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1. Introduction

The coupling of incompressible flow and porous media flow has a wide range of applications in science and engineering,
such as the interaction between surface and subsurface flows, blood motion in vessels, industrial filtrations and so on. The
fluid flow and the porous media flow are modeled by the Navier-Stokes equations and the Darcy equations, respectively,
which are coupled through certain transmission conditions on the interface.

There is a rich literature on the mathematical analysis, numerical methods and applications for the coupled Stokes-
Darcy model, see [1-10] and the references therein. In contrast, there are relatively few works on the coupling of
Navier-Stokes and Darcy equations. In [11-16], there are the analysis of the steady-state coupled Navier-Stokes/Darcy
equations. The non-stationary case has only been mathematically and numerically analyzed in [17-20]. In [17,18], the
authors derived the well-posedness of the weak solution and convergence of the numerical algorithms for the non-
stationary coupled Navier-Stokes/Darcy model. However, the interface conditions in these two papers contain the inertial
forces. Although it makes the analysis easier in the case, physical justification of this model is not clear. In [19], the
situations without the inertial term had been argued and the well-posed of the solutions were obtained under a mall
data condition. We are interested in the non-stationary coupled Navier-Stokes and Darcy model without the inertial
term. Unlike the algorithm in [18,20], we employ the semi-implicit spectral deferred correction (SISDC) [21] method in
time and the finite element methods in space. And we not only get the second order convergence in time, but also the
optimal error estimate in space.

The spectral deferred correction (SDC) method was proposed for stiff ordinary differential equations in [22] and further
developed in [21,23-28] and the references therein. The SDC method allows one to increase the accuracy of a stable
low order time stepping method through using spectral integration and constructing the corrections. This can avoid
instabilities and conditioning problems associated with repeated differentiations, such as the backward differentiation
formulas (BDF) based high order methods. In [21], the SISDC method is used to construct the high-order method. The
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SISDC method treats the non-stiff terms explicitly and the stiff terms implicitly. In this paper, we try to construct a
second order algorithm based on the SISDC method for the coupling of Navier-Stokes and Darcy equations, in which
we treat the trilinear term in the Navier-Stokes equations explicitly and other terms implicitly. Due to the comparison
in [21] with existing methods such as multi-step methods, Runge-Kutta methods and operator splitting, the most notable
advantage of the SDC methods is that one can use a simple numerical method, such as the backward-Euler method, to get
a numerical solution with a high order of accuracy only by solving a sequence of deferred correction equations. That is to
say, the high-order SDC methods are more easier to construct than other high-order methods. For the sake of simplicity,
we analyze the second-order algorithm as an example in this paper. In addition, through numerical experiments, we can
present some advantages of our scheme compared with other second order accurate methods.

This paper is organized as follows. In Section 2, we introduce the necessary notations and preliminary results. In
Section 3, we present a complete theoretical analysis of stability and error estimate of the first order Euler method. The
second order scheme based on the SISDC method with its stability and error estimate is given in Section 4. Numerical
experiments are reported in Section 5, followed by conclusions in Section 6.

2. Model problem

In this section we introduce the model in a bounded domain £2 ¢ R? (d = 2 or 3), which consists of a fluid region
£2r and a porous media region §2,. Here 2y N 2, = 9, 2 = QU §p. Two domains are separated by the interface
I' = 0825 N 082y Denote Iy = 982;\I", I, = 3§2p\I". Let ny and n,, denote the unit outward normal vectors on 92y and
082, respectively. Obviously, n, = —ny on I'.

Let T > 0 be a finite time. The Navier-Stokes equations for the fluid velocity u and the pressure p describe the fluid
flow in £2:

u —vAu+(u-Viu+Vp=fi in £ x(0,T),
V.-u=0 in £ x(0,T), (1)
u(x,0)=u’=0 in £,

where v > 0 is the kinetic viscosity and f; is the external force.
The Darcy equations for the piezometric head ¢ govern the porous media flow in §2, (see [29,30]):
Sopr — V- (KVe)=f, in 2, x(0,T), 2)
o(x,0)=¢"=0 in £2,,
where Sy is the specific mass storativity coefficient, f, is the source term and K = {Kjj}axd, Kj € L™(£2,) is a positive

definite symmetric matrix corresponding to the permeability of £2,. In addition, we assume that there exist kpjn, kmax > 0
such that

Kmin]X|* < Kx - x < kmax|x|>  a.e. X € 2. (3)
On the interface I, we impose the following coupling conditions:
u-nf —KvVe-n, =0 onI" x(0,T),

du

p—vnfﬂ:gqn onI" x(0,T), (4)

Vg = o/ T, 1<i<(d=1) onI x(0.T),

where g is the gravitational acceleration, « is a positive parameter and matters with the properties of the porous medium
and {ri}f;f are the unit tangential vectors on the interface I'. The first condition in (4) ensures the mass conservation
across the interface. The second one is the balance of normal forces on I". The third interface condition states that the
tangential components of the normal stress force is proportional to the tangential components of the fluid velocity, which
is called the Beavers-Joseph-Saffman’s (B]S) interface condition [31,32].

For simplicity, we assume that the fluid velocity u and the piezometric head ¢ satisfy the homogeneous Dirichlet
boundary conditions:

u=0 onl;x(0,T), ¢=0 onl,x(0,T). (5)
Let us introduce the following spaces

Wr = {v e (H'($2:))":v=0o0n I}},

W, ={¢ € H'(2,): ¥ = 0 on I}},

W =W; x W,

Q = L*(£2).
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The space W is equipped with the following norms: V w = (u, ¢) € W,

lwlo = \/(u, u)e; +&So(¢. @),

lwlh = /v(Vu, Vulg, +g(KVp, Vo)g,,

where (-, -)p refers to the scalar product (-, -) in the corresponding domain D for D = §2; or £2,.
Assume that

fi e 1200, T; I(27)%), fo € L0, T; [X(£2,)), K € L®(£2,)°. (6)

Then the weak formulation of the non-stationary mixed Navier-Stokes/Darcy model with BJS interface condition reads as
follows: find w = (u, ) € (L*(0, T; Wy) N L>(0, T; L2(£2f))?) x (L*(0, T; W,) N L(0, T; [*(£2,))) and p € [*(0, T; Q), such
that

[we, 21+ a(w, 2) + N(u; u,v) + b(z,p) = (f.2) Vz=(v,¥)eW,
b(w,q)=0 Vqgeq, (7)
w(0) =w’ =0,
where
[wy, z] = (ue, v) + 8Sol¢x, V),
a(w, z) = as(u, v) + ap(e, ¥) + ar(w, 2),

d—1
(uv)_vVqugf—i-Z/ / K (v - 1),

a5(¢, V) = g(KVe, Vi),
ar(w.2) =g [ (o n —yu-m)
r
N(u; u,v) = (u- Vu, v)_qf,
b(;7 q) = _(q9 V. 'U)_Qf,
(f’ ;) = (f17 U)Qf +g(fla w).Qp

In [21], it has been proved the existence and uniqueness of the weak solution for the coupled Navier-Stokes and Darcy
model (1)-(4).
And the following property about ar(w, z) is useful in our later analysis:

ar(w,z) = —ar(z,w), ar(z,z)=0 Vw,zeW. (8)

Moreover, we shall recall the Poincaré and trace inequalities. There exist constants C,, C; which only depend on the

region 2, and C,, G; which only depend on the region £2,, such that for all v € W; and ¢ € W,,
vllize) = G IIVvlle(gf), . ”1/’”1_2(_(2,) IIVI/fIILzmp ©
vllizcry < Cellvll g oIVl 1l ||1/f||Lz 2 )IIVWIILz(Q )

Moreover, owing to (3), for all i/ € H! (£2p),

1 1
K2V 20, < V¥ iz, = K2V l20,)- (10)

1 1
Kinax - A Kmin

We consider a quasi-uniform triangulation t, of the domain £2, depending on a positive parameter h > 0, made up
of triangles if d = 2 or tetrahedra if d = 3. Let W, = Wy x Wy, C W and Q; C Q denote the finite element subspaces.
Let k; > 1 and k, > 1 be two integers. The spaces Wy, and Q, are chosen to be the continuous finite element spaces
of piecewise polynomials of degree k; and k; — 1 respectively, while W, is chosen to be the continuous finite element
space of piecewise polynomials of degree k,. We assume that the triangulations induced on the subdomains £2; and £2,
are compatible on the interface I, that is, they share the same edges therein. Furthermore, we assume (Wp,, Qn) satisfy
the well-known discrete inf-sup condition: for all g, € Qp, there exists a positive constant 8 independent of h and
Zy = (vn, 0) € Wy, vy # 0, such that

b(zy, qn) = Blizyllw 1qnlli2(gy)-

For all v, € Wy, and Y, € Wy, we have the inverse inequality

IVnllzg) < C1h7]||Uh||L2(:zf)7 IVUnllzg,) < Clh71||‘ﬁh||L2(:zp)- (11)
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Following [3], we define a projection
Py : (w(t), p(t)) € W x Q > (Pyw(t), Pyp(t)) € Wi x Qu, Y t €[0,T]
by requiring
{ a(Pyw(t), zy) + b(zy, PEP(t)) = a(w(t), ;) + b(z;,, p(t)) VY 2, € Wh,
b(PYw(t), qy) =0 Y qn € Q.

Besides, for any t > 0, we assume that (w(t), p(t)) = (u(t), ¢(t), p(t)) is smooth enough and there is an approximation
(w(t), p(t)) = (P w(t), P,’:p(t)) € Wy x Qp of (w(t), p(t)). Then the following approximation properties hold (see [3]):

(V- (u(t) = (t)). q)e; =0 ¥ q € Q.
lu(t) = U(O)ll2igp) < CHY U+ -
IV (u(t) = W(EDllzigp) < CH U410,
Ip(t) = B(Oll 202 < CHUIP(O k1 -

lo(t) = §(O)ll2a,) < CH2 M @Ot 1g
IV(@(t) = @D, < CH @Oz 1

where C is a positive constant which is different in different places but independent of mesh size and time step length.
Moreover, we assume that the true solution satisfies the following regularities:

u e L0, T; H\ M (820)), p € L0, T; H1(£2)), o(t) € L®(0, T; H*2T1(2,)),
ue € LX(0, T; HT'(820)1), @ € [X(0, T; H2T(£2)),

(12)

(14
ue € L(0, T; H(27)"), @u € 120, T; H(£2,)), :
Upe € L(0, T3 LX(2)"), pue € L0, T 1(£2,)).
The following lemmas are basic and widely used in the study of Navier-Stokes and Darcy model, i.e., [8,11].
Lemma 2.1. There exist constants Cy; > 0, Cy2 > 0 and Cy, > O, such that V u, l, v € Wy,
N(u, L v) < Gl Vull 2ion V2 IV V12 cp)- (15)
In addition, if u, | € H*(§2f), we have
N(u, L, v) < CNZ”u”Lz(Qf)”l”Hz(Qf)”VUHLZ(Qf)’ (16)
N(u, I, v) < sl Vullzgp 1l 2o v 1200 (17)
N(u, L, v) < CN4||u||H2(_Qf)”Vl”LZ(,Qf)”v”LZ(Qf)' (18)
Lemma 2.2. Forall w = (u, ¢), z = (v, ) € W, there exists a constant Cj = % > 0 such thatV A > 0
2 Cr 2
lar(w, 2)| < AMwliy + Nzl (19)

4\

Lemma 2.3 (The Discrete Gronwall’s Lemma). Suppose that n and N are non-negative integers, n < N. The real numbers
an, by, cn, Ky, At, C are non-negative and satisfy that

N N N
ay +At2bn < AtZKnan+Athn +C.
n=0 n=0 n=0

If Atk, < 1 for each n, then
aN—i-AtZOb <eprtZ1_AtK AtZCn—i-C) (20)
n=

3. A first order algorithm for NS-Darcy model

In this section, we employ the first order Euler method for the temporal discretization. We first present the stability
and then provide the error estimate. Besides, we estimate the time difference of the error, which is useful to the error
analysis of the second order method in the next section.
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The first order algorithm for (7) is: find w'}' = (uf}', ¢{') € Wj and pi%! € Qu, such that for all z, = (vy, Y¥) € W,
qn thwithnzo,l,...,N—1(N_E),

=1, ~1,h
[71, z, 1+ a(ﬂﬁly Zy) + N(u'{,h, uﬁ]], vp) + b(z,,, pﬁ«,l) (fn+1’ Z),

b(wi}', qn) = 0

0
wy, =P’ =0.

(21)

Note that we linearize the trilinear term by time-lagging.

3.1. Stability analysis for the first order algorithm

Since the interface conditions of the Navier-Stokes/Darcy model cannot completely compensate the nonlinear convec-
tion of the Navier-Stokes equations in the energy balance, one has to impose some small data and/or large viscosity
restriction to guarantee the well-posedness of the coupled system, see [19]. So does its numerical scheme and their
corresponding numerical analysis, see [20]. Similarly, we need an extra condition for the stability of our scheme.

Lemma 3.1. If w}, = (u},. ¢T,), 1 < m < N is the solution of (21) and satisfies
v
IIVu’},,,IILz(gf) = @, 1<n<m-1, (22)

then we have the following stability result

m—1

w3 + At Y lwii'ig, < 72 (23)
n=0

1 1
Here T2 = ” At Y2 LZ(Q ) + 2 T ” Atz NN E LZ(Q y

Proof. Setting z; = 2Atw’l7+h L qn = p’l”;]] in (21) and using (8) and the equality
2(a—b,a)=a® —|b*+la—bf’, YabeR’

we have

w516 — i alls + Ity — wi g + 240w + 24 Za o (K) O Tl 24)
= — 2ANQ s w4+ 240, with.
Now we bound each term in the right hand side of (24). By using (15) and (22), we have

1
AtV —Atllwih -

+1 +1 +1
—2AN(U w4 ) < 2460 VU] 2o, I VUL Biap = 5

g = 3
By using (9) and (10), we can obtain
24t with) = 240 ulh g, + 28 At 01 e,
< 2At||fn+1 ||L2(9f)||'vln+l Il 2 o T 2gAt||f"+1 ||L2((zp)||</7?’+h l2(2,)
<26 AL 2 I VTS gy + 286 Atuf”“an(gp Vel ||Lzm,,>

2

<e AtV Iy gy, + Ehminll VT3

LZ(QIJ)) ”LZ(Qf) ”Lz(‘QD)

2 gC

n+1
<eAt|lw3, + [

“Lz(Qf)
Combining the above estimates with (24) and setting ¢ = 1/2, we get

2C2A 2gC2A
w5 I — lwh 115 + Atllwih g, < —— IIf’1+1 fz(gf)Jr —— ||fn+l||,_2 (26)
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Summing (26) with respect to n from 0 to m — 1 and considering g? » =0, we get

Z “ Tl+1
L2 .rzf Kinin LZ(Q

m—1 m—

+1
lwiallg + At Jwih i <2
n=0 n=0

Thus, we complete the proof. O

n+1 n
Wih ~%in

& 0<n<N-1 Under the assumption (22), we have

Lemma 3.2. Denote dtw’1+1

2

2
” n+1”W (ﬁ—f— 4SOCP
T

1 1
)”d[iq-*[—’, ”0 + 7||fn+ ”LZ(Qf) ||L2(_Qp)'

kmin

Proof. Setting z, = 2w’ and g, = p}}' in (21) and using (8), we have

20wt g, < —2[dewh! wih' = 2Ny uth L w4+ 20 with.
Using Young’s inequality, (9), (10) and Holder’s inequality, we have
= 2[dwi ! wit'l = —2[dah, ul i) — 2gSoldegl ' 0]

= 2Cp||drunJrl ||L2(Qf)”vun+l ||L2 () )+ 2gsocp||dt§0n+l||L2 (2p) ||V</’1 h ||L2(:zp)

CZ g 272
1 1 1 0 e 0"p 1
<€v”vuﬂ+ ”LZ(Qf) ”dtun+ ”Lz(.Q ) +8gkmln”v¢n+ ”LZ(Q ) + = k ”dl’g0n+ ”LZ )
min
c? SOC2
1 p p 1
<‘9||w"+ s + (;‘f‘ e )”dt iy ||o
min

By using (15) and (22), we have

1 1 1 1 1
=N i i Uy < 20 VUl IV 3 ) < 5 IV g < —L"* -
Similarly to (25), we can obtain
1 1 1 1
20" wi) < ellwih I + —||f"+ Iae) + I2c,)

Combining the above estimates with (28) and setting ¢ = 1 /4, we complete the proof. O

Lemma 3.3. Under the assumption (22) and following regularities

(f)e € 120, T; L(27)"), (o) € L2(0, T; L(£2,)),
we have, forall 1 <m <N,

dew? I + Atldewy 17 < #°.

16C2 16g
Here 12 = I I, + 85012 Wy + 50 10 e o ooy + Tt 102 W iz
Proof. Considering (21), we have the equation at time t"*!,
[dewl ', 2, + a(wit!, z,) + N s uf il on) + bz, P13 = (7 2,),
b(wih', qn) = 0.
Then we take the difference of above equation at time t"*! and t" leading to
[dewl ' — dew’ . 2,1+ Ata(diwl ', 2,) + bz, P14 — Pl ) = —N(uf : ufh! o)
+ Nt ) + (P =" z),

b(dw'', qn) = 0.

Taking z, = 2d,w'}! and q, = p{}' — p} ,, we obtain

(32)

Idew 16 — lldew? 11§+ 2At w15, < —2N(uf s ufh) dedh D+ 2N uf y, dedf D 4+ 200 = £, dew i),

1,h

(33)
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Using (15), (22) and Holder’s inequality, we have
—2N(uf Ut deui ) + 2N o] deu
= — 2AtN(u} : du deufh) — 2AN(deu] s uf ., deuf i)
<2AtCn VUt 2 ) ||thU"Jrl ||Lz(9 + 2AtCy || Vd,uy h||L2(:2f)||V”1 h||L2(9f)||thu1 h ||L2(:zf)

<= At||Vd[u"+1 || ot fAt||thu] ,,||Lsz)||wtum 2y
< At||Vd[un+1 ”Lz o+ ( At||thun+1 “LZ(Q )+ VAL Vo], h||L2(Qf))
Similarly to (25), we can obtain
n-H f n+1 f
20 = ", duwy ) = 24T —— uii o, + 28 A(Z— %, 91} Do,
CZ n+1 _f gcz n+1 _f
< eAtw™! pAtl 1 P Afl122 2
e Atl|wi g, + I ||,_z @) 8kmm [ IILz(Qp
[n+1 gcz [n+1
<At + 2 / I e+ 22 [ U g
g lmin tn i
Combining these estimates with (33) and setting ¢ = 7/16, we have
16 2 1 16g62 1
IIdtw"“IIo—IIdfw1h||o+At||drw““llw—Atlldtuhhllw = 5 ”(fl)t”zz(g )dt—f‘ip ”(fZ)f”fZ(_Q dt
v Jn i 7k min ¢n
Since we do not define d[y?.h, we only sum the equation from n = 1 to n = m — 1. This leads to
m— 1
Idew? 12 + Atlldew™, 13, < Idew! 12+ Atlldew! 12, + [
16g 2 m—1 1
34
/ 10212, (34)
mm n=
6C? 6gC2
1 2 1 2 p 2
=< ”dtﬂ]’hno + At”dtwl,h”W + T”(fl)[”LZ(O,T;LZ((Zf') + T”(fz) ”LZ(O T: LZ(Q )

min

Next, we need to estimate the results of d,wj] ,. Considering (32) at time t' and the fact w9, = 0, we have
[dewi . 2,1 + Ata(dewy y, 2,) + bz, p1 ) = (F1 23),
b(dew 5, Gn) = O.
Taking z;, = 2dtg}1h and q, = p},h, we get
2l dews pll§ + 2A¢ldew] Iy < 2077, dewy y)-
However,
201, dewy ) < 20 Nlolldews yllo < dews IS + I 15 = Ndews yll5 + 1Y ||,_2 +g50||f2 ||,_2
So that
ldews plls + Atlidewy ylliy < ldews pllg + 2Atldews il < I 172 ) + 8ol 172, (35)
Then substituting (35) into (34), we get the result (31). O
Finally, we get the stability result for algorithm (21).

Theorem 3.1. Assume that

2 1 3/2
((%” + i‘f’ )M + C—uﬁ a0 rize) +,g e Lzmp))) < g (36)
Then under the assumptions (6) and (30), for all 1 < m < N, the solution y’{fh of algorithm (21) satisfies
m—1 CzAf m— m—
lwfaly + Ac Y lwhil i, < —>— Z 7 Moy + f"+1 [ (37)
n=0 n=0 n=0
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Proof. Substituting (31) into (27), we get

4C2 450C2 4C2

Iy < (S5 + 2 H 4 =PI g, + 512

kmm L(2p)°

Under the condition (36), we deduce

[N

24 —nf"“an otk ||f““||L2(Q )
mln f P
c2 ng 3 32

(38)
Cg SoC 2
f 2 (7 + k )H + - ”fl ||L°°(O T: LZ(.Qf) + ||f2||Loo(0 T; LZ(QIJ)) S 4CN] .

U2 ||Vun+l ||]_2 _Qf < ||wn+1 <
2
p

Hence (22) is available for all n, 1 < n < N — 1. Then considering Lemma 3.1, we can get the final stability result. O

3.2. Convergence analysis for the first order algorithm

Next we show the convergence rate of algorithm (21). For any time t > 0, let (w(t ) p(t)) = (P w(t), Php(t)) be the

approximation of (w(t), p(t)). Forn = 0,1,...,N — 1, we denote (w"*!, p"*1) = (w(t"* ),p(t"“)) and (@"*, pmt1) =
(w(t™), p(e"t1)). Using these symbols, we decompose the errors as follows.

eﬁ,} — wﬁql —w" n+1 _ wﬁl QH] _ (wnﬂ _ Q"H) = g;’“ _ é)_-n+17
erlHl—11 — ur]H}—]l un — uq+1 ﬂn+1 _ (un+l un+1) _ er]H};l i_-n+1’
61]14;1 — (p;lﬁ] (Pn — (p;wl ¢n+l _ (¢n+1 ¢n+1) — eliH;l 5.;—0—1’
ez]h;] — prllJ;Il pn — prllJ;Il [7"+1 _ (pn+1 _ ﬁn+1) — 81]1+1 _ nn+1’

where el = (elt!, el 1), el"! = (el!', e]T!) and €™ = (7", £]7). From the approximation properties (13), it is easy
to get
IE™ME < C(RPMH2 4 nPet2) EMTG, < C(hP 4 h?), (39)

Then we have the following result about the convergence rate of (21).

Theorem 3.2. Let the assumptions of Theorem 3.1 and (14) satisfy. In addition, we assume

3263, + 32K, [l yg 7.2y

h2At + <1 (40)

v
Then, for all 1 < m < N, we have the following estimate

m—1
||5'1 ”0 + At Z ||en+1 ”W < C(Atz + h2k1+2 + h2k2+2). (41)
n=0

Proof. At time t"*!, the true solution (w, p) = (u, ¢, p) satisfies: for all z, € Wp, gy € Qp,

w™ — w" n+1 n+1. . n+1 n+1 w™ — w" n+1 n+1
[;,Zh]‘i‘a(ﬂ ,Zp) FN@W"™ s u ,Uh)‘i‘b(ghsp )=[= At — — W Zh]+(f 2 Zn)s (42)
b(JH, qn) = 0.

Subtract (42) from (21) to obtain
et —en
[~ v =Lz, 1+ a(eft ) + NQuf s ufh op) = N5 u™ o) + bz, 1)
wht — gnﬂ —&n (43)
[wn+1 T’ ;h] + [?7 gh] + a(§ﬂ+17 gh) + b(ghs 771‘14*1)7

b(ei*". gn) = 0.
Considering the definition of P, (12), we have

aE"™", z,) + b(z,, n"T) =0, Vz, €W, (44)
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Taking z, = 2Atg’1’ , qh = 8’11“ (43) and using (44), we deduce that

IS I — ells + e — eflig +2Aellel I, + 24t Za ||e"+‘ il

L2(I)

+1 n+1 _ gn
oA - 2 Y §

TR e = 24N s u e + 2AN @ U e,

Now we bound each term on the right hand side of (45). First, we consider that

n+1 n n+1 n+1

w™l—yt £ & 1 [t t
n+1 = =

wt -

= = = — — tMw, ()dt + — (ot
At + At At Jin (£ = Fhwy (£)dt + _/ ()

Then similarly to (29), we get, for all ¢ > 0,

wn+‘1 —wh gn-H _ g:n
=24t - ==+ = ]

C2 SyC2 wt — gyt EM g
<eAtlel g + (£ + p — P At|lwt! - = T l12. (46)
min

2C2 ZS C2 (1 (1
<eAtlefg + (2 + —= ° Atz/ ||£n||édt+/ g, lIgde ).
eV kmm n n =t

For the trilinear terms, it is easy to verify the following identity

I = —2ANu s uf et + 24N ™5 u™! et
n+1

— —ZAIN(U';,h, ul b un+1 n+1) ZAIN(LH U n+1 n+1) + ZAL'N( n+1 n+1’ eq’—;l)

= —2AIN(U i ufh —u™ ) — 2AIN(] , — u u™ el ) 4 24N — ut utt el ).

For the first term, we get
i=—2AN(] s ufh —u"t eﬁ’?l) —2AN(u] ,; e'}J;l, eq?) + 2AtN(U] E"“ e’}*f'1)

(47)
= —2AN(u] ;e e + 2AN(el] 1 €71, el ) — 2AN(ES £ ) + 2 AN &1 €.

For the first three terms, by using (11), (15) and (22), we have

— AN e 1) + 2AIN(E 3 77 €T — 24N 7 e )

<2ACu VUL 4l IV 2 gy + 2Dt €] s 2o | VE iz | VETT iz

+ 2AtCyy ||V§fn||l,2(9f)||v§n+1 ||L2(Qf)||ver]1}] ||L2(Qf)

1 I%llcl2 2 2 1 C[%Il 1
( + 281})At”ven+ ”LZ(Q ) + ) Ath7 ||eq,f||l_2(9f)”vén+ ”LZ(Qf) + ETAt”VEfn” ”VEIH— ”

N[ <

12(%2)

—

c2.¢c? C},
=(5 +20)atlley iy + =R A2 IVET G o TG + T ALIVER I o IVE I

N

(%)
Using (18) and Holder’s inequality, we have

2AN("; £, €14Y) < 2AtCNalIu" o IVE 2oy et izep)

CZ
< W2 At} g, + 5 AL o g IVE 2
< h72Ater g + Cuah® At " 5 g IVE iz g -

Hence,
ch.c?
(2 + 2e)Atl|eft G, + h 2 At g + %Ath 2IVE g e

2
+ —Aruvsf Iz IV 2y T Crah® AU e o) I VE I g
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Using (16), we have

il = —2AN(uY ), — u" u™ et = —2AIN(e] s u™ el ) 4 24N (g um el

< ZAtCNz||9111,f||L2(9f)||un+] ||H2(gf)||ven+] ||L2(gf) + 2AtCN2||$f ||1,2(:2f)||un+1 IIHz(gf)IIVE'fF ||L2(Qf)
2 2

G G
< n+1 N2 n+1)2 n2 N2 n+1)2 n2
2 Atler G + 2 At T g I + 22 AL R o 16 g -

iii = 2AtN(u"" — u"; u™t! e'ﬁ?]) < 2ACN:llu™! — un||L2(Qf)||un+1 ||HZ(Qf)||V€'11}1 22
Cz 1
< n+1 N2 A ,2);m+12 2
eAt| eIy, + - At7|lu ||Hz(9f) g ||Ut||Lz(_Qf)df-

Considering the above estimates, we have

1 n+1 2 n+1 % n+1 i n+1 ny 2
= (2 +5e)Ateft 5, + h 2 Aellei g + (TAth V& IILz(Q )t fAtllu 122 )) llezllo
2,
+ LLACNVE Iy o IVE ) + Cal® AL g IVE I, (48)

1

c2 C
N2 n+1 2)1,n+1 2
+ sV At”u ”HZ(Qf)”sf ”LZ(.Qf) + At “u ”Hz(Qf / ”uf”LZ(Qf)dt-

Finally, combining (46) and (48) with (45) and setting ¢ = 1/12, we have

12C2.C? 12¢C2
+1 +1 -2 +1 N1“-1 +1 _SMN2 +1
st IS — lef g + Atllel™ 5, < h=2At)lef™ 1§ + (—H-- Ath~2|| v IILsz) +— At|ju" IIHz(Qf))IIelllo
24C2  245,C2 e e 12C2
14 14 2 2 2 N1 n n+1
+ ( t - ><At /t lw,(D)llpdr + /[ II§[(r)|Iodt) +— ALV Iz, oIV IILz(Qf)
2 tn+1
+ Cuah® AU Iz IVE gy + =2 (AL 1 g I8 12 ) + AL N R g / el g dE) -
(49)
Considering (13) and (40), we get
_ 12C2,C? 2C2
KknAt = h™2 At + %Ath PIVE Mgy + — AL g
2 2 2
< h™2At + 12606 Ath*—2 4 12CNZAtH 12 <1
= " v Hz(Qf
Then sum (49) from n = 0 to n = m — 1 and note again §(1) = 0. Using (20) in Lemma 2.3, we get
t"'H tn+1
flem ||0+AtZ||en+1||W < exp Atz . _AtK < <At Z/ llwe dt+Z/ |I§t||(2]dt>
n=0 n
m—1 m—1 m—1 )
2 2 2
+ CAt Z ||V§}I|IL2(Qf)||V§n+1 ”LZ(.Qf) + Ch? At Z ||u”||H2(Qf)||Vgn+1 ”LZ(fo) + CAt Z flu ! ||H2(9f)”é’:fn”L2(Qf)
n=0 n=0 n=0
m—1 1
+caty” Hu"“nmf)/ el gyt ) '
n=0

Using (14) and (39), we can bound these terms as follows.

m—1 tn+1
At? E
th
tn+1

m—
2k1+2 4 2k +2
Z/ ||$ “0dt < C(R*172 + hoe™ )(”“f”Lz(o T:HM () + ”‘pf”B 0.1:Hk2F (52, )))
=0

lwg I13de < AE? /0 w3t < AP (el P 20,y + 19120 12050
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m—1
1 K

A Y IVE g IVE gy < COM MUl 1y 10y

n=0

2 np2 n+1 2 2kq
WEALY I o g IVET Iy < MU g gy MUl i1

=0
2 2k1+2
S C(T)”u”Loc(O’T;HZ(_Qf))h 1 ”u”l_oo 0,T; Hk1+1(.(2f))
m—1
+1,2 2 2kq+2

ACY I W g 16 Wy < CODtlieqorinziap ™ 2 Nl g 10y

n=0

t”+1

At22||u"“||H2 f el g A < CAL ullioo,r.m202 1Ue oo 7,120,

Thus we complete the proof by considering (14). O

Corollary 3.1. Under the assumptions of Theorem 3.2, it holds that, for all 1 <m <N,

||£Th _Em”g < C(Atz + h2k1+2 + h2k2+2),

m
ALY (wl, — w™f, < C(AP + k1 4 h?k2),

Proof. Using the triangle inequalities and combining (13) with Theorem 3.2 will lead to the result. O

n+1_ n
Next, we estimate the time difference % which will be used in the error analysis of the second order scheme.
Denote

n+1 +1 n+l _ gn
nt1 . Glw T el e’} —ef £ & n+1 n+1
dte = - =dee]" —diE"T,
At At At =
n+1 n+1 n n+1
d.emt - €lu — el u €y — el.f s - sf — n+1 n+1
t€1y = = dt - drf )
At At At
n+1 _ n+1 n+1 n
d n+1 — €1p elw _ C1p elp gp S —d n+1 n+1
€1, = = - = dely, l'gp )
At At At

where d;ef* | = (de]] dte”“) deel™! = (dtel et ') and d g™ = (d; 5”“ degpt).

Theorem 3.3. Under the assumptions of Theorem 3.2, we have, forall 1 <m <N,

m—1
ldiel I + At Y " lldeel 17, < (AL 4 B2 4 h?2), (51)
n=0

Proof. From (43) and (44), we get the error equation at time t"*!: for all Z, € Wh, g € Qu,

[dee™", 2,1 + a(el™" z,) + N ufh' vn) — N5 0™ vy) + b(z,,, e1F)
n+1 n n+1 _ g&n
_ n+1 _ w —w 2 2 (52)
4 . Zyls
= [ At ol 1l

b(ett,, an) = 0.

Consider (52) at the previous time t" to get new equations and subtract it from (52). Then setting z, = 2dfe"+1 and

qn = &} — &, we obtain
ldee} ™13 — lide€} 13 + lidie; ™" — deell13 + 2t dee I, + 24t Za || e Tillh
n+1 _ n n__ ,,n-1 (53)
= 2w - B ) — (- ). deel T 4 20 ™ — dig" deel )

— 2N(uf s uf bl deel ) + 2N u deel ) 4+ 2N (Ul deelt ) — 2Nt o, deef ).
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First, we bound the first two terms on the right hand side of (53). Similarly to (29), we get

n n—1

[= 2wl = S ) - () = S ) e 20 - " dee )
C2 5062 e+l 1 (54)
< 2eAt||deef T, + (i + ?) (At / g It +f llgnllédt)
min tn tn
To bound the trilinear terms, we have

1T = —2N(uf ; uf ', deelh) + 2N u™ 1 deelt ) + 2Nl s o] deeft) — 2Nt u”, dielt)

— _ZN(uril,h’ urlH;l1 n+l dten+1) 21\](u1 h— ut un+l d[en+1) 4 ZN( n+1 —u" un+l dteﬂ+l) (55)

+ u>hut, —u", dee + u—u" ", dee - ;u", die
ZN( r]l’h T d n+1) ZN( ]’h n—1, d n+1) ZN( n 1. d Tl+])

Next, we bound the first and fourth terms on the right hand side of (55). It is easy to verify the following identity:

i = —2N(uj ; ufh! —u™ deelt) + 2N(u']1_hl; uf p —u", deel )
n n+1 n+1 n+1 n+1
= —2N(uj, —u7, h sery o deeyy ) — 2N(u1 no ey — ey deely)

= —2AtN(deuf ;! d[e”“) 2AN(uy ' deeltt!, deelf ).

Using (11), (15), (22) and the facts d;ef*' = d;e}' — di&/",

fe el —ery W —u) - —uh) g -y w et by
€1y = = = - = delly p — dell’,
At At At At
we have
— 2AN(deuf y; e, deel ) = —2AtN(deel ; — di&f + dour™; et dee} ")
= 2Atch(||theLf||L2(:zf) + ||thsfn||1_2 y T+ [Vdu" 2o )||Ven+l||1_2 (2f) ”then+l Iz (2f)

2

C2,C?
<3evAt||Vd[e”“||L2 +%Ath ||Ve”“||L2(Q)||d[e1f||

CZ
+ 9 agvery ||L2(Qf)(||thsf oy + IV )

2) 12(%y)

1w 1w

c2.c? c?
<35At||dten+l||w + %h 2Atller’, I Idee s + —3 Atller’, i (14" Iy + eI g )-

Similar to the estimate of (47), we get

— 2Ny deel ! dielt ) = =2 ANl deeltt deel T + 2AN(u s digfY deel )
= — 2AtN(u" hkdfe'; cdeel )+ 2AIN(el s g del ) + 2AINTT dgY deelft)
< 281G VU, 2o I Vel I g + 24N 1V, gy I VAT 2o I Vdee] 2y

+ 2 AtCallu™ l||H2(_Qf)”thsn+]”Lz(Qf)”dte]J ||1_2(:2f)

CZ
<= Atuwfe”“nlz )+ eAIVder R g )+ AtIVer, Nz I VA& iz g

+h 2At)\dee 17 o )+ AP CRy Il z(Q)IIVdréE"“II

12(%2f) 12(52f)

1 C
< (5 + Aty Iy + 0 Atldeet ™ IE + 25 At R IdeE™ Iy + ABC G g e Iy

So

1 Ccz.C
(2 + 4e)At||deel g, + h 2 At eI + ’h 2Atlle"“IIWIIdfe1I|0

1w

c?
+ ﬁmng’“‘ 15 (I1deE™ 1%y + ||dtu“||i,1mf)) (56)

C2 _
+ NS AL I ™ Iy A Gl g 1™ -
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Then we consider the second and fifth terms on the right hand side of (55),

ii = =2N(uf , — u"; u"™, deel ) + 2N - u" " deeltt)

= —2N(e] , — el s u"™ 1 deeft!) — 2N(el s u —u”, dielt)

™t —yn
—2AN(de} ; u™", deelt!) — 2AeN(el s i deel ).

Using (14)-(16), we have

i < 2AtCN2(||dt€7,f||L2(9f) + ||dt“3f"||L2(:zf))||un+1 ||H2(:zf)||th€'11}1 22

-1 1
+ 2AtCy || Vel , ||L2(S2f)||dtun+1 ||H1(Qf)||Vdr€'1]} li2¢ep)
2 2 2

C C c?
< 3eAt|dee} ™, + ﬁAtnu"“ Iz Ide€i G + ﬁAt”u"“ Iz e M3 +23 At||dtu"“ [t

Then, we consider the third and sixth terms on the right hand side of (56),

iii = 2N(u"™! —u"; u™, deefth) — 2N(u" — u" T, deelft?)

un+1 —uy" 1 | . ul un—l ]
= 2AN(—— — Tt dee ) — 2AN(——— —uf u". dref )

+ 2N u™ deelt) — 24N o, deel ).

Using (14)-(16), we have

n+1 n u" — unfl

2AtN(T —ufthutt deelt) - 2AtN(? —uf;u", dief )

n+1 n

= ZAtCNZHT - Uf+ ”LZ(Qf)”u ||H2(Qf)||ther11}1||L2(Qf)

n n—1

+ 2AtCn: || R v U?||L2(.rzf)||un||142(:2f)||Vdr€'11}1 l2e2p)

e+l

c? ¢
= 2‘{3])At'-”Vdfen‘,>1 ”LZ + 7At ”u”Loo(O T: HZ(Qf))(/. ”utt”fZ(_Qf)dt + / X ”utt”§2(_(2f)dt)v
th—

2AN(uf s u™ deel T — 24N (uf; u”, dte”“)
=2ANu —ufs u™, deel ) + 24N u™ -, deelt)

= 2A’-LCNZHUWrl ”?“LZ(gf)”U i ”HZ(_Qf)”the]J ||L2(gf) + 2AtCNl||VU?||L2(Qf)||V(Un+1 - U”)Ilemf)lIVdre’}}l

¢+l ¢+l

C3, G
1 1 2
< 45VAt||the"+ ||L2 + 7At ”un+ ”Hz(Qf)/ ”u[f”LZ 'Qf dt + At ”u[ ”Hl(Q )/ ”ut”Hl(Qf)dt

n+1 C o 2 C
= 48UAt”Vd[€ ”LZ 'Qf + 7At ”u”I_oo(O T; HZ(QI,)) ”uft”LZ(Qf)dt + At ||U ||L°°(0 T; Hl(.Qf))

So that

e+l th

202
lll < 48At||d[e"+1 ”W —h2 At ”u”Loo(o T: HZ(_Q],))(/ ”ut[”zZ(_Qf)dt + /t\n—l ”ut[”zZ(_Qf)dt)

2

CNl 3
+ P At ”ut”Loc OTHl(.Qf))

13

iy

(57)

ll2c2p)
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Hence, we combine (56)-(58) with (55) leading to

1 CZ CZ 2
Ih=(5+ 11e)At||deei I3, + h 2 Atlldeet 1 +

C
N1 1 2 n+1 N2 112 -
(L - h=2 At g, + - At|lu ”HZ(_Qf))”dfg]”o
Cﬁ,] 1 C2
+ A (1€ I, + N5 ) + 25 Atlel)

IS IdeE™HI5, + Ath*Clyllu™ )1

g 1eE™ I
1312 1 G 1
2 A o g 4G + T At I ) Iy
2C [n+1 th C
+ SNZ At ”u”Loo(O T: Hz(Qf))(/ ”utt”fZ(Qf)dt + / ”utt”fZ(_Qf)dt) + N1 At ||u[||LOO(O T Hl(Qf))
n—1
(59)
Finally, combining (54) and (59) with (53) and setting ¢ = 1/26, we obtain
ldee} ™ 115 — lldeel 113 + lldiel™ — diel g + Atlldeel I,
26C2,C? 6C2 26C2  268,C?
< B2 At deetE + (22N A2 ert2, 4 225 SN2 AU g 7o) 1€ IR+ [ =2 + =
v g v Knin
tn+1 [n+1 C
(Atz [ o+ [ ||§n<r)||édr> N AL (148", + 1402 )
t t
2
+ fAtlle w I 1deE™ 15,
CZ
+ AP G g I1des™ Iy + Gz 2 A g N8I+ S Atd™ g e
+1 n
2CN2 “ 2 ' 2 CN]
+ cv At “ ”L‘X’(O T: HZ(_Qf))(/[; ”u[t”Lz(Qf)dt + et ”u[t”Lz(Qf)dt) + At “u[”LOO(O T: Hl(.Qf))
n_ -
Furthermore, since d;ef = 4 Aﬁg is not defined for n = 0, we can only sum the above equation fromn=1ton=m—1.
Considering (40) and (50), we have

6Clgllcl Ath™ ”en+l 2

B 6C2
KknAt = h™2 At + N ety + NZAtIIuII

120(0,T;H2(2p)) < 1.
Using (20), we have

m—1 m—1

n+1 12
lldzef! ||O+Ar2||dte I < exp ArZ nm)<ndtg1||o

(1

tn+1
+ cmzzf lwee (O dr+c2/ I8, (T)li5de
”1AtZ||e"“||W (eI + Idet g Aane g g™,
m—1
2,2 —12 12
+ ALY R I g IdE™ I
n=1
2 m—1 C2 m—1
+ PEACY U g I E G+ A et g e
n=1 n=1
2C2 m—1 e+l th C2 m—1
N2 2 2 2 N1 3 4
+ AL Y Ul e ( / e s I + / el g, ) + 1t A Znufnw(ojﬂlw).
n=1 n=1
Then using (20) and considering (13), (14) and (50), we can obtain
m—1
Idee 13+ At D lideet ™ I1F, < C(ldee} 13 + A + b2 4+ h?*2).
n=1

(60)



D. Xue and Y. Hou / Journal of Computational and Applied Mathematics 369 (2020) 112579 15

Next we need to bound the terms ||dcel[|? and At||d.e!||%,. Note that w?, = ©° = w® = 0, then we can get

&) =e; =e), =0.Attime t', setting z, = 2d;e}, g, = 2¢{ in (52) and considering (44), we have

w! — w°
2lideellg + 24t lldeei Iy, < 20w, — == diej] +2[d:& ", diey] + 2N(u's u', drey ). (61)

Using (13), (14) and (17), for all u > 0, we get

1 wO

1 1
w! — 1 t 1 ¢

2w} — ——— ,dfg}]+2[dr§1,d[g}]52u||drg%||é+fm/ ||%||§dt+—Ar/ 1€ lIgde
At M ¢0 I t0

< 2ullde]lls + C(W1+2 4 h?*2 4 Ar?).
0 1 0

1
u' —u u' —u
2N(u'; u', dte%’f) = 2AIN(———; u', dte%,f) < 2AtcN3||VTt”L2(.Qf)”u] ”HZ(.Qf)”dte},f”Lz(.Qf)

CZ t!
< uldegilly + == Atz g / lue(T) g AT < lidees I + CAL.
t

Combining the above estimates with (61) and setting u = 1/3, we have

Idcelllg + Atlidellly, < C(AL* 4 hF2 4 p?2t2), (62)
Hence combining (62) with (60), we get
m
lde€ 13+ ALY lldeelllf, < C(AL + h 4 h). (63)
n=1

Then the proof is completed. O

Corollary 3.2. Under the assumptions of Theorem 3.3, it holds that, form =1, ..., N,

m
Ideel, 115 + At > lidee] 17 < C(AL + 11 4 h**2). (64)

n=1
Proof. Using triangle inequalities and combining the approximation properties (13) with (51) will lead to (64). O
4. A second order algorithm for the NS-Darcy model

In this section, we present a second order scheme based on the SISDC method. We first prove the stability of the
scheme. Then we establish the error estimation of our scheme, which shows that it is second order accurate.

Based on the scheme (21), we now present a second order scheme by using SISDC discretization method in time.
Given (wf,.p},) = (u},. @1, p1,) and (it pith) = @i} o' pit!) of the algorithm (21), find (w34, p5t') =
(uyt!, @i tt, pitl) € Wi x Qu such that, for all z, € Wh, gn € Qn,

wyh! — wj,
[f z,)+ a(wih' z,) + N(u s uf . vn) + bz, P34
1 1 1
- Ea(ﬂq}—,], gh) - Ea(yq,h’ gh) - EN(U';T; qu;l, Uh)
fn+l +fn (65)

1 1
+ EN(uq,m u'{,h, vp) + Eb(gh, qu—«,] - pq,h) +( Zh)’

b(wyt!. qn) =0,

0 0
Wy =Pw” =0.

4.1. Stability analysis for the second order algorithm

Similar to the stability analysis in Section 3.1. We also need an extra condition to overcome the difficulty caused by
the trilinear term in Navier-Stokes equations.

Lemma 4.1. Let wy, = (uy,, ¢34), 0 < m < N, be the solution of (65). Then under the assumptions of Theorem 3.3 and

||Vug,h||L2(gf) =< 0<n<m-1, (66)

V
4Cyq’
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we have

m—
lw'ally +AfZ”w"“ ly < ( an[w"“ +H + el f))rzwz). (67)
n=0

n=0

Proof. Setting z, = 2Atw}*%' and g, = p}}' in (65), we have

(w53 15 = llws pllg + lws s — w3 4ll5) + 24w 11, + sza ;ﬁ,;l “Tllfa
_ Ata( n+1 n+1) At n 2AEN n+1 (68)
= Wip o Wop a(gm,w“ )— (U3 U g Uy )

1 1 1 1 fn+l +fn 1
— AtN(uyR s uft ughh) + AN s gy, ug )+2Ar(T,ng; ).
First, using (9), (19), Young’s and Holder’s inequalities, we get

I = Ata(wﬁql, wg*,f) Ata(w] wgzl) = Atza(d[w"+1 1y

1.h o Wah
1
< A | dewi lwllwih lw + ARG tha —= Vet 2o 1U5T  Tillz
- tr (l() r)
n+1 C n+1
+ eAt||wh} ||W+4—Ar w1,
1+Cr
n+1 n+1 . 3 n+l 69
< 2e At w33, + AtZa il + g AL I} (69)
C CzAP Z —= || Vdu} |2
tr (K ! 12(%)
n+1 n+1 3 n+1
< 2eAt|wii g —I—AtZa Till7 y + CAC w51,

Using (15) and (66), we get
I = —2AtN(uj sl ub b)) = 2AN(u s iy — uf  ust ) — 2AeNQS s uih ush!)
= 2AN(uj p; detl uﬁ*,ll) — 2AtN(U 3 ugf, ugf)
< 20 AL VU3 bl 2 IV ||Lz(9f)||Vug+h1 2y + 2Cn1 ALV bl VU5 ||L2(Qf)

< ZAt ||thu"“||Lz(9f)||Vu2h ||Lz(9f)+ At||Vu"+1||L2 f)
( +en) AtV F g ) + —At HALACYY PP _( +e)At||w”“||W+—At lldew5 s 15, -

For the remaining trilinear terms, we have

= — AN ulh ush ) + ANy s ] ubhh) (70)
1 1 1 1
= — AN = uf gl — AN = ugih).
n+1 el n+1_.n 1
By using (13), (15) and the fact that dte"Jrl = e‘*”m Ly — u‘*"mu”’ — “HA[‘“", we obtain
1
n+1 n+1 , n+1 2 U doeMtl _ g gntl. ntl
— AtN(uyy —uj iy, uy ) = —AN( . +deey & Uy Uy )
C [n+1 tl’H—l
< 38VAI||VU"+1||L2(Qf) + N1 At ||Vu"+1||L2(9f)(/ ||Ut||i,1(Q ydr + At||the”“ ||,_2(Qf) + /[” ||(’§f)r||i1(9f)dt)
[n+1 [n+1

n

C
<3eAtwp} I + 25 At} 1 ( / g AT + ALIVA:el} I g + f
t! tn
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Similar to bound AtN(uf ,; ultlh — uf uQ*hl) Then using (13), (14) and (51), we obtain

C ¢+l
1 < 68At||wn+l ||w + At(”f"HHw + [lw] h”W) ( / ||ut||l2_11mf)dr
tn

th+1

+ At”Vd[en+1 ”LZ(Qf) + /[n ”(Ef)t”lz.ll(gf)dr )

C
< 6o At} I + 20 Al R, + s, ) ( o riricayy

+ C(Atz +h%a 4 hzkz) Rk ||Ur||,_z(0 ;N () )

C
< 6 A5 Iy + 5 (1 ey 1) AL (I3 R + ] 15)-

Similarly to (25), we deduce

fn+1 +fn - 1 CI?A n+1 +fl gcht f2n+1 +f2n
W = 240w < et + I g + I g,y

Combine the above estimates with (68) and set ¢ = 1/20.

5
1 1 1 1 1
w3 16 — llwS allg + Atllw3, ||W+Ar2 ugh -l < 5 AL w3, + CAC drwi

20C7 At f"+1 +fr 20gC2 At f"+1+ fr
2 ||L2 'Qf kmm 2 ”LZ(QP)'

C
3 (1 el 7ty AL (N Iy + i aliy) +

Note that w3 , = 0. Then summing the above equation from n = 0 to m — 1, we obtain

m—1 m—1 m—1
5
1 3 1 3 1
||w2h||0+AtE llwh IIWS —At E ldew5 3 5y + CAt E dew’t 4 I3y
n=0 n=0
m

+ C(1+ fu?

n 2
12(0,T;HK1+1( f)))At Z lwy plliw +

Considering (13), (14), (23) and (31), we have

o
1 LG A S
L2 .Qf Kumin s 2 W22y

m—1
5
w5, lI5 + At Z lwit T2, < ZAt3 Z lldews 1% + CAt#? + C(1+ ””f”mo T+ f))))ﬂ +572
n=0 = (71)
=

C<Ar3 D e 1y 72 el g Y F r2>.

So we complete the proof. O

Lemma 4.2. Under the assumptions of Lemma 4.1, we have, for all 1 <m <N,

2

4C2  4gS,C?
”wl’H-] || (717 + p

5
)l + 2 At2||dtw”“||W+C(H +77)
min (72)

n+1 n2 n+1 n2
(”f ”Lz(Qf) + ”f] ”Lz(Qf)) (”f ”LZ(QP) + ||f2 ”LZ(QO))'

Proof. Setting z, = ZQQF and g, = p3} in (65), we get

1 1 1 1 1 1
2wl 2, +2 E a ult T'”LZ(F) —2[drw} ', wih T+ a(wih' — i, wiih)
(73)
+1 1.kl +1 ™
n . n n n n n n . n n n
— 2N(uy 3 up p, Uy, ) — NQuyy s uyy s upy ) 4 Ny s, uy50) + 2( 5 Wah )-
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Similarly to (29), we have

202 2g5,C2
( p + P)”d[ n+1p2

1 1
S < 7”7n+ — wy g

n+1
—2[dtw2 ho W

I +
Imin

The remaining terms on the right hand side of (73) have been bounded in Lemma 4.1. So we deduce that
fn—H +fn -

— 2N(uj i uf p, uh i) + a(wih — why, wiih) — N ud i) + N s uf g, gt + Z(f’ Wyh)
< (5 + 10wl I + Za B g, + —— ARl IR + CAR R,
2 tr (K 2 " T6g
¢ 2 412 12 Cg A S gfg g
+ 5(1 + “ut||L2(0,T;H1(Qf)))At(”ﬂl,h Iy + ”El,h”W) + 5”#”?(@) + e ”T”Lz(ﬂp)'

Combining these two estimates with (73) and taking ¢ = 1/20, we have

2C2 2gSoC2 5
S = (52 4 S dawd 1R + S Acldaw Iy + Cacldwli
min
C OCZ n+1 +f 20g62 n+1 +f
+1 p 1 p 2
+ CAt (] + ”ut”LZ(O T: Hl(Qf)))At(llwn ”W + ”f‘l h”W) v ” 2 ||L2(Qf) + kmin ” 2 ”LZ(QPJ'

Then con51der1ng (13),(23),(31) and (51), we complete the proof. O

Next, we need to get the estimates of dtw"+1

Lemma 4.3. Under the assumptions of Lemma 4.1, we have, for all 1 < m <N,
lde w5, II5 + Atlldewd, 115, < F2. (74)

Here

F2 = (13 + IF013 + gSollfy 12 + gSollFL112) + ((1 S YNSRI ey AT SN S B )

C? gC2
p 2 P 2
+ v ”(f])t”LZ(O,T;LZ(Qf-)) + kmm ”(fZ)t”LZ(O,T;LZ(Qp)) > .

Proof. From (65), we can take the difference of it at time t"*! and t" as follows:

[dtﬂg_h dth hs Zh] + Ata(dtw;;l7 Zh) + N(u;’h; ug,h, vp) — N(uz h 5 u2 h , Up) + b(gha p;f}f - pg,h)

1 1 1 1
= 5Ata(d:w?}ll,zh) — JAta(dwt p,zy) = EN(u'}Tf, uph! o) + EN(u'},h; s V) + S N3 s vn)
1 1 1 B fn+l _fn—]
- EN(u1 R Ul on) + Eb(;h,p’ffh] =P — 5 bz, iy -pIh+ 24621
b(dtﬂz,h ,qn) = 0.
Taking z, = ZdIQZjll and considering (8), we obtain
Idiw5hHIG — lidew} ,IIF + 2A¢ldewl 17, + 24t Za ||u“+1 @illZ
f Ata(dqu_;ll, dtw"“) Ata(dtw1 h» dtw"H) 2N(U2’h; uz,h, dtugﬁll) (75)
+2N@uy gt das ) — N ot dad
AN s uf . dey h )+ N s el — NG el dad ) + 2At(fn+1i dyw™ )
IWERSW RN 1,h> 21,00 Gt 1h ’ 1h » Gt AL » AeWy ).

Similarly to (69), we bound the first two terms on the right hand side of (75) as follows.

Ata(dfwl‘;],dtw”“)<28At||dtw"+]llw+ At Za || A Tl ) + CAtIdat IR,

—Ata(d[wm,dtw”“)<28At||dtw”“||w+ At Za || s Tl + CALlIdew 411
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Using (15), (66) and Holder’s inequality, we have

— 2N(u 5 U, et ) 4+ 2N(h s uh s det!
= — 2AtN(uj ;; dyuy , deuyh') — 2AEN(deudl s uht deubh?)

< 2AC VU3 20 IV At L2 | VU3 D2 + 2ALC1 1Vt L2y VLS,

1
< Atv[|Vdu;, h||L2(:2f)||VdrUn+ ||Lz(9f)

1
<- Arnwfu"*‘nﬂ +Atv||thu2h||Lz(m_ —At||dew5 35, + Atlldew? 415, -

Similar to the estimate of (70) and (25), we get

=Nt ufh dadt ) + NQuf o, daid ') < 62 Atl|dewd I,

C
+ 5 (14 el Hlmf) DAt(lwi i g + lwh ).

1 1
NQuY s uf . dey i) = N uly dag ) < 6eAtlldaws G,
C 2 2 —1p2
+ 81)2 (1 + ”u[”LZ(OAVT;Hl(Qf)))At(”Q']l,h”W + ”wq,h ”W)v

fn+1 _fnfl CZAt n+1 _ en—1 ngA fn+1 n—1
T,cttw”“)<eAt||w”“||W ‘; 1= 1 — !

2AL Iy &kpmin 2At li2(2,)
t"'H t"+1

gC?
< 8At||wn+1||w + 7/‘ 1(f)e ”LZ(Qf) + 728kp' / : ||(fZ)t||fz(9p)dt
min n—

Considering these estimates with (75) and setting ¢ = 3/68, we obtain

2A¢(

m—1d-1
n+1 n+1
IdewSh 12 — Ndew} 13 + Atldew s 13, — Arndtw“nwwt;;a tr(K)

< CAL(ldew’ 3 1y + l1dew 1l15) + (1 el o) AL (T3 I + Nl + ' 1)
C2 (1

3 34gC?
p 2 p 2
+ 3v [n—l ”(fl )t ”LZ(Qf)dt + 3kmin /["*1 ”(fz )[ ”LZ(Qp)dt

Then summing the equation from n = 1ton = m — 1, we deduce

n+1

2
”u Ti”LZ(I")

1

m—1
Idew3 I3 + Atlidewd, 7 < Idew ,I5 + Atldiw] 17 + CAL Y [ideaw? 411

n=1
m

+C(1+ ||ut||fz(0,,;,,l(9f)))m Z [

m (1 e+l

34gC
I g+ "Z / 102l g
m

In addition, d[wl h = d[e !+ d,w™!. Using (14) and (64), we get

=0

¢+l

Aty ldawi Il < ArZ et I + Z / i3 de < CCAE + B2+ h%2) 4w I ey

C(At + h2k1 + h2k2) + U||ut||,_2(0 T; H1 'Qf + gkmaX”w[”LZ(O T Hl(.Qp))

Obviously, we can believe that At? 4+ h®1 + h?2 < 1. Using (23) and (31), we get
Idew5 13 + Atlldiw5 15, < ldews ,ll5 + Atlldew] 4115, + C ( 1+ l)||Ut||Lz(0 TH(2p)
+ gkmax”@t”,_z(o T: H1 )(] + T )

% 2 G
+ 7”01 )t”LZ(O,T;LZ(Qf)) km ”(fZ) ||L2(0T L2(S? )

+1
”Lz(Qf)”Vd[u;ﬁ ”LZ(,Qf)

(76)

19
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Next, we consider (65) at time t' and w3 , = w9, = 0. Setting z, = d;w, ,, we get

1 1 fl +f0
||dtﬂéqh||(2) + At”dtﬂ%,h”\%\/ = Ea(w;h» dtﬂ%qh) - EN(U},M u},hv dtu;h) +( , dt&ih)-

For these terms on the right hand side of above equation, we have

1 1 1 1 1
Ea(y%‘h’ dtﬂ;_h) = EAta(dty},h, dtﬂ%,h) < EAtlldrw{h||w||d[£§,h||w < ZAt”d[E;’h”ZW + ZAtHdtg}th‘z,v,

Tt 1 At 1 1 At 1 1 1
_EN(uLh; Uy p, detly ) = _TN(”M; deuy y, dety ) < TCNl ”Vu]ﬁ”LZ(Qf)”Vd[u],h”Lz(_Qf)”thuzh”Lz((]f)

VAL 1 1
=< T”thu},h||L2(Qf)”thu;,h”Lz(Qf) =< ZAt”dt!%_h”\z/v + *At”dtﬂ},h”a/,

64
fr+f° fr+f°
2

1 1 1
cdewy ) < | lolldeaw; yllo < Elldrw;hllé + gllff +715 + ggSOHfz] +515-

(

Hence,

1 1 17 1 1
illd@;,hllé + EAflldtw;hllﬁv = aAflldtw},hllﬁv + gllfll + 05+ §g50||fz1 +515

17 1 1
amnw},hnév + Z(Ilff 15+ IF203) + ngo(llle 12 4+ 1£2112)-

IA

Then considering (35), we have
lldews 4l + Atlldews iy < UG + IF NG + gSollfy 115 + 8Sollf7 llo- (78)
By substituting (78) into (77), we yield (74). O

Theorem 4.1. Under the assumptions of Theorem 3.2 and

- 1
4C2  4gS,C2 5 C2 gC2 232
) ) 2 2 2 ) 2 p 2
((U + m + 5)]: + C(H +7°+ 7||f1||L°C(0,T;L2(.Qf)) + @"fz"Loc(o’T;LZ(Qp))) = 4CN] P (79)
the solution wy';, 1 < m < N, of algorithm (65) satisfies

m—1

w3 g + At Y llws g, < c(r2 +H 41+ ||uf||fz(0,T;,,1(9f)))T2). (80)
n=0

Proof. The result (80) can be calculated by combining (79) with the results of Lemmas 4.1-4.3. O

4.2. Convergence analysis for the second order algorithm

In this part, we analyze the convergence rate of algorithm (65) and show that it is second order accurate. Moreover,

we define the function

F=w, =u+ St

=vAu—(u-V)u—Vp+gV-(KVe)+fi + gf.

Then the first continuous momentum equation can be written as

w1 — 1 ¢+l

e Fdr.

At At Jn

Using the trapezoid rule that

¢+l

1
At Jon

Fn+l Fn
Fdr = + + CA?Fy(a™),

where o™ € (", t"*1), we obtain

T gyn 1 1 1 1 1 1
L Y Aty EvAu” + EgV (KVe"™ 1) + igV - (KVg") — E(UHH SV — E(u” V"

At 2
1 1 n+1 n n+1 n
_ 7vpn+l _ 7vpn + 1 +f1 +g 2 +f2 +

CAt?Fy (™).
) ) B ) w(a")
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Add —vAU™! — gV - (KVe™ 1) + (u" - V)u™ + Vp™! to both sides of the relation and we can get

wn+1 —wh
T _ vAulH—] _ gv . (I(VQOIH—]) + (un . v)un + Vpi’H-]
1 n+1 1 n 1 n+1 1 n 1 n+1 n+1 1 n n
=— EVAU + EVAU - EgV (KVe" ) + ng - (KVe") — E(u SVt + E(H -Vu
1 1 n+1 n n+1
+ Evanr] _ EVpn 40 2+f1 g2 +£ + CACFy(a™).
Then it is easy to get the following weak formulation: for all z, € W,
wn+l w"
(S 2l +a@" z) + N vh)+b(gh,p”“)
1 1 1
= Ea(ﬂnﬂ,éh) - Ea(wnvéh) - EN(UH] Lou) + N(U u", vy) (81)
1 fn+1 +f n+1 +f
+ bz, P = ")+ (e )+ 8(F R ) + CAP(Fu(a™), ).

Before we give the convergence result of algorithm (65), we decompose the errors into numerical errors and
approximation errors as follows.

n+1 n+1 n+1 n+1 ~ n+1

Cuw =W —W =W —w o — (™ =" =t - §n+1’

eg-il—ll ug#[—]l _ ll — u;+1 ﬂn+l _ (un+1 _ ﬁ”+1) — n+1 %.n+1,

eg-;l — (pg—’:l (pn — (p121+1 ¢n+1 _ (¢n+1 _ ¢n+1) eg-;l ‘i:l;H]v

egt(l — pg+h1 pn — pg+h1 ﬁn+1 _ (pn+l _ ﬁn—H) — 8;+1 _ 7]“+17
where et} = (et eftl), eft! = (et eft!), " = (g, ).

Theorem 4.2. Under the assumptions of Theorem 4.1, we have for any 1 < m < N,

”grzn”S < C(At4 4 h21(1+2 + h2k2+2). (82)

Proof. At time t"*1, let (w'l";ll,p’i";ll) satisfy (21) and the true solution satisfy (81). Subtracting (81) from (65) and setting
z, = 2Atel™, gy = &)t we obtain

(les™ 113 — llebli + lles ™ — e2||)+2Ar||e”“||W+2AtZa & Till

n+1 _ gn

:2At[?,g’1“] +2Ata(E", e51) 4+ 2Ath(e ! ") + Ata(el) — e . eg“) Atb(el ™!, ™t — ™)

— 2AN(ub ;11 . €5%1) + 2AN(™; U, et — AN ulh L €St + AN ut et
+ AIN(U] s uf . e5F) — AN u", e341) — CAE(Fu(a™), e51).

For the first term on the right hand side of (83), similarly to (29), we get for all ¢ > 0,

Sn-H n 2 S, 62
I=2at=— = "] < eatle I + (2 + . 0)

¢+l

[ e o (84)

n

At
From (12) and (19), we have

I =2Ata(E™", &5 1) + 2Ath(el !, ™) + Ata(elt) — el . e5T1) — Atb(eSt!, n" — ")

— Ata( n+1 e],§n+l) At2 (d eTl+1 e;+l)

Kmin

< gAt||e“+1||W+AtZa et TillZyy + CALIdee} 1,

Next, by using the fact e} = u}}' — u"! = — &1, the trilinear terms are bounded as follows.
Il = —2AtN(u 5 ub 5, €541 + 2AN"; u” eg*;])

= —2AN(uj ,; uy, —u", e3t!) — 2AN(u , —u"; ", ef ).
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First,
i=—2ANS sy, — u", ebh) = —2AN(u s €f -, ebh) + 2AIN(uS 4 &, €5t (36)
= 2AtN(uj ;: €5, e3+') + 2AtN(e} ;: &', e5T1) — 2AN(E]; &, ef ) + 2AN(u™; &, e ).
Using (11), (15) and (79), we have

1 1
—2AtN(uj ;€5 5, e5%') < 2AtCN1||Vu§’h||Lz(9f)||Veg’f||Lz(9f)||Veg} 2y

I/\

S AUV, ||Lsz)||w§ﬁ;1 2

I/\

1 1
Atnw““ Iaap + 5 Athezfanm )< 8Atue”“nW + 5Atngsnév.
2AtN(e ;5 &, e t1) — 2AIN(E] &, eb )

< 2AtCyy ||Vezf||L2(:zf)||V§f ||L2(:zf)||vewrl 2y + 2AtCxn V& ||L2

||Ve"+1||L2 (2f)
<2Ath” CNICl”ezf”Lz(Qf)”V%—f ”LZ(Qf)”V‘?n+1 ”LZ(Qf) + 2AtCyq ||V$f ||,_2(Q ||Ven+l ||L2(Qf
2 2
<2008tV g+ L A2V e g + S AtV
12( .Qf fl2(e2p) N -2.f Lz(Qf) 22

Using (18), we have

2AtN(u"; &, eg?) < 2AtCN4||U"||H2(gf)||V§}1||L2(gf)||eg}1 22

CZ
< h 2At||erhLl ”LZ(Q ) + hN; At”u ”HZ(Q )”st ”LZ(Qf)

So

c.c:
i=(g+ 26)At]le" |2, + - At||62||W +h 2 At )b 2 + %Ath 2||vgf“||fz(9f)||gg||$J
2
+ —AtIIVSf IILz(Q )t Caah? At|u" ||H2 @) IVES ||,_2 @
Using (16), we have
ii — 2AtN(uS , — u"s ", €35') = —2AtN(e} ;i u", €5t ) + 2AN(E v, eb )
= 2AtCN2(”ezf”L2 () y+ ||§f ||L2(Qf))||u ”H2(_Qf)||ven+1

li2(ey)
1 C2 C2
< 260 ALV o) + L E AL [ g 1€ s gy + 2 AL g 1&g
1 Cﬁzz 2 C2 2
< 28Al'||e”+ ||w + ;At”u”” ||e2||0 -|- At||u || )||§n||0.
So we get

ci ¢t c?
I < (8 + 4e)At|les 17, + = At||e2||W+h 2At||e”+1||0+(%Ath 2IVE g, + 2 AL
CZ

cv HZ(Qf))”eZHO
2
+ MLACIVE I ) + Cral AL g IVE] W ) + 22 AL g 16715
(87)
Next we manipulate the remaining nonlinear terms by adding and subtracting AtN(u™*!; uﬁl], eg?]) AtN(u"; uf It e”“)
AN(e] s ufhl, ebth), AtN(u™; el eft!), and using the fact ef ' = u!,' — u™*". This lead to the following expression
IV =— AN ulh s ebt) + ANt u™ el + AN s el — ANt U, el t)
— — AIN(EL — €l s ul e — AN ul! — el
— AN et —ef el ) — AN — " e, eb ).
. +1 +1 1
Using (15), (16) and the fact 7' = u}’ — u"*!, we have

1 1 1 1 1 1.
iii = —AN(e]!) — e culh! ebt) = —ACN(deel ! el eb ) — ACPN(deelh ' um ! ebt)
< At CNI||then+l||1,2(gf)||vel ”LZ(Qf)Hvezf ||L2(_Qf) + At*Cyy ”dtenﬂ||L2(9f)||7vlnJr Il Qf)||V€ ||L2(_Qf)
2 CZ
1 1 1
< 200 AUIVEL ] 2 + 2L ACI VA g I V€T )+ 22 AC €T I g 107 g
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Using (15), (17) and Holder’s inequality, we have

n+1

uyy —uf
iv = —AtN(e] ;ulh' —uf et = —ACN(e] % eft!) = —ACN(e] ; diel ! +

n+1 n

—u
v n+1 n+1
A Cpy || el ulliz 25 <|| Vdcel, 2 + IV ar ||L2(9f)> IVes s lli2eey)

1

IA

n+1 __ u'

At

c2
<ZmMMHVy+”hRWO+——*AR“unHﬂQ)QMMV¢9M4MRW)+1/ IWArsz%ﬁry
tn

v=—AN@"™ et —ef i) = —ACN@ deelt et

IA

2 1
At Cpsllu™! ||1-12(s2f)||Vdr€"+ ||L2(9f)||vezf 22y

IA

CZ
VALV I gy + 22 AC I o g I Vel

12(%2) 12(2f)’

vi

— AN — " e] w 63?1) < AtCy: || V(™! — )||1_2(:zf)||ven+1 ||L2(:zf)||vezf ||L2(:zf)

¢+l

C
< evAL| Ve I ) + mAHWﬁquﬂ/ (D)1 A7

Combining the above estimates, we obtain

2

C C?
1 N1 1 1 N2 3 12 112
IV < 6eAt|le;™ 17, + AtMm“HWM”HW vAtM@ﬁmﬂﬂ+h

2(%2)
2 ¢+l

C C
+ A ||H2(Qf)||dfe'}*;}||w+ L Acel I f el A
For the last term on the right hand side of (83), we have

V = —CAC(Fu(a™"), 1) < Atllef™ I}, 4+ CAL||Fu(a™ )]G

Combining (84)-(89) with (83) and setting ¢ = 1/32, we obtain

d-1
1 1
n+1 n+1 2 n+1
lles™ 115 — llez Il + 5 Atlle; 5 — EAtllggllw + AtZa : (l()“ “Tllfa

C

32C2 32C2
<h” 2Ar”enH ||0 + (%Ath ||V§f ”LZ(Qf) — — = At|u" ||H2(g )>||€2||0

¢+l

+Cf IE,(T)lIgde + CAL|Idee} ™ I,
tn

32C2
+ 2N A Ve

32C32
2ep T Cah® At " ”Hz(rz IV ”Lz(rz ) szAt||”"||1242(rzf)||§"||5

32C2 32C3 32(2
+ vN] At3”dteﬂ+]”W”en+1”W vNZ At3”dten+]” ”uTH-]”HZ(Q)_"_ v2N3 At3||un+l||2

e+l

32C2
+—jﬂAﬂMLA@/‘ Hmhmﬁmﬁh+CAPMMM“mé
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Considering (13) and (40), we get
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Summing the above equation from n = 0 to n = m — 1 and using (20), we obtain

e I3 + AtllellG, < exp(mz ﬁ) ( €313 + AtlledI,
ﬂ

e+l m—1
+ CZ / &, ()lI3dr + CAC Y " deel 1,
n=0
m—1 m—1 m—1 m—1
+CALY NIV Iy g + ALY U a0 V5] 12 g, + CAL Y NE™IG +CAL Y lideel ) I l€h ) 1
n=0 n=0 n=0 n=0
m—1 m—1 1 m—1
+CAC Y e 1™ g, + CAL Y el 11 / lue(T) 71, dT + CAL Y [1Fula™ )G ) :
n=0 n=0 n=0

By using (13), (14) and (51), we complete the proof. O

Corollary 4.1. Under the assumptions of Theorem 4.2, it holds that
lwh'y — w™(I§ < C(AL* + B2 4 p2o2), (90)

Proof. Using the triangle inequality and considering (13), we can obtain the results. O

5. Numerical experiment

In this section, we provide some numerical experiments to testify the convergence and effectiveness of the second
order method based on the SISDC method presented in Section 4. A Galerkin finite element method is employed, using
the MINI element for the Navier-Stokes equations and the linear Lagrangian elements (P1) for the Darcy equation. The
results presented were obtained by using the software FreeFEM++.

Let the computational domain 2 = (0, 1) x (0, 2) with £; = (0, 1) x (1,2), £2, = (0, 1) x (0, 1) and the interface

= (0, 1) x {1}. For simplicity, we set all the physical parameters v, Sy, g, o equal to 1. The exact solution satisfying the
interface condition (4) is given by

u(x, t) = ((P(y — 1* + y)sin(t), [— %x(y — 1)’ + 2 — zsin(rx)]sin(t)),
p(x, t) = [2 — wsin(mx)]sin( %y)cos(t),

o(x, t) = [2 — wsin(zx)][1 — y — cos(zry)]sin(t) + %[] + (2 — wsin(wx))1[(y — 1)* + 1]sin?(t).
Next, we examine the orders of convergence with respect to the mesh size h and the time step At. If we assume that
VR (X, tm) A V(X, tm) + Ci(X, tm)AL” + Co(x, tm )R
Thus,
17 (. tm) = 0", )] Y

vt (X, tm) — v (X, tm)| 2 =1
2 3 0

Pv,h,0 =

N‘B

v (x, tm) — v,
Pv,At,0 = At At

o> (%, tm) = vy" (%, tm)llg

Here v can be u, p, ¢. While p, 1.0, 0v,ac,0 approach 4.0, the convergence order will be 2.0 .

In Table 1, we study the convergence orders with a fixed time step At = 1/100 and varying spacing . Observe that
Pu,h,0, Py,h,0 are near 4.0, which suggest that the error estimates O(h?) for the [2-norm of u, ¢ when k; = 1 and k, = 1.

In Table 2, we study the convergence orders with a fixed spacing h = 1/8 and varying time step At. The numerical
experiments strongly suggest that the error of convergence in time for all should be O(At?) as long as k; = 1 and k, = 1,
which strongly agree with the theoretical analysis.

In order to express the advantage of our scheme over other numerical method, we compute the error between the
exact solution and numerical solutions as well as the computed time. For simplicity, we denote uj and ¢y, as the numerical
solutions, obtained by the SISDC method, Crank-Nicolson (CN) method and BDF2 method. We take the fixed time step
At = 1/500 and mesh step h = 1/10. The data in Table 3 show that although the accuracy compared to CN method is
almost the same, our SISDC scheme costs less computed time than it. In addition, BDF2 method is less accurate and costs
more computed time than SISDC scheme.

oty 4 -2
T
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Table 1

Convergence orders of O(h") of SISDC at time t, = 1.0, with the same time step At = 1/100..
h “u;h - u;n% ”LZ(.Qf) Pu,h,0 ||<ﬂ'27f;. - ‘/’;I% ”LZ(Q,,) Py,h,0
1/2 3.24518e—1 3.93392 8.61537e—1 3.32173
1/4 8.24923e—2 3.97985 2.59364e—1 417544
1/8 2.07275e—-2 4.01935 6.21166e—2 3.74357
1/16 5.15693e—3 3.75066 1.65929e—2 4.41961
1/32 1.37494e—-3 3.75438e—3

Table 2

Convergence orders of O(At") of SISDC at time t,, = 1.0, with varying time step At but fixed mesh

h=1/8.
At ”ug{m - u;% ”LZ(Qj) Pu,At,0 ||‘P£r,lm - ‘ﬂ;% ”LZ(QP) Py, At,0
1/50 5.92270e—6 3.75343 2.38792e—5 3.83750
1/100 1.57794e—6 3.88048 5.99322e—6 3.91982
1/200 4.06636e—7 3.94115 1.50067e—6 3.96020
1/400 1.03177e—7 3.97080 3.75426e—7 3.98017
1/800 2.59839e—8 9.38867e—8

Table 3

Comparisons of the error between the exact solutions and numerical solutions at the time T and the computed time,
with the fixed mesh size h = 1/10 and time step At = 1/500.

T=1 T=10

I —u)Tllizy  Men = @)X Dllizee,  CPU Iun =)Dz Men = @XMz,  CPU
SISDC  1.76301e—2 6.03257e—2 75428  1.32808e—2 2.48604e—2 78.123
CN 1.76301e—2 6.03258e—2 13739 1.32816e—2 2.48600e—2 160.40
BDF2  4.76521e—2 6.68059e—1 10074  2.34523e—2 1.35661e—1 112.01

6. Conclusions

In this paper, we introduce a second order scheme based on the SISDC method to solve the non-stationary mixed
Navier-Stokes/Darcy model with the Beavers-Joseph-Saffman’s interface condition. We give a complete theoretical
analysis about the stability and error estimate of the algorithm. We prove that the algorithm is stable and second order
accurate. The numerical experiments testify the rightness of our theoretical analysis and the advantages of our scheme
compared with other second-order methods.
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