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ABSTRACT. This paper is concerned with the uniqueness in inverse acoustic
and electromagnetic scattering problems with phaseless near-field data gener-
ated by superpositions of two incident plane waves at a fixed frequency. It can
be proved that the unknown scatterer can be uniquely determined by the phase-
less near-field data. The proof is based on the analysis of the phase information
and the application of Rellich’s lemma together with the Green’s formula for
the radiating solutions to the Helmholtz equation or the Stratton—Chu formula
for the radiating solutions to the Maxwell equations.

1. Introduction. Inverse scattering problem is to reconstruct unknown scatter-
ers from the measured scattering data generated by incident waves. It has many
practical applications such as medical imaging, geophysics, radar, sonar and non-
destructive testing (see [4,8]). However, it is usually difficult to accurately measure
the phase information of the scattering data. This motivates us to reconstruct
the unknown scatterer from the modulus (intensity) of the scattering data. This
kind of problem is called phaseless inverse scattering problem. In the past decades,
forward scattering problem and phased inverse scattering problem have been exten-
sively studied. However, there are still many unsolved issues in phaseless inverse
scattering problem (see [15]).

The main difficulty of inverse scattering problem with phaseless far-field data
is the translation invariance property (see [42,48]). More precisely, the phaseless
far-field patterns generated by a single incident plane wave corresponding to the
scatterers of the same shape and physical property, but with different locations,
are identically the same. As a consequence, it is impossible to recover the location
of an unknown scatterer from phaseless far-field data generated by single incident
plane waves. This is quite different from the phased case since Rellich’s lemma
(see [8, Theorem 2.14]) implies the one-to-one correspondence between a radiating
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wave and its far-field pattern. Nevertheless, many algorithms based on phaseless
far-field data have been proposed to reconstruct the shape of the scatterer (see
[1,16,26-28]). Due to the translation invariance property, there are not many
results on uniqueness in inverse scattering problem with phaseless far-field data. It
is proved in [31] that the shape of a convex obstacle and the nature of the boundary
condition can be uniquely determined by the high frequency limit of phaseless far-
field data. Under the assumption that the obstacle is a sound-soft ball or disk
centered at the origin, the radius can be uniquely determined by the modulus of
a single far-field datum (see [29]). Recently, it has been proved in [48] that the
translation invariance property can be broken if superpositions of two plane waves
are chosen as the incident fields. Following this idea, a Newton-type recursive
numerical method has been proposed to reconstruct the scatterers with phaseless
far-field data generated by superpositions of two incident plane waves in [47,48].
Furthermore, a fast imaging method based on phaseless far-field data incited by
superpositions of two incident plane waves is presented in [49]. Recently, the idea
of superposition has been extended to locally rough surface scattering problems
(see [28,44]). Motivated by this idea, a uniqueness result in inverse scattering
problem with phaseless far-field data is established by making use of the spectral
properties of the far-field operator in [42], that is, the shape and location of an
impenetrable obstacle and the refractive index of an inhomogeneous medium can
be uniquely determined by phaseless far-field data generated by superpositions of
two incident plane waves under the assumption that the obstacle is a priori known
to be a sound-soft or nonabsorbing impedance obstacle or the refractive index n of
the inhomogeneous medium satisfies n > 1 or n < 1 in the support of n — 1. In
a similar manner, the uniqueness result based on phaseless far-field data generated
by superpositions of a plane wave and a point source has been established in [51],
where a reference ball has been added into the scattering system. To remove the a
priori assumptions on the unknown scatterers in [42], by adding a reference ball, a
simple proof based on Rellich’s lemma and Green’s formula for radiating solutions
to the Helmholtz equation is given in [43]. This new proof carries over to inverse
acoustic locally rough surface scattering problem. This uniqueness result has also
been extended to the case of electromagnetic scattering with a similar proof based on
Rellich’s lemma and Stratton—Chu formula for radiating solutions to the Maxwell
equations in [46]. Furthermore, by adding a reference ball or a reference point
source into the model, corresponding uniqueness results and numerical methods
with phaseless far-field data have been given in [10,11,13,17-19]. Note that the
reference ball or point source can be viewed as background scatterers. With known
background information, uniqueness results with phaseless far-field data to single
incident waves can be found in [35]. A corresponding stability result is given in [39)].

Different from phaseless far-field data, the translation invariance property does
not hold for phaseless near-field data. Several numerical approaches based on phase-
less near-field data have been developed (e.g., [2,6,7,12,55]). Klibanov was the first
one, who has started the study of phaseless inverse scattering problems of the recov-
ery of coeflicients of partial differential equations (see [20,21]). Based on the high
frequency asymptotic behavior of the scattered field, some uniqueness results with
multi-frequency phaseless near-field data are proved in [22,25]. Moreover, explicit
phase retrieval formulas based on phaseless near-field at a fixed frequency has been
given in [33], and corresponding numerical methods are developed in [24,34,36]. [23]
also numerically reconstructs the scatterer from phaseless near-field, which is the
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first and probably unique publication, in which the phaseless inverse scattering
problem of the recovery of the coefficient of the Helmholtz equation is solved for
the experimentally collected data. This is unlike the conventional case of the com-
putationally simulated data. Recently, an approximate factorization method based
on the approximate far-field operator given in terms of phaseless data is developed
in [50]. Following the idea of superposition in [42,48], some uniqueness results based
on phaseless near-field data at a fixed frequency have been established in [45,52,53].
It should be noted that [38] is also dedicated to phaseless inverse problem based
on interference of the incident waves, where the unknown coefficients are recovered
from phaseless near-field data by making use of the high-frequency asymptotics
introduced in [22].

Now, a brief summary on the uniqueness in inverse scattering problem based on
the idea of superposition at a fixed frequency can be given. Inverse problem with
phaseless far-field data generated by superpositions of incident plane waves has been
considered in [42,43,46]. Inverse problem with phaseless far-field data generated by
superpositions of incident point sources has been considered in [40]. Inverse problem
with phaseless near-field data generated by superpositions of incident point sources
has been considered in [45,52,53]. Inverse problem with phaseless data generated
by superpositions of a point source and a plane wave has been considered in [51].
The problem considered in this paper is the inverse problem with phaseless near-
field data generated by superpositions of incident plane waves. More precisely, it
can be proved that the shape and location of an impenetrable obstacle as well as
its boundary condition or the refractive index of an inhomogeneous medium can be
uniquely determined by phaseless near-field data generated by superpositions of two
incident plane waves. The proof is based on the analysis of the phase information
similar to [42,45], together with the application of Rellich’s lemma, and Green’s
formula or Stratton—Chu formula for radiating solutions similar to [43,46]. Since
this proof carries over to inverse acoustic locally rough surface problem, it can also
be proved that the shape of a locally sound-soft or sound-hard rough surface can
be uniquely determined by phaseless near-field data generated by superpositions of
two incident plane waves.

The outline of this paper is as follows. The precise description for the mathe-
matical models of scattering problems will be introduced in section 2. The unique-
ness results in inverse acoustic scattering problem with phaseless near-field data
generated by superpositions of plane waves are proved in section 3, and section
4 is devoted to the electromagnetic case. Finally, a conclusion will be given in
section 5.

2. The forward scattering problems. Several acoustic and electromagnetic scat-
tering problems that considered in this paper will be introduced in this section.

2.1. Acoustic scattering. Three models of acoustic scattering will be considered
in this paper, that is, the scattering by an impenetrable obstacle, the scattering by
an inhomogeneous medium and the scattering by a locally rough surface.

In the first model, we consider the scattering of acoustic waves by an impenetrable
obstacle D where D is assumed to be a bounded domain in R? with C? boundary
OD and the exterior R®\ D of D is connected. The forward scattering problem is to
find the total field u such that

Au+k*u=0 in R*\D, (1)
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PBu =0 on 0D, (2)
lim 7 (%11 —ik:us> =0, r=|z|, (3)

where the total field u=u’+u* is the sum of the incident field u? and the scattered
field u® and k=w/c>0 is the wave number with w and ¢ being the wave frequency
and speed in the homogeneous background medium in R3\D, respectively. Here,
(1) is called the Helmholtz equation and (3) is called the Sommerfeld radiation
condition. The boundary condition £ in (2) depends on the physical property of
the obstacle D, that is, Zu = uw on 9D if D is a sound-soft obstacle, Bu=030,u+nu
on OD if D is an impedance obstacle, and Zu=u on I'p, Bu=090,u+nu on I'y if D
is a partially coated obstacle, where v is the unit outward normal to the boundary
0D or I'y, and 7 is the impedance coefficient satisfying Im[n(z)] >0 for all € dD
or I'z. In this paper, we assume n€ C(9D) or C(T';). When =0, the impedance
boundary condition is reduced to the Neumann boundary condition (a sound-hard
obstacle). For a partially coated obstacle D, we assume that the boundary 9D has
a Lipschitz dissection 9D = I'p UII U T}, where I'p and I'; are disjoint, relatively
open subsets of D, having II as their common boundary in D (see [32, p. 99
and p. 128] and [4, Section 8.1]). Furthermore, Dirichlet and impedance boundary
conditions are specified on I'p and I'y, respectively.

In the second model, we consider the scattering of acoustic waves by an inhomo-
geneous medium of compact support which is modeled by

Au+E*n(z)u = 0 in R?, (4)
. ou® .\ B
rl;n()l(}r ( 5 iku ) = 0, r=|z, (5)

where the total field u=u’+u* is the sum of the incident field u’ and the scattered
field u®. Here, n in the reduced wave equation (4) is the refractive index of the
inhomogeneous medium. In acoustic medium scattering problem of this paper, we
assume that the compact support of n—1 is contained in a bounded domain D of
class C2. We assume further that n € L>°(D) satisfies Re[n(x)] > 1, for a constant
Nmin >0 and Im[n(z)] >0 for almost all x € D.

A solution to the Helmholtz equation is called radiating if it satisfies the Som-
merfeld radiation condition (3) and (5). For the above two models, it is well known
that the scattered field u® is a radiating solution to the Helmholtz equation and has
the asymptotic behavior [8, (2.13)]:

() = C {uw(@) +0 <1> } e = oo, (6)

|| ||

uniformly for all observation directions & = x/|z| € S?, where S? denotes the unit
sphere in R? and (%) is called the far-field pattern of the scattered field u*(x).
Further, for the above two models, we will consider the incident field u’ given by
the time-harmonic plane wave

'z, d) = e, (7)
where d € S? is the incident direction. Accordingly, the total field, the scattered field
and the far-field pattern are denoted by u=u(z, d), u®* =u*(z,d) and u>° =u*>(z, d),
respectively.

The existence of a unique solution to the acoustic obstacle scattering problem (1)—
(3) has already been established (see [4, Theorem 8.5], [9, Theorem 3.21, Theorem
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3.25 and Theorem 3.39] and [8, Theorem 3.11]). For the well-posedness of the
acoustic medium scattering problem (4)—(5), we refer to [8, Theorem 8.7].

In the third model, we will consider the acoustic locally rough surface scattering
problem. To characterize a locally perturbed plane surface, we introduce a function
he€ C?(R?) with a compact support in R2. Now we can represent the locally rough
surface by T':={x = (21,22, 23) € R3: 23 = h(x1,72)} and the half-space above the
locally rough surface I' by D :={(x1,z2,23) ER®: 23> h(z1,22)}. The half-space
below the locally rough surface T is denoted by D_:=R3*\ D, . Assume that D, is
filled with a homogeneous medium and the wave number in D, is k>0. Then the
acoustic scattering by the locally rough surface I' can be described as:

Au+ k*u =0 in Dy, (8)
Pu =0 on T, (9)

. ou® 0\ _ _
N R R "

where the total field u=u?+u"+u* is the sum of the incident field u?, the reflected
field u" and the scattered field u®, and the boundary condition in (9) depends on
the physical property of the locally rough surface I':

B U if " is a sound-soft surface,
u =
Oyu if I' is a sound-hard surface.

Here, v is the unit normal on I' directed into D,. Further, the scattered field u®
has the asymptotic behavior (6) uniformly for all observation directions & € S :=
{(d1,da,ds3) €S?:d3 >0}, where u® (%) is called the far-field pattern of the scattered
field u®(z) (see [37,41,54]). For this model, the incident field is the plane wave
u'(x,d) given by (7) with the downward incident direction d € S? :={(d1,ds,d3) €
S?:d3<0}. Then the corresponding reflected field u” by the infinite plane z3=0 is
given by

_eik:vd'
u =u"(z,d) := o
( ) ezkx~d

Here, d’' = (dy,d2, —d3) € S1 denotes the reflection of d with respect to the infinite
plane z3=0. Accordingly, the total field, the scattered field and the far-field pattern
are also denoted by u=u(z,d), u®* =u°(z,d) and u>* =u>(Z,d), respectively. We
note that the well-posedness of the scattering problem (8)—(10) has been established
in [3,37,41,54].

In this paper, we assume that the wave number k£ > 0 is arbitrarily fixed. Fol-
lowing [42,48,49], we will also make use of the superposition of two acoustic plane
waves as the incident field. To be more specific, in the case of impenetrable obstacle
scattering and the case of inhomogeneous medium scattering, we will consider the
incident field given by

ul(z,dy, do) = u'(z,dy) + ul(z,dy) = ko dr 4 gikedz (12)

with the incident directions di,d, € S%. It follows from the linear superposition
principle that the total field corresponding to this incident field satisfies

u(z,dy,ds) = u(z,dy) + u(zx, ds), (13)

where u(x, d;) is the total field corresponding to the incident plane wave u’(z, d;) for
j =1,2. Further, in the case of locally rough surface scattering, we will consider the

if I' is a sound-soft surface,

(11)

if I' is a sound-hard surface.
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incident field u* = u’(z,d;,d2) given by (12) with the incident directions dy,ds €
S?. Again using the linear superposition principle, the corresponding total field
u = u(zx,dy,ds) satisfies (13).

2.2. Electromagnetic scattering. Two models of the scattering of electromag-
netic waves will be considered in this paper, that is, the scattering by an impene-
trable obstacle and the scattering by an inhomogeneous medium.

In the first model, we consider the scattering of electromagnetic waves by an
impenetrable obstacle. Let D be the same as in the scattering of acoustic waves
by an impenetrable obstacle. The forward problem is to find the total field [E, H]
such that

cwlE —ikH = 0 in R3\D, (14)

curl H+ikE = 0 in R3\D, (15)

BE = 0 on 9D, (16)

lim (H®xz—rE®) = 0, r=]|z, (17)

r—00

where the total electric field E = E°+ E* is the sum of the incident electric field
E’ and the scattered electric field E®, the total magnetic field H = H'+ H*® is
the sum of the incident magnetic field H? and the scattered magnetic field H*, and
k=w/ /€00 >0 is the wave number with w, 9, 10 > 0 denoting the wave frequency,
electric permittivity and magnetic permeability of the homogeneous background
medium in R3\ D, respectively. Here, (14) and (15) are called the Maxwell equations
and (17) is called the Silver—Miiller radiation condition. The boundary condition
% in (16) depends on the physical property of the obstacle D, that is, ZE = v x E
on 0D if D is a perfect conductor, ZE = v x curl E +iA(v x E) x v on 0D if D is
an impedance obstacle, and ZE = v x EonI'p, BE =v X cwl E +i\(v X E) X v
on I'; if D is a partially coated obstacle, where v is the unit outward normal to the
boundary 9D or 'y and X is the impedance coefficient satisfying A(z) > 0 for all
x€0D or T';. In this paper, we assume that A € C(0D) or C(T';). For a partially
coated obstacle D, we assume that the boundary dD has a Lipschitz dissection
0D =TpUIlUTI'; with I'p, IT and I'; defined as in subsection 2.1.

In the second model, we consider the electromagnetic inhomogeneous medium
scattering problem. We assume that the magnetic permeability of the inhomoge-
neous medium is a constant pg >0, then the scattering problem is modeled by

curl B —ikH = 0 in R (18)
curl H +iknE = 0 in R?, (19)
lim (H* xx—7rE®) = 0, r=]|z, (20)

T—00

where the total field [E, H] = [E!, H'] + [E*, H?] is the sum of the incident field
[E%, H] and the scattered field [E*, H®]. Here, n in (19) is the refractive index of
the inhomogeneous medium given by

n(z) == % (a(x) + z“f)) ,

where e(z) and o(z) are the electric permittivity and conductivity of the inhomo-
geneous medium, respectively. In this model, we assume that the compact support
of n — 1 is contained in a bounded domain D of class C2. We assume further that
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n€C?7(R?) with 0<vy <1, Re[n(x)] > nmin for a constant ny,;, >0 and Im[n(z)] >0
for almost all x€ D.

The existence of a unique solution to the electromagnetic impenetrable obstacle
scattering problem (14)—(17) has been established in [5, Theorem 2.7] and [8, Theo-
rem 6.21 and Section 9.5], while the well-posedness of the electromagnetic inhomo-
geneous medium scattering problem (18)—(20) has been established in [8, Theorem
9.5].

A solution to the Maxwell equations is called radiating if it satisfies the Silver—
Miiller radiation condition (17) and (20). Analogous to (6), the scattered field
[E®, H?] is a radiating solution to the Maxwell equations and has the asymptotic
behavior [8, (6.23)]:

B () = O {EO@(@) + (é') } | = o0, (21)

||

H(z) = €|I;'|' {Hoc(fa) + (é') } L o] = oo,

uniformly for all observation directions & = z/|z| € S?, where E*(%) and H> (%)
are called the far-field pattern of E*(x) and H?®(x), respectively. For the above two
models, we will consider the incident field given by the electromagnetic plane waves
with incident direction d € S? and polarization vector p € S? as described by the
matrices E*(x,d) and H'(z,d), that is, [E*, H'| = [E%(x,d)p, H (z,d)p] with

E'(z,d)p = %curl curl pe™™ @ = ik(d x p) x de’ ™4, (22)
Hi(xa d)P = Curlpe““'d =1kd X peikmd. (23)

Accordingly, the total field, the scattered field and the far-field pattern are denoted
by [E7 H] = [E(‘T7 d)p, H(Qﬁ, d)p], [ES7 Hs] = [Es(x7 d)p, H*(x, d)p] and [Eooa HOO] =
[E>(&,d)p, H* (&, d)p], respectively. It should be noted that, due to the linearity
of the forward scattering problem with respect to the incident field, we can express
total fields by matrices E(x,d) and H (z,d), the scattered fields by matrices E*(z, d)
and H*(z,d), and the far-field patterns by matrices E*° (&, d) and H*>(&, d), respec-
tively (see [8, Section 6.6]).

Analogous to the acoustic case, the wave number k >0 is assumed to be arbitrarily
fixed. We will also make use of the superposition of two plane waves as the incident
(electric) field, that is,

E'(x,dy,p1,da,p2) = E'(x,d1)py + E'(x,d2)ps

ikady 4 *

kcurl curl pyetFe-dz

- 1 1 1 p
curicur e
k !

where d;,ds € S? are the incident directions and py,ps € S? are the polarizations.
It follows from the linear superposition principle that the total electric field corre-
sponding to this incident (electric) field satisfies

E(x,dy, p1,da,p2) = E(x,d1)p1 + E(x,d2)p2, (24)
where E(z,d;)p; is the total electric field corresponding to the incident (electric)
field E*(z, d;)p; for j =1,2.

3. Uniqueness for inverse acoustic scattering. The inverse acoustic impen-
etrable obstacle or inhomogeneous medium scattering problem considered in this
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section is to reconstruct the impenetrable obstacle D as well as its boundary con-
dition or the refractive index n of the inhomogeneous medium from the phaseless
near-field data, while the inverse acoustic locally rough surface scattering prob-
lem considered in this section is to recover the locally rough surface I' from the
phaseless near-field data. The aim of this section is to prove the uniqueness re-
sults for these inverse problems. Throughout the paper, define the infinite plane
Ly:={z=(21,22,23) ER3:23=H} for HER.

3.1. Uniqueness for inverse acoustic obstacle scattering. Denote by u;, u}
and u;° the total field, the scattered field and its far-field pattern, respectively, for
the impenetrable obstacle D; corresponding to the incident wave u’, j = 1,2. Then
we have the following theorem.

Theorem 3.1. Suppose that D1 and Ds are two impenetrable obstacles with bound-

ary conditions 9B, and PBs, respectively. Assume further that both D1 and Do are

located in the lower half space {(x1,z2,23) € R®: 23 < H} (see Figure 1). If the
corresponding total fields satisfy

lui (2, d)| = |ua(z, d)| for all x € Ty, d € S, (25)

lui (x,d,do)| = |ug(x,d,do)|  for all x € Ty, d € S, (26)

where Iy is a nonempty open subset of the infinite plane Ty and dy € S* is arbi-
trarily fized. Then D1 =Ds and %, =%Ps.

I, Ty

N

FIGURE 1. Geometry of the problem in Theorem 3.1.

Proof. Without loss of generality, we may assume that there exists a ball Br cen-
tered at the origin with radius R > 0 large enough such that (D; U D3) C Bg.
Define r;(z,d) := |u;(x,d)|, j = 1,2. By the analyticity of 2 — u;(z,d) in 'y,
we deduce from (25) that r1(z,d) = ro(x,d) =: r(x,d) for all z € Ty, d € S%
Therefore, the total field can be written as u;(x,d) = r(x,d)e’% @ for all 2 € T'y,
d € S? j = 1,2, where 01(z,d) and 02(z,d) are real-valued continuous functions.
By (13) and the analyticity of z + u;(z,d) in T'y for any d € S?, j = 1,2, it is easy
to see that (26) is equivalent to

luy (2, d) + ui(z,do)| = |ua(x, d) + up(x,do)| for all z € Ty, d € S2.
This implies that

Re {ul(x, d)ul(x,do)} = Re {uz(x,d)uQ(x, do)} forall z € Ty, d € S*.  (27)

Let d€S? be arbitrarily fixed. Note that (6) implies uf(z, d)=0(1/|z|) as |z[ — o0,
x € Ty. Due to the fact that |ui(z,d)| =1 for all x € T'y, we have r(z,d) Z 0
for € T'y. Therefore, by the analyticity of u;(x,d), j =1,2, we can choose two

relatively open and connected sets U CT'g\Bgr and V CS? such that r(z,do) #0,
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r(z,d)#0 for all x €U, d€V and §,(x,dy), 0;(z,d), j=1,2, are analytic functions
of €U and de€V, respectively. Now, it follows from (27) that

cos[fi(z,d) — 61 (z,do)] = cos|fz(z,d) — O2(x,dy)] for all (z,d) e U xV. (28)

Since 01(x,d) and 0s(x,d) are real-valued analytic functions of x € U and d € V,
respectively, (28) implies that there holds either

01(x,d) — 61 (z,do) = O2(z,d) — O2(x,dg) + 2l for all (z,d) e U x V (29)
or
91(1‘, d) - 91(.’1), do) = —[92(.%, d) — 92(.1‘, do)] + 2l for all (x, d) eUxV (30)

for some [ € Z.
For the case when (29) holds, we have

01(x,d)—02(x,d)=01(x,dy)—O2(x,dy) + 2lmr=:a(x) for all (z,d) € U x V.
Hence
uy(x,d) = r(z,d)e’* @D = p(z, d)el*@F02@d) — gia@)y, (1 q),
By the analyticity of d — u1(z,d) — e'*®uy(z,d) in S?, we get
uy(z,d) = @ uy(x,d) for all z € U,d e S2. (31)

Making use of the mixed reciprocity relation 4rw$°(—d,r) = u;(z,d) for j = 1,2
(see [8, (3.64)]), we deduce from (31) that

w(&,y) = e *WwP(2,y) forallyeU,ieS? (32)

Here w3 (%, y) denotes the far-field pattern of the total field w;(z,y) for the impen-
etrable obstacle D; corresponding to the incident point source w'(z,y) := ®(z,y)
located at y € R3\D;, j=1,2. Here, ®(z,y):=e*I*=vl/(4n|x — y|) denotes the fun-
damental solution to the Helmholtz equation (see [8, (2.1)]). To be more specific,
wj(z,y) = w'(x,y) + ws(z,y) and ws(z,y) is the scattered field to the scattering
problem (1)—(3) with the incident plane wave (7) replaced by the incident point
source w'(x,y). Obviously, w;(-,y) is a radiating solution to the Helmholtz equa-
tion in R3*\(D;U{y}), j=1,2.

For the case when (30) holds, an argument similar to the above gives

wi®(&,y) = ePWwse(&,y) forall y € U, i e S?, (33)

where B(y) := 01(y,do) + 02(y,do) + 27 for all y € U.

We will show that (33) does not hold. Let y € U CT'g\Bgr be arbitrarily fixed.
The Green’s formula for the radiating solution ws(-,y) in R3\(Br U B:(y)) (see [8,
Theorem 2.5]) gives

B (s 0%(x,2)  Owa(z,y) oo b ds(s
)= [ I~ T e f i)

for z € R3\(BRUB.(y)). Here B.(y) is a ball centered at y with radius & > 0
small enough such that B.(y) N Bg = 0. The unit normal vector v is directed
into R*\(Br U B:(y)). The far-field pattern of wa(x,y) is thus given as follows
(see [8, (2.14)]):

00 [ A, 1 aeiikj.z aw?('z?y) —ik&-z
he (w’y)iﬂ aBRUSBE(y){wQ(Z7y) ov(z)  ov(z)

} ds(z), 2€S?.
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From this and (33) it follows that

wi®(Z,y)
ezﬁ(y) aeikfc-z a@

= wa(z,y)——— — — (2, eiki"z}dsz
== BRUBBE(y){ )G~ ) (=)

eiﬁ(yy { ae—ik:i;‘z aw72 e } 9
= W (—2z,y)———— — —(—z,y)e” "% S ds(z), T € S°.
4T JoBrUAB. (~y) 2 ) Iv(z) o ) )

Rellich’s lemma gives

_iBW) w5z ) 22&:2) 0w, }

wy(z,y)=e /a)BRuaBE(—y){w2< 2,9) (%) 5 (—2z,9)P(z, 2) pds(z)
for 2 € R3\(BrUB:(—y)). This means that w;(-,y) can be analytically extended
into R*\(BrUB.(—y)) and satisfies the Helmholtz equation in R*\(BrUB.(-y)).
Note that ye U CT'y\Bg implies y# —y. We can set ¢ >0 small enough such that
the balls Bg, B.(y) and B.(—y) are pairwise disjoint. Therefore, w1 (-, y) is analytic
at y. However, w1 (-, y)=P(-,y)+ws (-, y) in the vicinity of y and w$(-,y) is analytic
at y. This is impossible due to the singularity of ®(-,y) at y. This contradiction
means (33) does not hold and only (32) is valid.

Now, we consider (32). For any fixed y € U C I'y\Bpg, Rellich’s lemma gives
wi (z,y) = *Wwsy(z,y) for all z€R3\(Br U {y}), i.e.,

®(z,y) +wi(z,y) = ¢ V[(z,y) + wi(z,y)] for all w € R*\(Br U {y}).

Note that wi(-,y) —e'*®w3(-,y) is analytic at y. It follows from the singularity
of ®(-,y) at y that e*®) =1. Since y € U is arbitrarily fixed, we have ¢?*®) =1
for all y € U. Substituting this equation into (31) gives wu;(z,d) = us(zx,d) for all
z €U, d €S% By the analyticity of 2 — u;(z,d) in I'y for j = 1,2, we have
uy (2, d)=uz(x,d) for all z €Ty, d€S? and thus

ui(x,d) = uj(x,d) forall z € Ty, dc S (34)

Now, we deduce from the uniqueness of Dirichlet boundary value problem in a half-

space under the Sommerfeld radiation condition (see e.g. [41, Theorem 3.1]), the
analyticity of z +— u$(z,d) in R*\Bg, j=1,2, and (6) that

u$® (2, d) = u®(&,d) for all #,d € S2. (35)

Finally, the proof is completed by [8, Theorem 5.6] (see also [4, Theorem 8.11]). O

With minor adjustments in the above proof, we can prove the following theorem.

Theorem 3.2. Suppose that D1 and Dy are two impenetrable obstacles with bound-
ary conditions %1 and PBs, respectively. If the corresponding total fields satisfy

luy(x,d)| = |ug(z, d)] forallz eI, d e S?, (36)
lui(z,d, do)| = |uz(z,d, do)| forallz eI, d e S?, (37)

where dy €S? is arbitrarily fived and T’ is a nonempty open subset of the boundary
9Q of a bounded domain Q such that Q CR3\ Br with Br denoting the ball centered
at the origin with radius R>0 large enough such that DyUD, C Bg (see Figure 2).
Assume further that 0S) is an analytic surface and k? is not a Dirichlet eigenvalue
of the negative Laplacian in 2. Then D1=Ds and %, =%RBs>.
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FIGURE 2. Geometry of the problem in Theorem 3.2.

Proof. Similarly, we can deduce from (36) and (37) that |uy(z,d)| = |uz(z,d)| =:
r(z,d) for all z € IV, d € S and

Re {ul(x, d)ul(x,do)} =Re {ug(x, d)us(z, do)} for all z e IV, d € S.

Let d € S? be arbitrarily fixed. We claim that r(z,d) # 0 for z € I". Actually,

if 7(xz,d) =0 for all x € I then uy(z,d) =0 for all z € 90 due to the analyticity

of &+ |ui(z,d)|? on the analytic surface dQ. Noting that k? is not a Dirichlet
eigenvalue of the negative Laplacian in €, we have uq(z, d) =0 for z € Q. Hence
us (z, d)+u(z,d) =uy (z,d) =0 for all z€R3\D; by analyticity. This is impossible
since (6) implies uf(z,d) = O(1/]x|) as |z| — oo and |u’(z,d)| =1 for all z € R3,
Proceeding as in the proof of Theorem 3.1, it can be deduced that u(z, d) =u$(z, d)
holds for all €9 and d€S?, which is analogous to (34). Again by the uniqueness
of Dirichlet boundary value problem in € provided k2 is not a Dirichlet eigenvalue
of the negative Laplacian in €2, we can deduce from the analyticity of the scattered

fields and (6) that (35) still holds and thus this theorem is also true. O

Remark 3.3. Theorems 3.1 and 3.2 also hold in two-dimensional case and the
proofs are similar.

3.2. Uniqueness for inverse acoustic medium scattering. Denote by u;, u}
and u3° the total field, the scattered field and its far-field pattern, respectively,
for the inhomogeneous medium with the refractive index n; corresponding to the

incident field u?, j = 1,2. Then we have the following theorem.

Theorem 3.4. Suppose that ni,ne € L>(D;) are the refractive indices of two
inhomogenous media, respectively. The support of n; — 1 is contained in a bounded
domain D; of class C?, j=1,2. Assume further that both D1 and D are located in
the lower-half space {(z1,72,73)ER3 : 23 < H} (see Figure 1). If the corresponding
total fields satisfy (25) and (26), then ny = na.

With the help of [8, Theorem 11.5], Theorem 3.4 can be proved by arguments
similar to the proof of Theorem 3.1.

Remark 3.5. (i) By analyticity, d € S? in (25), (26), (36), and (37) can be reduced
to d € U where Uis a nonempty open subset of S2.

(ii) Theorem 3.4 also holds in two-dimensional case if the assumption ny,ns €
L*>(R3) is replaced by the condition that n;,ns are piecewise W1P(D) for p > 2
(see [42, Remark 2.3]).

(iii) The analogue of Theorem 3.2 in medium case can be proved in the same
way.
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3.3. Uniqueness for inverse acoustic locally rough surface scattering. De-
note by u”, u}, u; and u3° the reflected field, the scattered field, the total field and
the far-field pattern of the scattered field, respectively, for the locally rough surface
') corresponding to the incident field u, j = 1,2. Denote by Dj + the unbounded
domain above '), j = 1,2. Then we have the following theorem.

Theorem 3.6. Suppose that TU) := {(x1,x9,23) ER? : x3 = hj(z1,22)}, j=1,2,
are two sound-soft locally rough surfaces. If the corresponding total fields satisfy

lur (2, d)| = |uz(z, d)| forallz € Ty,d e S2, (38)

lu(z, d, do)| = |ua(z, d, do)| for all x € TYy,d € $2, (39)

where Iy is a nonempty open subset of the plane Ty := {(x1, 22, 23) € R® : x5 = H}
with H > 0 large enough such that max(,, ,,)er2{h1(z1,22), ho(21,22)} < H and
do=(do1,do2,do3) €S2 is a fized incident direction such that sin(kHdg 3)#0 with
k>0 bez’ng)] the wave number. See Figure 3 for the geometry of the problem. Then
W =@,

I VT
FI1GURE 3. Geometry of the problem in Theorem 3.6.

To give a proof of Theorem 3.6, we need the following lemma.

Lemma 3.7. Let u(z,d) denote the total field for the sound-soft locally rough surface
' corresponding to the incident plane wave u'(z,d) := e***¢ and w>(Z,z) denote
the far-field pattern of the total field w(x, z) for the sound-soft locally rough surface
' corresponding to the incident point source w'(x,z) := ®(x,z). Then we have the
mized reciprocity relation

4rw™(—d,z) = u(z,d) for all z€ Dy,d €S>,

An analogous result for a sound-hard locally rough surface in two-dimensional
case has already been proved (see [37, Lemma 4.2]) and its proof carries over to
Lemma 3.7 here. For the details on the scattering of a point source by a sound-
hard locally rough surface we refer the reader to [37, (4.1)—(4.3)]. Note that similar
results hold for a sound-soft locally rough surface. In contrast to the case of plane
wave incidence, we do not introduce the reflected field, like u” defined by (11), for
the case of point source incidence. More precisely, the total field corresponding to
the incident point source w’(z,y) is given by

w(z,z) = w'(z,2) +w(x,z) forall z,z € Dy,x # 2, (40)

and the scattered field w®(+,z) is analytic in Dy. Now we are ready to prove
Theorem 3.6.

Proof of Theorem 3.6. Let R > H be large enough such that the ball centered at
the origin with radius R satisfies f;l) Uff) C Bp, where F](Jj) = {(z1, 79, 73) € R?:
hj(z1,2z2) # 0} denotes the local perturbation of the rough surface ré, j=1,2.
Define rj(z,d) = |u;(x,d)|, j = 1,2. By the analyticity of  — wu;(z,d) in Iy,
we deduce from (38) that ri(z,d) = ro(x,d) =: r(z,d) for all x € Ty, d € S%.
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Therefore, the total field can be written as u;(x,d) = r(x,d)e’% @ for all 2 € 'y,
d e $?,j=1,2, where 0;(z,d) and 6a(x,d) are real-valued continuous functions.
By (13) and the analyticity of x — wu;(z,d) in Iy for any d € S%, j = 1,2, it is
easy to see that (39) is equivalent to

|ui(z,d) 4+ ui(z,do)| = Jua(x,d) +us(x,dg)| forall z € Ty,d e S?.

This implies that
Re {ul(z,d)ul(:c, do)} = Re {uz(x,d)uQ(x, do)} forall z € Ty, d € S*. (41)

Let d = (dy,ds,ds) € S be arbitrarily fixed such that sin(kHds) # 0. Then
lui(z,d) + u"(x,d)| = 2|sin(kHds)| # 0 for all z € T'yy. Note that (6) implies
ui(x,d) = O(1/|z]) as |z| — oo, € Ty. We thus have r(z,d) # 0 for z € Ty,
Therefore, by the assumption on dy and the analyticity of u;(x,d), j = 1,2, we can

choose two relatively open and connected sets U C T' H\ER and V C S2 such that
r(z,do) # 0, r(z,d) # 0 for all x € U, d € V and 0;(z,dp), 0;(z,d), j = 1,2, are
analytic functions of x € U and d € V, respectively. Now, it follows from (41) that

cos[f(x,d) — 61 (x,do)] = cos[fz2(z,d) — O2(x,dy)] for all (x,d) e U xV. (42)

Since 0 (x,d) and 02(x,d) are real-valued analytic functions of z € U and d € V,
respectively, (42) implies that there holds either

01(x,d) — 01(z,do) = O2(x,d) — O2(z,dp) + 2lm  for all (z,d) e U x V (43)
or
91(3’5, d) - 91(.’13, do) = —[92(.’13, d) — 92(1’, do)] + 2l7  for all (.’17, d) eUxV (44)

for some [ € Z.
For the case when (43) holds, we have

01(x,d)—02(x,d) =01 (x,dy) —O2(z,do) +2lr=:a(x) for all (z,d)ceUxV.
Hence
uy (x,d) = r(z,d)e* @D = p(z, d)e*@Fb2(2d) — i@y, (1 ),

By the analyticity of d — u(z,d) — €@ uy(z,d) in S, we get

uy(z,d) = @ uy(x,d) forall z € U,de S?. (45)
By Lemma 3.7, we deduce from (45) that
w®(&,y) = e *WwP(i,y) foralyecU,ie S2. (46)

Here w$°(#,y) denotes the far-field pattern of the total field w;(z,y) for the locally

rough surface ') corresponding to the incident point source wi(z,y) = ®(x,y)
located at y € D; 1, j = 1,2.
For the case when (44) holds, an argument similar to the above gives

wi®(&,y) = ePWw(i,y) forally e U,z €S2, (47)

where 5(y) := 61(y,do) + 02(y,dp) + 2l for all y € U. o
We will prove that (47) does not hold. To this end, for any y €U CT'y\Bgr we
consider the odd extension w;(-,y) of w;(-,y) defined by

 (e.y) = {wm,y), ze D \yh
o —w;(z',y), =€ R®RNBR)\D;+U{y'})
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for j=1,2, where 2’ = (21, 72,—x3) € R? denotes the reflection of x with respect to
the plane 23 =0. Note that w;(-,y), j=1, 2, are radiating solutions to the Helmholtz
equation in (R3\Br)\{y,%'} (see [54]). By the definition of the far-field pattern of
the odd extension w;, j = 1,2, we deduce from (47) that

W (,y) = PV @ (&,y) forall y € U, € S2 (48)
Let y € U C Ty \Bpg be arbitrarily fixed. The Green’s formula for the radiating
solution wy(-,y) in R¥\(Br U B.(y) UB.(y")) (see [8, Theorem 2.5]) gives
~ ~ 0®(z,2z) Owa(z,y)
o) = [ {@atz) - o(r.2) | ds(2)
? OBRUIB. (y)UdB. (y') ? v (z) v (z)

for x € Rg\(BRUB (y)UB.(y')), where the radius € >0 is small enough such that
the balls B.(y), B:(y') and By are pairwise disjoint. The unit normal vector v is
directed into R3\(Bgr U B.(y) U B.(y')). The far-field pattern of ws(x,y) is thus
given as follows (see [8, (2.14)]):

1 . 0e=*E2 Qi (2,Y) _ipa }
wse (&, y Z,Y — e " E b ds(z).
7 (@y)= 4r. OBRUAB. (y)UdB. (y’ ){ a2 9) ov(z) v (z) =)

From this and (48) it follows that

wi® (2, y)
eiﬁ(y)/ . Btz Oy o
- Wo(2,Yy)m— — ——(2,y)e** b ds(2)
AT JoBRrUBB. (y)UOB. (y) 2 ov(z) ov
eiﬁ(y)/ (. N .
= W —Z7 y R —— _Z7 y —1KX-Z ds
AT JoBRrUAB. (—y)UOB. (—y') 2(=%9) ov(z) 8y( Je (2)-

It follows from Rellich’s lemma that

@ (z,y) = ePW { 2,2) _ ém(z,y)@(x,z)} ds(z)
)-

0B RUOB. (—y)UdB. (— (2) ov

for € R3\(BrUB:(—y)UB.(—v')). This means that w; (-, y) can be analytically
extended into R?*\(Br U B.(—y) U B.(—y')) and satisfies the Helmholtz equation
in R3\(Bg U Be(—y) U ( y')). For any fixed y € U CT'y\Bg with R> H, we
know that y, —y, ¥" and —y’ are distinct. Therefore, we can set € > 0 small enough
such that the balls B.(y), B:(—y), B<(y') and B.(—y') are pairwise disjoint, and
thus wq(+,y) is analytic at y. However, @ (-, y) =w1(,y) =P(-,y)+wj(-,y) in the
vicinity of y (see (40)) and wj(-,y) is analytic at y. This is impossible due to the
singularity of ®(-,y) at y. This contradiction shows that (47) does not hold and
only (46) is valid.
Now, we consider (46). Analogously to (48), it can be deduced from (46) that

@ (&,y) = WP (2,y) forally e U, i e S?.
For any fixed y €U CT g\ Bg, Rellich’s lemma gives w; (x, y) =e**® iy (v, y) for all
re€(R*\Bgr)\{y,y'}. By (40) we have

®(z,y) +wi(z,y) = W [D(z,y) + wi(z,y)] for allw € Dy y\(Br U {y}).

The singularity of ®(-,y) at y and the analyticity of z — w§(x, y) — e'*®wj(x, y) in
the vicinity of y imply e?*®) = 1. Since y € U is arbitrarily fixed, we have e’*(¥) = 1
for all y € U. Substituting this equation into (45) gives u;(z,d) = uz(x,d) for all
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r € U, d € S2. By the analyticity of z — wuj(z,d) in I'y, j = 1,2, we have
uy(z,d) = ug(x,d) for all z € Ty, d € S% and thus

ui(z,d) = uj(x,d) forallz € Ty,dcS%.

Now, it follows from the uniqueness of Dirichlet boundary value problem in a half-
space under Sommerfeld radiation condition (see [41, Theorem 3.1]), the analyticity
of x — uj(x,d) in Dj 1, j=1,2, and (6) for & € Sﬁ_ that

uS® (i, d) = us®(#,d) forall # € S%,d €S2,

Finally, the proof is completed by the three-dimensional analogue of [54, Theorem
4.1]. O

Remark 3.8. (i) By analyticity, d € S% in (38) and (39) can be reduced to d € U
where Uis a nonempty open subset of S2 .

(ii) With minor adjustments in the above proof, we can prove a similar uniqueness
result for sound-hard locally rough surfaces with the assumption sin(kHdp ) # 0
replaced by cos(kHdy3) # 0. In the proof, the odd extension should be replaced
by an even extension. Moreover, we need the three-dimensional analogue of [37,
Theorem 4.3] instead of [54, Theorem 4.1].

(iii) Theorem 3.6, together with the analogue of sound-hard locally rough sur-
faces, also holds in two-dimensional case and the proofs are similar.

4. Uniqueness for inverse electromagnetic scattering. The inverse electro-
magnetic impenetrable obstacle or inhomogeneous medium scattering problem we
consider in this section is to reconstruct the impenetrable obstacle D as well as its
boundary condition or the refractive index n of the inhomogeneous medium from the
phaseless electric near-field data. This section is devoted to establishing the unique-
ness for these inverse problems. Following [45], the phaseless electric near-field data
of this paper is given by the modulus of the tangential component of the total elec-
tric field on the measurement surface. Denote by e; =(1,0,0) and eo=(0,1,0) the
two tangential vectors of the measurement plane 'y :={ (21, 22, z3) €R3: 24 =H}.
Then the phaseless near-field data can be represented as |e,, E(x, dy,p1,d2, p2)| for
zel'y, me {1, 2}, dy,da, p1,p2 €S2

4.1. Uniqueness for inverse electromagnetic obstacle scattering. Denote
by Ej;, EF and E7° the total electric field, the scattered electric field and its far-
field pattern, respectively, for the impenetrable obstacle D; corresponding to the
incident (electric) field E?, j = 1,2. Then we have the following theorem.

Theorem 4.1. Suppose that D1 and Dy are two impenetrable obstacles with bound-
ary conditions B, and B, respectively. Assume further that both Dy and Do are
located in the lower half space {(x1,72,73) € R3 : 23 < H} (see Figure /). If the
corresponding total electric fields satisfy

|€n, Er(x, d)p|=|en - Ea(x,d)p| for all x€T’;,deS? peS?, (49)

|em'E1(x7 dvpa dOva)' = ‘e7n'E2('ra d7p7 d07p0)| fO’f' all xer,}[a dESQap€S2 (50)

for both m=1 and m=2, where I'";; is a nonempty open subset of the plane 'y and
H Y

do,po € S? are fized such that e,,-[(doxpo)xdy]#0 for both m=1 and m=2. Here,

e1=(1,0,0) and e2=(0,1,0) denote two tangential vectors on I'yy. Then Dy = Doy
and B1 = B>.
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I, Ty

FIGURE 4. Geometry of the problem in Theorem 4.1.

Proof. Without loss of generality, we may assume that there exists a ball Bg cen-
tered at the origin with radius R >0 large enough such that (D1UD3) C Bg. Let me
{1,2} be arbitrarily fixed. Define r](-m)(:n,d,p) =|em-Ej(z,d)p| for j=1,2. By the
analyticity of x — e,,-E;(z,d)p in 'y for any d,peS?, j=1,2, we deduce from (49)
that r§m)(ac, d,p) zrgm) (z,d,p)=:r")(x,d,p) for all (x,d,p)eT g xS?*xS?. There-
fore, the total electric field can be written as e, -E;(z, d)p=rm(z, d,p)ew;m>(£’d’p)
for all €Ty, d€S?, peS?, j=1,2, where Ggm) (z,d,p) and (‘)ém) (z,d,p) are real-
valued continuous functions. By (24) and the analyticity of  — e,,-Ej(z,d)p in
[y for any deS?, peS?, j=1,2, it is easy to see that (50) is equivalent to

|em [Er(z, d)p+E1(x, do)po]| = |em - [Ea(x, d)p+Ex(x, do)po]|
for all z € Ty, d € S?, p € S, This implies

Re {r(m) (2, d, p)ci®t" @aP) () (2, do, po)ei®s ™ (o o) }

_ Re {r<m>(x, d, p)ei®s" @) 1 (m) (o do,po>ei95m““”d°’p°)} SNE:3D

Let d € S? and p € S? be arbitrarily fixed such that e,,-[(dx p) xd| # 0. Then
ey - Bz, d)p| = klem -[(dx p) xd]| # 0 for all z € Ty. Note that (21) implies
em-Ej(x,d)p=0(1/|z|) as |z| = 0o, z € Ty. We thus have (™) (z,d, p) # 0 for
x €T y. Therefore, by the assumption on dy, py and the analyticity of e,,-E;(z,d)p,
j=1,2, we can choose three relatively open and connected sets U CT'g\Bg, V CS?
and W C S? such that 7™ (x, do, po) #0, ™) (z,d, p) #0 for all (z,d,p) €U XV xW
and 9§m) (x,d,p), Gém)(z,d,p) are analytic functions of z €U, d €V and pe W,
respectively. Now, by (51) we have

cos[t?gm)(x, d,p) — F)gm)(:r, do,po)] = cos[@ém)(x, d,p) — F)ém)(:r, do, o)) (52)

for all (z,d,p) € U x V x W. Since Hgm)(x,d, p) and Hém)(x,d,p) are real-valued
analytic functions of z € U, d € V, and p € W, respectively, (52) implies there
holds either

04" (z, d, p)— 0™ (2, do, po) =08 (x, d, p)— O™ (2, do, po) + 21 (53)
for all (x,d,p)eUxV xW or
9§m) (x,d,p) —9§m) (x,do, po) = Oém) (2, do, po) —Hém) (z,d,p)+2lm (54)

for all (z,d,p)eUxV xW with some [ € Z.
For the case when (53) holds, we have

Ggm)(x, d,p) — 9§m)(a:,d,p) = Hgm)(x, do,po) — 9§m) (x,do, po) + 2l =: a(x)
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for all (x,d,p) €U xV xW. Then we deduce from (53) that
enEi(x, dp=r" (¢,d,p)e " (rir+iol) —eiolle, . By(x, d)p

for all (z,d,p) €U XV xW. Since e,,-E1(z,d)p—e'*®e,,-Ey(z,d)p is an analytic
function of d€S? and peS?, respectively, we have

en - Ei(z,d)p = e @e, . Ey(x,d)p forall z € U,deS? pe S (55)

By the mixed reciprocity relation 4rEZ%(—d,z) = [Ej(z,d)]", j = 1,2 (see [3,
(6.92)]), it follows from (55) that

EX (2, y)em = e“WEX(2,y)e, forallye Ui €S2 (56)

Here EZ7; (Z,y)p denotes the electric far-field pattern of the total electric field
E. j(x,y)p for the impenetrable obstacle D; corresponding to the incident electric
dipole (electric part) E(z, y)p:= %curlw curl, p®(z,y) located at y € R3\ D; with the
polarization vector p€S?, j=1,2. The corresponding incident and total magnetic
fields are given by H'(x, y)p:=curl, p®(z,y) and H, ;(z,y)p=cwrl, E. ;(z,y)p/(ik),
respectively. To be more specific, E, ;(z,y)p=E¢(z,y)p+E; ;(z,y)p and Ef ;(x,y)p
is the scattered electric field to the scattering problem (14)—(17) with the incident
plane wave (22)—(23) replaced by the incident electric dipole [E:(x,y)p, H:(z,y)p].
Obviously, [E. ;(-,y)p, He ; (-, y)p] is a radiating solution to the Maxwell equations
in R*\(D; U {y}), j=1,2.
For the case when (54) holds, an argument similar to the above gives

EX(%,y)em = ew(y)ngQ(:ﬁ,y)em forally e U, & € S?, (57)

where () := 0§m) (x,do, po) + 0§m) (x,do,po) + 2lm for all z € U.

We will show (57) does not hold. Let y € U CT'y\Bpg be arbitrarily fixed. The
Stratton-Chu formula for the radiating solution E.s(-,y)e,, in R*\(BrUB.(y))
(see [8, Theorem 6.7]) gives

Eea(n,y)em = cul / V(2) X Be (2, y)em®(x, 2)ds(2)
OBRUIB: (y)

1
—_—curlcurl/ v(z) x He o(2,y)en®(x, 2)ds(z)
tk OBRUDB. (1)

for y € R3*\(Br U B.(y)), where £ > 0 is small enough such that B.(y)NBg = 0.
The unit normal vector v is directed into R*\(BrUB.(y)). The far-field pattern of
E. o(x,y)en, is thus given as follows (see [8, (6.25)]):

ik A
B (#,y)em =i X/ {V(2)xEe,2(z, y)em+[v(2)xHe 2(2, y)em]xi}e ™" %ds(2)
’ OBRUIB:(y)

4
for £ € S?. From this and (57) it follows that

E:,ol (i‘7 y)e’m
—ikePW)

= ——— X V(2)XEe.2(2,y)emt+|v(2)xHe 2 (2, y)em | x& + € % ds(z)
e R e Jen 2}

iketBY) o
_ ihe i>¥ {V(z)er,g(—z,y)em—l—[y(z)xHe,g(—z,y)em]xA}eﬂkz‘st(z)
4m 9BRUOB. (—y)
for # € S?. Rellich’s lemma (see [8, Theorem 6.10]) gives

Eoi(2,9)em = #®curl / v(2) % Bua(— 2 g)em® (e, 2)ds(2)
BBRuaBe(fy)
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eBW)
—— curlcurl/ v(2) X Heo(—2,y)en®(x, 2)ds(z)
ik OBRUOB. (~y)

for x € R®\(Br U B:(—y)). Set He1(-,y)en = curl,E.1(z,y)p/(ik), then the
electromagnetic wave [Fe 1(-,y)€m, He1(+, ¥)en] can be analytically extended into
R3\(BrUB.(—y)) and satisfies the Maxwell equations in R*\(BrU B.(—y)). Note
that y € U C T\ Bg implies y # —y. We can set £ >0 small enough such that the
balls Br, B:(y) and B.(—y) are pairwise disjoint. Therefore, E. 1(-,y)e,, is ana-
lytic at y. However, E.1(-,y)em=FEL(-,y)em+E (-, y)em in the vicinity of y and
E: 1 (-,y)em is analytic at y. This is impossible due to the singularity of EX(-,y)em
at y. This contradiction shows (57) does not hold.

Now we consider (56). For any fixed y € U C I'y\Bg, Rellich’s lemma gives
E.1(z,y)em = e*WE, o(x,y)e,, for all z € R?\(Br U {y}), i.e.,

(Bi(x,y) + B2 (2,9)len = W Bi(e.y) + B (2. y)len

for all # € R*\(Bg U {y}). Note that ES (-, y)en—e*WES (-, y)e,, is analytic at
y. Hence ¢’*¥) =1 follows from the singularity of E’(-,y)e,,. The arbitrariness of
y € U implies ¢**¥) =1 for all y € U. Substituting this formula into (55) gives
em Ei(z,d)p = e, - Bx(x,d)p forall z € U,deS?* peS> (58)
Since m € {1,2} is arbitrary, we know that (58) holds for both m=1 and m =2.
The linear combination of e; and ey gives v x Fy(x,d)p = v X Es(z,d)p for all
x € U,deS? peS? Here v=(0,0,1) denotes the unit normal on I';. Noting

that vx Fy (z,d)p and v X Ey(x,d)p are analytic for x €'y, we have v X Ey(z,d)p=
vx Ey(x,d)p for all €Ty, d€S?, p€S? and thus

vx Ej(z,d)p=vx E§(x,d)p forallzecT'y,decS?peS
Now, it follows from the uniqueness of Maxwell problem in a half space under

the Silver—Miiller radiation condition (see [30, Lemma 3.1]), the analyticity of the
scattered electric fields and (21) that

E°(&,d) = ES°(#,d) for all &,d € S%.
Finally, the proof is completed by [8, Theorem 7.1]. O

4.2. Uniqueness for inverse electromagnetic medium scattering. Denote
by Ej;, E and E7° the total electric field, the scattered electric field and its far-
field pattern, respectively, for the inhomogeneous medium with the refractive index
n; corresponding to the incident (electric) field E?, j = 1,2. Then we have the
following theorem.

Theorem 4.2. Suppose that ni,ne € C*7(R3) are the refractive indices of two
inhomogenous media, respectively. The support of n; — 1 is contained in a bounded
domain Dj of class C?, j =1,2. Assume further that both Dy and Dy are located in
the lower half space {(x1,22,73) € R : 23 < H} (see Figure /). If the corresponding
total electric fields satisfy (49) and (50), then ny = ng.

With the help of [14, Theorem 4.9], Theorem 4.2 can be proved by arguments
similar to the proof of Theorem 4.1.

Remark 4.3. By analyticity, d € S? and p € S? in (49) and (50) can be reduced
tod € U and p € V, respectively, where U and V are nonempty open subsets of S2.
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5. Conclusion. Several uniqueness theorems based on phaseless data have been
proved in this paper. More precisely, the unknown scatterers can be uniquely deter-
mined by the phaseless near-field data generated by superpositions of two incident
acoustic or electromagnetic plane waves. The phaseless data are measured on a
plane in R3 (or a straight line in R?) and the proof is based on the analysis of
phase information similar to [42,45] and the application of Rellich’s lemma similar
to [43,46]. The uniqueness results in this paper are the complement of previous
results in phaseless inverse scattering problem with the idea of superposition.

Acknowledgments. The author thanks Professor Bo Zhang, Professor Haiwen
Zhang, and Dr. Long Li from Academy of Mathematics and Systems Science,
Chinese Academy of Sciences for helpful and constructive discussions.
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