r| < ZHVVth?zP +egarh™ 2| vpnlld, -
P

Now, for fixed h > 0, if we take

o) = cll/a2, ap = 2+/cregva’h 2, (5.2)
\ cs

we have

anh
ony,

g 1 aq
> 2v||D(vs) I, + §||1K2th||?z,, + 7||vahll?zp~

a(vy,, vp,) + a1l Vvpn |3, + aollvpnlld, — ai( s Vp)r - (5.3)

If we denote X, a finite element space on the whole domain 2 associated with
the regular triangulation 7; and

Xy =A{vi € Xn: (Va,qrn)a; = 0,Yq5m € Qyn, Valr,ur,, = 0},
the above estimates actually mean that the bilinear form associated to the

coupled system (P,) and (AUX?) is X, x X, —elliptic, which guarantees the
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well-posedness of this coupled system in X}, x X, by Lax-Milgram theory. This
implies the well-posedness of the problem (Py,).
Thanks to the following estimates

2
v c
(&7, vn)a, < callgrllo Dven)le, < SIDVmIG, + o llerld,,

2
€29 2
2L gyl

CQQ

1
2
man

9z, vin-ng)r < gllzllzaylvinllLz ey < ercagllzlloz @)D (ven)lle,

1 97,1
9(9p Ypn)e, < lgpll, T2 Viinlla, < FIK2Vipnla, +

2.2 2
v cicsg
< 2D, + T2 2l ),
we can easily get
2

2 2.2 2
Gl c c59g c1c59g
VD), + SIKEVoulh, < 2 lerld, + 2mllonlh, + T2zl

Let us choose
C = max{c3, c?c3},
and this ends the proof of the first part of this theorem.
Moreover, we can deduce that
(Prn, V-ugpn)a, = 2v(D(uyn), D(usn)a, + 9(dpn, upn - ny)r
avVd
trace(IT)

and thanks to the discrete LBB condition (@)

Pr(usn, +KVopn), upn)r — (85, Wrn)a,,

g+agiv?
groagevy

Ipsnlle, < CB~ wID(usm)lle, + K2V pnlla, +lgrlla,)

min

O

For any mesh size h > 0, Theorem @ ensures the existence of a bounded
sequence {uy,}p>0 in Xy x X,. Then we can extract a subsequence, which is
still denoted by h, such that the subsequence {uy,}r>o weakly converges to a
function u = (uy, ¢,) € V. Taking h — 0 in (Py), we can show that u € Vis a
solution of (P) and shares the same bound of the sequence.

Because of the weakly convergence of {u;, }n~0 to u € V, the following limits
hold:

| a/d
Jimy (20 (D(a7n). D7)y +9(dpm vy m1)r + (s

+g(]Kv¢ph7 va)ﬂp - 9(1/1177 Ugsp * nf)F]

Prugy, vy)r

vvd
=2v(D(uy),D(vy))a, + 9(dp, vy -nyp)r + (tarac\QH)PTuf’vf)F

+g(Kv¢p7va)Qp _9(¢p7uf 'nf)l—‘]? VX: (Vfa¢P) eVv.

14



Then we get ¢, € X,, satisfies the following variational form:
KV ¢y, Vip)a, = (Yp,up -ng)r + (gp, ¥p),  Viop € X,
Being aware of that ¢, satisfies the following equation
(KN épn, Vbpn)a, = (Ypns usn -0p)r + (9, Ypr),  Ypn € Xpn,
and [[uy —uypllo, — 0 as h — 0, simple calculation shows that
IKV (¢pn — &p)llo, =0 as h—0.

That is ¢, also strongly converges to ¢, € X,. Furthermore, from the equation
that ¢, satisfies, we can show that

divy, (KVe¢,) = divy (KVeph). (5.4)
To show that u is a solution of (P), the only thing left is to show

) avVd
Iim (—

Pr(KV (¢pn — b)), =0, Vv;€eVy.
M rae (D) (KV(¢pn — ¢p)), Vy)r vy E€Vy

Let us denote by vy, = Prpvy, the H'—orthogonal projection of vy €Vy
onto V. And there holds

lim [|[D(v; — —0.
lim [D(vy —vyn)lle,

We have
avVd __awvd -
WPT(KV(¢Ph - ¢P))7 Vf)F = ( trace(H) PT(]KV(¢ph ¢p)), th)F
+ L\/EPT(]KV((ZSNL - (bp))vvf - th)I‘ é L+ 1.

trace(IT)

Being aware of the result of Corollary @ and divy, (KV(¢pn — ¢p)) = 0, we
have

CMV\/E

Ll =1 trace(IT)

Pr(BV (pn—0p)), vin)r| < cllKV (dpn—0p)llo, 1DV sn)lle; -

Then I; tends to zero as h — 0 since ¢, — ¢, strongly converges to zero in X,.
The second term I, tends to zero as h — 0 since the two terms,

avvd avvVd
———=P,(KV¢pp),vi—vep)r and (———e

P (KVe¢y),vi— ,
trace(ITI) trace(IT) (BVp), v =V snr

go to zero, respectively.
We conclude the above investigation by giving the following theorem.
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Theorem 5.2. Forgs € L?(Sy), g, € L*(Q,) and any given physical parameter
a > 0, the problem (P) is unique solvable and its unique solution u = (uy, ¢,) €
V satisfies

9 ol 1 g 9°
v|[D(ug)d, + ZIIKQV%II?)F < C(gll%fll?zf + ﬁllgpllfzp + 5”2”%2(1“))7

where C > 0 is the same constant appeared in Theorem .

The existence a solution to the problem (Q) is obvious because the space
pair (X, Qy) satisfies the LBB condition.

Remark From the results of Theorem @ and @, it is clear that the bound
for fluid velocity uy and the piezometric head ¢, are independent of the param-
eter a > 0.

For later analysis, we introduce the following orthogonal projections p¢p, and
P, from Q¢ and X, onto Qg and Xpp,: for any qf € Qy, ¥, € X, find
Pruay € Qfn, Ppntbp € Xpp such that

(a5 = prnas,arn)o; =0 Yapn € Qrn,
9KV (Y — Pontp), Vibpn)a, =0 Y € Xph.

For these two projections pspn, Py, and the projection Py, from Xy onto Xyp,
in the previous section, we make the following assumption: for any given vy €
H?(Qy) N Xy, 1, € H*(Q,) N X, and g € H'(Qy), there holds

ID(vy — Pravyg)ll + (K2 V(3 — Ponthp)ll + llay — pnayll < ch. (5.5)

Suppose the weak solution (u,ps) of the mixed Stokes/Darcy problem is
local H?—regular, that is

uy € H*(Qy)NXy, pype HY(Qy) and ¢, € H*(Q,) N X,.

Now we discuss the error estimate of the finite element approximation (uy, pss)
to the above coupled finite element scheme.

Theorem 5.3. For any given small positive parameter h > 0, there holds

)\mingV + )‘mzngg + a2gV
A2y

min

g 1
v[[D(uy —ugn)ll, + 1 IK=V(dp — dpn) 5, < C( )h?.

where C' > 0 is a constant independent of h.

Proof. Since the bilinear form a(-,-) is non-coercive in Vj, unless a > 0 is
small enough, we first try to give an H' estimate of uy — uys, and ¢, — dpn
by considering the difference of the corresponding expanded coupled system
(P) ~ (AUX}) and (Py) ~ (AUX?).

If we denote

Uy —uypy =ep, +05, ¢p— dpn = €pn + Gp,  Upp — Upp = €py,
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where
esn = Pppuy —uyy, Uy = (I — Ppy)uy,
€ph = Pph¢p - ¢pha ¢p = (I - Pph)¢pa

and notice the definitions of the orthogonal projections, we have

2v(D(esn), D(vin)a, + g(epn, Vin - nyf)r

avyd
P‘f'(efh + ]Kveph)a th)F + g(]Kveph, vﬂ’ph)@,,
trace(II)
—g(Vpnresn - np)r = g(pn, g - 0p)r — g(p, Vin - 1p)r
avVd .
—(———=PF-KV vV )
trace(IT) On V)T

8e h
a1(Vepn, Vvpn)a, + ao(€pn, Vpr)a, — al(o”’Tp’ Vpn)r = 0,
4

epnlr = efnlr.

For any given h > 0, choosing «ag, o satisfying (@) and taking vy, = esp,
Yph = €ph, Vpn = €pp and noticing that esy|r = epp|r, by completely the same
procedure for getting (b.3), we can get

g 1
2v||D(esn)lld, + §||1K2Veph||%p (5.6)

Ckl/\/a

P, KV, e )
trace(II) 9p €sn)r]

< gl(epn, 0y -my)r| + gl(dp, efn - np)r| +|(

Let us estimate the three terms on the right hand side of the above inequality.
For the first two terms, we have

C%CQQ ‘

1
2
min

1 ~
K= Vepnllo, [ID(ar) o,

gl(epn, y - nyp)r| < gllepnllLz) 10 llLe @y <

4 2
g1 A3g,
< SIK2Vepnld, + =D (ay)|13,,

4 P Amln

~ ~ 0%029 1 ~
9l(Pp,ern-np)r| < glldpllrz @ llesnllz @ < 1 K2V a,|la,D(esn)lla,
min

1 ~ 14
1K=V, + 5 ID(esn)ll2,

4.2 2
CqC
<4 29

2)\miny

For the third term, being aware of that divh(]KngAbp) = 0 and Corollary @, we
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obtain

Oél/\/g ~ ag%y% N
—— P, KV¢,,e < Pr(KV 1 e 1
i e A e wal LR LT
Cgclcgagéyé 1 ~
S = IIK=2Vple, [Dlesn)lle,
C2cc3a’g, 1 - v
< IRV, I, + 2 ID(epm) I3,

min

Finally, by using (@), we can get

)\mingy + )\ming2 + OéZQU)hQ
A2y '

min

g 1
vID(esn)llg, + K2 Vepnld, < C(
C > 0 is a constant independent of any physical parameters and h. Then we
end the proof of this theorem with triangle inequalities. O

Remark Let us introduce the formal adjoint problem of (P): find w =
(wy,¢p) € V such that

a(v,w) = (uy —usn, vy)o, +9(p — dpn,Up)a, Vv =(vy,¥p) €V. (5.7)
By the same method, we can show that this formal adjoint problem is well-
posed. If we further assume the unique solution of (p.7) is sufficiently regular,
by using the classical duality argument we can get the L? estimate of u — u,
given by

luy = ugnllo, + gllép — dpnlla, < ch®.
In fact, let v=u—u,; in (@),
au —wy, w) = (uy —upn,up —usn)o, + 9(¢p = dph, bp — Ppn)a, -
Let us consider the problem (P) and (P},), we have
a(u—u,,wy,) =0 Ywy, = (W, (n) €V,
then
a(u—uy,, w—w;,) = (uy —ugy,ur —Usp)a, +9(dp — Gpn, ¥p — Gpn)a,-
Now, we have
1
lay —usnlld, + 9llép — dpnlley, < CUD(uy —usn)le, + K2V (o — dpn)lle, )
. . 1
(_ inf |ID(wy —wgn)llo, +  inf [[K2V(( = Gn)lla,)-
Cph€Xphn

WrhE€Vin

The approximation properties of the finite element spaces and the regularity of
the unique solution of (E) give us

1
luy —usnlle, +9ll¢p — dpulle, < CR(ID(uy —upmn)lla, + [K2V(dy — dpn)lla,)-

By using the Theorem @, we have the result.
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Appendix A

In this appendix, we give the proofs of the two lemmas in Section E

A.1 Proof of Lemma @

Proof. Let I € (H(divy,, T;"))’, the dual space of the Hilbert space H(divy, T}"),
we can associate with the functional IF a function f, = (fp1, -, fpa) € H(divp, TF)
such that Vi, = (Vp1,- -+, pa) € H(divy, T)

< F7¢p >= (fp7¢p)ﬂp + (fp(d-i—l)adivhd]p)ﬂpa

where
fp(d+1) = dthfp S Xg

Now, assume that I vanishes on D(£,), that is
<F,vp >= (£, vp)o, + (fpa+1), divavpla, =0, Vv, € D(Qy).
Because fp(41) € X}, and (@)7 we know from the above assumption that

<, v, >= (£, vp)a, + (fod+1), divevy)a,
= (£,,vp)a, + (foas1),divvy)e, =0, Vv, € D(Q,).

If we denote f'p and fp(d+1) the extensions of f, and fy,441) by zero outside
Q,, the above formula can be rewritten as follows:

/ {f, - v + fpasndivv}de =0, Vv € D(R?).
Ra

This means ~ B
£y = Vfpa+1);

in the sense of distribution in R, ~

Since f, € L*(R?), we have fyat1) € H'(R?), which means f,11) €
Hi(Q,). That is fyat € X7 N Hg(Q,). Then by the definition of divy, in
(B.1) and the property (1@),

< ]Fvltpp >= (vfp(d+1)71pp)ﬂp + (fp(d+1)a divh'l/}p)ﬂp = 07 v'l/}p € H(d“}77—};p)

In summary, we just showed that for any functional F € (H(divs,7;))’, if

IF vanishes on D(,,), it vanishes on H(divy, 7}’) . This completes the proof of
this lemma. O
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Proof of Lemma

For the purpose of proving Lemma @, we need some Green’s formula in curl
form. First of all, we define the curl operator in 2D case for scalar and vector
function by

_ (99 _09 1
curly = (2. ~52), Vo € H'(D).

0 0
curlv:a—Z—a—;, Vv = (v1,v9) € HY(D),

and the curl operator in 3D case
curlv =V x v, Vv HY(D).
Then for the mapping v,
Yrv=v-Tlgp for d=2 and ~,v=v xn|gp for d=3,

we have the following Green’s formula in 3D case (see Chapter I, Section 2.3 in
[201)

/ curlv - ¢ — / v - curlg = &YV, (A1)
D D oD
for any v, ¢ € H}(D) and the Green’s formula in 2D case
/ curlv - ¢ — / v - curlg = OV+V, (A.2)
D D oD

for any v € HY(D) and ¢ € H(D).
Now it is ready for us to begin the proof.

Proof. Note that

Pr(KVty) = KVipp, — [(KVyp) - np]ny, (A.3)
= K(Vipp - np)n, + KV tp, — [(KVipy,) - nplny,
where o0 o0
Ve = Pr (Vi) = 677_11)7'1 +oeee 57’70;17-(1_1.

1
To show Pr(KV1,) € (HE,(T'))', we have to show the three terms on the right
1
hand side of the last identity in (@) belong to (HE,(I'))’, respectively.

It is obvious that (H%((?Qp))ﬂp C (HO%O(F))’ (see [6]) and since KV, €
L2(€2,), we know

||(Kv¢p) : np” < |||]qu/)p||‘9p' (A.4)

(HE,(T))"
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For smooth interface T', i.e., n,(x) is continuous on I', we can easily get from

)
IRV Sy) mylmll g < GV, (A5)

where CT > 0 is a constant depending on the shape of T
It is clear that P-(V1),) is exactly the gradient on I', which ensures KP- (V,)|r €

1
(HE,(T))'. In fact, thanks to the definition of the dual norm, we know

fr (Vi) - Kv,

KP- (VY 1 = sup
N s G %
»€HG, () Hgo- (1)
1
In the case of d = 3, for any given v, € Hg, ('), there must be some
Vp € H'(Q,) such that vp|p = Kv,, V,|r, = 0 satisfying ||V, |m(q,) <
Ckllvpll 1+, where Ck > 0 is a constant that depends on K. And we con-

Hgo (T)
struct a function v, € H*(Q,) such that

Vploa, = (Vp - T2)T1+ (Vp - T1)T2 + (V- np)np”c'iﬂpv
since I' is smooth,
Vol (,) < CrrllVplla(@,)-

Here Ckr > 0 is a constant depending on K and I'.
Applying the Green’s formula (@) leads to

/Fv‘rwp Kv, = /qu/’p < Pr(vy) = /1‘va Y (Vp)
= (V x vy, Vipla, — (Vp, V X Viip)q,
= (VX 9y, Vihp)a,
< Vpllar @)V lla,
< 1 .
< Curl[ Vo, Vol 3

In the case of d = 2, for smooth T, we know Kv,, - 7 € HO%O(I‘) and

Kv, -7
v, -7l < CarlVallyy o

Then we know there must be some v, € H'(£,) such that v,-|r = Kv, - 7,
Upr|r, = 0 and

v 1) < [ Kvy, - T < Ckr|v 1 .
el < vy 7l 3 < Cuelival g
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By using the Green’s formula (@), we have

/F Vot - Kv, = / e (Vi) (K, - 7) = / e (V) vpr

= (curl vpr, Vipp)q, — (vpr,curl Vi, )q,
= (curl vpr, Vb, )q,

< Nlvpr [ @) Vb,
<Cm||vp|| o IVerlle,-

Combination of the estimations in 2D and 3D cases, we get

IKPr (V6] 3 o < Curll Vil < 2B G, (A6)
Note that
(n?TK 0y _ KV KV
n, nP)aT - ( w;b) 1y — ( ‘rwp) *Np,
P
and (@) and (@), we have
o Ckr
T P
KR Z20 g < (4 DR, (A
Then, for smooth I', we can finally get
8w Ckr
]K Pn 1 K A.
Gyl o, < O+ LEOIIE Wyl (A9
Combination of the above estimates (@), (@) and (@) with (@) leads
to
IIPT(KV%)II(HO%O(F)), < Gif[[KVey|[le, (A.9)
where OnC o
Cy = 2Cr + %*“ (A.10)
This concludes the proof of this lemma. O
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