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ABSTRACT. This paper is concerned with uniqueness results in inverse acous-
tic and electromagnetic scattering problems with phaseless total-field data at
a fixed frequency. We use superpositions of two point sources as the incident
fields at a fixed frequency and measure the modulus of the acoustic total-field
(called phaseless acoustic near-field data) on two spheres containing the scatter-
ers generated by such incident fields on the two spheres. Based on this idea, we
prove that the impenetrable bounded obstacle or the index of refraction of an
inhomogeneous medium can be uniquely determined from the phaseless acous-
tic near-field data at a fixed frequency. Moreover, the idea is also applied to the
electromagnetic case, and it is proved that the impenetrable bounded obstacle
or the index of refraction of an inhomogeneous medium can be uniquely deter-
mined by the phaseless electric near-field data at a fixed frequency, that is, the
modulus of the tangential component with the orientations ey and ey, respec-
tively, of the electric total-field measured on a sphere enclosing the scatters and
generated by superpositions of two electric dipoles at a fixed frequency located
on the measurement sphere and another bigger sphere with the polarization
vectors ey and eg, respectively. As far as we know, this is the first uniqueness
result for three-dimensional inverse electromagnetic scattering with phaseless
near-field data.
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1. Introduction. Inverse scattering problems occur in many applications such
as radar, remote sensing, geophysics, medical imaging and nondestructive testing.
These problems aim at reconstructing the unknown scatterers from the measure-
ment data of the scattered waves. In the past decades, inverse acoustic and elec-
tromagnetic scattering problems with phased data have been extensively studied
mathematically and numerically. A comprehensive account of these studies can be
found in the monographs [10, 14].

In many practical applications, it is much harder to obtain data with accurate
phase information compared with just measuring the intensity (or the modulus) of
the data, and thus it is often desirable to study inverse scattering with phaseless data
(see, e.g., [10, Chapter 8] and the references quoted there). In fact, inverse scattering
problems with phaseless data have also been widely studied numerically over the
past decades (see, e.g. [2,3,10-13, 18,26, 29, 34, 39, 41, 46-48] and the references
quoted there).

Recently, uniqueness and stability results have also been established for inverse
scattering with phaseless data (see, e.g. [1,19,20,24,25,27,31-33,37,42,44,45,49]).
For example, for point source incidence uniqueness results have been established
in [24,25] for inverse potential and acoustic medium scattering with the phaseless
near-field data generated by point sources placed on a sphere enclosing the scatterer
and measured in a small ball centered at each source position for an interval of
frequencies, and in [32] for inverse acoustic medium scattering with the phaseless
near-field data measured on an annulus surrounding the scatterer at fixed frequency.

The purpose of this paper is to propose a new approach to establish uniqueness
results for inverse acoustic scattering problems with phaseless total-field data at a
fixed frequency. Our approach is based on using superpositions of two point sources
at a fixed frequency as the incident fields and making use of two spheres, which
contain the scatterers, as the locations of such incident fields and the measurement
surfaces of the modulus of the acoustic total-field (the sum of the incident field and
the scattered field). In fact, many phase retrieval algorithms have been developed for
inverse scattering problems with phaseless near-field data measured on two surfaces
to ensure the reliability of the near-field phase reconstruction algorithms (see, e.g.
[17,35,36]). Based on this idea, we prove that the impenetrable bounded obstacle or
the index of refraction of the inhomogeneous medium can be uniquely determined
from the phaseless total-field data at a fixed frequency. Note that the superposition
of two point sources was also used in [37] as the incident field to study uniqueness
for phaseless inverse scattering problems. Some related uniqueness results can be
found in [40, 50, 51].

The idea is also applied to phaseless inverse electromagnetic scattering which
is more complicated than the acoustic case. In this case, the electric total field
is a complex vector-valued function, so we need to define the phaseless data used
in this paper. In many applications (see, e.g. [5, 34, 38]), the phaseless near-field
data are based on the measurement of the modulus of the tangential component
of the electric total field on the measurement surface. Further, it has been elabo-
rated in [16] that the measurement data are based on two tangential components
of the electric field on the measurement sphere (see [16, p.100]). Therefore, the
phaseless near-field data used is the modulus of the tangential component in the
orientations e4 and eg, respectively, of the electric total field measured on a sphere
enclosing the scatters and generated by superpositions of two electric dipoles at a
fixed frequency located on the measurement sphere and another bigger sphere with
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the polarizations ey and ey, respectively. Following a similar idea as in the acoustic
case, we prove that the impenetrable bounded obstacle or the refractive index of the
inhomogeneous medium (under the condition that the magnetic permeability is a
positive constant) can be uniquely determined by the phaseless total-field data at a
fixed frequency. To the best of our knowledge, this is the first uniqueness result for
three-dimensional inverse electromagnetic scattering with phaseless near-field data.
It should be mentioned that our uniqueness results in this paper are based on parts
of the PhD thesis [43].

The outline of this paper is as follows. The acoustic and electromagnetic scat-
tering models considered are given in Section 2. Sections 3 and 4 are devoted to
the uniqueness results for phaseless inverse acoustic and electromagnetic scattering
problems, respectively. Conclusions are given in Section 5.

2. The direct scattering problems. We will introduce the acoustic and electro-
magnetic scattering models considered in this paper. To this end, assume that D is
an open and bounded domain in R? with a C?—boundary 9D such that the exterior
R3\D is connected. Assume further that D C Bg,, where Bpg, is a ball centered at
the origin with radius R; > 0 large enough.

2.1. The acoustic case. In this paper, we consider the problem of acoustic scat-
tering by an impenetrable obstacle or an inhomogeneous medium in R®. We need
the following fundamental solution to the three-dimensional Helmholtz equation
Aw + k?w =0 in R? with k& > 0:

etklz—yl

®k(xay) = 477 m,y€R3, x#y
le —y
For arbitrarily fixed y € R3\D consider the time-harmonic (e~** time depen-

dence) point source

w' = w'(z,y) = Pp(z,y), z€R\D,

which is incident on the obstacle D from the unbounded part R*\D, where k =
w/e > 0 is the wave number, w and ¢ are the wave frequency and speed in the ho-
mogeneous medium in the whole space. Then the problem of scattering of the point
source w' by the impenetrable obstacle D is formulated as the exterior boundary
value problem:

(1) Agw(z,y) + kK w(z,y) =0, 2 €R\D,
(2) Bw =0 on 0D,

. ow® O\ B
(3) 7qlgrolor ( o ikw ) =0, r=]|z,

where w* is the scattered field, w = w’ + w® is the total field, and (3) is the
Sommerfeld radiation condition imposed on the scattered field w®. The boundary
condition £ in (2) depends on the physical property of the obstacles D:

PBw = w on 9D if D is a sound-soft obstacle,
PBw = 0w/Ov + nw on OD if D is an impedance obstacle,
Pw :=wonTp, Bw:=0w/Ov+nwonT; if D is a partially coated obstacle,

where v is the unit outward normal to the boundary dD and 7 is the impedance
function on AD satisfying that Im[n(x)] > 0 for all x € 9D or « € I';. We assume
that n € C(0D) or n € C(T'y), that is, n is continuous on 9D or I';. When n = 0,
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the impedance boundary condition becomes the Neumann boundary condition (a
sound-hard obstacle). For a partially coated obstacle, we assume that the boundary
0D has a Lipschitz dissection 0D = I'p UII U T, where I'p and I'; are disjoint,
relatively open subsets of 9D and having II as their common boundary in 9D (see,
e.g., [8]). '

The problem of scattering of the point source w* by an inhomogeneous medium
is modeled as follows:

(@) Aww(,y) + Pn@w’(@,y) = R0 - n(@)w'(ey), R
. ow® .\ B
(5) Tl;ngor ( 5 tkw ) =0, r= |z,

where w?® is the scattered field and n in (4) is the refractive index characterizing the
inhomogeneous medium. We assume that n—1 has compact support D, n € L>=(D),
Re[n(z)] > nmin > 0 for a constant n,., in D and Im[n(z)] > 0 in D.

The existence of a unique (variational) solution to the problems (1)-(3) and (4)-
(5) has been proved in [7,14,21,22]. In particular, the scattered-field w® has the
asymptotic behavior:

W) = {W(@,y) +0 <1) } 2] = 00

|| ]

uniformly for all observation directions # = z/|z| € S?, where S? is the unit sphere
in R? and w™(%,y) is the far-field pattern of w*® which is an analytic function of
# € §? for each y € R?\ D (see, e.g., [14, (2.13)]).

In this paper, we also consider the superposition of two point sources

(6)  w'=w'(z;y1,y2) = w' (@, y1) +w'(z,y2) = Pulz, y1) + Pu(,y2)

as the incident field, where yy, y» € R*\ D are the locations of the two point sources.
It then follows by the linear superposition principle that the corresponding scattered
field

(7) w® (w391, y2) = w’(z,y1) + w*(z,y2)
and the corresponding total field

(8) w(z;y1,y2) = w(, y1) + w(z,Y2),

where w*(x, y;) and w(z, y;) are the scattered field and the total field corresponding
to the incident point source w'(z,y;), respectively, j = 1,2.

The inverse acoustic obstacle (or medium) scattering problem we consider in this
paper is to reconstruct the obstacle D and its physical property (or the index of re-
fraction n of the inhomogeneous medium) from the phaseless total field |w(x; y1,y2)|
for x,y1,y2 on some spheres enclosing D and the inhomogeneous medium.

2.2. The electromagnetic case. In this paper, we consider two electromagnetic
scattering models, that is, scattering by an impenetrable obstacle and scattering
by an inhomogeneous medium. We will consider the time-harmonic (e~** time
dependence) incident electric dipole located at y € R3\ D and described by the
matrices E*(x,y) and H'(x,y) defined by

i

E'(w,y)p =1
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for x € R3, where p € R3\{(0,0,0)} is the polarization vector, k := w/c > 0 is the
wave number, w and ¢ := 1/,/ofig are the wave frequency and speed in the homo-
geneous medium in R3\ D, respectively, and gy and pg are the electric permittivity
and the magnetic permeability of the homogeneous medium, respectively. A direct
calculation shows that for = # y,

) . i
(9) El(xvy) = qu)k(m7y)l + %vazq)k(xvy)

) 1 1 — — T
= - k2+(ik )}I+xy-xyfxy }@kx,y,
Hl =l ) o= ==l ale0)
where I is a 3 x 3 identity matrix, V.V, 1= (9,0, )3x3, T—y=(x—y)/lz—yl
and f(r) := 3/r? — 3ik/r — k%. Then the problem of scattering of the electric dipole

E' and H' by the impenetrable obstacle D can be modeled as the exterior boundary
value problem:

(10) curl, B* —ikH* =0 in R*\ D,
(11) curl, H* +ikE* =0 in R3\ D,
(12) BE =0 on 0D,
(13) TILH;O(HS xx—rE®) =0, r=|z|,

where (E®, H®) is the scattered field, E := E' + E® and H := H' + H® are the
electric total field and the magnetic total field, respectively, and (13) is the Silver—
Miiller radiation condition which holds uniformly for all # € S? and ensures the
uniqueness of the scattered field. The boundary condition % in (12) depends on
the physical property of the obstacle D, that is, ZF := v x E on 9D (called as the
PEC condition) if D is a perfect conductor, where v is the unit outward normal to
the boundary 0D, BE := v x curlE — iA\(v x E) x v on 9D if D is an impedance
obstacle, where A is the impedance function on 0D, and

PBE :=vxE on I'p, BE:=vxcurlE—i\(vXxE)xv on I'y

if D is a partially coated obstacle, where 0D has a Lipschitz dissection 0D =
I'p UTTU T} with I'p and I'; being disjoint and relatively open subsets of 9D and
having IT as their common boundary in 9D and A is the impedance function on I';y.
We assume throughout this paper that A € C(9D) with A(z) > 0 for all z € 9D or
A€ C(Ty) with A(z) > 0 for all x € T';.

The problem of scattering of an electric dipole by an inhomogeneous medium is
modeled as the medium scattering problem:

(14) curl, B* —ikH®* =0  in R®
(15) curl, H® + ikn(z)E* = ik(1 — n(z))E" in R3,
(16) ILm (H° xx —rE®) =0, r= |z,

where (E®, H®) is the scattered field and (E, H) := (E*, H*) 4+ (E*, H®) is the total
field. The refractive index n(z) in (15) is given by

n(z) = % (5(96) +f’ff>> ,

where £(x) and o(x) are the electric permittivity and electric conductivity in R?,
respectively. In this paper, we assume the magnetic permeability 4 = pg to be a
positive constant in the whole space. We assume further that n — 1 has a compact
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support D, n € C%7(R3) for 0 < v < 1, Re[n(x)] > nypmin > 0 in D for a constant
Nmin and Im[n(z)] > 0in D.

The existence of a unique (variational) solution to the problems (10)—(13) and
(14)—(16) has been established in [8,9,14]. In particular, it is well known that the
electromagnetic scattered field E* has the asymptotic behavior:

6ik|m| 1
E*(z,y)p = —— {E""(i‘,y)er o () } ;e =00
|| ]
uniformly for all observation directions & = x/|z| € S?, where E*(%,y) is the
electric far-field pattern of E° which is an analytic function of & € S? for each
y € R3\ D (see, e.g., [14, (6.23)]). Because of the linearity of the direct scattering
problem with respect to the incident field, we can express the scattered waves by
matrices E*(z,y) and H*(x,y), the total waves by matrices E(z,y) and H(x,y),
and the far-field patterns by E°°(&,y) and H*(&,y), respectively.

We will also consider the following superposition of two electric dipoles as the

incident field:

E' = E'(z,y1)p1 + E* (2, y2)p2 = Ecurlwcurlw [p1®x (2, y1) + p2Pi (2, y2)],

H' = H'(z,y1)p1 + H' (z,y2)p2 = curly [p1 @, y1) + p2Pr(z, 2)],
where © € R?, y1,y2 € R3\ D, x # y1, ® # y2 and p1,p2 € R3\{(0,0,0)}. For
convenience, we define the following incident field:

E' = E'(2,y1,p1,71,Y2, 2, 72) 1= 11 E*(z,y1)p1 + 2B (2, y2)p2
7
= %Curlxcurlr [Tlpl(pk(ma yl) + TQqu)k(xa y2)]5

Hi = Hi(xvylaplaT17y27p27T2) = TlHi('r7yl)p1 + TZHi(xay2)p2
= curly[T1p1 Pp (2, Y1) + T2p2Pi (2, y2)],
with z € R, y1,y2 € R*\ D, & # y1, « # y2, p1,p2 € R¥\{(0,0,0)} and (11,72) €
{(1,0),(0,1),(1,1)}. By the linear superposition principle, the electric scattered
field and total field corresponding to the incident field E*(z,y1,p1,71, Y2, P2, T2),
H*(z,y1,p1,T1, Y2, p2, T2) satisfy
E*(x,y1,p1, 71, Y2, p2, T2) = L E* (2, y1)p1 + T2 E° (2, y2)p2

and

(17) E(x,y1,p1,71, Y2, D2, T2) := 11 E(z, y1)p1 + 2 E(, y2)p2,

where E*(x,y;)p; and E(z,y;)p; are the electric scattered field and the electric total
field corresponding to the incident electric field E*(z,y,)p;, respectively, j = 1,2.
Following [16, 34, 38], we measure the modulus of the tangential component of

the electric total field on a sphere OB, centered at the origin with radius r >
0. To represent the tangential components, we introduce the following spherical
coordinate

x1 = rsinf cos ¢,

To = rsinfsin @,

r3 = rcosf,

with & := (21, 29, 23) € R and (r,6, ¢) € [0, +00) x [0, 7] x [0, 27). For any z € 0B,
the spherical coordinate gives an one-to-one correspondence between x and (r, ¢, 0).
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Here, OB, := 8B, \ {N,, S} with N, := (0,0,7) and S, := (0,0, —r) denoting the
north and south poles of 0B,., respectively. If we define

es(x) := (—sing,cos¢,0), eg(z) := (cosbcos ¢, cosbsing, —sinh),

then ey(z) and eg(x) are two orthonormal tangential vectors of 0B, at z€ OB,.
Now, we can represent our phaseless measurement data by

|em($) : E(l‘, Y1, en(yl)7 1, Y2, el(yQ)v T2)|
with x,y1,y2 € OB, x £ y1, T # ya, myn,l € {¢,0} and (r,m2) € {(1,0),(0,1),
(1,1}

The inverse electromagnetic obstacle or medium scattering problem we consider
in this paper is to reconstruct the obstacle D and its physical property or the index
of refraction n of the inhomogeneous medium from the modulus of the tangential
component of the electric total field, |e,, (x)-E(x, y1,en(y1), 71, Y2, €1(y2), 72)|, for all
x, Y1, Y2 in some spheres enclosing D or the inhomogeneous medium, m,n,l € {¢, 0}
and (71,72) € {(1,0),(0,1),(1,1)}. The purpose of this paper is to prove uniqueness
results for the above inverse acoustic and electromagnetic scattering problems.

3. Inverse acoustic scattering with phaseless total-field data. This section
is devoted to the uniqueness results for inverse acoustic scattering with phaseless
total-field data at a fixed frequency measured on two spheres enclosing the scatterers
(see Figure 1).

Denote by w? and w; the scattered field and the total field, respectively, asso-
ciated with the impenetrable obstacle D; (or the refractive index n;) and corre-
sponding to the incident field w’, j = 1,2. Let Bg, denote the ball centered at
the origin with radius Ry > R; > 0 with 0Bp, denoting the boundary of Bg,. By
appropriately choosing Ry > Ry > 0, it can be ensured that k2 is not a Dirichlet
eigenvalue of —A in Bpg, \ Bg,. Here, k? is called a Dirichlet eigenvalue of —A in
a bounded domain V if the the interior Dirichlet boundary value problem

Au+Kk*u=0 inV,
u=20 on OV

has a nontrivial solution u. The above assumption on R; and Ry can be easily
satisfied since the Dirichlet eigenvalues of —A in a bounded domain are discrete and
satisfy the strong monotonicity property [28, Theorem 4.7] (see also the arguments
in the proof of [14, Theorem 5.2]). Let G denote the unbounded component of the
complement of D; U Dy. Then we have the following global uniqueness results for
the phaseless inverse scattering problems.

Theorem 3.1. Let Dy, Dy be two bounded domains and let Ro > Ry > 0 be large
enough so that Dy U Dy C Bpr,. Assume that k? is not a Dirichlet eigenvalue of
—A in BRQ\BRl'

(a) Assume that D1 and Ds are two impenetrable obstacles with boundary con-
ditions B, and PBs, respectively. If the corresponding total fields satisfy

|w1(x7y)| = |w2(x,y)|, V(x,y) € (6BR1 X 6BR1) U (aBRz X ({yO} UaBRz))a

(18) T #y
and

lwi (39, y0)| = lwa(x:y,90)l, ¥(z,y) € (0BR, X OBR,) U(IBR, x 0Bg,),
(19) T # Y, Yo
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_____

FIGURE 1. Acoustic scattering by an obstacle (left) or a medium (right).

for an arbitrarily fixed yo € OBR,, then D1 = Dy and %, = $s.

(b) Assume that ny,ny € L= (R3) are the indices of refraction of two inhomoge-
neous media with n; — 1 supported in ﬁj7 j=1,2. If the corresponding total fields
satisfy (18) and (19), then ni = na.

To prove Theorem 3.1, we need the following lemmas on the property of the total
field.

Lemma 3.2. Let Ry > Ry > 0 and let D be a bounded domain such that D C Bg, .
Suppose w(x,y) is the total field of the obstacle scattering problem (1)-(3) or the
medium scattering problem (/)-(5) associated with the point source w'(x,y). Then,
for any fived yo € 0BRr, we have

(20) w(x,yo) §é Oa T € 8BR17 z 7& Yo,
(21) w(z,yo) ?é Oa HAS aBR27
(22) UJ(Z‘,y) $é Ov (l‘,y) € 6BRz X aBsz x 7é Y.

Proof. Since w(z,y) is singular at © = yo or y, we know that (20) and (22) are true.

We now prove (21). Assume to the contrary that w(z,yo) = 0 for € dBp,, that
is, w®(x,yo) = —Pr(z,y0) for € OBR,. Then, by the uniqueness of the exterior
Dirichlet problem it follows that w*(z,yo) = —®x(z,yo) for all z € R3\ Bg,. Since
the scattered field w®(z,yo) is analytic for x € R3\ D and ®y(z, ) is analytic for
r € R\ {yo}, we have w*(x,yo) = —®x(x,y0) for all z € R3\ (DU {yo}). This is
a contradiction since ®y(z,yo) has a singularity at x = yo € 0Bg, and w®(x,yg) is
analytic when z is in a neighbourhood of yo. Thus, (21) is true. O

Lemma 3.3. Under the assumption of Lemma 3.2, we have the following results.
(i) There exist two open sets Uy, Us C OBg, such that UiNUz = 0 and w(z,y) # 0
for all (z,y) € Uy x Us.
(it) There exist two open sets U{,U} C OBg, such that U{NUS = 0 and w(z,y) #
0 for all (z,y) € U] x (U5U{yo}), where yo € OBg, .

Proof. We only prove (ii). The proof of (i) is similar.

By (21) we know that for yo € B, there exists o € Bg, such that w(zo, o) #
0. Since w(z,y) is continuous for x,y € R*\ D with z # y, there exists a neigh-
bourhood U’ C 9Bpg, of x¢ such that w(z,yo) # 0 for all € U’. Further, since
w(z,y) is analytic with respect to @ € dBpg, and y € OBg,, respectively, when
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x # y, then it follows from (22) that there exist two points z; € U’ and x5 € 0Bg,
such that w(z1,22) # 0 with 21 # z9. Finally, again by the continuity of w(z,y)
for z,y € R\ D with  # y, there exists a neighbourhood U{ C U’ of x; and a
neighbourhood U C 9dBg, of x2 such that U N U = 0 and w(x,y) # 0 for all
(x,y) € Uy x Us. Thus, w(z,y) # 0 for all (z,y) € U; x (U5U{yo}). This completes
the proof. O

Proof of Theorem 3.1. From (8) it is easy to see that (19) is equivalent to the equa-
tion
lwi (@, y) + w1 (@, y0)| = lwa(2,y) + w2z, yo)|

for all (z,y) € (0BR, x 0BRr,)U(0BRr, x 0Bg,) with « # y,yo. This, together with
(18), implies that
(23) Re{wi (z, y)wi(z,y0)} = Re{wa(, y)wa(z, y0) }
for all (z,y) € (0Br, x 0BR,)U (0BRr, x 0Bg,) with « # y,yo. Define r;(z,y) :=
|lw;(z,y)], j =1,2. Then it follows from (18) that ri(z,y) = ra(z, y) =: r(z,y), for
all x € OBR,, y € 0Bgr, UJBpg, with z # y, so we can write

w;(z,y) = r(z,y)e?i @Y Yz yedBgr, UOBR,, ©#£y, j=1,2
with real-valued functions J;(x,y), j = 1,2.
Case 1. (23) holds with (x,y) € 9Bgr, X dBR,, © # y.

Since wj(z,y), j = 1,2, are analytic functions of z € 0Bg, and y € JBg,,
respectively, and @y (z,y) has a singularity at = y, then, by Lemma 3.3 we can
choose two open sets Uy, Uy C Bp, small enough so that Uy N Uy = 0, r(x,y) # 0
for all (z,y) € Uy x (Uz Uyo), and ¥;(z,y), 7 = 1,2, are analytic with respect to

x € Uy and y € Uy, respectively.
Now, by (23) we have

(24) cos[V1(z,y) — V1(z,y0)] = cos[Va(w,y) — V2(z,y0)]

for all (x,y) € Uy x Us. Since 9;(z,y), j = 1,2, are real-valued analytic functions
of x € Uy and y € U,, respectively, we have either

(25) Y1(x,y) — V1(z,90) = Va(w,y) — D2(2,90) + 2q7, Y(x,y) € Uy x Uz
or
(26) V1(m,y) — 91(x,90) = —[Pa2(w,y) — 92(x,y0)] + 2qm, V(z,y) € U1 x Us,

where ¢q € Z.
For the case when (25) holds, we have

Vi (x,y) — Y2(x,y) = V1(x,90) — V2(x,90) + 2qm, V(x,y) € Uy x Us.

This implies that a(z) := V1 (x,y) — V2(z,y) = Y1(x,y0) — J2(x, yo) + 2¢7 depends
only on x € U;. Then it follows that

wy(z,y) = r(z,y)e @Y = p(z, y)el@HP2 @) — eio@y, (1 y)

for all z € U; and y € Us U {yo}. By the analyticity of w;(z,y) — e*@wy(x, y) in
y € 0BpR, with y # z, we get

(27) wy(z,y) = e “@wy(z,y), Vo€ Uy,y€dBr,, =#y.
Changing the variables x — y and y — « in (27) gives
(28) wi(y,x) = Wy (y,x), Vo€ dBg,,ycly, x#y.
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Use (27), (28) and the reciprocity relation that wj(z,y) = wj(y,z) for all z,y €
OBr,, j =1,2 (see [14, Theorem 3.17]) to give
(29) em(‘”)wg(x, y) = eia(y)wg(x,y), Vr,y € Uy with x # y.

Since w;(x,y) has a singularity at * = y, and by (29) and the analyticity of
w;(z,y) (j = 1,2) with respect to x € 0Bg, and y € JBg,, respectively, with
x # vy, it follows that e/*(*) = W) for all z,y € U; with « # y. This means that
e'(®) = e for all & € U, where «a is a real constant. Substituting this formula
into (27) gives that w1 (z,y) = e'®ws(z,y) for all z € Uy,y € OB, with = # y.
Again, by the analyticity of w;(z,y) (j = 1,2) with respect to « € 0Bg, with z # y
we have
(30) wl(x,y) = eian(xa y)7 vay € aBRl with 7é Y,
which gives
(31)  wi(z,y) — e wi(z,y) = (¢ = 1)@i(x,y), Va,y € IBr, withz #y.
Since wj (7, y), j = 1,2, are analytic for x € G and y € G, respectively, and (I),k(x’ Y)
has a singularity at « = y, then passing the limit y — z in (31) gives that e'* = 1,
SO
(32) wi(z,y) = wi(z,y), Va,y € OBg,.

For the case when (26) holds, a similar argument as above gives

(33) wi(z,y) = ePws(z,y), Vr,y € IBg, withz #y

for a real constant 3, that is,

U)ng(l’,y) - eiﬁwg(xvy) = e"ﬁ(ﬁk(x’y) - (I)k(l',y), vxay € aBRl with 7£ Y.

Since w}(z,y), j = 1,2, are analytic for x € G and y € G, respectively, Re[®(z, y)]
has a singularity at = y and Im[®,(z, y)] is analytic for all z,y € R?, then e = 1.
Thus, it follows from (33) that

(34) w1($7y) = 1U2((E7y), vxay € aBR1 with = 7é Y.

Case 2. (23) holds with (x,y) € Bg, X O0Brg,, © # y.
By a similar argument as in Case 1, it can be obtained that there holds either

(35) ’U)T(IC,y) = wS(x,y), Vr € aBR'za Yy e 8BR2 U {yO}
or
(36) wl(xvy) = wg(:ﬂ,y), Vr € aBR27 Yy e aBRQ U {yO} with z 7& Y.

We now prove that both (34) and (36) can not hold simultaneously. Suppose this
is not the case. Then define v(z) := wi(x,yo) — wa(x,yo) for x € G with x # yo.
Since @y (z,y) — i(x,y) = isin(klz —y|)/(27|z —y|) is analytic for all z,y € R?,
then, by the analyticity of wj(x,y) (j = 1,2) with respect to x € G it follows that
v can be extended as an analytic function of z € G, denoted by v again. Further,
since i sin(k|z — y[)/(27|z — y|) and wi(z,y) (j = 1,2) as functions of x satisfy the
Helmholtz equation Au + k?u = 0 in G, we have by (34) and (36) that v satisfies
the Dirichlet boundary value problem:

Av+k*v =0 in Bg,\Bg,,
v=20 on 0BR, UJBg,.
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From the assumption that k2 is not a Dirichlet eigenvalue of —A in Bg,\Bg,, it
is known that v(z) = 0 for any x € Bg,\Bg,. Thus wi(z,yo) = wa(z,yo) for all
x € Br,\Bg, with z # yo. By the analyticity of w;(x,yo) (j = 1,2) with respect
to x € G with x # yp, we obtain

(37) wl(x7y0) = wQ(‘rayO)v Vo € Gv z 7é Yo,

which contradicts to the fact that w;(z,y0) = ®r(z,yo) +w;(z,v0), j = 1,2, satisfy
the Sommerfeld radiation condition. We then conclude that both (34) and (36) can
not hold simultaneously. This means that at least one of the formulas (34) and (36)
does not hold.

If (34) does not hold, then it follows that (32) holds. By the reciprocity re-
lation, the well-posedness of the exterior Dirichlet problem and the analyticity of
wi(z,y) (j = 1,2) with respect to x € G and y € G, respectively, it is easily derived
from (32) that

(38) wi(z,y) = ws(z,y), Vz,yeq.

Then, by [14, Theorem 2.13] and the mixed reciprocity relation 4rwi°(—d, z) =
uf(z,d) for all d € §* and z € G, j = 1,2 (see [14, Theorem 3.16]) it is obtained on
applying (38) that
(39) uf®(#,d) = us®(#,d), Vi,d e S?
where u$° is the far-field pattern associated with the obstacle D; (or the refractive
index n;) and corresponding to the incident field u’(z,d) = e?**¢, j = 1,2. Sim-
ilarly, if (36) does not hold, then (35) holds and thus we can also show that (39)
holds.

Finally, for the case with two impenetrable obstacles Dy and Ds, it follows from
(39), [14, Theorem 5.6] and [30, Theorem 3.7] that Dy = Dy and % = >, while

for the case with two refractive indices ny and ns, we have by (39) and [21, Theorem
6.26] that nq = ny. Theorem 3.1 is thus proved. O

Remark 1. (i) Theorem 3.1 (a) remains true for the two-dimensional case, and the
proof is similar.

(ii) Theorem 3.1 (b) also holds in two dimensions if the assumption ni,ng €
L>=(R3) is replaced by the condition that n; is piecewise in WP(D;) with p >
2, j = 1,2. In this case, the proof is similar except that we need Bukhgeim’s result
in [6] (see also the theorem in Section 4.1 in [4]) instead of [21, Theorem 6.26] in
the proof.

(iii) Theorem 3.1 (b) generalizes the uniqueness results in [24,25,27,32] substan-
tially in the sense that our uniqueness results only need the measurement data of
the modulus of the total-field on two spheres enclosing the inhomogeneous medium
at a fixed frequency, under no smoothness assumption on the refractive index, in-
stead of the measurement data in a ball for each point source in a sphere for an
interval of frequencies as used in [24,25,27] or in an open domain for each point
source in another open domain at a fixed frequency as used in [32].

4. Inverse electromagnetic scattering with phaseless electric total field
data. In this section, we extend the uniqueness results in Section 3 for the acoustic
case to the case of inverse electromagnetic scattering problems with phaseless elec-
tric total-field data at a fixed frequency. In this case, we consider the measurement
of the modulus of the tangential component of the electric total-field on two spheres
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enclosing the scatterers, generated by superpositions of two electric dipoles located
also on the two spheres. Denote by E;, E7, H; and H; the electric scattered-field,
electric total-field, magnetic scattered-field and magnetic total-field, respectively,
associated with the obstacle D; (or the refractive index n;) and corresponding to
the incident electric field Ef, j = 1,2. Let Bg, denote the ball centered at the
origin with radius Re > R; > 0 with 0Bpg, denoting the boundary of Bp, and
let G denote the unbounded component of the complement of D U Dy. Denote
by Ng; and Sg; the north and south poles of Bp,, respectively, j = 1,2. De-
fine aéRj := 0Br; \ {Nr;,Sr;}, j = 1,2. See Figure 2 for the geometry of the
electromagnetic scattering problem.

- ~ -
. - . .
I PR \C)BR2 ’ ~m T T =< \dBRz
v - \ v - ~ \
A T B \ o, T TN
’ ’ E* \ \ ’ ’ E*® \ \
/ ’ \ / \ \ ’ \ / \ \
! 1 \ \ ! 1 \ \
! 1 \ \ ! 1 \ \
! I e— — ! | ! e — ! |
! 1 1 f 1 1 1 N
| \ 1 f ' \ 1 f
\ \ ., \ \ L
\ \ / \ ’ , \ \ / \ ’ ,

F1GURE 2. Electromagnetic scattering by an obstacle (left) or a
medium (right).

By choosing appropriate R; and Ry (see Lemma 4.1), it can be ensured that k?
is not a Maxwell eigenvalue in Bgr, \ Bgr,. Here, k? is called a Maxwell eigenvalue
in a bounded domain V if the interior Maxwell problem

curlE —tkH =0 in V
curlH +47kE =0 inV
vx E=0 on OV

has a nontrivial solution (E, H).

Lemma 4.1. k? is not a Mazwell eigenvalue in Br, \ Bg, if and only if

]n(le) yn(le) 75 0
Jn(kR2)  yn(kR2) ’
gn(kRy) + kR j,(kRy)  yn(kR1) + kRyy,, (kR:y) 20

foralln=1,2,---, where j, and y, are the spherical Bessel functions and spherical
Neumann functions of order n, respectively.

(40)

Proof. Assume that (E, H) solves the interior Maxwell problem

curlE —ikH =0 in Bg, \ Bg,
(41) curlH +ikE =0 in Bg, \ Bg,
vXx E=0 on 0Bp, UOBRp,.
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A similar argument as in the proof of [23, Theorems 2.48 and 2.50] gives the following
expansion in the spherical vector harmonics of the electric field E in Bg, \ Bg, as
a uniformly convergent series:

= Z Z [a?curl {zjn(klz|)Y, " (2)} + b curl curl {x]n(k|x\)Yf(;%)}}

n=1m=-—n
[ee] n

>y [cf;cuﬂ {2y (k|z)) Y™ (2)} + d™curl curl {xyn(km)yy(f)}},

n=1m=-—n

x € BR2 \BRU
where V", m = —n,...,n, n = 0,1,2,..., are the spherical harmonics. By [14,
(6.71) and (6.72)], we have that for any « € 9B, with r € [R1, Ra,

i x E(x)
2
+ Z Z {c Yn (kr)GradY, " () + d:? {yn(kr) + kry,, (kr)} & x GradYnm(fc)]

n=1m=-—n

Z [a jn(kr)GradY ™ (7) + b ~ Lnlkr) + ki (kr)} & GradYT{”(i)}

By the perfectly conducting boundary condition on 0Bg, U dBg, we have

() i) (5)=(5)
(43) ( Jjngleglej:L(le) yn(kR1) + kRyyl, (kRy) ) ( b ) _ < 0 )

Jn(kR2) + kRajy,(kR2)  yn(kR2) + kRoy,, (kR2) dyt 0
foraln=1,2,---, m = —n,--- ,n. By (40) we have a[* = bl = " = d* =0 for
allm=1,2,---,m= —n,--- ,n, and so k? is not a Maxwell eigenvalue in Bg, \ Bg, -

On the other hand, if

or

Jn(kRy) + kR1j) (kR1)  yn(kRy) 4+ kRyy,, (kRy)

K

for some n € NT, then (42) or (43) has non-zero solutions. Thus there exists a
nontrivial solution to the interior Maxwell problem (41), and so k? is a Maxwell
eigenvalue in Bg, \ Bg,. The proof is thus complete. O

We have the following uniqueness results for the phaseless inverse electromagnetic
scattering problems.

Theorem 4.2. Let Dy, Dy be two bounded domains and let Ro > Ry > 0 be large

enough such that D1 U Dy C Bg, and k? is not a Mazwell eigenvalue in Br, \ B, -
(a) Assume that D1 and Dy are two impenetrable obstacles with boundary con-

ditions %1 and PBs, respectively. If the corresponding electric total fields satisfy

lem () - By (7,91, e4(y1), T1, Y2, €0 (y2), 72) |
(44) = |em(33) : E2 (xayla e¢(y1)7 T1,Y2, 69<y2)7 7—2) |
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fOT all T, Y1,Y2 € aéRl with x 7é Y1,92, (TlvTQ) € {(130)7 (Ov 1)v (171)}f m e {¢a0}
and

|em(9€)'El(x,yl,en(y1)77'1,y2,6l(:y2),7'2)|
(45) = |em () - Ea(x,y1,en(y1), 71, Y2, €1(y2), 72)|

for all z,y, € OBg, with x # y1, ya € 3éR2, (r1,72) € {(0,1),(1,1)}, m,n,l €
{(;579}, then D1 = D2 and %1 = ,932.

(b) Assume that ny,ny € C*7(R?) with v > 0 are the refractive indices of two
inhomogeneous media with n; — 1 supported in ﬁj (j = 1,2). If the corresponding
electric total fields satisfy (44) and (45), then ny = ns.

Remark 2. Since E!(z,y) = [E}(y,2)]", and by the reciprocity relation E?(x,y) =
[E5(y,2)]" forallz,y € G (see [14, Theorem 6.32]), j = 1,2, we know that (44) with
m = ¢ and (1, 72) = (0,1) is equivalent to (44) with m = 6 and (71, 72) = (1,0).

To prove Theorem 4.2, we need some results on the phaseless electric total-fields
measured on 0B, .

Lemma 4.3. Assume that the assumptions of Theorem 4.2 are satisfied. If for any
fized m € {¢,0} there holds

lem (z) - E1(z,y1,e4(y1), 71, Y2, €0(y2), T2)]
(46) = lem(z) - Ea(z,y1, €4(y1), T1, Y2, €0(y2), 72)|

for all x,y1,ys € aéRl with © # y1,ya, (11,72) € {(1,0),(0,1),(1,1)}, then we have
either

(47) em () - B1(z,y1)es(y1) = em(z) - Ba(z,y1)es(y1), Vo, 91 € OBr,, o # y1,

(48) em(z) - Ei(x,y2)e0(y2) = em () - Ba(w,y2)e0(y2), V2,2 € OBr,,x # y2
or
(49) em(x) : El(m’yl)e¢(y1) = _e’m(x) . EQ(w’yl)e¢(y1)7 V.T,yl € 8éR17m 75 Y1,

(50) em(z) - E1(w,y2)eo(y2) = —em () - B2(w,y2)e0(y2), Vo, y2 € OBr,,x # y2.

Proof. We only consider the case m = ¢ since the case m = 6 can be proved
similarly.
Using (17) and (46) and arguing similarly as in the proof of Theorem 3.1 give

Re{les(z) - Er(z,y1)eq(y1)] x leg(x) - E1(z,y2)eq(y2)]}
(51) = Re{leg(z) - Ex(,y1)eqs(y1)] ¥ [eg(x) - Ea(z, y2)eq(y2)]}
for all z,y1,y2 € 8@31, T #y1,y2. For z,y € aéRl, x # y, define
r () = leo (@) - By(w.y)esw)l, i (w,y) = les() - By(a,y)ea(y)l, = 1,2.
It then follows from (46) with (71, 7) = (1,0) and (71, 72) = (0,1) that
P (@) = ri (@,y) = 1D (@,y), 1 (@,y) = 180 (@,y) = O (@)

for all z,y € (9}0331, x # y. Therefore we can write

es(x) - Ej(x,y1)eqs(yr) == (9 (g, yl)ewgw)(wm), Vr,y; € 8§Rl,x #1,
- 9(0) .
es() - Bj(w,y1)ea(ye) i= 1 (z, ya)e™s" V) Vg, € 0B, x # o,
where 195}75#)) and §§¢9), j = 1,2 are real-valued functions.
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We now prove that r(#?) (z,y;) # 0, z,y; € 6331, x # yp, and 7% (z,95) # 0,
T,ys € 0@31, T # yo. In fact, fix y; € aéRl and define the circle Ce,(,,) = {2 €
O0BR, : (x —y1) - eg(y1) = 0}, which is the intersection of the sphere dBg, with
the plane whose normal vector is eg(y1) at y1. When z tends to y; along the circle
Ce,(y,), We have a;\lee¢(y1) — 0 and ey4(x) - e4(y1) — 1. Thus, by (9) it is
known that

) 7 1 1
(2 eola) E'wmestn) ~ 1 |1+ (i =) o)
’ ’ k o —wl) o =il
as z goes to y; along the circle C¢,(,,). The singularity in (52) implies that
r(¢¢)(x,y1) % 0 for xz,y; € 3@31 with x # y; since Ej(x,yl) is analytic with

respect to x,y; € 8331 with x # y1, respectively (j = 1,2). Further, fix y, € aéRl
and define the circle

Cey(ys)tes(ys) = 17 € OBR, : (v —y2) - (e4(y2) + €q(y2)) = 0}.

Then, on letting = tend to yz along Ce, (y,)4e,(yo) We have es() - €a(y2) — 0 and

—T

es(x) - [33/—?2 ST — Yo 69(y2):| — ¢ for a non-zero constant c¢;. Thus it follows
from (9) that

(53) es(w) - Bz m)eo(ue) = | L (@ y2) [er +o(1)]

——
T —ys|?

as ¢ — yo along Ce,(y,)teq(y2), Where c2 is a non-zero constant. Therefore the
singularity in (53) implies that 7(#?)(z,y5) # 0 for z,y, € 3BR1 with x # ys since
E%(x,y2) is analytic with respect to z,ya € OBg,, T # ya, respectively (j = 1,2).
Then, similarly as in the proof of Theorem 3.1, we can show that there are three
small enough open sets U,U;,Uy; C OBp, such that U,U; and U, are disjoint,
(@) (z,9y1) # 0 and 7?9 (z,y5) # 0 for all z € U, y; € Uy and yp € Uy, and

195—¢¢)(a:,y1) and 195—¢6)(m,y2) are analytic with respect to x € U, y; € Uy, y2 € Us,
respectively, 7 = 1, 2.
Now, by (51) we have

(54)  cos? (2, 1) — 99D (2, )] = cos[9S? () — 9L (2, )]

for all (z,y1,y2) € U x Uy x Us. Since 19§-¢¢) (z,y1) and 19§-¢0) (x,y2) are analytic
functions of € U, y; € Uy and ya € Us, respectively (j = 1,2), we obtain that
there holds either

55) 9 (@, p1) — 9 (@, y0) = 95 (@, 51) — 9577 (2, o) + 2q
or
(56) 7 (2, 51) — 9 (@, y2) = — (05 (@, p1) — 0 (2, y2)] + 2q

for all (z,y1,y2) € U x Uy X Us, where ¢q € Z.
For the case when (55) holds, we have

a(z) = ﬁgw)(m, Y1) — ﬁgw) (z,y1) = 19§¢0)(3c, y2) — 19%¢9)(£C, y2) + 2qm

INVERSE PROBLEMS AND IMAGING VoLUME 14, No. 3 (2020), 489-510



504 X1A0XU XU, BO ZHANG AND HAIWEN ZHANG

depends only on z, which is a real-valued analytic function in z € U. Thus

98 (
es(x) - Er(z,y1)es(yh) = 9 (2, yp et (@)
= ¢’¢) ((E yl)eza o:)+l19(¢¢)(;p v1)
= 1a($)e¢($) (x y1)e¢(y1)
(60)(
ey(r) - Br(z,y)eg(ya) = 70D (z,yp)er (@v2)

y2)
e yz)ezam)w(“)m v2)

= 1a(r)e¢( ) - Ea(z,y2)eq(y2)

for all (z,y1,y2) € U x Uy x Us. By the analyticity of F)(x,y) — ') Ey(x,y) in
y € 0Bg, for y # x, we obtain
(57)

() - Er(z,y1)eqs(y1) = e Wey - Bx(a,y1)es(y1), Yo € Uy € OBg,,x # y1,
(58)

es(x) - By (x,y2)e0(y2) = €"*Wey - Ey(x,y2)eq(y2), V2 € U, ys € 0BR,,x # ya.
From (57) it follows that

es(x) - [Ef (z,y1)eq(y1) — e ES (2, y1)e4(y1)]
(59) = [e®) —1]eg(z) - B'(z,y1)es(n)
forall x € U and y; € OB r, With  # y;. For arbitrarily fixed y; € U, the left-hand
side of (59) is analytic in « € U, while, by (52) the right-hand side of (59) is singular
when z is close to y; along the circle Cg,(,,). Therefore, e’ W) = 1. Since y, € U
is arbitrary, we have ¢ =1 for all 2 € U, and so (57) and (58) become

(60) e4(z) - Er(w,y1)es(y1) = ey - Ba(w,y1)es(y1), Vo € U,yr € 9Bry,x #
(61) eqs(z) - Er(x,y2)es(y2) = ey - Ea(x,y2)eq(ys), Y € U, ya € OB,z # ya.
This, together with the analyticity of E;(z,y) (j = 1,2) in z € 0Bg, with z # y,
gives (47) and (48).

Similarly, for the case when (56) holds, we can deduce
(62)
6¢(x) : El(xayl)e¢(y1) = elﬁ(r)e¢(x) ) EQ(xvyl)etb(yl)) Vx € Ua Y1 € 8BR17I 7é Y1,
(63)
es(r) - Bi(z,y2)eo(y2) = e Wey(x) - Ba(x,y2)eq(y2), Vo € U, yz € OBg,,x # 12,
where f is a real-valued analytic function of x € U. From (62) it is easy to derive
that

es(w) - [ (z,51) — PO E5 (w,y1)]es (1)

(64) = ey(@) - [ E (2, p1) - E'(w,91)]es(n)
for all x € U, y1 € OBR,, ® # y1. For arbitrarily fixed y; € U, the left-hand side of
(64) is analytic in = € U, but, by (9) and a direct calculation, the right-hand side

of (64) has a singularity at = = y; unless e’*(®) = —1 for x € Ce,(y,) near y;. This
means that e’?(¥1) = —1. By the arbitrariness of y; € U, we have e#(*) = —1 for
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all z € U, and so

eiﬁ(a:)Ei(xay)_Ei(x7y) = —El(l',y)—El(x/y)

(65) = (K*IT+ vax)% D (z,y) — Pz, y)

is analytic in z € R? and y € R, respectively, since ®y(z,y) — ®x(x,y) is analytic
in z € R and y € R3, respectively. Thus (62) and (63) are reduced to
(66)

es(w) - Er(z,y1)es(yn) = —ey() - Ea(w,y1)es(y1), Vo € U,y € OBr,,x # yi,
(67)

es(w) - Br(w,y2)eq(y2) = —e4() - Ba(w,y2)ea(ya), Vo € U,y € OBr,,x # ya.

Both (49) and (50) then follow from the analyticity of E;(z,y) (j = 1,2) in = €
OBp, for x # y. The proof is thus complete. O

Lemma 4.4. Assume that the assumptions of Theorem 4.2 are satisfied. If for any
fixzed m,n,l € {¢,0} there holds
lem(z) - Ev(@, 41, €n(y1), 71, Y2, €1(y2), 72)|

(68) = lem(z) - B2z, y1, en(y1), 71, Y2, €1(y2), 72)|
for all x,y, € aéRl with x # y1, Y2 € 8332, (r1,72) € {(1,0),(0,1),(1,1)}, then
we have either
(69)

en(x) - Ei(z,y1)en(y1) = en(x) - Ex(z,y1)en(y1), Vo, y1 € aéRl with x # y1,
(70)

em(x) - B1(z,y2)e1(y2) = em(x) - Ba(z, y2)ei(ys), Vo € OBg,,y2 € 0Bg,

(71)

em(7) - Ei(z,y1)en(y1) = —em(z)  Ba(z,y1)en(y1), Va,y1 € 0Bg, withx # y1,
(72)

en(z) - Er(z,y2)ei(y2) = —em(z) - Ea2(z,y2)ei(y2), Yo € OBR,,y2 € OBRg,.
Proof. Since |ey, () - Ey(z,y2)e;(y2)| is analytic in 2 € dBg, and y, € 0Bg,,
respectively, we only need to distinguish between two cases:

A) lem(z) - Bi(z, y2)ei(y2)] 0, V(z,y2) € 0Br, x 0Bg,,

B) lem(z) - Ev(z,y2)ei(y2)| =0, V(z,y2) € OBR, X OBg,.

)
For the case when A) holds, by arguing similarly as in the proof of Lemma 4.3
it can be deduced from (68) that we have either
(73)
em(z) - Er(z,y1)en(y1) = em(w)em(x) - Ea(z,y1)en(yr), Vo € U,yr € OBR,,x # y1,
(74)

em(z) - B1(z,y2)ei(y2) = € Pep, (2) - Ea(, y2)ei(y2), Vo € U, y2 € dBg,
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or
(75)

em (@) Er(2,y1)en(y1) = ¢ @en(x) - Ba(w,y1)en(y1), Yo € U y1 € 9Bg,,x # y1,
76)

en(z) - Ei(z,y2)e(y2) = eiﬁ(w)em(x) - Es(z,y2)ei(ya), Ve € U,y € 8§R2,

—~

where U is some small open subset of dBg,, and a(z) and B(z) are real-valued
functions of z. By (47) and (49) in Lemma 4.3 it follows easily that ¢'*(*) = 1 and
e’#(®) = —1. This, together with (73)-(76) and the analyticity of the total fields
E;(z,y), j =1,2,in x for x # y, implies that either (69) and (70) hold or (71) and
(72) hold.

For the case when B) holds, it follows from (68) that

lem(z) - Ea(z,y2)ei(y2)| =0, V(x,12) € 0Bg, x 0B, .
Therefore, both (70) and (72) hold. Further, by Lemma 4.3 we have that either
(69) or (71) holds. The proof is thus complete. O

Using Lemmas 4.3 and 4.4 we can prove the following lemma.

Lemma 4.5. Assume that the assumptions of Theorem 4.2 are satisfied. If (46)
and (68) hold for all m,n,l € {¢,0}, then we have

(77) Ey(z,y) = Es(z,y), Vr,y €G, x#y.
Proof. We first show that for any fixed m € {¢, 0},

em(2) - Er(z, y1)en(y1) = em(x) - E2(z, y1)en(y1),
(78) Va,y1 € OBg,,x # y1, Vn € {¢,0}.
To this end, for any fixed m € {¢,0} we need to distinguish between the following
two cases.

Case 1. Rele, () - Ey(z,y1)e;(y1)] = 0 for all 2,y € dBg, with 2 # y; and for
all I € {¢,0}.

In this case, by Lemma 4.3 it follows that Re[e,,(z) - E2(x,y1)e;(y1)] = 0 for all
z,y1 € OBp, with z # y; and for all | € {¢,0}. By Lemma 4.3 again we have (78).
Case 2. Relen(z) - By(z,y1)ei(y1)] # 0 for some z,y; € OBp, with z # 1,
I € {¢,0}. Here, we only consider the case with [ = ¢. The case | = 6 can be
treated similarly.

In this case, by Lemma 4.3 we have that either both (47) and (48) hold or
both (49) and (50) hold. We can prove that both (49) and (50) can not hold
simultaneously. Suppose this is not the case. Then we have

en(z) - [E1(z,y1)en(y1)] = —en(z) - [Ba2(2,y1)en(y1)),
(79) Va,y1 € OBg,, © # y1, Vn € {¢,6}.

This, together with Lemmas 4.3 and 4.4, implies that

em(z) - [E1(7,y2)en(y2)] = —em(z) - [Ba(, y2)en(y2)],
(80) Vi € OBg,,y2 € OBg,,Vn € {¢,0}.
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We now show that both (79) and (80) can not hold simultaneously. In fact, by the
reciprocity relation Ej;(z,y) = [E;(y,z)]" for all 2,y € G (j = 1,2), we deduce
from (79) and (80) that

en(y1) - [Er(y1, v)em ()] = —en(y1) - [Ea(yr, x)em ()],

(81) vxayl S aéRux 7& yhvn € {¢79}7
en(y2) - [E1(y2, v)em(z)] = —en(y2) - [E2(y2, v)em ()],
(82) Vi € OBg,,ys € OBg,,Vn € {¢,0}.

This, together with the linear combination of ey(y;) and es(y;) (j = 1,2), gives
that

(83)

v(y) x [Br(y1, 2)en ()] = —v(y1) X [E2(y1, 2)em(2)], Vo, y1 € 0Bg,,x # y1,
(84)

v(y2) X [B1(y2, 2)em(x)] = —v(y2) X [Ea(ya, ¥)em(z)], Vo € OBg,,ys € OBr,.

For any fixed 2 € dBg, and m € {¢,0}, define E(y) := E1(y,z)em(z) + Ex(y, )
en(z), y # x. Since 2Re[E'(y, r)] := E'(y,x) + E'(y, x) is analyticity for all z,y €
R? (see (65)), then, by the analyticity of E$(y, z) with respect toy € G (j = 1,2), it
follows that E can be extended as an analytic function of y € G, which we denote by
E again. Define H(y) := [1/(ik)]curl, E(y). Then (Re[Ei(y,z)]em (), Im[H(y, z)]
em(z)) and (E3(y, v)em (), H; (y, x)en(x)) satisfy the Maxwell equations for x €
G, j = 1,2. Thus it follows by (83), (84) and the analyticity of E;(y,z) iny € G
with y # x (j = 1,2) that (E, ﬁ) satisfies the interior Maxwell problem

curl B —ikH =0 in Bg, \ Bg,,
curl H +ikE =0 in Bg, \ Bg,,
vx E=0 on 0BR, UOBRg,.

Since k2 is not a Maxwell eigenvalue in Bg, \ Bg,, then E = 0 in Bg, \ Bg, .
Thus, and by the analyticity of E;(y,z) in y € G with y # x (j = 1,2), we have
Ei(y,z)eg(r) = —Ea(y,x)eqs(x) for all y € G, y # x. This contradicts to the fact
that E;(y,z)em(z) = E'(y,2)em(r) + Ej(y, v)em(z), j = 1,2, satisfy the Silver-
Miiller radiation condition. Therefore, (79) and (80) can not be true simultaneously,
which means that both (49) and (50) can not hold simultaneously. This then implies
that both (47) and (48) are true, and so (78) holds.

Finally, by (78) and the linear combination of es and ey we obtain that for

arbitrarily fixed y, € dBg, and n € {¢, 0},

v(w) % [B} (x,y1)en(y1)] = v(z) x [B(w.y1)en(nn)], Vo € OBg,.

By the well-posedness of the exterior Maxwell problem in R?\ Br, with the PEC
condition on OBg, it is deduced that for arbitrarily fixed y; € 0Bg,,

Ef(xvyl)en(yl) = E;(wayl)en(yl)v Vxe R? \BR17 Vne {d)ae}

This, together with the reciprocity relation E?(z,y) = [E}(y, x)]T for all z,y € G,
j = 1,2, implies that for any fixed x € R*\ Bg,,

v(y) x Ei(y,x) = v(y) x E5(y,v), Vy € OBg,.
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Again, by the well-posedness of the exterior Maxwell problem in R?\ By, with the
PEC condition on dBp, it is derived that for any fixed x € R?\ Bg,,

Ef(yax) = E;(y,l’), Vy € R?) \ BRl'

The required result (77) then follows from this, the reciprocity relation and the
analyticity of E7(z,y) (j = 1,2) in x € G and y € G, respectively. O

Proof of Theorem 4.2. By Lemma 4.5 it follows from (44) and (45) that (77) holds.
For j = 1,2, denote by E2°(&,y) the far-field pattern of EZ(z,y), z,y € G, and by
E$(x,d) and E5°(Z, d) the electric scattered field and its far-field pattern associated
with the obstacle D; (or the refractive index n;) and corresponding to the incident
electromagnetic plane waves described by the matrices E'(z,d), H'(x,d) defined by

E'(z,d)p = %curl curl pet*®? = ik(d x p) x de**¢,

ikx-d ikx-d
b

H'(z,d)p := curl pe = ikd x pe

where d € S? and p € R3\{(0,0,0)} denote the incident direction and polarization
vector, respectively, and # € R3. Then, by (77) in Lemma 4.5 and the mixed reci-
procity relation that 4w E2°(—d,z) = [E$(z,d)]" for all z € G, d € §* and j = 1,2
(see [14, Theorem 6.31]), we obtain that Ej(x,d) = E3(z,d) for all z € G and
all d € S? or E°(2,d) = ES°(2,d) for all #, d € S?. By the uniqueness result
for inverse electromagnetic scattering with full far-field data (see [14, Theorem 7.1]
and [9, Theorem 3.1] for the obstacle case, and [15, Theorem 4.9] for the inhomo-
geneous medium case) it follows easily that the uniqueness statements (a) and (b)
of Theorem 4.2 are true. The theorem is thus proved. O

5. Conclusions. This paper proposed a new approach to prove uniqueness results
for inverse acoustic and electromagnetic scattering for obstacles and inhomogeneous
media with phaseless near-field data at a fixed frequency. The idea is to use su-
perpositions of two point sources at a fixed frequency as the incident fields and,
as the phaseless near-field data, to measure the modulus of the acoustic total-field
on two spheres enclosing the scatterers generated by such incident fields located on
the two spheres, in the acoustic case. For the electromagnetic case, the idea is to
utilize superpositions of two electric dipoles at a fixed frequency with the polar-
ization vectors e and eg, respectively, as the incident fields and, as the phaseless
near-field data, to measure the modulus of the tangential component with the ori-
entations e, and ey, respectively, of the electric total-field on a sphere enclosing the
scatterers and generated by such incident fields located on the measurement sphere
and another bigger sphere. As far as we know, this is the first uniqueness result for
three-dimensional inverse electromagnetic scattering with phaseless near-field data.
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