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Valley Hall edge solitons in a photonic graphene
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Abstract: We predict the existence and study properties of the valley Hall edge solitons in a
composite photonic graphene with a domain wall between two honeycomb lattices with broken
inversion symmetry. Inversion symmetry in our system is broken due to detuning introduced
into constituent sublattices of the honeycomb structure. We show that nonlinear valley Hall edge
states with sufficiently high amplitude bifurcating from the linear valley Hall edge state supported
by the domain wall, can split into sets of bright spots due to development of the modulational
instability, and that such an instability is a precursor for the formation of topological bright valley
Hall edge solitons localized due to nonlinear self-action and travelling along the domain wall
over large distances. Topological protection of the valley Hall edge solitons is demonstrated by
modeling their passage through sharp corners of the Ω-shaped domain wall.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Topological insulators are considered as a new state of matter due to their unique physical
properties. In solid-state physics, where such insulators were introduced initially, and where they
are still under very active investigation, electronic topological insulators posses forbidden gap in
the bulk, just like conventional insulators, but allow conductance on their surface, even in the
presence of considerable defects and disorder [1,2]. The origin of this effect is connected with
the existence of the edge states in the topological gap opening in the dispersion diagram in the
momentum space. These topologically protected entities are localized at the edge between two
topologically distinct materials. The notion of topological insulators over the last decade was
extended to diverse branches of physics, in particular to various wave systems. Among them are
photonic systems [3–12], acoustic [13–18], mechanical systems [19,20], ultra-cold atoms [21,22],
polaritons in microcavities [23–25], and electrical circuits [26–31]. The progress in “topological
photonics”, rapidly growing into independent research area, has been summarized in several
recent reviews [32–41] covering various aspects of light propagation in these unusual materials.
Upon the development of topological photonics, it has been realized that nonlinear effects may
be very important for the formation, manipulation, and control of the topological edge states.
Many interesting phenomena mediated by the nonlinearity have been discovered in topological
insulators. They include various bistability effects for edge states in pumped dissipative systems
[42–44], modulational instabilities of the nonlinear edge states [45,46], stabilization of operation
of topological lasers due to nonlinear gain saturation [47–54], nonlinearity-induced topological
transitions [11], as well as rich variety of solitonic effects [55–57], including the formation of
self-sustained localized states in the bulk of topological insulators [10,58], nonlinear vortices [59],
topological edge solitons [60–71], Defect solitons [72,73], or nonlinearity-induced higher-order
topological phases [74], to name a few.
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Topological edge solitons were introduced as hybrid states that are affected by both the
topological nature of the system and the nonlinear self-action. Their investigation was mostly
limited to polaritonic systems with external magnetic field [44,46,62,63] and to waveguiding
systems with longitudinal refractive index modulations [60,66,69] serving to break time-reversal
symmetry of the system. At the same time, it is known that the appearance of topological edge
states in valley Hall systems does not require time-reversal symmetry breaking and is associated
instead with breakup of the inversion symmetry of the system [the word “valley” is associated
here with specific features (presence of the local extrema) of bands of corresponding systems: for
example, when inversion symmetry of the underlying honeycomb lattice is broken by detuning of
two constituent sublattices, the gap opens between former Dirac points and local extrema in two
upper bands develop that are called valleys]. The latter setting therefore can be realized without
using external magnetic fields or longitudinal system modulations, that are always associated
with losses. Even though valley Hall edge solitons were considered previously in sophisticated
lattice geometries possessing type-II Dirac cones in the spectrum [70], the specific structure
of the underlying lattice did not allow illustration of their topological protection. Such states,
bifurcating from linear topological edge states at Bloch momenta yielding appropriate sign of
the group velocity dispersion, and their topological protection so far were not considered at the
domain walls between usual detuned honeycomb lattices (used in the majority of experiments on
linear valley Hall edge states), which are much easier for experimental implementation.

In this paper, we report on valley Hall edge solitons forming at the domain wall in conventional
honeycomb waveguide array (a photonic graphene). We study properties of the linear and
nonlinear edge states at such domain walls and present long-living topological edge solitons that
demonstrate topological protection upon passage through sharp bends of the domain wall. Our
results suggest experimentally straightforward approach to implementation of such states.

In Fig. 1, we display a photonic array of straight waveguides with honeycomb structure,
consisting of two sublattices A and B. The refractive index modulation depths (δnA and δnB) in
two sublattices can be made slightly different (detuned), as shown by different colors in Fig. 1.
This results in the breakup of the inversion symmetry of the array, disappearance of the Dirac
cones in the spectrum, and opening of the gap between them. It should be stressed that even
though forbidden gap emerges in the band structure, the Berry curvature Ω of the first and second
bulk bands satisfies the condition Ω(−k) = −Ω(k), which indicates that the Chern numbers of
the two upper bulk bands remain zero [75]. In this case six valleys appear in the spectrum, with
three valleys around K (K′) points being equivalent. Valley Chern number of a specific valley is
determined to be either +1/2 or −1/2. Moreover, if the valley Chern number for a certain valley
is +1/2 for the lattice with δnA>δnB, then for the lattice with δnA<δnB the Chern number for the
same valley will be equal to −1/2 [76]. Thus, if one designs a composite honeycomb lattice with

Fig. 1. Schematic configuration of honeycomb waveguide array with a domain wall. Two
sublattices are distinguished by different colors. Domain wall between two honeycomb
arrays with different detunings is highlighted by the red ellipse.
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a domain wall (highlighted by the red ellipse in Fig. 1) between two inversion-symmetry-broken
honeycomb lattices with opposite detunings, the valley Chern numbers at both sides of the
interface become opposite. In this case, bulk-edge correspondence principle, applied to valley
Hall system, predicts the formation of the edge states localized on the domain wall and decaying
in the direction perpendicular to it. The appearance of such edge states is a manifestation of the
well-known valley Hall effect [77–79] and corresponding edge states of topological origin are
usually called valley Hall edge states [76,80–82].

2. Band structure and linear valley Hall edge state

The propagation of the valley Hall edge state along the longitudinal z axis of the waveguide array
with focusing cubic nonlinearity can be described by the nonlinear Schrödinger equation,

i
∂ψ

∂z
= −

1
2

(︃
∂2

∂x2 +
∂2

∂y2

)︃
ψ − R(x, y)ψ − |ψ |2ψ, (1)

where ψ is the dimensionless field amplitude, x and y are the normalized transverse coordinates,
and z is the normalized propagation distance, the function R stands for the refractive index
distribution in the honeycomb array that is independent of the longitudinal coordinate z. The
profiles of individual waveguides in the array can be described by Gaussian functions of width
σ: R(x, y) = pA,B

∑︁
m,n e−[(x−xm,n)

2+(y−ym,n)
2]/σ2 , where pA,B ∼ δnA,B stand for the depths of

waveguides in two sublattices, and (xm,n, ym,n) are the coordinates of the nodes in the honeycomb
grid. We consider a configuration that is periodic along the y axis and is limited along the x-axis
with outer boundaries located far away from the domain wall, so that R(x, y) = R(x, y + L) with
L =

√
3a and a being the array constant. As a representative parameter values we choose a = 1.4

and σ = 0.5. The average refractive index modulation depth is set to be pin = 10.3, while the
detuning δ = 0.55. For the honeycomb array on the left side of the domain wall in Fig. 1 we
set pA = pin + δ and pB = pin − δ, while for the array on the right side of the domain wall we
assume inverted detuning, so that pA = pin − δ and pB = pin + δ. The domain wall emerging
between these two arrays that we consider here is characterized by the reduced refractive index
for all sites, see red ellipse in Fig. 1. Normalized parameters described above correspond to the
following real physical values in waveguide arrays inscribed in fused silica with femtosecond laser
pulses [3,8,10,11,83,84] if laser radiation at the wavelength of 800 nm is used and characteristic
transverse scale is set to 10 µm, that corresponds to dimensionless coordinates x, y = 1. In this
case the array constant is 14 µm, waveguide width is 5 µm, and pin = 10.3 corresponds to the
refractive index modulation depth of ∼ 1.1 × 10−3.

We obtained the bandgap structure of the composite array with a domain wall by substituting
the solution ψ(x, y, z) = u(x, y)eikyy+iβz into linear counterpart of Eq. (1). Here u(x, y) = u(x, y+L)
is the periodic Bloch wave function, ky ∈ [−Ky/2, Ky/2) is the Bloch momentum in the first
Brillouin zone with Ky = 2π/L, and β is the propagation constant of the linear mode that is a
function of ky. Using plane-wave expansion method we obtained the bandgap structure shown
in Fig. 2(a), in which the bulk states are indicated by the black lines and the in-gap valley Hall
edge state is indicated by the red line. To better understand properties of the edge state, we also
display the first-order β′ = dβ/dky (solid line) and second-order β′′ = d2β/dk2

y (dashed line)
derivatives of the propagation constant of the edge state in Fig. 2(b). The first-order derivative
β′ provides the group velocity v = −β′ with which edge state moves along the domain wall,
while the second-order derivative β′′ quantifies the dispersion of the edge state and allows to
estimate, in particular, the rate of expansion along the domain wall of the localized envelope,
if it is superimposed on the edge state. As shown in Fig. 2(b), β′′ is negative in the entire
Brillouin zone which is necessary to obtain bright solitons. If the value is positive, one obtains
dark solitons [85]. In Fig. 2(c), we display two examples of the linear valley Hall edge states
corresponding to the red and greed dots in Fig. 2(a). The localization of the state at ky = −0.3Ky
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with propagation constant closer to the center of the gap (red dot) is much better than that of the
state at ky = −0.467Ky taken close to the gap edge (green dot). For both these ky values β′>0
that corresponds to the motion in the negative y direction during propagation. Notice that the
same domain wall supports states propagating in the opposite direction, since the valley Hall
system is time-reversal symmetric, and there must be a back-propagating state as the time-reversal
conjugate of the forward-propagating state. In the valley Hall system, the counter-propagating
states can hardly couple (such coupling is only possible under the action of strong localized
defects that couple two valleys, while smooth large-scale perturbations do not couple them)
making such systems beneficial in comparison with topologically trivial waveguide arrays. In
the following we consider states with Bloch momentum ky = −0.3Ky, but point out that their
properties remain similar for other ky values.

Fig. 2. (a) Band structure of the photonic graphene with a domain wall. The black curves
are the bulk states, while the red curve is the valley Hall edge state. (b) First-order β′ and
second-order β′′ derivatives of the propagation constant of the valley Hall edge state. (c)
Exemplary profiles of the valley Hall edge states with the Bloch momenta displayed in the
right-bottom corner. These profiles correspond to the red and green dots in (a). The states
are shown within the window −20 ≤ x ≤ 20 and −9.1 ≤ y ≤ 9.1.

3. Nonlinear valley Hall edge state and quasi-soliton

To obtain bright valley Hall edge solitons, we first calculate nonlinear extension of the valley Hall
edge states. To do this, we insert the ansatz ψ(x, y, z) = u(x, y)eikyy+iµz, where µ is the nonlinear
propagation constant shift, into nonlinear Eq. (1) that yields the equation

µu =
1
2

(︃
∂2

∂x2 +
∂2

∂y2 + 2iky
∂

∂y
− k2

y

)︃
u + R(x, y)u + |u|2u, (2)

which can be solved by using Newton method for a given nonlinear propagation constant shift
µ that lies in the interval βli ≤ µ ≤ βge. Here, βli ≈ 3.473 is the propagation constant of the
linear valley Hall edge state at ky = −0.3Ky [see the red dot in Fig. 2(a)], while βge ≈ 3.832
is the propagation constant corresponding to the top edge of the gap for the same Bloch
momentum ky. The peak amplitude a (solid curve) and power per one y-period of the structure
P =

∫ +∞
−∞

∫ L
0 |ψ |2dxdy (red curve) for the nonlinear valley Hall edge state family are shown in
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Fig. 3(a). They both monotonously increase with increasing nonlinear propagation constant shift
µ and they vanish exactly in the point, where nonlinear edge state family bifurcates from the
linear family. Amplitude profiles |u| of two representative nonlinear edge states with µ = 3.516
and µ = 3.8, corresponding respectively to the black and red dots in Fig. 3(a), are shown in
Fig. 3(b). Since the state indicated by the red dot is much closer to the top edge of the gap, its
localization is worse than that of the state corresponding to the black dot. We choose the state
corresponding to the black dot with µ = 3.516 and investigate its modulational instability by
adding a perturbation into its initial profile that is ∼ ν cos(ωy), with ν = 0.01 and ω being the
amplitude and the frequency, respectively. Such small perturbations experience clear exponential
growth at the initial stage of instability development as long as modulation frequency ω is within
the modulational instability band. The dependence of the perturbation growth rate δ on frequency
ω can be easily obtained from direct simulations of propagation, as shown in Fig. 3(c). The
dependence δ(ω) unveils that the modulation instability bandwidth is finite.

Fig. 3. (a) Peak amplitude (black curve; left vertical axis) and power (red curve; right
vertical axis) of the nonlinear valley Hall edge state as a function of nonlinear propagation
constant shift µ. (b) Examples of profiles of the nonlinear valley Hall edge states for µ values
displayed in the right-bottom corner and corresponding to the black and red dots in (a). The
states are shown within the window −20 ≤ x ≤ 20 and −9.1 ≤ y ≤ 9.1. (c) Growth rate δ of
the small perturbation added to the nonlinear edge state with µ = 3.516 versus frequency of
the perturbation ω.

Next we consider dynamics of propagation of the nonlinear edge states. We are interested
mostly in the edge states with not too small peak amplitudes (or their behavior will be close to
that of linear edge states) that exhibit relatively fast decay in the course of propagation due to
the development of modulational instability. For example, one can choose the same nonlinear
edge state, whose modulation instability is studied in Fig. 3(c). To illustrate the development
of modulational instability, one can introduce the periodic perturbation as adopted in Fig. 3(c).
Besides, one can also perturb the nonlinear valley Hall edge state by a random 5%-amplitude noise
i.e., consider input in the form ψ(x, y)[1 + δ(x, y)], where δ(x, y) is a random number uniformly
distributed within the segment [−0.05,+0.05] and propagate it in the structure containing 200y-
periods, as shown in Fig. 4(a). The amplitude profiles shown at different propagation distances



Research Article Vol. 29, No. 24 / 22 Nov 2021 / Optics Express 39760

reveal the development of modulational instability, which results in breakup of the wave into
multiple bright spots — precursors of bright solitons, whose formation is possible in this system
due to focusing nonlinearity and appropriate sign of the second-order dispersion β′′. Notice that
instability development does not lead to dramatic radiation into the bulk, i.e. nearly all power
remains in the vicinity of the domain wall. The peak amplitude a of the nonlinear state during
propagation is depicted in Fig. 4(b). The red dot on this dependence corresponds to z = 210 and
to sufficiently pronounced edge state modulations, as it follows from Fig. 4(a).

Fig. 4. (a) Amplitude profiles |ψ | with µ = 3.516 of the perturbed propagating nonlinear
valley Hall edge state at different propagation distances. (b) Peak amplitude a of the state
versus propagation distance. All states are shown within the window −20 ≤ x ≤ 20 and
−121.2 ≤ y ≤ 121.2.

To confirm that isolated bright spots emerging as a result of modulation instability development
indeed can give rise to stable valley Hall edge quasi-solitons (here “quasi” means that such states
still exhibit small radiative losses during propagation, even though these losses are so weak that
they do not lead to noticeable decrease of peak amplitude even at z ∼ 104, see below), we selected
one of such spots indicated by the green circle in Fig. 4(a) as an input state at z = 0 in Fig. 5(a)
and propagated it up to z = 104. The evolution of the peak amplitude anlin (black curve) and
integral center position yc = (

∬
|ψ |2dxdy)−1

∬
y|ψ |2dxdy of the emerged quasi-soliton during

propagation is presented in Fig. 5(c). One can see that after slight initial decrease, the peak
amplitude anlin of so constructed input exhibits only small oscillations and does not decrease
with distance, clearly indicating on the fact that nonlinear self-action has compensated diffraction
broadening for this self-sustained state. The edge soliton moves along the y-axis in its negative
direction with constant velocity and in our case traverses y-window (where we used periodic
boundary conditions) multiple times, without any signature of diffractive broadening. In Fig. 5(a),
we also display amplitude profiles of the quasi-soliton at different distances: they show that the
profile of the quasi-soliton remains nearly unchanged. We would like to note that the input spot in
Fig. 5(a) is not exactly the valley Hall edge soliton solution and this is the reason for slight initial
decrease of the peak amplitude that corresponds to the stage at which wavepacket self-adjusts to
soliton shape. If nonlinearity in Eq. (1) is switched off, the same input quickly and dramatically
spreads in linear medium, extending along the domain wall. This is illustrated in Fig. 5(b), where
we show the output distribution at z = 500 after linear propagation, when it substantially extends
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along the domain wall. In Fig. 5(c), we also show the corresponding peak amplitude alin during
linear propagation, but only within the region z ≤ 1000. Further propagation will lead to the
interference of the state due to the limited size of the calculation window which affects the peak
amplitude of the state. Besides the method of generation of quasi-solitons adopted here that
utilizes modulation instability [44,46,70], one can also derive an envelope equation for such
solitons directly from Eq. (1) using the methods developed for continuous topological systems in
[66,69].

Fig. 5. (a) Long-range stable propagation dynamics of the valley Hall edge quasi-soliton.
(b) Profile for the same input after linear propagation at z = 500. (c) Peak amplitude (right
axis) for nonlinear anlin (black curve) and linear alin (blue curve) propagation regimes and
integral soliton center position yc in nonlinear regime (left axis) versus propagation distance
z. All amplitude distributions in (a) are shown within the window −20 ≤ x ≤ 20 and
−121.2 ≤ y ≤ 121.2.

4. Topological protection of the valley Hall edge soliton

One of the most representative properties of the topological edge states is their topological protec-
tion. While certain small-scale modulations of the domain wall may still cause backscattering in
the valley Hall system, topological solitons in this system can circumvent sharp corners without
backward reflection or radiation. Notice that in previously reported example [70] of the nonlinear
valley Hall system with type-II Dirac cones, the specific geometry of the interface did not allow
to illustrate this type of dynamics. In contrast, topological protection can be easily visualized in
our system. We thus construct a domain wall with a Ω-like shape, that possesses 4 sharp corners
(the angle is 60◦), as shown by the blue channel in Fig. 6(a). Since the lattice unit cell used
in this work has C3v symmetry, the formation of such zigzag-type turns with an angle of 60◦
or 120◦ is allowed. We use the same input as in Fig. 5(a) and check its propagation dynamics
along the Ω-shaped domain wall, see Fig. 6(b). Presented results clearly show that soliton passes
all sharp corners in the domain wall without experiencing reflection. Notice that one of the
main advantages of our system is considerable width of the gap – hence all obtained solitons
have sufficiently large propagation velocities v = −β′ allowing them to pass through bends and



Research Article Vol. 29, No. 24 / 22 Nov 2021 / Optics Express 39762

corners over sufficiently small propagation distances [thus, z = 200 in Fig. 6(b) is of the order
of experimentally available sample length for laser-written waveguide arrays]. An animation
corresponding to the propagation in Fig. 6 is provided in the Visualization 1, that visually shows
the topological protection.

Fig. 6. (a) Inversion-symmetry-broken honeycomb lattice with a Ω-shaped domain wall
(the blue channel). We indicate four corners of this structure with numbers. (b) Amplitude
profiles at different propagation distances illustrating passage of soliton through all sharp
bends of the domain wall. All states are shown within the window −53 ≤ x ≤ 53 and
−121.2 ≤ y ≤ 121.2.

5. Conclusion

Summarizing, we have demonstrated valley Hall edge solitons in a composite honeycomb lattice
with broken inversion symmetry. We have shown that a domain wall created in the composite
honeycomb lattice supports edge states originating from the valley Hall effect. Their nonlinear
counterparts bifurcating from the linear valley Hall edge states were obtained by using the Newton
method. We used modulational instability to demonstrate that such nonlinear edge states split
into sets of solitons, each of which can show extremely long stable propagation along the domain
wall. Finally, topological protection was illustrated by considering interactions of valley Hall
edge solitons with Ω-shaped domain walls. Our work suggests experimentally feasible approach
to generation of topological edge solitons that does not rely on longitudinal array modulations
leading to enhanced losses. Our results may be generalized to other platforms where nontrivial
topology can be combined with nonlinear response of the system [55–57,86,87].
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