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Abstract: We study linear and nonlinear higher-order

topological insulators (HOTIs) based on waveguide arrays

arranged into Sierpiński gasket and Sierpiński carpet struc-

tures, both of which have non-integer effective Hausdorff

dimensionality. Such fractal structures possess different dis-

crete rotational symmetries, but both lack transverse peri-

odicity. Their characteristic feature is the existence of mul-

tiple internal edges and corners in their optical potential

landscape, and the formal absence of an insulating bulk.

Nevertheless, we show that a systematic geometric shift of

the waveguides in the first generation of such fractal arrays,

which affects the coupling strengths between sites of this

building block as well as in subsequent structure genera-

tions, enables the formation of corner states of topological

origin at the outer corners of the array. We find that, in
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contrast to HOTIs based on periodic arrays, Sierpiński gas-

ket arrays always support topological corner states, irre-

spective of the direction of the shift of the waveguides,

while in Sierpiński carpet structures, corner states emerge

only for one direction of the waveguide shift. We also find

families of corner solitons bifurcating from linear corner

states of fractal structures that remain stable practically in

the entire gap in which they form. These corner states can

be efficiently excited by injecting Gaussian beams into the

outer corner sites of the fractal arrays. Our results pave

the way toward the investigation of nonlinear effects in

topological insulators with non-integer dimensionality and

enrich the variety of higher-order topological states.

Keywords: higher-order topological insulator; fractal lat-

tice; corner state soliton

1 Introduction

Topological insulators are specific materials with insulating

bulk that, at the same time, allow currents to flow freely

along their edges, where transport is mediated by topologi-

cally protected edge states [1, 2]. These unique properties are

of great interest as basis for disorder-resistant topological

schemes for transmission, routing, and coupling of excita-

tions, as evidenced by ever-growing interest from different

areas of physics. Along these lines, topological insulators

have been observed in mechanics, acoustics, atomic and

optoelectronic systems [3–14] and also on a variety of pho-

tonic platforms [15–20]. In particular, in photonics, most

of the topological systems reported so far in one-, two-,

or three-dimensional settings rely on specially designed

periodic optical materials possessing topological gaps in the

bulk spectrum, see reviews [21–25]. At the same time, the

realization of topologically nontrivial photonic systemswith

non-periodic interior and non-integer effective dimensional-

ity may substantially expand the realm of practical imple-

mentations of topological insulators.

Among such non-periodic topological insulators are

recently investigated systems based on fractal optical
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potential landscapes [26, 27], whose complexity and symme-

try are determined by the structure of the first-generation

element, while the richness of spectrum depends on the

order of generation that produces the final structure.

Remarkably, these systems can feature hierarchies of multi-

ple internal edges and corners, to the point where they may

entirely lack the insulating bulk while still supporting uni-

directional protected edge states with broken time-reversal

symmetry [27]. The non-integer effective Hausdorff dimen-

sionality of fractal structures is defined as df = ln m/ln 𝓁,
where m determines how many fractal structures of pre-

vious generation are needed to construct next generation,

while the similarity ratio 𝓁 describes the ratio of geometri-

cal sizes of structures in two subsequent generations. The

consequences of this self-similar structure may manifest

themselves in unusual diffraction patterns for light beams

propagating through them [28], anomalous quantum trans-

port [29], and existence of localized loop linear states in

the interior of the structure [30]. A particularly intriguing

question is how the non-integer dimensionality of fractal

structures correlates with potential possibility to construct

on their basis a new type of higher-order topological insu-

lator (HOTI), whose characteristic feature is the existence

of topological edge states, with dimensionality at least by

2 lower than dimensionality of the insulator, see recent

reports on HOTIs constructed on periodicmaterials [31–46].

The theoretical link between HOTIs and fractal structures

was established only recently using tight-binding models

[47, 48], while experimentally fractal HOTIs were studied

only in acoustics [49, 50].

Photonic fractal HOTIs remain so far elusive, even in

linear case, and the goal of the present work is to intro-

duce them and study their properties in the frames of con-

tinuous model accounting for all details of fractal optical

potential landscape. Particularly interesting will be to study

the impact of nonlinearity on the properties of topologi-

cal states emerging in such structures. Indeed, nonlinear

effects in topological systems [51] may lead to intriguing

dynamics of topological excitations, resulting in unusual

instabilities [52], resonant phenomena [53], topological tran-

sitions [54–57], formation of topological solitons [58–68],

and breakdown of topological transport [69–71].

In this work, we explore nonlinear photonic HOTIs

realized on Sierpiński gasket and carpet arrays with differ-

ent discrete rotational symmetries that e.g. can be readily

fabricated using the femtosecond-laser direct writing tech-

nique in transparent optical materials. To obtain topologi-

cally nontrivial structures, we introduce a systematic shift

of waveguide positions in the first-generation structures

that affects coupling strengths between them. Surprisingly,

we find that Sierpiński gasket structure supports topologi-

cal corner states for any shift of waveguides, as confirmed

by calculation of corresponding topological invariant (real-

space polarization). This behaviour is in sharp contrast to

topological properties of HOTIs with periodic bulk. Fractal

HOTI based on Sierpiński carpet instead supports corner

states only for specific waveguide shifts. In both structures

we have obtained stable corner solitons bifurcating from

linear corner states, whose localization properties strongly

depend onposition of propagation constant in the forbidden

gap. Our results may enable the design of corner lasers

[72–74] and cavities supporting high-quality modes [75, 76]

based on fractal structures, which are crucial for next gen-

eration optical functional devices [77–79].

2 Results

2.1 Theoretical model

The propagation of light in coupled waveguide arrays such

as the ones instantiating fractal topological structures can

be described by the nonlinear Schrödinger-like equation

with focusing cubic nonlinearity

i
𝜕𝜓

𝜕z
= − 1

2

(
𝜕2

𝜕x2
+ 𝜕2

𝜕y2

)
𝜓 −(x, y)𝜓 − |𝜓 |2𝜓, (1)

where 𝜓 is the dimensionless complex amplitude of light

field, the transverse coordinates x, y are normalized to the

characteristic scale r0 = 10 μm, the propagation distance z
is normalized to the diffraction length kr2

0
≈ 1.14 mm (cor-

responding to z = 1), k = 2πn∕𝜆 is the wave number in the
surrounding medium with unperturbed refractive index

n (for fused silica n ≈ 1.45 and the nonlinear refractive

index n2 ≈ 2.7 × 10−20 m2∕W), and𝜆 = 800 nm is the design

wavelength. The function(x, y) describes the fractal struc-

ture which consists of identical single-mode waveguides

placed in the nodes (xm, yn) of the Sierpiński gasket/carpet

grid

(x, y) = 𝜇
∑
mn

e−[(x−xm)
2+(y−yn)

2]
2∕𝜎4 , (2)

where the potential depth 𝜇 = k2r2
0
𝛿n∕n is proportional to

the refractive index contrast 𝛿n of the array’s waveguides.

We further denote the dimensionless width of the waveg-

uides as 𝜎 = 0.5 (in our normalizations it corresponds to

5 μm)and adefault spacing betweennext-neighbourwaveg-
uides along the side of the structure equal to a = 3.5 (corre-

sponding to 35 ), see Figure 1. In this work, we choose 𝜇 =
12.0, equivalent to 𝛿n ≈ 1.3 × 10−3. While these parameters

are typical for the femtosecond laser-written waveguides in

fused silica [80–83], we would like to note other platforms
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Figure 1: Iterative generation of the Sierpiński gasket and the Sierpiński carpet waveguide arrays. The first generation G(1) of Sierpiński gasket has 9

sites, and the nth generation G(n) includes three copies of G(n− 1). The first generation G(1) of Sierpiński carpet has 32 sites, and the nth generation

G(n) includes eight copies of G(n− 1).

such as photorefractive SBN crystals [30, 63, 84] and hot

atomic vapors [85] may likewise serve as potential experi-

mental testbeds for realization of nonlinear fractal HOTIs.

2.2 Linear spectra of fractal arrays

In Figure 1 we display the Sierpiński gasket and carpet frac-

tal waveguide arrays of different generations. As one can

see, these structures are self-similar, their effective Haus-

dorff dimensionality can be defined as d f = ln 3∕ln 2 ≈
1.585 and d f = ln 8∕ln 3 ≈ 1.893, for Sierpiński gasket and

carpet, respectively. Each generation G(n) contains N =
3n+1 waveguides for Sierpiński gasket arrays and N = 23n+2

waveguides for Sierpiński carpet arrays. Further we will

consider the fourth generation G(4) of Sierpiński gasket and

the second generation G(2) of Sierpiński carpet structures

that contain 243 and 256 waveguides, respectively. These

fractal arrays (with comparable number of waveguides in

selected generations) possess 3 and 4 discrete rotational

symmetry, but lack periodicity. In addition, both structures

are characterized by the presence ofmultiple internal edges

and corners, i.e. formally they lack insulating bulk in con-

trast to usual HOTIs constructed on periodic lattices [45].We

further introduce a shift of waveguides in the first genera-

tion G(1) of these structures by varying distance r, as indi-

cated in Figure 1 for each type of fractal array.Whenvarying

r, we keep the spacing between next-neighbour waveguides

fixed and equal toa. Clearly, the spacing betweenall nearest-

neighbour waveguides becomes identical and equal to 0.5a

if r = 0.5a.

To explain the appearance of linear higher-order cor-

ner states in fractal arrays and to provide the illustration

of transformation of linear spectrum accompanying shift

of the waveguides that was not presented in previous lit-

erature [48–50], particularly for Sierpiński gasket arrays,

we omit the nonlinear term in Eq. (1) and search for lin-

ear modes of corresponding fractal optical potentials  in

the form 𝜓 = u(x, y)eibz, where u(x, y) is the real function

describing the mode profile that satisfies the equation

bu = 1

2

(
𝜕2

𝜕x2
+ 𝜕2

𝜕y2

)
u+u, (3)

and b is the propagation constant and dimensionless (b = 1

corresponds to≈ 877.2 m−1). This linear problemwas solved

using the plane-wave expansion method.

The dependence of propagation constants b of all eigen-

modes of G(4) Sierpiński gasket and G(2) Sierpiński carpet

arrays on r is presented in Figure 2(a) and (b), respectively.

One can see that the gradual displacement of waveguides

leads to substantialmodifications of the spectrum. Theprop-

agation constant of corner states in G(4) Sierpiński gasket

array is indicated by the red line in Figure 2(a), while gray

lines correspond to states extended in at least one direction.

At r < 0.5a corner states form in the gap and are well-

isolated from bands of extended states. Remarkably, in this

fractal structure, corner states persist even at r > 0.5a (in

Section 2.3 we describe the reason behind this), although

in this regime they strongly overlap with the band and

show rather weak localization. Due to the 3 symmetry of

the gasket array, corner states emerge in practically degen-

erate triplets. Notice that in contrast to HOTIs with simi-

lar 3 symmetry constructed on usual kagome arrays [86],

around r = 0.5a one can resolve in spectrum two bands of
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(a) (b)

Figure 2: Spectra and states. (a) Linear spectrum of the G(4) Sierpiński gasket waveguide array and examples of corner states for different r∕a values.
Field modulus distributions in the bottom row are superimposed on array structure (hollow dots). The modes are shown within the−35 ≤ x, y ≤ 35

window. (b) Linear spectrum of the G(2) Sierpiński carpet array and examples of its corner modes shown within the window−20 ≤ x, y ≤ 20. In both

panels (a) and (b), red lines correspond to corner modes, while gray lines correspond to various edge and delocalized states.

extended states connected by a gray line, also corresponding

to extended states.

Representative field modulus distributions in corner

states at r = 0.3a, r = 0.4a and r = 0.5a, marked as states

1, 2 and 3, are presented in the bottom row of Figure 2(a).

One can see progressively increasing localization in the cor-

ners of insulator with decrease of r, but even at r = 0.5a

and beyond, the corner state remains localized, in complete

contrast to non-fractal kagome HOTIs, where in this limit

all states become extended. Remarkably, the localization of

the above corner states is virtually unaffected by the gen-

eration order n of the Sierpiński gasket structure, and such

corner states are found in larger structures corresponding

to next generations. Moreover, in this structure one does not

observe the appearance of localized states in any internal

corners—they emerge only in the outer corners.

The linear spectrum of the second generation G(2) of

Sierpiński carpet array is depicted in Figure 2(b) as a func-

tion of the relative displacement r∕a. It is substantially

richer than that of its gasket counterpart, and involvesmore

bands of extended states. It should be stressed that now

corner states appear only for one direction of waveguide

shift, namely, they can be detected for approximately r ≲

0.47a, as indicated by the red line. Interestingly, corner

states in carpet fractal structure can overlap with the gray

band of extended states, but for above mentioned r values,

this does not lead to their hybridizationwith extended states

(a similar phenomenon was observed for corner states in

the two-dimensional Su-Schrieffer-Heeger model [68]). The

propagation constant of corner state shifts into the gap for

sufficiently small r values, while they are still detectable

at r ≈ 0.47a (for larger r values the states extend over the

entire structure). Due to 4 discrete rotational symmetry

of the structure, corner states appear in its spectrum in

nearly degenerate quartets. The examples of corner states

in Sierpiński carpet array corresponding to numbers 4, 5,

and 6 are presented in the bottom row of Figure 2(b).

The robustness of linear corner states can be checked

by introducing random perturbations into waveguide posi-

tions and/or their refractive index contrast [74]. Numerical

simulations show that, for example, in Sierpiński carpet

array with r = 0.35a corner states remain in the gap in the

spectrum even for perturbations of waveguide depth 𝜇 of

the order of 10% that dramatically exceeds the level of

possible depth fluctuations in fs-laser written structures.

2.3 Topological analysis

The appearance of corner states in fractal arrays can be

associated with real-space polarizations [49, 50], which can

be written as

Pp = − i

2𝜋
ln
[
det

(
Sp

)]
, Sp,m,n = U†

m
ei2𝜋p̂∕L pUn,

Pq = − i

2𝜋
ln
[
det

(
Sq
)]
, Sq,m,n = U†

m
ei2𝜋q̂∕LqUn,

(4)

where Lp (Lq) is the length of the array along p (q) direction,

p̂ (q̂) is the position operator, Un is the eigenfunction of nth

state of the fractal array obtained with periodic boundary

conditions in both p and q directions.

For G(2) Sierpiński carpet array, p and q represent x

and y, respectively, and the corresponding topological tran-

sition has been discussed previously in the frames of the

tight-binding models [49, 50]. For instance, it was shown

that if one denotes by t1 and t2, respectively, the “intra-cell”
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Figure 3: Dependence of the coupling constant ratio t1∕t2 on the
waveguide shift r. The notations for coupling constants t1 and t2 are

presented in the inset, together with r and a notations.

and “inter-cell” coupling constants (see the inset in Figure 3

for definition of these constants in our structure), then the

real-space polarizations are given by (Px, Py) = (0.5, 0.5) for

topologically nontrivial regime that occurs at t1∕t2 < 0.35

and by (Px, Py) = (0, 0) in non-topological regime at t1∕t2 >
0.35, if the 1∕4 filling is considered. To stress that this is con-
sistent with our results obtained in the continuous photonic

model that also takes into account long-distance coupling

between all waveguides, in Figure 3 we plotted the depen-

dence of the ratio of coupling constants t1∕t2 on waveg-

uide shift r. The coupling constants were calibrated using

two-waveguide structure, since they are determined by the

difference of propagation constants |b1 − b2|∕2 of its two
localized modes. Figure 3 shows that the ratio t1∕t2 = 0.35

corresponds to r ≈ 0.46a that is consistent with Figure 2(b),

where corner states in the carpet structure emerge for r ≤

0.47a.

Turning to real-space polarizations for the G(4)

Sierpiński gasket, array we introduce, for convenience of

analysis, an auxiliary array with shaded background to

form a composite structure with rhombic landscape, see

Figure 4(a) (see also [48]). The Hamiltonian of the system

can be written directly using tight-binding approximation

and accounting for nearest-neighbor coupling only. Now p

and q directions correspond to x′ and y′ directions indicated

in the figure. Corresponding real-space polarizations are(
Px′ , Py′

)
and taking into account the symmetry of the

structure one can conclude that Px′ = Py′ . To calculate

real-space polarizations, we assume that (i) there are 32

sites in each row along x′ (and also in each column along

y′), vacant places are filled with virtual sites that do not

contribute to the Hamiltonian; (ii) we omit the contribution

of the sites of the auxiliary array to the Hamiltonian,

its sole role is to add corresponding elements into the

Hamiltonian matrix. Scanning the value of t1 from 0 to

1 under the assumption that t2 = 1− t1, one obtains the

spectrum of corresponding tight-binding Hamiltonian

shown in Figure 4(b), which is consistent with array

(a)

(b) (c)

Figure 4: Topological analysis. (a) Composite G(4) Sierpiński gasket array

with red bonds corresponding to “intra-cell” coupling constants t1 and

black bonds corresponding to the “inter-cell” coupling constants t2.

(b) Spectrum of the G(4) Sierpiński gasket array obtained using the

tight-binding model. (c) Real-space polarizations
(
Px′ , Py′

)
versus t1 with

t2 = 1− t1.

spectrum in Figure 2(a), obtained in continuous model.

In the tight-binding model, the corner state (red curve)

is visible in the entire interval 0 ≤ t1 ≤ 1. Calculating

polarizations using Eq. (4) and assuming 1∕2 filling (i.e.,

the band below the corner state is filled), one obtains that

real-space polarizations
(
Px′ , Py′

)
= (0.5, 0.5) for any t1,

see Figure 4(c), which means that Sierpiński gasket array

is always in the topological phase and therefore supports

protected corner states – in stark contrast to the behaviour

of the carpet structure.

2.4 Nonlinear corner states in fractal arrays

Next we turn to nonlinear corner states in fractal arrays.We

search for corresponding solutions of Eq. (1) with the non-

linear term included also in the form𝜓 = u(x, y)eibz, where

now the shape of nonlinear solution u(x, y) corresponding

to propagation constant b should be found iteratively using

Newton’s method. Remarkably, such corner solitons can

bifurcate from localized linear corner states supported by

corresponding fractal potential landscapes.

The family of corner solitons in the G(4) Sierpiński

gasket array is displayed in Figure 5(a), where the depen-

dencies of peak amplitude of the nonlinear corner state

A = |𝜓 |max and its power U = ∬ |𝜓 |2dxdy on propagation
constant b are shownwith blue and red curves, respectively.

The dimensionless intensity |𝜓 |2 corresponds to the inten-
sity I = n|𝜓 |2∕k2r2

0
n2, where n2 is the nonlinear refractive
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(a) (b)

Figure 5: Nonlinear corner state family. (a) Nonlinear corner state family in the G(4) Sierpiński gasket array with r = 0.35a. The blue and red curves

show peak amplitude and power of the nonlinear corner state. Stable branches are shown with solid curves, while unstable branches are shown with

dashed curves. Gray regions show bands of extended states. Bottom row shows examples of field modulus distributions corresponding to colored

dots in (a). These distributions are superimposed on array profiles shown by hollow circles. (b) Family of corner solitons and examples of their profiles

in G(2) Sierpiński carpet array with r = 0.35a.

index of the material. The relation between the intensity

and power U is given by [87]

∬
IdXdY = n

k2n2 ∬
|𝜓 |2dxdy = n

k2n2
U,

where X, Y are real dimensional coordinates. Here, for illus-

trative purposes, we consider the linear corner states of

a structure with r = 0.35a, and the well-localized solitons

bifurcating from them [see solutions 1 and 2 in the bottom

row of Figure 5(a)]. In contrast to the usual behaviour of

lattice solitons that become more localized with increase

of power, when propagation constant of corner soliton in

fractal array approaches the band of extended states, its

power starts increasing rapidly, but one observes abrupt

delocalization, due to coupling with extended states [see

solution 3 in the bottom row of Figure 5(a) that penetrated

into the band]. Notice also that nonlinearity localizes light in

one corner only and that corner solitons in fractal structure

are thresholdless since they bifurcate from linear topologi-

cal states.

The family of nonlinear corner state in the G(2)

Sierpiński carpet likewise bifurcates from corresponding

linear corner states and is shown in Figure 5(b) for r =
0.35a. Representative examples of nonlinear corner states

numbered 4, 5 and 6 are shown in the bottom row of

Figure 5(b). For this value of r, linear corner states have

propagation constants in the gap, they are well-localized

and give rise to similarly well-localized corner solitons, see

states 4 and 5. Notice that even though propagation constant

of such soliton crosses one of the bands soon after bifurca-

tion, it does not couple with corresponding extended states.

Instead, the expansion occurs only when soliton enters into

next band [see state numbered 6 in the bottom row of

Figure 5(b)] as the corner soliton hybridizes mainly with

edge states at the outer edge.

The stability of the nonlinear corner states in both G(4)

Sierpiński gasket and G(2) Sierpiński carpet arrays was sub-

sequently studied by adding a small-scale perturbation (5%
in amplitude) into themand propagating them in the frames

of Eq. (1) over a very long distance z ≈ 4000 that by sev-

eral orders of magnitude exceeds typically available sample

lengths (for fs-second laser direct writtenwaveguide arrays,

the sample length of 10 cm corresponds to a dimension-

less propagation distance z ≈ 88 with diffraction length of

kr2
0
≈ 1.14 mm used for normalization). In Figure 5(a) and

(b) stable corner state families are shown by solid curves,

while unstable families are shown dashed. One can see that

for our parameters solitons destabilize when they enter the

band in gasket array, and they are always stable in carpet

structure. This illustrates that nonlinear corner states in

fractal arrays are rather robust objects in a broad range of

peak amplitudes.

2.5 Excitation of corner states in fractal
arrays

Todemonstrate the possibility of dynamical excitation of the

nonlinear corner states reported in Figure 5, we simulate

Gaussian beams with different powers launched into the

corner waveguide and we follow their propagation dynam-

ics up to the distance z ≈ 1000. In Figure 6(a), we show

the output field modulus distributions for different input
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(a)

(b)

(c)

(d)

Figure 6: Output field modulus distributions at z = 1000 for Gaussian excitations of corner waveguide in G(4) Sierpiński gasket arrays with r = 0.35a

(a) and r = 0.50a (b), and in G(2) Sierpiński carpet arrays with r = 0.35a (c) and r = 0.50a (d). Input power levels are indicated on the plots.

powers in G(4) Sierpiński gasket array with r = 0.35a. In

this case, the output remains well localized for all con-

sidered power levels indication on corner soliton forma-

tion. Similar results were obtained for G(2) Sierpiński car-

pet array in topological phase at r = 0.35a, as shown in

Figure 6(c). In G(4) Sierpiński gasket array with r = 0.50a

the dynamics is rather different. Owing to the substantially

weaker localization of corner states that are still present

in linear spectrum in this structure, Gaussian input beam

may show moderate expansion at low powers U ≈ 0.2, see

Figure 6(b). However, further increase of input power leads

to a pronounced contraction of light in the excited waveg-

uide. Notice that at even higher input powers U > 0.7, the

excited state may have a propagation constant in the semi-

infinite gap in the spectrum. TheG(2) Sierpiński carpet array

at r = 0.50a considered in Figure 6(d) is in the trivial insu-

lator phase and therefore does not support corner states in

the spectrum. Accordingly, at low powers, one observes a

strong expansion of the input beam over the entire array.

Even at U = 0.35, when purely nonlinear localization in

the corner appears, one still observes strong background

inside the array. Finally, atU ≈ 0.7, a non-topological corner

soliton forms that is similar to conventional lattice corner

solitons.

3 Conclusions

Summarizing, we have theoretically studied photonic non-

linear fractal HOTIs based on the Sierpiński gasket and

Sierpiński carpet waveguide arrays. We have shown that,

despite the resemblances in their self-similar structure,

these two systems behave rather differently upon introduc-

tion of systematic shift of waveguides into first generation

structure. While Sierpiński gasket array appears to be in

topological phase for any shift of the waveguides, which

strongly contrasts with the behaviour of HOTIs based on

periodic lattices, its carpet counterpart enters topological

phase only for one direction of displacement. We have con-

nected the differences in behaviour of these two systems

with real-space polarizations describing their topological

properties. In the presence of nonlinearity, both these struc-

tures support remarkably stable corner solitons bifurcating

from topological cornermodes. Our results indicate the pos-

sibility of realizing higher-order topological phases in pho-

tonic fractal structures with non-integer effective dimen-

sionality, and illustrate the impact of Kerr nonlinearity on

light localization in these systems.
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