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A B S T R A C T

Dirac points are special points in the energy band structure of various materials, around which the dispersion
is linear. If the corresponding Fermi surface is projected as a pair of crossing lines—or touching cones in
two dimensions, the Dirac point is known as the type-II; such points violate the Lorentz invariance. Until
now, thanks to its unique characteristics, the Klein tunneling is successfully mimicked and the topological
edge solitons are obtained in the type-II Dirac photonic lattices that naturally possess type-II Dirac points.
However, the interplay between these points and corner states is still not investigated. Here, we report both
linear and nonlinear corner states in the type-II Dirac photonic lattice with elaborate boundaries. The states,
classified as in-phase and out-of-phase, hide in the extended bands that are similar to the bound states in
the continuum (BIC). We find that the nonlinear BIC-like corner states are remarkably stable. In addition, by
removing certain sites, we establish the fractal Sierpiński gasket structure in the type-II Dirac photonic lattice,
in which the BIC-like corner states are also demonstrated. The differences between results in the fractal and
nonfractal lattices are rather small. Last but not least, the corner breather states are proposed. Our results
provide a novel view on the corner states and may inspire fresh ideas on how to manipulate/control the
localized states in different photonic lattices.
1. Introduction

Dirac points – or Dirac cones – are peculiar structures that appear
in the energy band zones of various photonic lattices and topological
insulators that describe unusual electronic transport properties in these
metamaterials. They indicate the existence of massless fermionic or
bosonic particles in the man-made or rare materials in nature that nat-
urally display linear dispersion in the momentum space [1]. The most
famous material that possesses Dirac points is the graphene [2], an al-
lotrope of carbon arranged in a single layer of atoms that paved the way
to novel two-dimensional (2D) materials and brought revolutionary
breakthroughs in the various branches of science.

One has to note that the Dirac point in graphene is type-I, so
that the corresponding Fermi-surface is a point. If the Dirac point
is tilted sufficiently to make the Fermi-surface appear as a pair of
crossing lines, then the type-II Dirac point is obtained [3–9]. Since the
existence of type-II Dirac cones violates the Lorentz symmetry, it is
rare to find natural materials that possess them. In photonics however,
man-made lattices can be elaborately designed to display type-II Dirac
cones naturally [10]. This is a quite unique situation that provides an
ideal platform for inspecting quasi-particle-mediated phenomena that,
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for example, might exist in high energy physics but are not directly
accessible to experimental verification. However, they naturally appear
and can be easily tested in simple optical bench systems with artificially
produced photonic lattices.

One the other hand, the type-II Dirac photonic lattices are also
attractive for investigating nontrivial topological phenomena, like topo-
logical edge solitons [11,12]. To date, topological edge solitons are still
experimentally elusive, even though there are many theoretical stud-
ies [11–27]. Admittedly, there are some related experimental works
reported [11,28,29] but they do not contain the direct observation
of topological edge states; the clear experimental observation of such
physical objects is still missing.

In contrast to topological edge solitons, nonlinear corner states
and corner solitons in higher-order topological insulators [30,31] have
been reported both theoretically [24,32–35] and experimentally [36–
39]. Until now, most of the higher-order topological insulators re-
ported are based on a few specific lattices, such as honeycomb [40],
kagome [36,41,42], the 2D Su–Schrieffer–Heeger [37,39] or even frac-
tal lattices [43–45], but not in type-II Dirac lattices. We wonder – and
960-0779/© 2024 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.chaos.2024.114719
Received 2 January 2024; Received in revised form 2 March 2024; Accepted 9 Mar
ch 2024

https://www.elsevier.com/locate/chaos
https://www.elsevier.com/locate/chaos
mailto:zhangyiqi@xjtu.edu.cn
https://doi.org/10.1016/j.chaos.2024.114719
https://doi.org/10.1016/j.chaos.2024.114719
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2024.114719&domain=pdf


Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 181 (2024) 114719S. Feng et al.
Fig. 1. Type-II Dirac lattice waveguide arrays with different 𝑟 and their corresponding band structures. There are three sites labeled as A, B, and C in each unit cell (indicated
by a green hexagon). The basis vectors of the Bravais lattice are 𝐯1 and 𝐯2, 𝑎 is the lattice constant and 𝑟 is the shift parameter. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
investigate here – whether corner states can be obtained in these lat-
tices or not. Indeed, this is an intriguing question that is not addressed
anywhere up to now, to the best of our knowledge.

In this work, we address this question and give positive answers on
the existence of both linear and nonlinear corner states in the specially
prepared type-II Dirac photonic lattice. We produce a design with
proper cutting edges in the type-II lattice, which supports corner states.
In addition, we extend the design to the fractal dimension and form a
Sierpiński gasket lattice that also supports corner states. We will show
that there exist no explicit bandgaps that may support gap solitons, but
these states hide in the extended bands, which makes them quite similar
to the bound-in-continuum (BIC) states [46,47]. We believe that the
corner states reported in this work are quite different from the previous
examples of corner states, in this manner replenishing and refreshing
the understanding of such states.

2. Lattice waveguide array and spectrum

The type-II Dirac photonic lattice array is displayed in Fig. 1, in
which the unit cell is indicated by a green hexagon that includes three
sites marked with A, B, and C. The typical basis vectors are
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with 𝑎 being the lattice constant. We assume that the unit cells are
fixed but the separation between the three sites in each unit cell can
be changed. To this end, we introduce a shift parameter 𝑟, as shown
in Fig. 1: the three sites get closer if 𝑟 > 0 and further away if 𝑟 < 0.
In Fig. 1, we also show two lattices with 𝑟 = ±0.2𝑎, in addition to the
case with 𝑟 = 0. In this manner, waveguide arrays can be formed in the
lattice. The lattice waveguide array can be theoretically described by
Gaussian functions, as follows
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where (𝑥𝑚, 𝑦𝑛) is the site coordinate that should weave through all sites,
𝑝 is the site depth, and 𝑑1,2 represent the site width. On the right-hand-
side of Eq. (2), the site locations are independent of 𝑧, so the waveguide
array is straight. If one adopts the femtosecond laser direct writing
technique for inscribing waveguide arrays in fused silica [36,38,39],
the values for these parameters can be chosen as 𝑎 = 2, 𝑑1 = 𝑑2 = 0.5,
and 𝑝 = 8, which correspond to 20 μm, 5 μm, and the refractive index
change of ∼8.8 × 10−4, if the utilized wavelength is 𝜆 = 800 nm and the
normalization parameter is 𝑟0 = 10 μm.

The propagation dynamics of light beams in the shallow waveg-
uide array is described by the well-known nonlinear Schrödinger-like
paraxial wave equation
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where 𝜓 is the complex envelope of the light beam, and 𝑧 is the
normalized propagation distance. The solutions of Eq. (3), known as
the Bloch waves, can be written in the form 𝜓 = 𝑢(𝑥, 𝑦) exp(𝑖𝑏𝑧), with
𝑢(𝑥, 𝑦) being the periodic real function describing the mode profile and
𝑏 being the propagation constant. Inserting this general solution into
Eq. (3), one obtains the following eigenvalue equation
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which can be solved numerically using many methods, for example,
the plane-wave expansion or the finite-difference method, to obtain the
spectrum of the lattice. Without considering the self-focusing nonlinear-
ity term, the band structures corresponding to the lattices from Fig. 1 in
the upper row are shown in the bottom row. For the case with 𝑟 = 0, one
can see the type-II Dirac cones that connect each two neighbored bands.
While for the cases with 𝑟 ≠ 0, the lattice is strained or stretched [48]
and the corresponding band structure changes. Numerical simulations
demonstrate that the Dirac cones move to the center/boundary of the
Brillouin zone if 𝑟 becomes negative/positive (not shown here). For the
case with 𝑟 = 0.2𝑎, all Dirac cones disappear and are replaced by band
gaps, since all Dirac cones cross with each other and annihilate. We
should point out that the Dirac points here are different from the Dirac
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Fig. 2. (a) Type-II Dirac photonic lattice with a triangular landscape. (b) The
corresponding spectrum 𝑏 versus 𝑟 of the lattice in (a). The red and blue lines represent
corner states. (c) Modulus profiles of the selective states in (b) with the corresponding
phase distributions given in the inset. White circles represent lattice sites and the
insets show phases of the corner states. Blue and red colors represent 0 and 𝜋 phases,
respectively. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

points embedded in the continuum [49], which are resulting from the
coincidence of two BICs at the same Fermi arc.

In this work, we consider two different landscapes for the waveg-
uide array. The first one is given in Fig. 2(a), and is called the triangular
array. The spectrum of the lattice, given by the graph of the propaga-
tion constant 𝑏 versus the shift parameter 𝑟, is displayed in Fig. 2(b).
One sees that there is no explicit band gap in the spectrum and all states
strongly mix with each other. We note that the spectrum in Fig. 2(b)
is a not a projection of its 2D counterpart, since the configuration in
Fig. 2(a) is well isolated and without periodicity. However, one can
identify localized corner states hidden within the extended band, by
scanning the states one by one for a fixed 𝑟. An example is indicated
by the red and blue line states, which do not blend with any bulk states.
Different from the previous findings that only one part of the localized
corner states is within the extended band [37,50–52], the corner states
here are totally immersed in the extended band. Therefore, we call
them BIC-like corner states. It is a simple task to check the inverse
form-factor [53] of all modes, which demonstrates that the width of
the corner states is the smallest (not shown here).

We choose two states from the red line and another two from
the blue line, which are numbered 1, 2, 3, and 4, respectively. The
modulus profiles of these states are exhibited in Fig. 2(c), with the
associated phase distributions shown in the inset of each panel. Even
though all the states are in the extended band, their localization can
be manipulated by the shift parameter 𝑟. The bigger the absolute value
of 𝑟, the better the localization. This property is similar to that of the
corner states located in the band gap [34]. By checking the phase of
the corner states, one finds that the rightmost two spots are out-of-
phase for the states from the blue line and in-phase for the states from
the red line. Since the rightmost three sites are similar to those of a
trimer chain [54–56], the phase distributions here are also similar to
those of the trimer lattice. For comparison, we also show two extended
states, numbered 5 and 6 in Fig. 2(c). Except for the two corner states
indicated by the blue and red lines in Fig. 2(b) that are localized at the
right corner of the structure, we do not find any other corner states,
even after checking all possible eigenmodes.
3

Fig. 3. Setup is as in Fig. 2, but for the fractal G(3) Sierpiński gasket based on the
type-II Dirac photonic lattice. The first and second generations G(1) and G(2) of the
lattice are marked by the magenta and yellow dashed rectangles. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

The second landscape considered in this work is the fractal Sier-
piński gasket with the generation order 3, as shown in Fig. 3. As is usual
with any fractal gasket, they are formed by eliminating certain arrays
from a nonfractal lattice and repeating the procedure ad infinitum. We
follow the procedure described in [45], with a slight modification (see
Fig. 3.) The first generation G(1) and the second generation G(2) of
the fractal lattice here are indicated by two dashed rectangles. It is
not difficult to see that the 𝑛th generation Sierpiński gasket possesses
3𝑛+1 sites. Similar to other investigations of the fractal Sierpiński gasket
lattices [45,57,58], the Hausdorff dimension of the fractal lattice is
𝑑 = log2 3, since the subsequent generation needs three previous gen-
erations and the size of the (𝑛 + 1)th generation becomes two times
larger than that of the 𝑛th generation. Our ‘‘fractal’’ gasket is just a
modified G(3); still, as evident from the visual inspection of Figs. 2(b)
and 3(b), many of the bulk states are already eliminated in the G(3)
lattice. It is also worth noting that the fractal gasket considered here
lacks the 3 discrete rotational symmetry, which is distinct from the
previous Sierpiński gaskets.

By adjusting the shift parameter 𝑟, the spectrum of our gasket is
displayed in Fig. 3(b). The spectrum is still quite messy, akin to the
nonfractal counterpart from above. After scanning the eigenmodes for a
given 𝑟, one obtains the corner states in the extended band, as indicated
by the red and blue lines, which hide in the extended bands. Similar
to the operations in Fig. 2, we select four states from the red and
blue lines (marked with 1, 2, 3, and 4) as well as two extended states
(marked with 5 and 6), and show their amplitude modulus distributions
in Fig. 3(c). It is interesting to note that as compared with the corner
states of the triangular lattice in Fig. 2(c), the corner states in the fractal
lattice still hold most of the properties of the former, even though the
insulating bulk is absent. For example, the corner states on the blue
line are still out-of-phase, while those on the red line are in-phase. The
probable reason is that the corner states are mainly distributed on the
rightmost two corner sites, which are far away from the holes of the
fractal lattice—the separation between the rightmost unit cell and its
nearest hole is the length of one unit cell. However, the localization of
the corner state is a bit worse in the fractal lattice if 𝑟 is close to zero,
especially for the in-phase corner states. The close similarity between
the results in Figs. 2(c) and 3(c) demonstrates the robustness of the
corner states in the system based on the type-II Dirac photonic lattice.



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 181 (2024) 114719S. Feng et al.
Fig. 4. Nonlinear state families and modulus profiles of the selective nonlinear corner
states for 𝑟 = −0.2𝑎. All nonlinear corner states are stable. (a) Peak amplitude of the
nonlinear corner state 𝐴 vs. the propagation constant 𝑏 in the nonfractal lattice. Blue
curve is for the out-of-phase case, while the red curve is for the in-phase case. (b)
Results for the fractal lattice. Blue curve is for the out-of-phase case, while the red
curve is for the in-phase case. (c) Modulus profiles of the selected nonlinear corner
states in (a). (d) Modulus profiles of the selected nonlinear corner states in (b). (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

3. Nonlinear corner states

One should keep in mind that the influence of nonlinearity in
shallow waveguides is assumed to be small. Then, one can form the
energy band structure of the linear lattice and introduce the effects of
nonlinearity as a modulation on the underlying band structure. Hence,
by directly solving the nonlinear Schrödinger Eq. (4), using, e.g., New-
ton’s iteration method, one can generally obtain the nonlinear localized
corner states. Since the corner states lie in the bulk band, as shown
in Figs. 2(b) and 3(b), the nonlinear corner states, in the conventional
sense, may hybridize with the bulk states and loose their localization.
However, in this section we demonstrate that this hybridization does
not happen, and the nonlinear corner states are still well localized.

The results differentiating the nonlinear corner states from the
linear states at 𝑟 = −0.2𝑎 are displayed in Fig. 4. The nonlinear state
families – as recorded in the relation between the peak amplitude
𝐴 = max{|𝜓|} and the propagation constant 𝑏 – are shown in Figs. 4(a)
and 4(b), respectively. They correspond to the in-phase (red curves) and
out-of-phase (blue curves) corner states in the nonfractal and fractal
type-II Dirac photonic lattices. It is worth mentioning that the nonlinear
corner state families are nearly independent of the lattice landscapes,
since the families are almost unchanged in the triangular and fractal
lattices. From each family, we select two nonlinear corner states and
show their modulus distributions in Figs. 4(c) and 4(d). At this point,
it is necessary to point out to two interesting properties reflected by
our results. The first one is that the localization of the nonlinear corner
states is almost unaffected by the increase in the propagation constant
(see the amplitude modulus distributions indicated with numbers 2 and
4). The second property is the remarkable stability of these nonlinear
corner states.
4

Fig. 5. (a,b) Peak amplitudes of the nonlinear corner states from Fig. 4(a) during
propagation in the nonfractal lattice. (c,d) Setup is the same as in (a,b) but for the
fractal lattice from Fig. 4(b). (e) Modulus profiles of the state during propagation,
corresponding to the dots 1, 2, and 3 in (a). (f) Setup is as in (e) but corresponding
to the dots 1, 2, and 3 from (c).

The stability of the BIC-like nonlinear corner states is investigated
by adding a small-scale perturbation (10% of the amplitude) and
performing a long-distance propagation (up to 𝑧 ∼ 4000). Quite unex-
pectedly, we find that all the nonlinear corner states are stable, both
in the nonfractal and fractal lattice arrays. To display the stability in a
more clear way, we choose four nonlinear corner states in the triangular
lattice array and record their peak amplitudes 𝐴 during propagation.
The peak amplitudes of states numbered 3 and 4 in Fig. 4(a) are shown
in Fig. 5(a), while those corresponding to states numbered 1 and 2
are shown in Fig. 5(b). The states numbered 3 and 4, which are in-
phase, exhibit an oscillating behavior, and this phenomenon is more
pronounced if the peak amplitude is bigger (see the state 4). However,
the out-of-phase nonlinear corner states in Fig. 5(b) do not oscillate.
For the in-phase corner states, the energy may couple between the
two outermost sites and this is the reason why it oscillates during
propagation. Since the oscillation holds even after a long-distance
propagation, 𝑧 ∼ 4000, the in-phase corner state is regarded as a stable
object. To see whether it couples with other modes, we check the
projection of the nonlinear corner state onto other linear eigenmodes
during propagation, via 𝑝𝑛(𝑧) = ∬ 𝜓∗(𝑧)𝑢𝑛𝑑𝑥𝑑𝑦 with 𝑛 being the index
of linear eigenmodes. We find that the weight of the two linear corner
states is the biggest in the nonlinear corner state, while those of other
eigenstates are negligible (not shown here).

Similar results are obtained in the fractal lattice array, as shown
in Figs. 5(c) and 5(d). For the oscillating case, we show the amplitude
modulus profiles at three typical distances, as indicated by three dots in
Figs. 5(a) and 5(c), and in Figs. 5(e) and 5(f). The oscillation is due to
the fact that the energy of the state couples between the rightmost two
sites, which is much easier for the beam with two in-phase humps. The
oscillating nonlinear corner state represents a nonlinear corner breather.
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4. Conclusion

Summarizing, we have investigated both linear and nonlinear cor-
ner states in type-II Dirac photonic lattice arrays, by adjusting the
separations among three sites in each unit cell. We investigated non-
fractal and fractal lattices. Regardless of whether the lattice array was
fractal or not, the corner states are always hidden in the extended
bands, which makes them BIC-like. We find these BIC-like corner states,
both linear and nonlinear, not to hybridize with the extended states
and well localized. After comparing the results in nonfractal and fractal
arrays, we find them not much different, which indicates that these BIC-
like corner states are not affected much by the insulating bulk, which
may help the fabrication of potential optical functional devices with
fewer channels. Last but not least, the stability of corner states turned
out to be rather remarkable, although the existence of corner breathers
was also unveiled. We believe these results provide a new viewpoint
on corner states and may inspire new ideas for light manipulations in
the field of photonic lattice arrays.
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