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Fig. 4. Experimental scheme of single-mode squeezmg %, and ag.
are the amplified output FWM cavity modes; @i, and a}f; are injected
fields.

the atomic density. Since we do not consider Doppler effects
in this paper, our analysis is also suitable for ring or standing-
wave cavities [23].

In the cavity shown as Fig. 4, due to the assumption that the
pump beams are undepleted, the intensities of the pump
beams will be much larger than those of the SP-FWM signals.
Thus, we can regard the pump beams as classical fields and
quantize the two SP-FWM signals as a; and az3. Owing to the
same output direction and polarization, we regard az; and azs
as one mode and use ay; to represent both of them. Even
though the self-diffraction FWM signals and their cavity
modes are generated along the same direction, the polariza-
tions of the two modes are perpendicular, so one can record
them separately by putting a polarizer before the photodiode
detectors.

Here, we introduce the nonlinear coefficient , which is pro-
portional to the nonlinear optical susceptibility and amplitude
of pump fields, to describe the nonlinear gain in the MWM
process. We denote as the decay rate of the single-mode sig-
nal due to transmission of the input—-output coupler mirror M1,

. due to all other intracavity losses, and ¢ as the vacuum
mode that is coupled into the single-mode signal through
¢~ So the motion equation can be obtained as [24]

da, o R N .
TIZI = —iAdp - ( + Jap + aF; exp(i )
p .. p .
v+ 2 ©)

where , is the relative phase between pump lights and the

seeding lights, A is the cavity detuning, and &'}‘1 is the injected

field. With the steady-state approximation and Fourier trans-

formation (Q is the analysis frequency), we can get ay; with
p=0as

( + ,-iQ-iA) 2 a% +p2cc
(+ P+@a+9Q72- 2
V2 a“‘Jr—f—pZCcJr

Tr Praror-?

aFy =

10)

We can write the mean value of ap; as (ap;) = a; + iay, in
which a; and ay are the real and imaginary parts, respectively.
The amplitude and phase of the output field ky; are

q 0
m= a}+a, = atan o (1D)
1
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The mean values of @ and coupling vacuum field ¢ can be
written as (dh) mexp(—i ) (¢*) =1 and (¢) =0, in
which ;, and 1“ are the amplitude and phase, respectively.

Now, we begln to investigate the intensity and phase of the
output field, which can be well controlled by the frequency
detunings of the dressing fields (k, can be viewed as a dress-
ing field if it is strong enough [12]) as well as the nonlinear
coefficient . Here, we would like to emphasize that is pro-
portional to the density matrix element. Therefore, the chang-
ing trend of reflects the changing trend of the density matrix
element.

We study the dressing influences of ky on the theoretical
intensity and phase of the single-mode versus A at different A,
when ‘“ = 0, which can be obtained based on Egs. (9)-(11),
and the results are illustrated by the solid curves in Fig. 5. The
baseline of the intensities at A =0 is represented by the
dashed curves in Figs. 5(a) and 5(b), which is the same with

versus Aj.

When the power of ks is strong enough, the baseline shows
an AT splitting [Fig. 5(a)] due to its dressing effect. Based on
the properties of , the output intensities (solid curves) show
that the peak becomes higher and two dips shallower with
increased. Each output spectrum has one peak and two dips,
which is resulted from the constructive interference between
the injected field and the pump fields [6]. One can control
with AT splitting induced by the dressing effect of the ko,
which results in the evolution of the output intensity at
A = 0 shown in Fig. 5(a). However, when the power of k;
is weak so that its dressing effect can be neglected, exhibits
a single peak, and the evolution of the output at A =0 is
shown in Fig. 5(b).

As for the phase of the single-mode, the distance of splitting
share the same law with the intensity, which indicates a very
steep variation of the anomalous dispersive profile and can
result in fast light around A = 0, which is opposite to the ex-
perimental results in Ref. [25] because of the different relative
phase g‘l. The phase of the output field shows that the gra-
dient increases with a decrease in , as shown in Figs. 5(c)
and 5(d). The variations in Fig. 5(c) are not very obvious
because the influence of the dark state is relatively weak.

Then we study the influences of the dressing field ky; on the
output intensity and phase of the single-mode at different A,
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Fig. 5. Solid curves, (a) and (b) theoretical intensity and (c) and
(d) phase of the single-mode versus A ( + ) [-1010] at different
A; (a) and (c) with and (b) and (d) without the dressing effect of ks.
Parameters: I =0, A; =0, and A; ( + ,) = -40,-20,0,20,40,
respectively, from left to right. Dashed curves, intensities at A = 0
versus A;.

Intensity (arb. unit)

FLLL

Al (p+y.)




2796 J. Opt. Soc. Am. B/ Vol. 31, No. 11 / November 2014

with ® =0 and A; ( + .) = -15. The results are illus-
trated in Fig. 6. When A; ( + .) = -15, the baselines of
the intensities at A = 0 are same with versus Ay, which
are shown by the dashed curves in Fig. 6(a). The satisfied
enhancemen(% and suppression conditions in Fig. 6(a) are
A+ Ag+ AZ+4G: 2=0and A, + Ay, = 0 [26,27], re-
spectively, and the evolution of the output at A = 0 is shown
by the solid curves shown in Fig. 6(a). Without the dressing
effect of ks, the intensities at A = 0 do not change versus A,,
as shown in Fig. 6(b). For the phase shown in Figs. 6(c) and
6(d), we can obtain almost the same results as in Fig. 5.

B. Control Single-Mode Squeezing
Since the amplitude and phase of the SP-FWM can be adjusted
by the dark state, we wonder whether the fluctuations of the
SP-FWMs can be controlled or not. Therefore, we would like
to discuss phase-sensitive squeezing, such that we define the
amplitude quadrature X and phase quadrature Y as X, =
apretr +atel v and Y2 = —i(ape v - ajet ).
Considering the Fourier transform of the operators,
the steady-state approximation dXz, dt = ay m dt =0 and
boundary condition a%;(Q) = /2 ap(Q) - 4%, (Q), we can
obtain the amplitude and phase variances at , =0 or

p= as

(2X3(Q) = ([( £ )?- 2402 A%P +4 207 2XR(Q)
+4 0+ o+ P+ QY X(Q)
+4 202 2V Q) +44% L 2F.(Q)
{( + )2 +A2-Q%— 22 440%( + )2
(12a)

(Wp (@) = ([ F )?- 2+ - A% +4 20%( 2VH(©Q)
+4 L+ oF P+ Q)
4 202 2K (Q) + 442 ( 2X,(Q))
{0+ P +A%-Q% - PP 440Q%( + )7,

(12b)
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Fig. 6. Solid curves, (a) and (b) theoretical intensity and (c) and
(d) phase of the single-mode versus A ( + ,) [-1010] at different
Ay (a) and (c) with and (b) and (d) without the dressing effect
from ky. Parameters: I =0,A; ( + ) =-15and Ay ( + ) =
-50,-15,0, 15,50, respectively, from left to right. Dashed curves,
intensities at A = 0 versus A,.
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where the plus and minus symbols correspond to , = 0 and
p = , respectively.

We first investigate the quantum noise variances of the
quadrature components of the output cavity mode by scan-
ning A ( 4+ ,) at different A; when the squeezed states
are injected. Comparing the results with the shot-noise limit
(SNL) [28,29] and the results obtained without pump lights,
we can find the influence of with and without the dressing
effect of ks obviously. When one of the pump fields is blocked,
the nonlinear process is not active. The quantum noise varian-
ces of the quadrature components are shown by the dotted-
line in Fig. 7, and the injected squeezed vacuum states are
shown by the first solid curve in each panel, which can be
used as a reference to examine the nonlinear process inside
the cavity of the input states.

Figures 7(a) and 7(b) illustrate the quantum noise variances
of amplitudes and phases at , = 0 with the dressing effect of
ky. While Figs. 7(c) and 7(d) correspond to the case without
the dressing effect. We find that the quantum noise variance of
phase quadrature is squeezed more at the resonance due to
the nonlinear process, while the variance of amplitude quad-
rature becomes noisier than the input squeezed states. This
phenomenon is in line with the Heisenberg uncertainty rela-
tionship [30,31]. It is clear that both the squeezing degree and
the noise degree at A = 0 can be modulated by A;. Due to the
dressing effect of ks, there are AT splittings for both the am-
plitude and phase quadrature noise variances, as shown in
Figs. 7(a) and 7(b) rather than in Figs. 7(c) and 7(d).

When the nonlinear process is operated at , = , the quan-
tum noise variances of amplitudes and phases with (or with-
out) the dressing effect of ky are shown in Fig. 7(e) [or
Fig. 7(g)] and Fig. 7(f) [or Fig. 7(h)]. The amplitude quadrature
noise variances are changed from very noise to squeezed at
resonance, as shown in Figs. 7(e) and 7(g). The squeezing de-
gree of the corresponding phase quadrature noise variances
at resonance decreases (even to noise), as shown in Figs. 7(f)
and 7(h). Meanwhile, the profiles of the quadrature noise
variance at resonance are opposite to those shown in
Figs. 7(a)-7(d).
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Fig. 7. Solid curves, theoretical single-mode squeezing versus
A ( + ) [-15 15]atdifferent A; when injecting squeezed states,
p» = 0and Ay = 0, (2) and (b) with and (¢) and (d) without the dress-
ing effect of ks. The first curve is the noise power spectrum with
one of the pump fields blocked and the following five curves,
respectively, from left to right are noise power spectra with
Ay (4 ) =-40,-20,0,20,40. Dashed curves, noise variances at
A = 0. Dotted lines, SNL with vacuum states injected. (e)-(h) Same

as (a)-(d) but with , = .
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We first show the dressing influences of k, on the reflection
intensity of the coupled cavities versus the round trip phase-
shift ~ based on Eq. (14). The term (af;(-Q)ar;(Q)) in
Eq. (14) expresses the output intensity with the vacuum state
injected from the cavity configuration in Fig. 4, which is same
as the results displayed in Figs. 5 and 6. The baselines of the
intensity, as the dashed curves illustrated in Figs. 9(b1) and
9(b2), show AT splitting versus A; ( + ) and left-
enhancement-right-suppression versus A, ( + ), respec-
tively, because of the dressing effect of k,. However, the
baseline, as the dashed curve shown in Fig. 9(b3), displays a
single peak versus A ( + ), which can be obtained obvi-
ously by the curve at A; ( + ) = -20in Fig. 5(a). The func-
tion of the coupled cavities split the original one mode
into two modes [7], as shown by the solid curves in
Figs. 9(b1)-9(b3). The corresponding three-dimensional sim-
ulations are shown in Figs. 9(c1)-9(c3).

Then we illustrate the quantum noise variances of the am-
plitude quadrature Eq. (15a) for the reflection signal of the
coupled cavities with the squeezed state injected, as shown
in Fig. 10. We can obtain the splitting of the original squeezed
signal (see Fig. 5), which is induced by the coupled cavities
and similar to the reflection intensity. The profile of the base-
lines of each variance at different A;, shown as the dashed
curve in Fig. 10, is an AT splitting versus A;, because the noise
degree of the amplitude quadrature of the squeezed state gen-
erated from the cavity (Fig. 4) at A = 0 is proportional to
which is induced by the dressing effect of k. Therefore, the
squeezing degree for the reflection signal of the coupled
cavities can be controlled by the dark state.

30 "~ L2 ' ' '
A1/(y+ye)

Fig. 10. Solid curves, theoretical squeezing of the amplitude quadra-
ture for the reflection signal of the coupled cavities with an injected
squeezed beam versus the round trip phase-shift = ;= »
[-0.2 02]withQ =0, Al ( + )= -40,-20,0,20,40, respectlvely,
from left to right, Ay = A = 0 under the dressing effect of ko. Dashed
curve, the roughly changing trend of the baseline/squeezing
versus A;.
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4. TWO-MODE SQUEEZING

In the phase-conjugate SP-FWM process, the generated SP-
FWM fields (kry and kps) are treated as two quantum fields
(described as dyy and dz»). As depicted in Fig. 11(a), k; and k
are generated along different directions, so we can treat the
two SP-FWMs as two modes (a4, and a%,), which can be de-
tected by two photodiode detectors. To measure the quadra-
ture components, one needs to use the balanced homodyne
detectors. Here, it is worth mentioning that there also can ex-
ist another kind of two FWM cavity modes that are along the
same direction but with different polarizations. The corre-
sponding diagram is similar to that shown in Fig. 4, in which
the two fields (k; and ks ) with different polarizations are along
the same direction.

The two SP-FWMs can be both amplified by injecting pump
fields in the same intracavity FWM channel, which is de-
scribed by the nonlinear coefficient . So the motion equations
for kpy and kpy can be written as [24]

dapy R N R .
d? = —iAdpy — ( + apy + Gf,exp(@ )
p p
+ 2 am' + 2.6, (16a)
da A A R )
= "py = ( + g+ gy exp(i ;)

+p2a +P2 6, (16b)

where ¢; and ¢, are the vacuum modes.

As shown by the energy level system in Fig. 11(b), if all the
coupling beams are open, we can get two FWM signals (k.
and kj;) and two SWM signals (ky, and ki), which satisfy
k}wz = kl + k2 - klz, k/FS = kl + k3 - k/3, k:92 = kl + k2—
k) - k3 + k3, and kg3 = k; + k3 - K — k; + Ky, respectively.
If we use the generated MWM signals as the injected fields
which are injected into the FWM cavity mode channels shown
in Fig. 11(a), we can get the ©®- @ cascade nonlinear process
(inject K, and Kj,3) or the ®- @ cascade nonlinear process
(inject ki, and ki;) to make the conjugate FWM cavity modes
obtain optical parametric amplification [15]. Considering that
we just use SWM signals as the injected fields to get the

6)_ 3) cascade nonlinear process, we only show the density
matrix elements for SWM signals as

ein _ —1G1G2Gy GGy Gin _ —1G1G3G5 Ga Gy an
s2 = ’ S3 = ’
a3 daodso d3ydsodao
(@) P (b) )
PBS
ki I PZT
gy o e, k, 4
M3 M4 k,
. A I1)

dy, aFl“ T M2 K lé};_n k| |K5

< 5 I ”

n “M] ﬂ kSZ‘SS Wy
ary — D)
A Ap, — 0)

Fig. 11. (a) Schematics of two-mode squeezing with fields k; and ks
passing through the atomic vapor along opposite directions. a5, and
%, are the amplified output FWM cavity modes; @, and al%, corre-
spond to the injected Ky, and Kj,, respectively. (b) Inverted-Y-type
energy level to produce MWM signals.
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As for the quantum noise variance of the amplitude quad-
rature summation, phase quadrature summation, amplitude
quadrature difference, and phase quadrature difference of
the two SP-FWM beams can be deduced as following:

(2K (@) = ([( £ )?- 24+Q2-A%P
+4 2073 2X P () +4 202 2VE L (Q)
F4 O+ o PO 2K Q)
+4A% (2T, ()
{(+ 0 +A%-Q% = PP HAQ*( + )%,
(18a)

2+QZ_A2]2

+4 2Q%)( ® F1’+F2(Q)>+4 ZA%( 2XF1’+F2(Q)>
4 J(+ F P L @)

+4A2 (< ZXH}Jcm(Q)))
I + P +a%-Q%-

( 2V (@) = (I F )2-

QP+ )%,

(18b)
(2K po(Q) = ({I( F )*- 2+Q2- A%
+4 207} 2 F1'-F2(Q)) +4 2A%( 2 F1’-F2(Q))
+4 (:[( + (:_ )2+92]( 2)(ml 02(9»

+4A2 (‘( ZYHi 02(9)))

{0 + P +A%-Q%— 2P +4Q%( + )%},

(18¢)

o @) = U+ - 2+Q°- 0%
+4 207 2V (Q)) +4 202 2XP m(Q)
+4 [+ o PO 2 (@)
+4A% (2K 5(Q)

{0 + P +A%-Q%— 2P +40Q%( + )%

(18d)

The amplitude quadrature summation is same as the phase
quadrature difference, and the amplitude quadrature differ-
ence is same as the phase quadrature summation [24], so only
two parts of Eq. (18) are independent. Therefore, we can just
use Eqgs. (18a) and (18b) to exhibit the amplification or squeez-
ing of the summation and difference of the quadratures. For
the injected fields, we adopt coherent fields and Einstein—
Podolsky-Rosen (EPR) fields, respectively.

The curves in Figs. 12(a)-12(d) illustrate the quantum noise
variances of the amplitude and phase quadrature summation
of two SP-FWM modes versus A with A; ( + ,) =
-40, -20, 0,20, and 40, respectively, from left to right. The
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Fig. 12. Solid curves, theoretically calculated two-mode squeezing
based on Egs. (182) and (18b) versus A ( + ) [-15 15]at differ-
ent A; when injecting coherent fields ki, and k,, (a) and (b) with and
(c¢) and (d) without the dressing effect of ks. The first curve is the
noise power spectrum with one of the pump fields blocked and the
following five curves from left to right are the noise power spectra
with A3 =0 and A, ( + ) =-40,-20,0,20,40, respectively.
Dashed curves, noise variances versus A;.

dashed curves show the corresponding quantum noise varian-
ces versus A; with A = 0. Comparing the squeezing results
with SNL, which is shown by the first curve in each panel,
the influence of the coupling coefficient on the squeezing is
obvious. According to the Heisenberg uncertainty relation-
ship, when the quantum noise variance of the amplitude quad-
rature [Fig. 12(a)] becomes noisier and shows an AT splitting
profile, the variance of the phase quadrature [Fig. 12(b)] will
be squeezed and exhibits a reverse AT splitting shape. The re-
sults in Figs. 12(c) and 12(d) are under the same conditions as
those in Figs. 12(a) and 12(b), except without the dressing ef-
fect from k. Clearly, the AT splitting in amplitude quadrature
as well as the reverse AT splitting in phase quadrature disap-
pears, however, the quantum noise variances of the amplitude
and phase quadratures still will become noisier and be
squeezed, respectively. In comparison with the cases with
and without the dressing effect, we can see that the dark state
can effectively control the squeezing process.

Then we study the influence of the dark state induced by
the dressing effect of ks on the squeezing degree with
A; (+ o) =15and A; =0, as shown in Figs. 13(a)-13(d)
and Figs. 13(e)-13(h), respectively. The first curve in each
panel displays the result of blocking one pump field, while
the following five curves correspond to the results obtained
at Ag ( + ) =-50,-15,0,15, and 50 by injecting coherent
fields. The profiles of quantum noise variances of the ampli-
tude quadrature summation and phase quadrature summation
at A = 0 are depicted by the dashed curves, which are the cor-
responding variances versus Az ( + ), are the same as |,
and can be controlled by the dark state.

When A; ( + ) = 15 [Fig. 13(a)], the quantum noise vari-
ance of the amplitude quadrature becomes noisier and shows
enhancement in the region Ag < 0 and suppression in Ag > 0.
The correspondir&g enhancement and suppression conditions

Ay + A% +4G3

tively. As mentioned above, the quantum noise variance of

are Aj - 2=0 and A; = As, respec-
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Fig. 13. Figure setup is as Fig. 12 but with different Az and A; ( +
¢) = 15in (a)-(d) [A; = 0 in (e)—(h)]. The right five solid curves cor-
respond to Az ( + ) = -50,-15,0, 15,50, respectively.

the phase quadrature shown in Fig. 13(b) is squeezed and
shows suppression in Az <0 and enhancement in Az > 0,
which is opposite to that shown in Fig. 13(a). The results in-
dicate that the squeezing degree is proportional to . When the
power of kg is relatively weak, the dressing effect can be ne-
glected, so it does not change the quantum noise variances of
the amplitude and phase quadratures [Figs. 13(c¢) and 13(d)].

For the case A; = 0, we take the same method to study the
influence of the dark state on the intensity of the two-mode.
As shown in Figs. 13(e) and 13(f), the quantum noise varian-
ces of the amplitude and phase quadratures exhibit a pure
suppression and a pure enhancement, respectively. It is worth
mentioning that the suppression condition is also A} = Ag. If
the dressing effect of k3 can be neglected, the quantum noise
variances are also not affected, as shown in Figs. 13(g) and
13(h). Comparing the results shown in Figs. 13(a)-13(h), it
is clear to see that the squeezing can be controlled by the dark
state.

If an EPR fields is injected, the results are shown in Fig. 14,
from which we find that the squeezing can be also controlled
by the dressing effect of kg; by adjusting ,, from 0 to , the
quantum noise variances of amplitude (phase) quadrature
summation can be also converted from noise (squeezing) to
squeezing (noise).
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Fig. 14. Figure setup is as Fig. 13 but with EPR fields injected
and A; ( + ) = 15 for all the cases. , =0 in (a)«(d) and , =
in (e)-(h).
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5. CONCLUSION

In summary, we have theoretically investigated the single-
mode and two-mode quantum noise squeezing of MWM
signals in a cavity filled with rubidium vapors. The cone emis-
sions of the self-diffraction and phase-conjugate SP-FWM sig-
nals are studied without injected fields. When a coherent field
and an EPR field are injected into the SP-MWM channels, they
will undergo the ®- ® cascade optical parametric amplifica-
tion process and form cavity modes if the amplified MWM sig-
nals can be resonant with the cavity. It is found that the
quantum noise of the cavity MWM modes may not only be
squeezed but also amplified, and this kind of quantum process
can be manipulated (enhanced or suppressed) by the dark
state through the introduction of dressing effects. It is also
demonstrated that if the quantum noise variance of the ampli-
tude quadrature is squeezed, that of the phase quadrature
will be amplified, and vice versa. The investigations have po-
tential applications in quantum communications and signal
processing.
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