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We investigate topological insulator properties of the kagome helical waveguide array, by utilizing theoretical
and numerical means. The time-reversal symmetry of the kagome lattice is broken by helicity, and a photonic
topological insulator is formed. The Berry curvature and Chern number of the band structure are calculated, to
verify the topological phase transition, caused by the helicity. Unidirectional propagation and topological

protection properties of the edge states at certain momentum values are demonstrated. Interestingly, the same
kagome helical waveguide array, may support topological edge states with different momenta propagating along
the same boundary but in opposite directions.

1. Introduction

Topological insulators (TIs) are electronic materials with a bulk
band gap and protected conducting states on their edges or surfaces.
They display topological edge states in the band gap which separate
energy bands with different topological invariants. By breaking the
time-reversal symmetry, the topological protection arises and the edge
states can propagate unidirectionally along the edges of a TI without
backscattering, even in the presence of defects and disorders [1,2].
Originating from the condensed matter physics, the concept of TIs has
speedily percolated to other areas of physics, such as acoustics [3,4],
mechanics [5], physics of cold atoms [6-9], photonics [10-20], and
others. Different from the condensed matter physics, where it is con-
nected with the electronic transport on the surface, the topological
phase transition in photonic crystals cannot be observed by applying
magnetic field or by using magnetic materials [21], since the magnetic
effects at optical frequencies are much weaker than the electric effects.
As a result, to investigate topological effects in photonic systems, which
are connected with the transport of photons, alternative mechanisms
have to be invented. Until now, novel photonic topological properties
have been reported in gyromagnetic photonic crystals [10,11], semi-
conductor quantum wells [12], arrays of coupled resonators [22,23],

metamaterial superlattices [13], and polaritons in microcavities
[24-26]. It is worth mentioning that designs based on helical wave-
guide arrays [16,27-31] and the valley Hall effect [32,33], which do
not rely on magnetic field, are becoming popular in the research of
topological edge states.

Thus far, there have been several types of lattices [34-44] employed
in investigating photonic topological properties, among which the
honeycomb lattice [34-36] and Lieb lattices [37-39] were most fre-
quently utilized. On the other hand, the related kagome lattice was not
investigated in-depth and as thoroughly as the above-mentioned lattices
[45,46,42,43,47-52,44], especially in optics and photonics.

As it is well known, the kagome lattice, a popular Japanese basket
pattern, has three sites in the unit cell that form an equilateral trian-
gle—so it is not a Bravais lattice. In addition, the kagome lattice can be
understood as a honeycomb lattice with the centers of the triangles
located at the lattice points [53,54]. According to the nearest-neighbor
tight-binding approximation, the kagome lattice possesses one flat band
that is similar to the Lieb lattice and six Dirac cones between the other
two bands that are similar to the honeycomb lattice. As a result, the
kagome lattice is an excellent candidate for investigating the topolo-
gical properties of underlying materials. From this point of view, we
will investigate the photonic topological properties of kagome lattice by
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utilizing a helical waveguide array as an example, which can be con-
veniently produced by employing the femtosecond laser writing tech-
nique [55-57]. Even though the honeycomb and Lieb helical waveguide
arrays have been reported in [16,58], the kagome helical waveguide
array is still worth discussing, since it is not a simple duplication of
honeycomb and Lieb lattices. We believe that a well organized research
on kagome lattice may bring potential applications in photonics, in
producing optical delay lines [22] and lasing systems [59,60].

The organization of this article is as follows. In Section 2, we in-
troduce the theoretical model, and display the band structure as well as
the corresponding Berry curvatures of each band. In Section 3, we in-
vestigate the band structure of strained kagome lattices, with different
boundaries. In Section 4, the propagation of the topological edge states
is discussed in details. The robustness of such arrangements is also
discussed. In addition, we present topological edge states that may
propagate along opposite directions in this waveguide array. We con-
clude the paper with a short summary in Section 5.

2. Band structure and Berry curvatures

The paraxial wave equation that describes the propagation of light
in the system is a Schrodinger-like equation of the form
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where ¥ (x, y, z) is the envelope of the light beam, k, = 27n¢/1 is the
wavenumber in the medium, A is the wavelength, n, is the background
refractive index, and An(x, y, z) is the refractive index change. Here, 2z
is the propagation direction that plays the role of time, and x, y are the
transverse coordinates. Similar to the previous research [16,34], the
medium adopted here is fused silica, so that ny = 1.45. Other para-
meters used in this paper are similar to those in Refs. [16,33] (the
wavelength 4 = 633 nm, the longitudinal period Z = 1 cm, the distance
between two nearest sites a = 15um, the refractive index change
An = 1 x 1073) except for some that needed to be specified.

For the purpose of producing time-symmetry breaking in the
system, we transform Eq. (1) into the rotating frame, to obtain a wa-
veguide array in a helical form along the z axis. This is accomplished
through the coordinate transformation: !

x
X + Rcos(Qz),y' =y + Rsin(Qz) and z’ = z, with R and Q being the
radius and the frequency of the helical waveguide array. As a result, Eq.
(1) is recast as
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where A(z') = koRQ[sin(Qz"), —cos(Qz’)] is equivalent to a vector po-
tential introduced by the helical transformation. Based on Eq. (2) and
according to the tight-binding approximation, one obtains the following
coupled mode equations [61]:

0% m,n @)

i a7 :t[Tl*z (e2)¢2,m+1,n+1(zl) + ﬁz(ez)¢2,m_1,n_1(zl)]+

I[Tf3(e3)¢3,m71,n+1(zl) + ﬁ3(e3)¢3,m+1,n71(11)],

1¥2mn@)

5 :t[T;l(e2)¢1,m+1,n+1(zl) + TZl(eZ)lpl,m_l,n_l(zl)]"'

173 (@03 a2 (@) + T33(€D P31 12 @],
:t[T;I(e3)¢1,m_1,n+1(zl) + T31(e3)¢1,m+1,n_1(zl)]+
[z ()Y, 1 ni2 @) + 2(eD) Y, (@],

i Y3 im0 (@)
oz’

3

where t is the coupling coefficient, (m, n) are the integers that enu-
merate the lattice sites, ¥, ,;(z') represent the wavefunctions at the
three sites in one unit cell, and e, , 5 are the unit vectors of the cell. The
details are indicated in Fig. 1(a). In Eq. (3), the asterisk represents the
conjugation operation and 7, = exp[iA(z’)-1,,] are introduced
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Fig. 1. (a) Straight kagome waveguide array. (b) Band structure corresponding
to (a). (c) Helical kagome waveguide array. (d) Band structure corresponding to
(b). Inset shows the Brillouin zones of the kagome lattice and the region en-
closed by the dashed lines is the first Brillouin zone.

according to the Peierls substitution [16], in which 1, = e;,3; with
three possible subindices are determined according to Eq. (3).

For a straight waveguide array, as shown in Fig. 1(a), A(z’) is al-
ways zero, so that 7,, = 1 for all the cases. The corresponding band
structure is displayed in Fig. 1(b). As expected, there is one flat band
and two bands connected by six Dirac points. When the waveguide
array is helical along the z axis, with the radius of the helix R = 5 um,
as exhibited in Fig. 1(c), the corresponding band structure is depicted in
Fig. 1(d). Clearly, the Dirac points between the upper two bands dis-
appear, the reason being that the vector potential A(z’) breaks the time-
reversal symmetry of the system, and the topological phase transition
happens. We also find that the flat band becomes a dispersive band,
which is different from the Lieb lattice, in which the flat band is pre-
served even when the waveguide array is helical [58]. This means that
the symmetry properties of the Lieb lattice are better preserved than
those of the kagome lattice, and the Berry curvature (i.e., the pseudo-
magnetic field) of the flat band is not zero any longer. In fact, a kagome
lattice can be regarded as a deformed Lieb lattice—the angle between
¥, < ¥, and ¥, < 1, changes from 7/2 to 7/3.

We also display the far-field diffraction pattern of the kagome lattice
in the inset of Fig. 1. As indicated by the dashed line, the first Brillouin
zone of the kagome lattice is the same as that of the honeycomb lattice.

The Berry curvature of a band is given by

i
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where n indicates the band number, H is the Hamiltonian of the system,
lu,) and f, are the quasi-energy eigenstates and eigenvalues of H, i.e.,
H(&X)lu,(k)) = ,(k)lu,(k)). Based on the Berry curvature, the Chern
number (the topological invariant number) can be obtained according
to

Cu
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where BZ stands for the first Brillouin zone. Corresponding to the bands
in Fig. 1(d), the Berry curvatures in the first Brillouin zone are shown in
Fig. 2. In Fig. 2(a), the Berry curvature is completely negative, and the
corresponding Chern number is C; = —1. In Fig. 2(b), the situation be-
comes a bit more complex. The Berry curvature at the six corners of the
first Brillouin zone is positive, however it is negative in the middle of
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and (a), second (middle) band (b)
respectively. The panels are in the
means positive.

Fig. 2. Berry curvatures of the first (
and third (bottom) band (c) in Fig.
same color scale. Blue means negativ

S TE

the zone. Calculation demonstrates that C,=0 and
i /;32 dkl.Z, (k)| = 2; that is, the separate summations of the negative
part and positive part give — 1 and + 1, respectively. The Berry cur-
vature of the “flat” band is displayed in Fig. 2(c), which is completely
positive, and the corresponding Chern number is C; = 1. According to
the bulk-edge correspondence, one can predict the existence of an edge
state between the two bands.

3. Edge states

Similar to the honeycomb lattice, the strained kagome lattice pos-
sesses several different boundaries, and different boundary conditions
may lead to different topological edge states.

An interesting case is when the lattice is strained along the x axis but
is periodic along the y axis, as shown in Fig. 3(a). In the figure, the left
and right boundaries are flat and armchair, respectively, and in the y
direction, the boundary type is zigzag. The corresponding band struc-
ture is presented in Figs. 3(b) and 3(c). In Fig. 3(b), the straight kagome
waveguide array is presented (viz. R = 0). The red branches are the
non-topological edge states corresponding to the armchair boundary,
while the black branches are the bulk modes. One finds that there is no
edge state for the flat boundary. We would like to mention that there is
flat edge states in a honeycomb lattice waveguide array without helicity
[62]. But the edge states are a bit different in the kagome lattice. As
shown in Fig. 3(b), the edge states are not flat but dispersive. If the
waveguide array is longitudinally helical (along the z direction) with
R = 15um, the Floquet band structure is shown in Fig. 3(c). As it can be
observed, the edge states have become asymmetric about k, = 0.5K,
where K = 7/a is the width of the first Brillouin zone. Unlike the edge
state in Fig. 3(b), the edge state here is non-trivial topological and

(a)

0.5 1
kK

0.5 1
kK

Fig. 3. (a) Kagome lattice strained along x axis with armchair and flat
boundaries. (b) The static band structure, with R = 0. (¢) Band structure with
R =15 um. The edge states are shown in red, which are located at the edge
indicated by the red ellipse in (a).
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topologically protected.

Taking the edge state at k, = 0.5K as an example, the group velocity
of the state dB/dk,, is zero in Fig. 3(b) but nonzero in Fig. 3(c). The edge
state in Fig. 3(b) is perfectly symmetric, while in Fig. 3(c) it is not. Note
that the edge state is not so obvious for the flat boundary in Fig. 3(c),
but numerical simulations demonstrate that such an edge state will
emerge with increasing helical radius R and the asymmetry of the edge
state of the armchair boundary will become more apparent. In the band
gap between the first two bands, the two kinds of edge states from
different boundaries cross around the valley. Very recently, we became
aware of similar results displayed in Ref. [63]. Since the larger the
value of R, the more severe bending loss, we do not consider anymore
the edge state corresponding to the flat boundary in this paper.

4. Transport properties

Now, we discuss the propagation of edge states, to examine the
topological transport properties. We construct a kagome lattice wave-
guide array with armchair boundaries by superposing Gaussian func-
tions in the index change,

An(x,y,z) = z pexp(
m,n
[x + Rcos(Qz) — Xpmul* + [y + Rsin(Qz) — y,, [

w? }
(6)

with p = 1 x 1073, w = 0.5a, and with (X, n, J),,,) denoting the location
of the specific waveguide. The input facet of the waveguide array is
shown in Fig. 4(a).

4.1. Straight waveguide array

To start with, we consider the straight case of R = 0. In order to
excite the edge state, we launch an elongated Gaussian beam
P(x, y, 2= 0) = exp[(x — x0)*/wi + y*/w3]exp(ik,y) into the left arm-
chair boundary of kagome lattice, as presented in Fig. 4(b1). In the
Gaussian beam, w;, = 0.5a (w, = 10a) indicate the widths of the beam
along x(y) axis, and x, is the location of the left boundary of the

20

Fig. 4. (a) Input facet of the waveguide array, showing armchair boundaries.
(b1)-(b4) Edge state intensity distributions at chosen propagation distances.
The input beam is launched into the left boundary of the lattice, as shown in
(b1). The domain shown in (a) and (bl-b4) is x € [—50a, 50a] and
y € [-100a, 100a]. (c) Center of mass of the edge state along y axis during
propagation. The two red dots correspond to (b2) and (b3), respectively.
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waveguide array. Figs. 4(b2)-4(b4) depict the intensity distributions of
the beam at certain distances. Naturally, when propagating in a wa-
veguide array, the continuous beam breaks into beamlets in different
waveguides. In a normal linear propagation, owing to the coupling
between waveguides, the beam tends to spread. However, here during
propagation, the beam that excites the edge state stays at the same
position on the left armchair boundary and does not develop the hor-
izontal or vertical displacement. To see the localization more clearly,
we describe the vertical center of mass of the beam via

_ Wy, y, 2)Pdxdy
[ Gy, 2)Pxdy ”

and the result is shown in Fig. 4(c). One can see that except for the
beam balancing adjustment to reach a steady state at the beginning,
during the whole propagation, the beam center just oscillates with a
small fluctuation around y = 0. The reason for this phenomenon is
quite natural—the group velocity of the non-helical edge state at
k, = 0.5K is zero.

%)

4.2. Helical waveguide array

To confirm the robustness and immunity to backscattering of to-
pologically protected edge states, we consider the longitudinal helical
waveguide array with the radius R = 5um. Since the group velocity of
edge states is nonzero, the beam that excites the edge state will no
longer remain at the same position, but propagate along the edge in the
prescribed direction. Utilizing the same input beam as in Fig. 4(b), the
corresponding propagation dynamics is displayed in Fig. 5 at chosen
propagation distances. The propagation is also indicated in the Movie 1.
One finds that the beam indeed propagates along the armchair
boundary unidirectionally without experiencing significant back-
scattering, even when rounding the corners.

4.3. The influence of defects

Next, we introduce a defect into the kagome lattice waveguide
array, to display the robust resistance of the topological edge states to
the appearance of defects. The defect is realized by removing one wa-
veguide on the left boundary, and the corresponding lattice geometry is
shown in Fig. 6(a). Launching the same input Gaussian beam into the
left boundary of the lattice waveguide array with a defect, the propa-
gation is displayed in Figs. 6(b)-(e) at the chosen distances. Obviously,
the topologically protected edge state passes through the defect
smoothly. We present the complete propagation in Movie 2. It should be
mentioned that the input Gaussian beam inevitably excites some bulk
states, and this is the reason why there is some reflected energy, which
is completely scattered ultimately during propagation.

These phenomena indicate that by introducing the longitudinal
helical modulation into the kagome lattice waveguide array, the time-
reversal symmetry of the system is broken, and one obtains

Fig. 5. Propagation of the topological edge state at different propagation dis-
tances [Movie 1]. Parameters: R = 5 um and k, = 0.5 K.
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Fig. 6. (a) Input face geometry of the kagome helical waveguide arrays with a
defect barrier. (b)-(e) The intensity distribution at the different propagation
distances [Movie 2].

topologically protected edge states which can propagate uni-
directionally and are shielded from the backscattering, even when en-
countering a defect. Nonetheless, note that we do not talk here about
the large helical rotation radius in the longitudinal direction, because
then the bending losses become large, which leads to a leakage of op-
tical power into the bulk that affect the topologically protected prop-
erties of edge states [16].

4.4. Edge states with opposite propagating directions

Finally, we consider the edge states with opposite propagating di-
rections in the same lattice. According to the band structure in Fig. 3,
the edge state of the kagome lattice is non-monotonous (i.e., the sign of
dB/dk is different at different k), which is different from the case of the
honeycomb lattice. This difference means that the launched beams
carrying different momenta may excite the edge states with opposite
propagating directions (even in the straight waveguide array), which
presents therefore an advantage of the kagome lattice. Practically, this
can be easily achieved through adjusting the incident angle of the
launched beam [34].

To display this advantage, we choose k, = 0.27 K in the launched
Gaussian beam and do propagation in the same setup as that of Fig. 5.
Some typical intensity distributions at certain distances are displayed in
Fig. 7. Different from the case with k, = 0.5K (Figs. 5 and 6) that
propagates clockwise, the beam here propagates anti-clockwise.
Therefore, one can obtain topological edge states with opposite pro-
pagating directions even in the sample with the same boundaries.

We would like to note that edge states with opposite propagating
directions are still topologically protected, and this is not contradictory
to the unidirectional propagating property of the edge state. The
launched beam that excites the edge state at different k may propagate
unidirectionally in opposite directions, still with topological protection.

Fig. 7. Counter-propagating edge state. Setup is as Fig. 5, but with k, = 0.27 K.
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5. Conclusion

We have presented the topological insulator properties of edge
states in the kagome lattice by introducing the longitudinal helical
modulation, to break the time-reversal symmetry of the system. Due to
helicity, the Dirac points as well as the flat band in the band structure
disappear. Berry curvature and the corresponding Chern number of
each band are calculated, and we find that the Chern numbers of the
first, second and third band are — 1, 0, and 1, respectively. The uni-
directional propagation and the topological protection properties (im-
munity to defects) of the topological edge states are demonstrated
through constructing a photonical kagome lattice potential, encircled
by the armchair boundaries. Last but not least, we find that topological
edge states with different momenta can propagate in opposite direc-
tions, and are topologically protected in the same sample of the kagome
lattice, along the same boundary. Our research indicates that kagome
lattices can serve as good platforms for investigating photonic topolo-
gical insulators, and the results may lead to potential applications in
producing on-chip functional optical devices, such as optical switches
and isolators, to name a few.
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