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Abstract: Topological edge states have recently garnered a lot of attention across various fields
of physics. The topological edge soliton is a hybrid edge state that is both topologically protected
and immune to defects or disorders, and a localized bound state that is diffraction-free, owing to
the self-balance of diffraction by nonlinearity. Topological edge solitons hold great potential for
on-chip optical functional device fabrication. In this report, we present the discovery of vector
valley Hall edge (VHE) solitons in type-II Dirac photonic lattices, formed by breaking lattice
inversion symmetry with distortion operations. The distorted lattice features a two-layer domain
wall that supports both in-phase and out-of-phase VHE states, appearing in two different band
gaps. Superposing soliton envelopes onto VHE states generates bright-bright and bright-dipole
vector VHE solitons. The propagation dynamics of such vector solitons reveal a periodic change
in their profiles, accompanied by the energy periodically transferring between the layers of the
domain wall. The reported vector VHE solitons are found to be metastable.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The topological insulator is a new phase of matter, possessing topologically-protected edge states
that are immune to disorders or defects [1,2]. The concept of topological insulator extends
beyond condensed matter physics and has led to tremendous interesting phenomena in other
areas of physics as well [3–20]. Since their ability to introduce nonlinearity and non-Hermiticity,
optical systems have proven to be a useful tool in investigating the topological phase transition
and constructing photonic topological insulators [21–23]. The interplay between nonlinearity
and topological insulation has led to various phenomena, such as the bistability effects in edge
states of pumped dissipative systems [24–26], the breakdown of topological transport [27–29],
the birth of nonlinear localized states thanks to the modulation instability of the edge states
[30,31], and the stabilization of the operation of topological lasers due to nonlinear gain saturation
[32–39] as well as the nonlinearity-induced topological transitions [40]. Additionally, a rich
variety of solitonic effects have been observed [41–43], including the formation of self-sustained
localized states in the bulk of topological insulators [44,45], nonlinear vortices [46], topological
edge solitons [47–62], and topological Bragg solitons [63]. Nonlinearity-induced higher-order
topological phases have been observed too [64–66].

Topological edge solitons inherit topological protection property from the topological edge
states and maintain their shape during propagation, making them both free from radiation
and diffraction. Topological edge states have been reported in both longitudinally modulated
waveguide arrays with the effective time-reversal symmetry broken [47–49,52–55], and straight
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waveguide arrays with the effective time-reversal symmetry preserved but with the inversion
symmetry broken [56–62].

Previous research on topological edge solitons has mainly focused on single-layer edges or
interfaces. These edges or interfaces, which can take various forms such as armchair, zigzag,
bearded, etc., have usually been studied in their simplest realization, without coupling two
armchairs or other types of edges to create more complex interfaces. However, these simple
interfaces do not allow for the study of higher-order localized modes, which are essential for
exploring the rich physics of interface state coupling.

In this study, our objective is to investigate the formation of coupled localized interfacial states
in a type-II Dirac photonic lattice by considering a two-layer edge. The intra-coupling between
the two layers of the edge leads to the formation of in-phase and out-of-phase valley Hall edge
(VHE) interfacial states, which are situated in different photonic gaps of the Dirac photonic
lattices. Additionally, we examine the optically nonlinear effect on the two VHE states, which
nonlinearly couples the two fundamental VHE states and localizes them along the interfaces.
This localization results in the formation of a vector topological soliton that oscillates coherently
between the two layers of the edge, a property that cannot occur in simple interfaces.

2. Results

2.1. Band structure

The propagation of VHE states along the longitudinal z axis of a nonlinear waveguide array can
be described by the dimensionless nonlinear Schrödinger-like paraxial wave equation with an
external potential and focusing cubic nonlinearity:

i
∂ψ

∂z
= −

1
2

(︃
∂2

∂x2 +
∂2

∂y2

)︃
ψ − R(x, y)ψ − |ψ |2ψ, (1)

where ψ is the slowly-varying field amplitude, x and y are the normalized transverse coordinates,
and z is the normalized propagation distance, given in Rayleigh ranges. The potential function R

describes the waveguide array that is arranged within a type-II Dirac photonic landscape without
any modulation along the longitudinal coordinate. The profiles of individual waveguides in the
array are represented by Gaussian functions of width σ:

R(x, y) = p
∑︂
m,n

exp

[︄
−

(︁
x − xm,n

)︁2
+
(︁
y − ym,n

)︁2
σ2

]︄
, (2)

where p ∼ δn stands for the depth of each site, which is the same for all sites, and (xm,n, ym,n) are
the coordinates of the nodes in the lattice grid. We consider a configuration that is periodic along
the y axis and is limited along the x axis, with outer boundaries located far away from the domain
wall, so that R(x, y) = R(x, y + a), with a being the array constant, i.e., the distance between
two nearest sites. Representative parameter values for these quantities are a = 1.6 and σ = 0.5.
Here, the average refractive index modulation depth is set to be pin = 10 which ensures that each
channel is single-mode.

Assuming that waveguide arrays are prepared using the femtosecond laser writing technique
in fused silica [65,67–70], the normalized parameters described above can be easily switched
to experimental values. Provided that the laser radiation at the wavelength of 800 nm is used
and the characteristic transverse scale is set to 10 µm, which corresponds to the dimensionless
coordinate units x, y = 1, the array constant is 16 µm, the waveguide width is 5 µm, and p = 10
corresponds to the refractive index modulation depth of δn ∼ 1 × 10−3.

As usual, the energy band structure is obtained by ignoring the nonlinearity and assuming an
ansatz ψ(x, y, z) = u(x, y) exp[i(kyy + bz)]. After inserting into Eq. (1), one obtains an eigenvalue
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problem:

βu =
1
2

(︃
∂2

∂x2 +
∂2

∂y2 + 2iky
∂

∂y
− k2

y

)︃
u + Ru, (3)

where u(x, y) = u(x, y + a) is the periodic Bloch wave function, ky ∈ [−K/2, K/2) is the Bloch
momentum in the first Brillouin zone, with K = 2π/a, and b is the propagation constant of the
linear mode that is a function of ky. The band structure corresponding to the given lattice is then
calculated utilizing the plane-wave expansion method.
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Fig. 1. (a) Type-II Dirac photonic lattice with three sites in each unit cell, marked by letters
A, B and C, and with the distance between two nearest neighbor sites 1.6. (b) Band structure
projected onto the (ky, b) plane that corresponds to (a). Two type-II Dirac points connect
two neighboring bulk bands. The color scale represents the density of states. (c) Distorted
type-II Dirac photonic lattice, with site B being closer to site C. The distance between A and
B is 1.9, while that between B and C is 1.3. (d) Band structure projected onto the (ky, b)
plane that corresponds to (c). The type-II Dirac cones disappear and band gaps open. (e)
Distorted type-II Dirac photonic lattice, with site B being closer to site A. The distance
between A and B is 1.3, while that between B and C is 1.9. (f) Band structure projected onto
the (ky, b) plane that corresponds to (e).

In Fig. 1(a), we display the type-II Dirac photonic lattice that possesses three sites in the unit
cell (as indicated by the white hexagon). For ease of discussion, we label the three sites as A, B
and C. The corresponding band structure is shown in Fig. 1(b), projected on the plane (ky, b).
In the band structure, we illustrate the density of states by the color scale. One finds clearly
that there are two type-II Dirac points, which connect two bulk bands [56,61,71]. To break the
inversion symmetry of the lattice, we adjust the location of site B, to make it closer to site A or
site C, as shown in Figs. 1(c) and 1(e). The corresponding band structures are shown in Figs. 1(d)
and 1(f), respectively. The type-II Dirac cones disappear, because the inversion symmetry is
broken—and consequently wide band gaps appear. It is also clear that the band structures in
Figs. 1(d) and 1(f) look the same, which is crucial for the establishment of a domain wall that
supports VHE states, based on the two inversion-symmetry-broken lattices [72].
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2.2. Theoretical analysis

The theoretical analysis proceeds as follows. According to the bulk-edge correspondence principle,
the appearance of valley Hall edge states on the domain wall demands that the valley Chern
numbers should be ±1/2 or ∓1/2 across the domain wall [73,74]. To demonstrate this property in
type-II Dirac photonic lattice, we adopt the tight-binding method, with only the nearest-neighbor
hopping considered. The form of the lattice is shown in Fig. 2(a), with three sites in the unit
cell marked again by A, B and C. Since we adjust the hopping strength between sites A and B
and that between sites B and C, we denote the hopping strength between sites A and B as t1 (red
bonds), while that between sites B and C as t2 (green bonds). The hopping strength between
other sites is t (blue bonds). We choose v1 = [2 +

√
3/2, 0]a and v2 = [0, 1]a as the basis vectors

of the Bravais lattice. Then, the Hamiltonian can be written as:

H = 2t cos(k · v2)I +M +MH, (4)

where I is a 3 × 3 unit matrix, k = [kx, ky], the superscript H indicates the complex conjugate
transpose operation, and matrix M is of the form:

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
0 t1 m

0 0 t2

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (5)

with m = 2t exp(ik · v1) cos(k · v2/2).
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Fig. 2. (a) Form of the type-II Dirac photonic lattice with t, t1 and t2 being hopping
strengths that correspond to blue bonds, red bonds and green bonds, respectively. The basis
vectors of the Bravais lattice are v1 = [2 +

√
3/2, 0]a and v2 = [0, 1]a. (b) Band structure of

the lattice with t = t1 = t2 = 1. (c) Band structure of the lattice with t = 1, t1 = 0.8 and
t2 = 1.2. (d) Band structure of the lattice with t = 1, t1 = 1.2 and t2 = 0.8. The numbers in
(b-d) illustrate the order of the bands.

Diagonalizing the Hamiltonian in Eq. (4), one obtains its eigenvalue b as a function of the
Bloch momentum k and the corresponding eigenvectors uk. In Fig. 2(b), we show the band
structure (viz. bk) of the lattice with t = t1 = t2 = 1, and one finds indeed two type-II Dirac cones
between two neighboring bands. If t1 ≠ t2, the corresponding band structures are displayed in
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Figs. 2(c) and 2(d). One notes that band gaps have replaced Dirac points, and the band structures
in Figs. 2(c) and 2(d) look the same. However, they are different in the Berry curvature.

The Berry curvature of a band is written as a pseudovector [75]:

Ωn,k = ∇k × An,k, (6)

where n is the band number, and:

An,k = i⟨un,k |
∂

∂k |un,k⟩ (7)

is the Berry connection. The Berry curvatures of the three bands in Fig. 2(c) can be numerically
obtained [76,77]; they are exhibited in Figs. 3(a)–3(c), and those corresponding to Fig. 2(d) are
exhibited in Figs. 3(d)–3(f). Clearly, the Berry curvatures of the band structures in Figs. 2(c) and
2(d) are the opposite of each other. In addition, one may also calculate that the magnitudes of
|Ω1∼3,k | in the first Brillouin zone are π, 2π and π, which indicates that the valley Chern number
of the valley with positive Berry curvature is 1/2 and that of the valley with negative Berry
curvature is −1/2. Therefore, VHE states are expected to occur at the domain wall that separates
two inverted inversion-symmetry-broken lattices.
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Fig. 3. Berry curvatures of the bands. (a-c) and (d-f) correspond respectively to the band
structures in Fig. 2(c) and 2(d). The regions in blue represent a negative Berry curvature,
while those in orange represent a positive one.

2.3. Valley Hall edge states

We now establish a domain wall based on the two different inversion-symmetry-broken lattices
via distortion; one example is shown in Fig. 4(a), with the domain wall indicated by a red bracket.
The corresponding band structure is shown in Fig. 4(b), and one finds VHE state in each band
gap, quite close to the bulk band. VHE states at ky = 0 are shown in Fig. 4(c). One finds that
the energies of states are indeed mainly located on the domain wall, however they are not well
localized, especially for the one in the upper band gap. What’s more, VHE state is in-phase in
the upper band gap and out-of-phase in the lower band gap, relative to an arbitrary initial phase;
that is to say, they are always of the opposite phases relative to each other. As the distortion
becomes stronger, the localization of the VHE state becomes better, see results in Figs. 4(d)–4(f)
and Figs. 4(g)–4(i). In comparison with previous investigations [56,61], we find VHE states in
both the top and the lower band gaps. In other words, for a given Bloch momentum, one expects
two VHE states on the domain wall, which provides a lot of possibilities for preparing vector
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VHE solitons. We believe that this is an indication of the advantage of the way to break the
inversion symmetry of the lattice by distortion, rather then by detuning the refractive index change.
Consequently, we choose the composite lattice are shown in Fig. 4(g) for further discussion.
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Fig. 4. (a) Composite type-II Dirac lattice with a = 1.6 and a domain wall highlighted by a
red bracket on the top. Site B is closer to site A on the left-hand-side of the domain wall
(separation is 1.5), and closer to site C on the right-hand-side of the domain wall. (b) The
band structure b(ky) corresponding to structure (a). Two edge states can be seen within the
two band gaps. They connect with the middle band at the Brillouin zone boundary and are
in close proximity to the other two bands in the middle of the Brillouin zone. (c) VHE states
at ky = 0. The state shown in the top panel is from the VHE state in the upper band gap
(white dot between bands 1 and 2), while that shown in the bottom panel is from the VHE
state in the lower band gap (red dot between bands 2 and 3). (d-f) Arrangement is the same
as in (a-c), but the separation between two closer sites is 1.4. (g-i) Arrangement is the same
as in (a-c), but the separation between two closer sites is 1.3. Note that the edge states in (e,
h) are well isolated from bulk bands, and therefore are well localized as shown in (f, i).

To seek more intricate properties of these edge states, the first-order derivative b′ = db/dky
(group velocity) and the second-order derivative b′′ = d2b/dk2

y (dispersion) are calculated, and
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the result is given in Fig. 5(a), where b′ and b′′ associated with the VHE states from the upper
band gap are shown in red, while those associated with the lower band gap shown in blue. One
finds that in the vicinity of the middle of the first Brillouin zone, b′′ is negative for both upper
and lower VHE states. This characteristic is essential in the formation of bright-bright vector
solitons and bright-dipole vector solitons, which are discussed in the following subsection.
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Fig. 5. (a) First-order derivative b′ (solid curves) and second-order derivative b′′ (dashed
curves) of the valley Hall edge states in the top (red curves) and the bottom (blue curves)
band gaps. (b) Dependence of the period Z of the bright-bright vector soliton on bnl

β /b
nl
α .

2.4. Valley Hall edge solitons

To construct vector VHE solitons, we follow the approach utilized in the previous literature
[52,55], and consider bifurcation from the linear Bloch states. We are looking for the vector
topological edge solitons, so we assume a solution in the form

ψ = Aα(Y , z)ϕα exp(ibαz) + Aβ(Y , z)ϕβ exp(ibβz), (8)

where Aα,β are the slowly-varying amplitudes and Y = y − vα,βz is the coordinate in the frame
of reference moving with velocity vα,β = −b′

α,β for both components. The evolution of the
envelopes is then governed by the coupled nonlinear Schrödinger equations:

i
∂Aα

∂z
=

b′′
α

2
∂2Aα

∂Y2 −

(︂
χα |Aα |

2 + 2χ |Aβ |
2
)︂

Aα,

i
∂Aβ

∂z
=

b′′
β

2
∂2Aβ

∂Y2 −

(︂
χβ |Aβ |

2 + 2χ |Aα |
2
)︂

Aβ ,
(9)

where χν = ⟨|ϕν |
2, |ϕν |2⟩ and χ = ⟨|ϕα |

2, |ϕβ |2⟩. The inner product ⟨f , g⟩ :=
∫
S f ∗gdxdy is

performed over the entire array area S. Numerically, Eq. (9) can be solved by using Newton’s
method in the form Aν(Y , z) = wν(Y) exp(ibnl

ν z) with ν = α, β, where bnl
ν is the nonlinearity-

induced phase shift, which should be sufficiently small to make sure that the profile wν(Y) is
broad and fulfills the slowly-varying envelope requirements.

First of all, we seek for the bright-bright vector VHE solitons. We choose the Bloch momentum
ky = −0.12K for VHE state in the upper band gap, and ky = −0.15K for the one in the lower
band gap, because they bear nearly the same velocities v = −b′ ∼ −0.375, according to the result
in Fig. 5(a). Exemplary envelopes for the bright-bright vector solitons with bnl

α = 0.0020 and
bnl
β = 0.0025 are shown in Fig. 6(a). For a given bnl

α , one can find numerous bnl
β within the range

blow
β <bnl

β <bupp
β to form bright-bright vector solitons, as shown in Fig. 6(b). One finds that the
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Fig. 6. (a) Envelopes of the components of bright-bright vector soliton with bnl
α = 0.0020

and bnl
β = 0.0025. (b) Existence domain blow

β
<bnl

β <bupp
β

of the bright-dipole vector soliton
obtained for different bnl

α . (c,d) Envelopes and the existence domain for bright-dipole vector
soliton with bnl

α = 0.0015 and bnl
β = 0.0005. Parameters for the component based on the

VHE state in the lower band gap: ky,α = −0.15K and b′′α = −0.5241. Parameters for the
component based on the VHE state in the upper band gap: ky,β = −0.12K and b′′β = −0.7674.
Effective nonlinear coefficients for this choice of ky,α, ky,β are χα = 0.3022, χβ = 0.3016
and χ = 0.2837. Solid curves in (b,d) mean the vector solitons are metastable, while dashed
curves mean unstable vector solitons. The separation value in (d) is bnl

α = 0.0025 for the
upper boundary and bnl

α = 0.0030 for the lower boundary.

upper and lower boundaries bupp,low
β exhibit a linear behavior with bnl

α . Even though bright-bright
vector solitons have been reported previously [61], the bright-bright vector soliton reported here
is different, since the two components that come from two different band gaps are in-phase and
out-of-phase, respectively.

To our surprise, this composite lattice also supports bright-dipole vector solitons on its domain
wall, and exemplary envelopes are shown in Fig. 6(c), with the existence domain displayed
in Fig. 6(d). It should be noted that dipole vector solitons have been reported previously in
both inversion-symmetry-broken lattices [60] and time-reversal-symmetry-broken lattices [55],
however, here the edge is double-layered, instead of single layered in previous studies, and that
brings completely novel phenomena that are not reported ever before.

We thus superpose the envelopes in Fig. 6(a) to the linear VHE states, to construct the
bright-bright vector VHE solitons, and the propagation dynamics is shown in Fig. 7. The field
modulus profiles of the vector soliton at certain propagation distances are selected and shown in
Fig. 7(a). One finds that the beam moves along the negative y direction, which is in accordance
with the prediction, and it does not broaden even when propagating up to z ∼ 5000. If the
nonlinearity in Eq. (1) is lifted, the beam broadens quickly during propagation, as shown by the
field modulus profile at z = 1600 in Fig. 7(b). The comparison illustrates that the self-trapping of
the beam is reached thanks to the effect of nonlinearity, and the bright-bright vector VHE soliton
is thus demonstrated.
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Fig. 7. Propagation dynamics of the bright-bright vector soliton (see Visualization 1). (a)
Selected field modulus distributions of the soliton at different propagation distances. (b)
Diffraction of the same input state as in (a) at z = 1600 in the absence of the nonlinear term in
Eq. (1). (c) Peak amplitude of the beam during nonlinear (αnlin) and linear (αlin) propagation.
Panels in (a) and (b) are shown in the window −18 ≤ x ≤ 18 and −160 ≤ y ≤ 160. Other
parameters are the same as in Fig. 6(a).

We also record the peak amplitude of the beam during propagation, as shown in Fig. 7(c).
During nonlinear propagation, the peak amplitude αnlin exhibits a periodic property and does not
decay. However, the peak amplitude αlin in the linear propagation decays quickly. In addition,
we also find that the beam structure displays periodic behavior during propagation—its profile
changes periodically in Fig. 7(a), and this is why its peak amplitude αnlin also behaves periodically.
Initially, one half of the total energy of the beam is in the top layer and one half in the bottom
layer, and the bottom layer is in front of the top layer. When the beam propagates to z = 50,
almost all of the energy is transferred to the top layer. After further propagation to z = 100
that has experienced several periods, the energy is distributed equally in both layers again, but
the top layer this time is in front of the bottom layer. The energy is almost all in the bottom
layer, when the beam propagates to z = 150. One surmises that the energy distribution of the
beam at z = 200 is similar to that at z = 0. The process repeats during propagation, exhibiting
an oscillatory behavior. A detailed example of the propagation dynamics can be found in the
associated Visualization 1, and the periodic behavior of the beam during propagation is more
clearly visible there.

The reason for this peculiar periodic property of the vector soliton, with the components
performing a competitive race during propagation, is that VHE state from the upper band gap is
in-phase and that from the lower band gap is out-of-phase, causing the energy of the soliton to
oscillate between the layers. Numerical simulations demonstrate that the period Z is affected
by bnl

β /b
nl
α slightly, as shown in Fig. 5(b). With the value of bnl

β /b
nl
α increasing, the period Z

decreases slightly. Anyway, the period is ∼ 10; that explains why the beam at z = 200 is similar

https://doi.org/10.6084/m9.figshare.23301977
https://doi.org/10.6084/m9.figshare.23301977
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to that at z = 0. Although the period changes a bit, the structure of the vector soliton does not
change much, even after the propagation distance reaches z ∼ 5000.

Following the same procedure, the bright-dipole vector VHE soliton can be obtained, and the
propagation dynamics is shown in Fig. 8, as well as in the associated Visualization 2. During
propagation, the profile of the bright-dipole vector VHE state also changes periodically.
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Fig. 8. Propagation dynamics of the bright-dipole vector soliton (see Visualization 2). (a)
Selected field modulus distributions for the soliton at different propagation distances. (b)
Diffraction of the same input state as in (a) at z = 1600 in the absence of nonlinearity in
Eq. (1). (c) Peak amplitude of the beam during nonlinear (αnlin) and linear (αlin) propagation.
Panels in (a) and (b) are shown in the window −18 ≤ x ≤ 18 and −160 ≤ y ≤ 160. Other
parameters are the same as in Fig. 6(c).

3. Conclusion

Summarizing, we have reported the discovery of vector valley Hall edge solitons in distorted
type-II Dirac photonic lattices. The distortion is achieved by moving one site relative to the others
in the lattice’s unit cell, resulting in the breaking of its inversion symmetry and the replacement
of two type-II Dirac points by two band gaps. This creates a domain wall with two layers within
the distorted lattice, which enables the existence of VHE states that are demonstrated by Berry
curvatures. We have observed that the VHE state in the upper band gap is in-phase, while the one
in the lower band gap is out-of-phase relative to an arbitrary initial phase. By superposing soliton
envelopes onto the VHE states, we were able to generate both bright-bright and bright-dipole
vector VHE solitons. During propagation, the energy of these vector solitons oscillates between
the two layers of the domain wall, resulting in the periodic behavior of their profiles. Such a new
type of vector topological solitons is not limited to photonic systems only; they can occur in any
nonlinear topological systems where the interfaces/edges are double-layered.
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