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Abstract

In this paper, we propose and analyze a second-order decoupled algorithm with dif-
ferent subdomain time steps for the non-stationary Stokes/Darcy model. It is based on
the second-order spectral deferred correction method in time and the finite element
method in space. We provide the stability and convergence results of our decoupled
scheme. Last, some numerical experiments are given to illustrate the accuracy and
effectiveness of our decoupled scheme.

Keywords Stokes/Darcy model - Decoupled algorithm - Different time steps -
Spectral deferred correction

1 Introduction

There are various applications involving different physical processes in different
regions of a simulation domain, such as the interaction between the surface and sub-
surface flows and blood motion in vessels. We are interested in the non-stationary
mixed Stokes/Darcy model [1, 3, 12, 20, 26] for the coupled fluid flow and porous
media flow, which are coupled with certain interface conditions. In order to solve this
kind multi-modeling problems, one can solve the coupled problem directly, other-
wise one can use the decoupled methods to solve these models individually. In [25],
the authors pointed out the appealing reasons of using the decoupled numerical meth-
ods. As a matter of fact, there are many decoupled methods for the Stokes/Darcy
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equations, such as the domain decomposition [8, 9, 17], the two-grid method [10, 18,
25, 34], and the Lagrange multiplier approach [27].

Now, we focus on the decoupled scheme with the multiple-time-step technique
for the non-stationary mixed Stokes/Darcy model. The reason this technique can be
implemented is that the flows in the fluid region and the porous media region own dif-
ferent physical processes and characteristic speeds. More precisely, the fluid velocity
from the porous media flow is much smaller than that from the fluid flow. So com-
pared to the fluid region, we can choose a large time step in the porous media region
to improve its efficiency. In fact, this kind decoupled method, which was partitioned
time stepping, was first given by Connors in [6] for the atmosphere-ocean coupling.
Since then, this kind of multiple-time-step method is further analyzed and applied,
[7, 29-32]. This multirate decoupled scheme for the non-stationary Stokes/Darcy
model is presented in [31], which allows different time steps in the fluid and porous
domains. In [29], the authors developed a mass conservative multirate time integra-
tion method, which is an improved version and owns the long time stability. But, no
matter which is specified, the multiple-time-step decoupled method is proved to be
effective.

In order to construct a second-order algorithm for the Stokes/Darcy model, we
will use the spectral deferred correction (SDC) method, which is one kind of high-
order numerical methods for differential equations. It was first proposed for the stiff
ordinary differential equations in [11]. After that this method is further developed
in different variants [4, 5, 22-24] and widely applied in different problems [13-15,
19, 21, 28, 33]. The main advantage of SDC method compared with other high-
order numerical methods is that one can use a lower order numerical method to get
a numerical solution with high order accuracy by solving a series of deferred cor-
rection equations during each time step. What’s more, since SDC method starts with
the approximation of the equivalent Picard equation not the differential equations
directly, it avoids the instabilities associated with repeated differentiation. In this
sense, the SDC method is more stable than other high-order methods.

In this paper, combining the multiple-time-step technique and SDC method, we
will construct a second-order algorithm for the non-stationary Stokes/Darcy model.
In the meantime, we will update the interface terms explicitly to decouple this model.
In this case, our decoupled scheme will need two different size time steps: the small
time step size At for the Stokes equations and the large time step size As with the
integer ration r = As/At for the Darcy equations. What’s more, in order to apply
the second-order SDC method, the first step we need to do is applying the first-order
coupled backward Euler method with the small time step size for the Stokes/Darcy
model to obtain the temporary numerical solutions over each large time interval. It is
the only time we need to solve the coupled scheme and this step is to prepare for the
next decoupled scheme. Then, let us start our decoupled scheme. It is worth noting
that these approximations for the sub-problems are based on the second-order SDC
method, and the detailed idea of SDC method based on Euler method can be found
in [11, 22]. Since we want to construct a second-order scheme here, we will use the
trapezoid formula to achieve the numerical quadrature approximation. Next, we are
going to pay more attention to the way of how to express the interface term explicitly
to decouple the Stokes/Darcy model. Over each large time interval, we first need
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to approximate the Stokes problem at each small time step, whereby utilizing the
second-order solutions at the previous large time level to approximate the interface
terms explicitly. Next, we will approximate the Darcy equations at the large time step,
and we explicitly update the interface term by computing the average fluid velocity.
Then, let us repeat the above decoupled steps to get the numerical solutions over the
next time interval.

The remainder of this paper is organized as follows. Some preliminary nota-
tions and results are presented in Section 2. Section 3 provides the second-order
decoupled scheme with different subdomain time steps for the non-stationary mixed
Stokes/Darcy model, as well as the second-order coupled scheme with the same time
steps. In Section 6, we will compare the numerical results of the two schemes to
verify the efficiency of our decoupled scheme. The stability and convergence results
of the decoupled scheme are provided in Sections 4 and 5, respectively. Numerical
experiments in Section 6 are reported to support our theoretical analysis results. In
the final section some conclusions are drawn.

2 Preliminaries

Let us consider a fluid flow in £2 coupled with a porous media flow in £2,,, where
¢, 82, C R4, d = 2 or 3 are bounded domains, N2, =9, 2= ﬁf Uﬁp and
2y N2, = I'. Denote by n s and n), the unit outward normal vectors on 92y and
052, respectively. Note thatny = —n,on I'. And 7;, i = 1,...,d — 1, is the unit
tangential vectors on the interface I" (see Fig. 1).

Let T > 0 be a finite time. The fluid flow in the fluid region §2f is governed by
the Stokes equations for the fluid velocity # and kinematic pressure p:

u, —vAu+Vp=fy,in 27 x(0,T],

V.u=0, in 27 x (0, T], n
u(x,0) = u, in 2y,
u=0, on 32,\I" x (0, T].

09

2,

Fig.1 The global domain £2 consisting of the fluid region §2 s and the porous media region £2,, separated
by the interface I”
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Here v > 0 is the kinematic viscosity and f; is the external force.
The porous media flow in the porous media region 2, is governed by the Darcy
equations for the piezometric head ¢:

Sopr — V- (KVe) = fr,in 2, x (0, T],
p(x,0) = ¢, in £2,, @)
¢ =0, on 02,\I" x (0, T].
Here Sy is the specific mass storativity coefficient and f> is the source term. We
assume the hydraulic conductivity tensor K is a symmetric positive definite matrix,

K = diag(K, ..., K) with K > 0, and it is uniformly bounded in §2,: there are
kmin > 0 and k4, > 0 such that

kmi,,|x|2 <Kx -x < kmax|)c|2 a.e. x € §2p. 3)

On the interface I", we impose the following interface coupling conditions:

u-ny—KVep-n,=0, onl x (0,T],
p—vnfa‘i,—"fzg@ on I x (0, T], @)
—vri%:a %(uﬂri), i=1,....,d—1onTI x(0,T].

Here g is the gravitational acceleration, « is a positive parameter depending on the
properties of the porous medium. These three interface conditions represent the mass
conservation, the balance of normal forces and the Beavers-Joseph-Saffman law,
respectively.

We define the following Hilbert spaces:

W,={ve (H (2/):v=00n32,\I},
W, ={y e H'(2,) : ¥ =00n d2,\I'},
W=W;xW, 0=L*2).

The space W is equipped with the following norms: forall w = (u, ) € W,

lwlo = /@ wa, + 5@ 9)a,.

lwllw = /v(Va, Vuyg, +g(KVg, Vo)g,, ©)

where (-, -) p refers to the scalar product in the corresponding domain D for D = £
or §2,.
Assume that

fret?(0.1:12@p), fel?(0.7:1%2p). K e L¥(2)",
then the weak formulation of the non-stationary mixed Stokes/Darcy equations reads:

find w = (u,9) € (LX0,T; Wys) N L®O, T; L2(2))4) x (L*0,T; Wp) N
L>(0, T; L*(£2))) and p € L*(0, T; Q), such that

(w,,zl +a(w,z) + bz, p)=(f,2), V2=, ¥) e W,
b(w,q) =0, Vg € 0, (6)
w(0) = w’,
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where

[w,.z] = (ur, v)2, + gSo(pr, V)2,
a(ﬂv E) = af(uv v) + ap((ps w) + ar(ﬂ7 g)s

Ef;) @ 7)),

d—1
af(u,v):v(Vu,Vv)gf—i— E /a -

; r

i=1

ap(p,¥) =g(KVep, Vi)g,,
ar(w, z) =g[F(<pv ng—Yu-ny),

b(g» C]) = _(qv V. v).Qfa
(f.2) =10, +8(2. Ve, @)

In addition, the interface term ar (-, -) satisfies the anti-symmetric properties:
ar(w,z) =ar(z,w), ar(z,z)=0, Vw,zeW. (®)

Let us consider the qusiuniform triangulation 7" of the global domain §2, depend-
ing on a positive parameter 2 > 0. And we assume the triangulations are compatible
on the interface. Based on the above triangulations, the spaces W, C Wy, Wy, C
Wy and Qp, C Q are chosen to be the finite element spaces with the ky > 1, k2 > 1
and k3 > 1 order accuracy, respectively. And define W, = W ¢, x W,;,. Further-
more, the finite element spaces W y;, and Qj are assumed to satisfy the well-known
discrete inf-sup condition: there exists a positive constant 8 independent of &, such
that Vz, = (v;,0) € Wy, v, #0and g, € Oy,

bz, qn) = Bllz,llwllgnllr2ce,)- )

Next, we provide the Poincaré, trace and inverse ineguali}iesi there exist constants
Cp, Cy, C; which only depend on the region §2 ¢, and C,, C;, C; which only depend
on the region §2, such that forallv € Wy, € Wy, v, € Wy, and ¥, € Wy,

”v”Lz(_Qf) = Cp”V]v”LZ(ny | ||W||L2(.Qp) = Cp”VlW”U(_QP), |
o2y = Colol s g IVl Loy 1 iy < Gl g IVU I g
IVl 2@,y < CrhMvnll e,y IV, < Cra™ Vnll2(g,)-
(10)
Hereinafter, we denote || - [|p = || - || ;2(py With D = £ or £, as L>-norm.

Following [26], we define a projection operator
Py (w(), p(1)) € W x Q= (Pw(), P, p(t)) € Wy x Qp, V1 €10, T]
by requiring

{ a(Pw(1), z,) + b(z,, Py p(1) = a((t), z;,) + b(z;,, p(t)), Yz, € Wy,
b(Pw(1), qn) =0, Yan € Qn-
(11)
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In addition, for any ¢ € [0, T'], if we assume the exact solutions of Stokes/Darcy
equations satisfy w(1) € H' (27)¢ x H*(2,) and p(t) € H" (27) (I, s > 1,7 > 0),
then the following approximation properties hold:

lw@) = Pwnllo < CRlu@ g, + Chllo@llas(2,),
lw) — Prw®lw < Ch' @l gigo,) + Ch* ol a2,
lp@) = BY PO 1202,y < CH Ip@llar i), (12)

where C is a positive constant which is different in different places but independent
of mesh size and time step.
The following lemmas will be utilized in our analysis.

Lemma 1 [31] Forall w, z € W, there exist constants C| = Cfé,z and Cy = Cp@p
such that Ve > 0,

gCi1(
lar (w, 2)| < ellwll}y, + IzlI3y, (13)
4 kmln
€ 2 2 8Ci 2 2
lar(w, 2)| < z(lwlly + 1zlW) + ———=—=lwllg + llzllp)- (14)
2 2 w LIlw 8 m 0 210

Furthermore, if the finite element spaces satisfy the inverse inequality, we have, Yw,,,
2, € Wi

) gCy C Cc; C C‘] )
lar (wy, z,)| §8||ﬂhl|w+mmax{k27’jTo iz, ll5- 15)

Lemma 2 [16] (The discrete Gronwall’s lemma) Suppose that n and N are non-negative
integers, n < N. The real numbers ay, by, ¢, kn, At, C are non-negative and satisfy that

N N N
ay + Athn < AIZKnCln + Athn +C.
n=0 n=0 n=0

If Atk, < 1 for each n, then

N N
aN—i—AIanfexp(A Zl—AtK )(Athn—i—C) (16)

n=0

3 Numerical algorithms

In this part, we provide the second-order decoupled scheme with different subdomain
time steps for the non-stationary Stokes/Darcy equations, based on the second-order
spectral deferred correction method in time and the finite element method in space.
For further comparison, we also present the second-order coupled scheme with the
same time steps for the Stokes/Darcy equations.

The time interval [0, T'] is uniformly divided into N subintervals [, "],
t" =mAt,m =0,...,N — 1, At = T/N. We first provide the first-order implicit
coupling scheme based on the backward Euler method for the temporal discretization
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and the finite element method for the spatial discretization. Let (w'l";1 , qf”h“ ) denote

the numerical approximation to the exact solution (w”*!, ¢"+!) = (w(™*"),
g ("™ *1)). The first-order coupled scheme for Stokes/Darcy model reads: find werl

= (u'lnzl, goi";fl) € Wy, and pm+l € Qpwithm=0,1,..., N — 1, such that

wm+l w™
[”‘T,‘*h,gh]+a(yﬁ'le,g,,)+b(gh,p?”,,“) (f™ 1 z,), Yz, =0, ¥n) € Wi,

bu”;‘,qm =0, Yan € On,
wl h — PU}

a7

In order to construct a decoupled scheme with different subdomain time steps, let
us assume a large time step As > Ar such that there exists a time level #* in the
porous media region £2,. For simplicity, we assume the uniform time levels, that is

"k =kAs, k=0,....,.M, As=rAt, t" =mAt, m=0,...,N,

where As = T/M and At = T /N, which means my = kr. For ¢, t"* € [0, T], we
will denote (u3',, py'),, gog’ ;) as the final second-order approximate solution by the
following decoupled scheme.

Algorithm 1 The decoupled spectral deferred correction scheme for the
Stokes/Darcy equations.

1. Find (37", py'f") € (Wpn, Qn) with m = my,my +1,... . myy1 — 1, such

that Y(vp, gn) € (W s, On),
um+l m
(MTM ) +ap@y it o) +bon, Py =—g [ hvn - ng
u +1_um1 (pm+l_q)m
+8 [r (o) w?"/fl)vh~nf+af<7l‘h — ”h) +e/r (% vhn s

pm+l_p m+l m
+b (Uh’ Lh . (3 f L, ’
2f

1
by, qn) =0,
0 _ pw,0
u, = Plu”.

(18)
mgp1—1
2. Define S™ =1 Y ub,
i=my
3. Fine g, 551 € Wy, such that Vi, € Wy,
Ik
25 (M W) +ap(ey s ) = g/ YnS"t - ny
myg1—1 A o L —
s8 [ -l g a (P,
i=my (19)

mk+1 3 Mt mp
Wl —u £ f
_g/ T it 1,h ny+g 2 ’
r 2 2
2

14
oo = Py'g’
4. Letk =k + 1.If k = M, then stop. Otherwise, go to 1.
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In Algorithm 1, we utilize the solutions of (17) as the prediction solutions which
own only first-order convergence result in time. In this sense, Algorithm 1 is the cor-
rection step in the classic spectral deferred correction method. Next, we give another
correction scheme which is the coupled scheme for Stokes/Darcy equations. It is still
second-order time convergence and will be used to compare with Algorithm 1 to
verify the efficiency of decoupled scheme.

Algorithm 2 The coupled spectral deferred correction scheme for the Stokes/Darcy
equations.

Find (@4}, p3'f") € (Wi, Qp) form = 0,1,..., N — 1, such that V(z,,. gx) €
(Wh, On),

~Am+1l_ ~m
Won W2 ~m+1 Am+1
|: Ar ’éh] +a(y,, . z2,)+ bz, pyy )

m+1_m m+l_ . m m—+1 m
—4 (El,h ; Wiy ’ 5/1) b (éh’ Pin ; Pl,h) + (%’ éh) , (20)

A~ m—+1
b(ﬂzgh »qn) =0,
~0  _ pw,,0
Wy, = P w’.

4 Stability analysis

In this section, we will prove the stability results of the decoupled scheme with dif-
ferent subdomain time steps, Algorithm 1. Due to that the first-order backward Euler
scheme (17) is the prediction step of SDC method, we first give its stability result.
The detailed process of proof is classical and can be found in previous literature [2],
so we omit it and only show the final result.

Lemma 3 Ify’l’fh, m =1,..., N is the solution of (17), then we have the following
stability result:
m—1 C2 m—1
2 1 02 1
w15+ Ar 3 NwiiHG < N’ +—2A0 Y I,
n=0 n=0
~ -1
gC% %
ot Ay A, 1)
min =0

The following theorem shows the stability of our decoupled scheme, Algorithm 1.

Theorem 1 Under the assumption
38Cy
VVSokmin ’

kAt <1, k= (22)

we have the following stability results:
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1. The fluid velocity u’f’h in the first large time interval [0, "], forany 0 < J <
r — 2, satisfies

J+1 i+1 i+1
ey 1%, +Z s, —ub I, + vauw 1%,
i=0

J+1 « J+1 ) J+1 )
< Cexp< 1_M) (IIwOII%+AtIIw°||%V+At YoIfG, +eAry IS ||%2,,) :
i=0

i=0 i=0

Here C = C (r,d, o, g, v, kpin) denotes a positive constant depending on data
(r,d,a, g, v, kiyin), which is different in different places.

2. For the fluid velocity u’2'fh and the piezometric head (pg”;l on [t"™, T), for all
0<l<M-—-2 —1<J <r —1, they satisfy

miy1+J

2 2
I3, + Svar Y 1VagIE, + eSollers I, + gAlelew’”‘“ug,,
i i=0 k=0

|‘uml+1+1+l

mpp1+J+1 « myp+J+1 mpp+J+1
~ 02 02 i2 2
< Cexp| At E -y lw”lig + Ar]lw”[lyy + At E Ifille, + g4t E 10, |-

i=0 i=0 i=0

Proof Taking v;, = 2Atum‘"1 in (18) and using the divergence-free property, we have
Iy G, — s, + Iy —uly e, +2A0a, @yt whh
= —ZgAt/ @5 hug’;{] ‘ny +2gAt/F(g0§'f (p{”;{])u”“rl ‘ny

—i—Ataf(ul —uf h,u?;{l)

+gAt f @ = etuy oy + AT+ T us D e,

Note that 2Aray(uy ' uy s = 2vAt||Vum+1||_Q + 2At Z sl LT
Tf"iz(r)' Then we sumitoverm = my, mg+1,...,mpp1 — 1 w1th0 <k<M-1,
miy1—1 mi+1—1
m 1 j 2 1 1
Iy 1S, — e, + D s —wh,le, +240 " ap@yy' wyih
i=my i=my
M1 M1
1 1 1
= —2gAt Z /‘/’%”l;h ny+2gAt Z f((p;'f ¢’11JZ )u’2+h ny
i=my i=my r
myy1—1
i 1
+At Z ar@it! —u, ubhh
i=my
M1 — Mmiq1—1
1 i i+1 i+1 i 1
+gar /(fﬂl+ — @l pustl g+ A 0 (T 4 ekt e,
i=my i=my
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Taking ¥, = 2Asg0m"+1 in (19) yields

gSollley i e, — ey hs, + 1655 = erhlle,) +2Asa, (03}, @5
My —1 ) M1 —1 .
2 Y [y nraean Y [l - ul g

i=my i=my

—i—Asap(gp;'?h gpl o o Skly gAs/ ’;l“ (ukarl — u'l'f’;l) ‘nyf

+gAS(fmk+l f , gogll;;rl p.

Here ap (¢, k“,(p%“) = g||K2Vg0mk+1 ”%Qp' Then combining the above two

equations together, we get

miy1—1

m/( m, i+1 ] 2
I i S, = s IS, + D by —ub i,
i=my

m m
+8So(llpy ;" Hg — lly, Hg + o, k“—%"f,llg,,)
mk+1—1 mp1—1d—1

A Y VA G, 240 Y e t(K st o2 (F)+2gAS||K2V(pmk+1”Q

i=my i=myp j=1
mig1—1 mpy1—1
=241 ) ar(uyh @b w0y +240 Y ar@yhl @b a0 el
i=my i=my
miy1—1

+Ar Z af(ulh — )y, uhhy )"‘As“p(‘p;n;;“ ol o™

i=my

My —
+g At Z /((p _¢ll,h)ulz-;,1 ~nf—gAs/ ;,“(umk+1 —u'lnﬁl) ny
i=my
miq1—1 )
SO+ fub e, + g As(S + S @5 g, (23)

i=my

For the first term on the right-hand side of (23), by using (14), we obtain

mi41—1
24t Z C’F(“lfhl ‘ﬂgn/kfl “2/1"/2"2)
i=my
mi41—1
sedr Y (vIVaE I, + gl KV G, + v Vad I, + gIK2 VeI, )
i=my

miq1—1

gCi ; i
POy e > (155 0, + gSollehs 1B, + %, + gSollesI%,)
min

miq1—1
L .
=2ear Y (vIVEE I, + I KEVELL G, + gl KTVEID, )

i=my

i=my
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M1
C

: 8C1 i 2
+26At1) Vum‘ 2 o+ ——Af u’
I} e, + 5 ,-ka b 1%,

¢C mi41—1
At ( Solley 1% + g8 )
Yo iy Y (&Solleyi 1%, +gSoller I,

i=my

‘We bound the second term by (13),

miy1—1
1 1
241 Z af(”l;h ‘/"2111;1+1 "TIZH _”1h §0ﬁl — ¢y, )
i=my
mi41—1
sear Y (vIVaES G, + 2l K2V,
i=my
mp1—1
8C1Cy
+EE2 a0 Y (vIV@l -l IR, + IRV - el )
min i= —my
mi41—1
sear Y (vIVaRS G, + gl KEVELLIG, )
i=my
mi41—1
rgCiCy .
20 Y (I -l i, + 1KV - el )i,
min i=mk
myy1—1 M1
i 4rgCi1Cy
<ear 37 (VIVARIG, +elKE Ve G, )+ A Y
. min .
1=my 1=mg

x (vIVal 4%, + 81KV 415, ).

The third and fourth terms on the right-hand side of (23) are bounded by (10), Young
and Holder inequalities,

mi41—1
i+1 i+1
At Y apuih —u . ughh

i=my

miq1—1
1 1 1 [
<At Y [vivadl =l e Ivest e, +Z t(K — @i —ul )
i=my
i+1
Tillaemy gy - Tillaer
miq1—1 mi+1—1
1 1 j 2
<evar Y ||Vad, ||Qj+4 At Y IV@Et - )i,
i=my i=my
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mry1—1d—1
it g
+8At Z Z t(K Z,h j”LZ(p)
i=my j=1
mpy1—1d—1
p i+1 i 2
At Y N a t(K — = IVt =i plp,
i=my j=I1
myy1—1 mig+1—1d—1
< vyt il 2
eV AL Zsz Vs %, +eAt Zsz X; t(K b il
k kK J=

1 CXCp(d —1ag &
+ |-+ ———— | vAr vu' s
(8 /oS Fomin 219w,

i=my
and
Asap(gy ), T — o o S < gAs||sz¢’”k+l ||Qp||sz(¢’”k+l —o'le,
< €gAS||K2V</>mk+l Ilg

1
+o gAsIKEV (@] — g%, .

We bound the fifth and sixth terms on the right-hand side of (23) by (13),

my41—1 ' _
gAYy /(fp’“ o) ush! ny
i=my
miy1—1 Fiatey mi41—1 '
<evAr 3 IVaSIG, + k gar Y KV — gt I,
i=my i=my
mpy1—1 M1
: gC1(Cy
< gV At Z ||Vu’2‘21||%2/. + o kmmgAt Z ||K2Vg0] h”Q ,
i=my 1=ny

and

gAs/ oy n @ — ) nyp < egAs||K2V<pmk+l||_Qp

gCi1C Mit] mi N2
——VAs||V - .
+4 kmlnv H (u ul’h)”‘Qf

For the remains of the right-hand side of (23), using (10), Young and Hélder inequal-
ities, we have

miy1—1

At Z (fl-‘rl + j‘i7 ul+1)ﬂf +gAs(fmk+l + fmk’gognll;-%—])gp

i=my
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mpy1—1
1 1 m
<AtC, Y IS+ Fllle, Vs e, + gAsCyll £
i=my
M V mk+1
+ 1N, VRS e,
mi41—1
<evaAr Y |Vaby g, +egAs| K2VgykH! 1%,
i=my
’2’ Atmkf VAL A ~4s (A T
Qf d¢ k 2 .Qp'
_mk
et us combine the above estimates wi . Then considering As = rAt =
Let b the ab timat th (23). Th dering A A
Z;i";l‘k ~! At and setting & = 1/6, we obtain
mi41—1 miy1—1
m 1 P2 1
I35 %, — luytlls, + s —ub %, +vA IVashg
1 f 1182y 1
i=my i=my

1
_gvAzHVu;'f;n?Zf
+gSolllens 1%, — gy, + gy s — ortlid, ) + g AsI K 2Veys |2,

1 1
—38ASIK2 VI,

3¢C; M1 3gC mi41—1
< — At ||u || —— Af
VVSokmin tXrn: 2h Qf 2/ vSokmin t—ijk

x (gS0llg 1%, + gSollgl ||%2p)

24rgC,C» 6C2C,(d — 1)ag sy -
+|———4+6+ ——F——— | VAL vu' X
( Vkpin ngmin Z | Lh”ﬂf
1=my
3gC1Cs i
VAs|IV +1 M2
o M CHPR A
24rgCiCy  6gC1Cs A .
+ + At K21Vl
( Vkmin Vkmin § Z I (pl’h”Qp
i=my
3 M1 mi N2
+2gAS||K2V(<p —ele,
2 Mi+41 3 C
28%p m 2
=54 D I, + S As 7 + g,
i=my
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Then we sumitoverk =0, ...,/ with0 <[l < M — 1,
myy1—1
ey 1, + vAtZ Do IvER G, + gSolleyy g,
k=0 i=my

2 1
+3gAsZ||K2V<p’"k“ %, + gAsnsz’”l“ I%,
k=0

3gCi & 3gC
< —V—At luh 11
v Sokmin Z Z 20 Qf v Sokmin

k=0 i=my
I mpp— mp41—1
xlary gsougomk“ng,,wt > gSollednla,
k=0 i=my i=my
24rgC,C 6C>C,(d — &
+<—Ui _1 2 64 P T8 ”(k : ) g) AtZZ IIVulhllgf
min Vmin k=0 i=my
I+1
6gC1C2 2
vAs ) ||Val's |l
Vkmln ;) iy

24rgC1Co 6gC] Cy sy
+< ) 3> IK3Vg 1,

Vkmin Vkmin i Oz—mk
I+1 Mi41
+6g45 Y K2V 1% + ArZ DNPAE
4 Pialle, T 2
k=0 k=0 i=my

~2 I+1
1
)4 m 2 mo 2 mo 2
+ As§ ||f2k||g,,+||u %, + gSolleriih, + vanivassid,

min

1 1
+384s]1K> w;’fzu%zp. (24)

Taking vy, = 2Atu, , in (18) and summing over m = my41, myy1+1,...,myp1+J
with0 < J <r — 1 yleld

m+1

mpy1+J mpp1+J
gy G, — R, 4 DD g —ub i, 4240 Y7 apGiyh ughh
i=mjq A i=mjqy
mip1+J mip1+J
T Sl AV RIREYIT S T i
i=mjy) i=mpy
mpy1+J miy1+J
AL Y ap(i s gAY iil—wi,h)u'ﬁl ny
i=mjq i=mj
myy1+J
Y. U D,
i=mpy)
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Then, similar to the previous estimates, we obtain

mi1+J

mpy1+J
+J+1 1 [ 2 1 1
g G, — M G, Y Ny —wh G, 240 Y ap(uy uyf)
i =mj4+1 l':mH,[
mpy1+J mpy1+J
<6evAr Y IVuiti %, + 26140 > g||KzV<p’"’+‘||Qp
i=mj4] i=mpy
mip1+J d—1
Wit 2
+erdr Y Y t(K o Tilliz oy
i=mpyy j=1
¢Ci myt1+J
A Y (5 1R, + g Sollel IR, )
8e1/VSokmin i=m21:+1 2y 8 v2 =
2 myp1+J+1
(L QG- beg) S Ve,
el €1v/v8kmin i e
+J+1 2 mp+J+1
4rgCiC,  gCiCa Bt ., C -
+ At K2V! + ——Ar ! .
( e1Vkmin &1Vkpin . Z I (pl,h”.Qp ey ) Z ”f] ”Qf
1=mj4 1=mjy
Taking ¢; = 1/6 in the above equation leads to
mip1+J mip1+J
+J+1 i
Iy G, = My S, Y s —wh s, +vAr Y Vs,
i=mjy] i=miy
3gC mpy1+J
1 i+1 mi+1 mjpq
< ar Y7 (5, + gSollgy 1%, ) + S astk Vel I,
s f p p
4/vSokmin ol ’ ’
+J+1
6C,C2(d — )ag Bt -
+(6+”' vAr Y [V,
. » f
VVgkmin e
+J+1 2 mpp+J+1
24rgCiCy  6gC1Cy Bt L 6C 4
+( Pa— gAt Y K2Vl ln +—LAr Y IIfiIG,
VKmin Vkimin . v - ’
i=mjy I1=mj41
(25)
If | = —1, we obtain
J
J+1 i+1 i+1
a3 ||Qf+2||u —ub %, +var Y [Vabi,
i=0
J+1

3gCy
S e (1, + g5 )+ i, + 2 As K3V
W i Z b 1%, + gSolle®l13, ) + 11, 1KVl

6C,C2(d — Dag AR
+le+ —L——")vAr > Vi, |
vgkmin ; LSy
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J+1 2 J+1
24rgC1Cy,  6gC1Co I 6cp -
At szl _At l .
+< v+ vy ) $41 2 MKVl ALY IS

From (22), we have

3gCy
4«/ VSOkm,'n

Then using the Gronwall inequality (16) and (21) yields

K1At = At < kAt < 1.

J

J+1 i+1
s 1%, +var Yy 1Vabh g,
i=0

J+1
<C(r,d, ,V, k At _—
(r,d,a, g, v, kpin) €Xp ( Z A“(l )

J+1
8 L i
<||u0||§2f +8Solle°lg, + §As||K2V(p0||?2p +VAL Y IVE LG,
i=0

J+1 ' J+1
+gAL Y K2V, + A1) ||fa||%zf)

i=0 i=0

J+1 J+1
K 02 1o, 02 )
P(Af E m) (HQ o+ 8ArIK2Veillg, + At E I1£111%,
i=0

i=0
J+1 '
+gar Y IS ||?Qp) :

i=0
Next, considering (24) and (25), we have

mpy1+J
miy1+J+1 i+1 mi41
a5, + Svar § IVaSE%, + sSollens 13,

2 Mi41
+3gAsZ K2Vt |3

k=0
3gC1 1 mgy1+J+1
= (N, + gSolle's " 1, )
\JSOkmm Z 1—Zm:k 2ol Qf Qp
—1
3¢C) Myt ,
+—=A4t gSoII(P ol
VVvSokmin le:k his2p
J+1
6C2C,(d — Dag  30rgCiCa it .
+<6+ t\/I’T + k~ VAL Z ||Vu’1’h||?qf
VEKmin VKmin P ’
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mpy1+J+1

24rgC1C2 6gC1C2 1 ) 5
+ + +6r ) gAt K1Vl
( Vkmin Vimin § IZ(; I P1alle,
6C2 mi1+J
—F A Z 1£51,
3gc2 1+1 .
+2kmm As kZ (W25 “_Qp + ||u ”_Qf + gSo||<p2’2||Qp + §"Af||v"z,(i,||:zf
0

1 1
+38A5IK2VO)3IIG,.

Take note that 3% _ OZm‘+‘+J+1 ZZ?ZBIHH with —1 < J < r — 1. Then
considering (21) and (22) and using the Gronwall’s inequality (16), we arrive at

mi+1+J

2 141 mpyq
”-Qf + §VAI Z Vs ”-Qf +gSollpy ), ”.Qp
i=0

” m1+1+J+1

2
+3As2g||1<zw’”k“ 1%,
k=0

miy1+J+1 «
= C(rd,a, g, v, kpin) exp | At Z T— Are
i=0
mpy1+J+1
mo 2 i 2
rgSollgyslly, +var > Val %,
i=0
mip1+J+1 , miy1+J
Yoo 12 i 12
+gAr Y KTVl + A Y G,
i=0 i=0

I+1
+eAs Y 1" NS, + w5515+ At|w ||W>

k=0
mip1+J+1 K mi41+J+1
~ 02 02 i 12
sCexpl|ar 3 | | Iw’I§+ Aclw’lfy + 4 Y0 IfilE,
i=0 i=0
mip1+J+1
i2
+eAr Y AIG,
i=0
Thus, we complete the proof. O
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5 Convergence analysis

In this section, we provide the convergence analysis of Algorithm 1. We denote
(u’l’fh, p’]’fh, go{’fh) and (ugfh, pgfh, cp';’,‘l) as the solutions of (17) and Algorithm 1,
respectively. Then we decompose the errors into numerical errors and approximation
errors as follows: fori =1, 2,m=0,1,...,Nandk=0,1,..., M,

wl, —u" =l — " — " =" = e, — & w" =u(@"), @' =P
Pl = p" = ply =" =" =) = =", p"=pa™, P =P p",
P =" =l — 9" — (@ —g") =, — &) " =™,  §" = Pe",
Py ="M =g = @ = (M = M) = g @M =™, @M =P

For the numerical errors in time derivatives, we use the following notations: for
m=1,...,Nandk=1,..., M,

m _  m—1 m _ m—1 m _  m—1

m f ) m 5 s m s f
den, = MOy Ty o 20 T g
1. At L.p At al At
mi _ Mg—1 mi _ Mg—1 mi Mg

PR g — Sp " Clp g — 2p "%
selfz—» Selpz—a sezpz—

’ As ’ As ’ As

If we assume the true solutions of Stokes/Darcy equations (6) satisfy (u, p, ¢) €
Hlt! (.Qf)d x Hk (£27) x Hkﬁl(.Qp), then considering the approximation prop-
erties (12) yields

IE7 o, +hIVET o, < CHFYL g g, + RIVEM o, < CHTY, (26)
™2, < Ch*. 27)

Here C is a positive constant which is different in different places but independent of
mesh size and time step length.

The following lemma shows the convergence results of the coupled backward
Euler scheme (17) and we omit the details of its proof which is classical. We refer
readers to [26, 33] for its details.

Lemma 4 Suppose that (u'l";l, p{'f;{l , (p{'f;;]), m=0,...,N — 1, is given by (17).
Assume the true solution (u, @) satisfies the following regularities

u(r) € L0, T; H'N (2%, ¢@) € L0, T; H2TH(2,)),

w0 e Hk1+1(9f)d, o0 e Hk2+1(9p)’
u, € L*(0,T; HA P (2,)), ¢ € L*(0,T; HR2V(2,)),

uy € L*0,T; H1 (2/)%), o € L2(0, T; H2(2,)),

uy € L*0,T; L*(2/)%), Qe € L2(0, T; L*(£2))). (28)
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Let us denote g'I”H = (e’l"?l, eﬁ”“) and d; el = (d,e’l”?1 , dtemﬂ) then we have
le™ |2 + At Z ”en+1”W (At2 4 p2a+2 +h2k2+2)’ (29)

m—1
ldie 1§+ At D lldiei ™ 113, < C(Ar? + h1 + p?), (30)

n=0

In addition, we take the average of (6) at time " *! and ™ Vz = (v, ¢¥) € W and
q € O, we have

m+1
w' T fwy!

m+1 m+1 m m+1 m
Sz +a<% )+b<§’lﬁ%)=<f++f,g)’
m+1 m
b(ﬂ%,q)zo_

It can be rewritten as follows:

m+l m m o g pm Ty
(u, ;u’,v)—i-a_/(% >+gf ( ++<p )v.n‘/,_j’_b(v‘p*’z‘i’l) >:<f1 2+f1yv>g s
f

b +u™, q) =0,

m+l  m Pl Wt m mtly gm
gSo<J,1//>+a (J )*gf[“ <A>-nf=g<%,¢) .
2p

(€2Y)

From (11) and (31), we obtain, Yw, = (vy, ¥5,) € W, and g5, € Qp,

sm+1_zm

am+l _gm 1 Jo— 1y [ @ w
( v ) Fap@ T ) + g [ 9" o g + vy, P = y i S

- i nel o
+ay (” L s”h>+gfr (V) e )”h "f+b( Bk )+<f‘ st »vh>

2
b@"™*", ) =0,
(32)
and
~m+1 ~m
J— QD ~
gSo((pT lﬂ)+a @™y — /Wh mtl ‘ny
@m—H — " @t e @
= g8 — ,
g 0( i 2 WY
@m—&-l _ (Z)m / ﬁm+1 —am
+a, ( 7 > Yh 8 - Yn > ny
fm+1 +fn1
+g (TZ Yn| (33)
2

p
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Subtracting (32) from (18), we obtain the error equations

"ﬁl—ezf b m+1
At +af(ezf ,0p) +b(vp, e57)
m+1 m SmA1_~m -
=<u’ T = o ) = g [ @5 = @ D g g [ — ot Dvn -
m+1 m+1__m m+|7 n
+ays (21717 vh)-l—gf,— (&)vh ny +b(vh,7gl>,
be; ' an) = 0.

(34)
Considering the large time step length As = r At and subtracting (33) from (19), we
have

As

mk+l ~m ~m
+§0 QD k+1 — go k
= gS ( d - ’ Wh

g0 (u Yn ) +ap(ey st )

2 As

mk+l
/ § u2 _ umk+1 . nf

i=my

mk+1—l erlnk+1 e
Z /W("lh _ulh) ny+ap (% th)

i=my

Mi+1
ey —¢
_g/ Y, (%) ny. (35)
r

Theorem 2 Let the assumptions (28) be satisfied. Also assume that

Ko At 1=

18rgC c,c; C,C
' ‘max{”—’ p—I}At<1, (36)

kimin ' vSo
then we have the following error estimate at the large time steps: for0 <1 < M — 1,
[ mgy—1
m m m
ley" G, +vary Y Ve ilg, + gSolley 1%,
k=0 i=my
+gAs Z ||K2 Vem“rI ||_Q

k=0
< C(r,d,a, g, v, kmin, So, T)(At* + p?172 4 p2ket2y, (37)
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Here C(r,d, «, g, v, kimin, So, T) denotes a generic positive constant depending on
data (ra dv a5 g5 V, kmil’lﬂ S()v T)

Proof Taking v, = 2Ate’2'f“}l in (34), using the divergence-free property and

summing it over m = my, my + 1, ..., mp41 — 1, we get
mi41—1
mk+1 — e l+1_ i 2
e 1S, — ey ln, + D llehs —éb /15,
i=my
myy1—1
+2At Z af(e’2+;,e12+j})
i=mk
Mit1— z+1 St i
+ut it —a
= 2At Z e - )
i=my
my41—1
mi i1y il
e 3 [ e n
i=my r
miy1—1
my 1 1
+2g At Z f((pl’ _‘/’11—2 )e’+
i=my r
mi41—1
2 1 1
A Y ap(dielt) et
i=my
mi41—1
2 i+1 i+1
+gAt Z /Fd,e]pezf ny.
i=my

Taking v, = 2Asem"+l in (35), we have

gso(||€mk+1 ”_Qp - ||€2 ||_Q,, + ||€karl - 6’2,,,||29p)
—|—2Asap(emk+l ’;“)
_ agsoas AT P =@
2 As P
my41—1
+2g At Z / e;"’;"(ué’h — @™y ny
i=my
mpy1—1 '
+2g At Z / e';’;" m’;" —ul ) np+ Aszap(a'serln”;rl eg”;’])
i=my

2 Mi+1 M1 )
—gAs /Fez’p dxel’f ‘ny.
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Then combining the above two equations yields

mi1—1 miy1—1

ey g, — ey In, + D lles) —eb I, +24r D" ap(est, es)

i=my i=my

+eSo(ley N, — st G, + ey —ebh 15 ) + 24sap(ey s, ers )

€.p
mi41—1 i+1 j ~i+1 ~i
oA Z w' 4w uw —u it
2 At %f

i=my

mk+l +¢ gokarl _ gbmk emk+|
2 As T2p

+2gSpAs (

mi41—1
—2gAt Z /(wgfl;l z+1)e1+1 ny
r

i=my

miy1—1

+2gAr Y /@ —oithes ! -n

_mk

M1~
+2g41 ) / S by — @) g

i=my

mit1—1

w2ea 30 [ o
i=my

mi41—1

A2 Z af(d,e’1+f1 e’2+]})+As2ap(dxerl'f;+l ek
i=my

myp1—1
+gAr Z / deit e ny — gAs? /F eyt dsel™ ny. (38)

Using (10), Young and Holder inequalities, we obtain

mpy1—1 l+1 Sl
_ tup @ —at
I =2At E ( — Y €y

i=my

mk+l MLl _ Mk
+2g8pAs ( 2+ 2 _¢ L4 , em"“>

As 2.p

M1~ ,+1 + u witl _ i §z+1 Elf

At At

Ve, eht IIrzf
2y
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Mp41 mg Mi41 _ Mi+1 mp
=~ @y + ¢ @ é é[’ mk+1
+2C,gS0As — \Y%
p8&S0 As s Ve, e,
2,
Mpyp1— My+1— l+1 i+1 i 2
i+l + u u —u
< eV At Z Ve ||Qf At Z -
i=my i=my 2f
2 my1—1 H—l
; Al‘
i=my Qf
2
ngS mk+1 + M1 _ oMk
+eg As|KIVER | + 0 As v _¢ Ld
ekmin 2 As
2p
~ 2
2C2gS Mg+l
)4 0 E é (39)
Skmin As 2,

For the next four interface terms, we denote

my41—1

Il = —2gAt Z /((p —(p'lnz +<pi4;ll)e’+1 ny
i=my
Mmi41— ) )
+2g At Z / eg”;)“(ulz’h — a4 urlnjl“ —uy,) - ny
i=my
myq1—1

= —2gAt Z /(((p2 _(pmk)_((plh ~mk)+((pl+1 “‘l+1))el+] ‘ns

i=my

Mi41—

+2g4r Y /

i=my

mi41—1

= —2gAt Z /(ezp —e1 ot "H)e"H

i=my

= 2At Z ap(e’;;,ezm’;“

i=my

M
ez £ €, p)

mpy1—1
i+l Mg, Mkl
24t Y ar(ey}, ot el

i=my

i+1

ey ((ath =) — (uf ), — &) + (] —

a"ey) ns

mg
elf elp—elp)
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Then using (8) and (15), we get

mpy1—1
i+l mi4 M
2At Z ap(ezf € ,ezf,e2 p)

i=my

myq1—1
— DA Z ar(e12+fl egﬂ;ﬂ’ y e12+fl gg”;)—egl’;rl)
l_mk
mi41—1
<ear Y (vIVeR I, + gl KTVERL IR, )
i=my
~ ~ —1
C ¢,C; C,C "
—{—gmax L I, Ut Y Z
ch kmin vSo i=m
=ny

1
x (lles = eb 1%, +gSollessy’ — bt 13, )

Using (13), we get

mi41—1
2At Z ap(e'2+; e;"g" e'ln"]?" elf el+pl—el ’;)
i=my
miq1—1
sear Y (vIVER I, + gl K2V,
i=my
My —1
gC1C
A Y VIV = plig, +sIKEVGE — eI, )
min i=my
miy1—1
<ear Y (vIVeR G, + gl KTVers I, )
i=my
mpy1—1
rgCiCy ;
20 Y (VY] - I, + IRV IR, )
min i=my
mi41—1
<ear Y (vIVE G, +IKIVEE R,
i=my
M1~
VgClCZ /3 i+1 i+1
oAty (v||Vd,e I, + glIK2 Vel ).
i=my

The following two bilinear terms in (38) are bounded by (10), Young and Holder
inequalities,

mi1—1
111 =A% Y ap(diel’} ebt)) + Asap(dsel €)' )

i=my
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mg41—1 mgy1—1d—1
i+1 i+l
< evAt Y Ve, +ear Y Y a t(K €57 - il 7o
i=my i=my j=1

1

1 C2Co(d - Da Ml

‘f‘<figAS||I(2VemkJrl ||_Q (E + %) VAL Z
min i=my

i+1
IVt 1%,

+oASIK Ve I,

The remaining terms on the right-hand side of (38) are bounded by (13)

Mi41—
v =ga ) /d;e’frplelffl nf_gASZ/ sl ny
i=my r
mi41—1
< evAr Y IVeb G, +egAsI KAV,
)
miq1—1
gC1C gC1C
g AP Y K Ve G, + v A Vel I,
devkyin P 48Vkmm
=m

Combining the above estimates with (38) and taking ¢ = 1/5, we arrive at

mpy1—1 mygs1—1
Mt mk i+1 i+1
e 1%, — ey’ s, + D llest —eb flip, +var Y- [IVeh ]Iy,
l—mk l—n’Lk

m m Mk+1
+gSolleys %, — e 1%, + eyt — eyt I3 ) + g As| K2 Vey |,

—1
54Ci C,C; C,C; "
< 2% max{ Rl Y (||e’+l e2f||9f+gso||e”’”‘—eg“;ngp)

h Kin vSo i=my
- i ; . .2 _ . .02
+10C§ Atm%] u;+1 +u; witl — i N 10C§ AIM%] ng—H —%’}
2 At v , At
i=my 2 i=mj 2
+106§g5§ PV T et i 10C2g S} A&7 =8
kmin 2 As 2, kmin As o,
1
5rgCiC; 5  5C?Cu(d — Da iy
i b iy v KD DRI
A N Py
5¢C.C
+ 255122 AP Ve I
Akmin f
-1
5rgCiCy  58CiCy e L 5¢
+( ot 4gk 2 ) gart Y IKEVdel! I, + 2 A5 K VAl G,
VKmin VKmin P—r

@ Springer



1162 Numerical Algorithms (2021) 88:1137-1182

Sum the above equation over k = 0, ...,/ with0 <[ < M — 1. Using (36), we
obtain

I mggp1—1
ey’ 15, +vary Y 1IVey'iIG, +gSolles’s I, +gAsZ||KzVe2“‘ I%,
k=0 i=my
L omen 1 i i+ _ i |?
+u u —u
< C(r,d,a, g, v, knin, So) AtZ Z - Ar
k=0 i=my 2f

I mpgp—1 £i+l _ Ei 2
tary 31

k=0 i=my 2

QI gk gt gk 2 ! miry gy ||2
+gSoAs ! Lo + gSoAs 2o
&0 Z 2 As §0 Z As
k=0 2, k=0 2,
[ mpg—1 l
2D ||the’+1||gf+vAs3Z||Vd e’”"“nm
k=0 i=my k=0
I m 1

3 PN i+1 3 Mi+1

+eAR Y 3 KV el I, + g A8 ZnKsze 1%, |- (40)
k=0 i=my k=0

Next, we bound these terms on the right-hand side of (40). First, from the Taylor
expansion, we have

z+1 i+1 i
+ u u —u 1 1
— = —APu 00 — — At?ug,, (0
) Ar 3 111 ) 2 11t ( 2)
g gt gt — g

2 As

1 1
= gAsz(/’ttt(ﬁ{nk) - ﬂAszwm(ﬁﬁn"), 41)

where 01, 0} € (¢/, 1!y and 9", 9" € (¢"k, t™k+1). Under the assumption (28),
we obtain

Eomen =it i il i |
u," +u u
ad, 2 T m &
k=0 i=my 2f
2
mk+l m m
Tt gt —
—l—gSoAsZ —
= 2 As 2,
mey1—1 2
< CAPZ 37 @] )||gf+CgSoAsSZZ||<pm(z9m’<)||g
k=0 i=my j=I k=0 j=I
4 2 4 2
= C(rv 8 SO)(At ”utll”[IZ(O’T;LZ(Qf)d)+As ”got””LZ(O,T;LZ(Q,,)))' (42)
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Considering (12) and (28), we have

§l+1 _ Sf

I mgy1— it

<cY Y f 1 el dr

2y k=0 i=my
2k1+2
< Ch*M1%2||uy |2

I mgy1—1

Aty Y

k=0 i=my

LZ(O T; Hk1+1(.Q )d) (43)

and

g -5t gSo
gSoAsZnA—nQp = S As
k=0

MN

myy1—1 i+1 i 2

+1— i+l _ gi

e

X At

i=my o

P

Iomipi=1 | gitl _ i |2

&, &,
At

2p

k=0 i=my
I mgy1—1 i+l

<Y ) / 1 Ep)ilis, di

k=0 i=my

< Ch*2 %2 g, |2 (44)

L20,T;HR2+1(2,))

From (30), we have

2

l 2

Asans ey = As )]
k=0

Mkl Mk
=1

As =
w k=0 | i=my W

I mpgpr—1
Aty N el Iy < CA + 1P+ R, 45)
k=0 i=my

IA

Hence

[ mpy1—1

vAar Yy ||Vd,e’+]||9f+vAs3Z||Vds ’"’f“ngf
k=0 i=my k=0

[ mgy1—1
gty N |K2Vd,e’+1||Q gAs*ZnKsze’"“'nQ
k=0 i=my k=0

< C(AP (AP + h? + 1?2) < C(r)(Att 4+ h?H2 4 p2lt2),
Combining the above estimates with (40) leads to the final result (37). O]

The next theorem gives the error estimate of Stokes equations at the small time
step.
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Theorem 3 Under the assumptions of Theorem 2, we have the following error
estimate for fluid velocity on the small time step: for k = 0,1,..., M — 1 and
J=0,1,...,r—1,

my+J
my+J+1 i+1
ey ™G, +var Y Vet g,

i=my

< C(r.d,a, g, v, knin, So. T)(At* + h?172  p2hat2), (46)
Proof Taking v, = 2Ate’;“;1 in (34) and summing it over m = my, my+1, ..., my+
Jwith0 < J <r — 1, we obtain
my+J my+J
J+1 i
ey G, — ey IS, + D lleht — e (i, +241 Y ap(ey], ebth)
i=my i=my
myg+J hLl ~i+1 ~1
+”z u-—u i
= 2At Z -y
mk+1
—2g At Z /(ezp—e]'fp ’“)e”rl
i=my
myg+J mr+J
A Y ap(dielt) e + gAY fr et e ny. (47)
i=my i=my

Similar to the estimate of (39), we have

thm lH*“ atl—a
> T T A ers

i
mg+J 2C my+J l+1 i+1 i 2
1 +u u —u
< evAr Y VIS, + At Z -
i=my i=my 2f
S 2
C mi+J l+] gl
=S
i=my 2f
Using (13), Young and Holder inequalities, we have
my+J
—2gAt Z f(e’zn’;, elij—o—e’lt})e’;j} ny
i=my
mi+J 2C1C mg+J m+J
,+1 1L2 nmp i+1
<evAt Y |IVeh TG, + pell G Y glIK:VEE L +Ar Y glK2VE) —e )i,
i=my i=my i=my
mi+J 23C1C2 myg+J mg+J
< gvAr Ve“rl At KZVe’”* +rAf K2Vd e“’l
< Zm 1Ves g, + 0 — Z gll LIE, ij gll eI,
=mg =mj =mg
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The remaining terms are bounded by the Young and Holder inequalities and (13),

my+J my+J
At Y aptaett et ear Y [ ety
i=my i=my
mi+J mi+J
< 2evAt Y IV I, + 5 At3 > IvdeTIE,
i=my i=my
mi+J d—1
t+l
+eAr 30 ) o t(K &5 - Tillizry
i=my j=1
mi+J d—1
P 3 z+1
— At Vd;e
DBDIL N (K —|Vdiei} g,
i=my j=1

mi+J
gCICZ
S22 A8 Y glK VAt

i=my

Combining the above estimates with (47) and taking ¢ = 1/4, we obtain

mg+J
+J41 1
ey IS, — 1€y G, +vAr Y Vet g,
i=my
mg+J d—1
i+1
+At Z Z t(K “82 f TJ”LZ(F)
i=myg j=1
. . , 2 1 P2
4c2 mp+J u"H +ul u"H — C mg+J §l+ El
< —pAt ! r_ At Ee—
SRV b A DN
i=my .Qf i=my 27
8 CiC mi+J
BE2ACY KV,
Vkmm i—my
C2C,(d — Da e
+ 1+M VAP Z ||Vd,e'+1||Q
ngmin f
i=my
+J
8rgCiCy  gCiC 5 % 1 |
+ + At K2vd,eth .
< Vkmin Vkmin & Z ” t61 p”QP
i=my
From (41), (12), (30) and (46), we have
mi+J ,+1 i+1 i 2 mr+J 2
+" u' —u 5 N
At Z - A <CAr Z Z”um(@j)”gf
i=mj Qf i=my j=1

4 2
=< CAt ”ulfl‘ ”LZ(O,T;LZ(.Qf)‘])’
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2 my+J fitl

<C Zf I )i, dr

f 1=my

mi+J

ar ).

i=my

%42
< Ch* 2, |1}

§l+1 glf

L2(0 T- Hk1+1(ﬂf)d)
mitJ 1 1
At Yy glK2VetiG < raglK2vek g,
i=my
< C(r.d. o, g, v, kmin. So. T)(At* + #1752 4 g2ty
mg+J my+J
1 1
v Y IVdie %, g Y 1KVt

i=my i=my
< CA2 (A% + W2k 4 g2k,

Hence, we arrive at the result (46). Thus, we complete the proof. O

Corollary 1 Under the assumptions of Theorem 2, we have the following error
bounds: forO0 <m <N —land0 <l <M — 1,

lus !t —u™ G, < COid o g, v knin, So, T)(AL* 4 hP1H2 4 p2ot2),

gSollgy ' — "G < C(rod, a, g, v, knin, So, T)(Ar* + h241F2 4 p2012),
(48)

IA

Proof Using the triangle inequalities and combining the approximation properties
(26) and the results of Theorem 2 and 3, we obtain the result (48). O]

Theorem 4 Under the assumptions of Theorem 2, we have, for0 <1 < M — 1,

vIVey %, + gl K2Vey 2, < Clnd. . g v, knin: S0.T)

th] +2 h2k2+2
;> . (49)

(At3 +h2k1+1 +h2k2+1 +
At

In addition, forall0 <k <M —1and —1 < J <r —1, we have the following error
estimate at the smaller time steps for the Stokes equations:

v||Vemk+J+1|| < C(r,d,a, g, V, kmin, S0, T)

th] +2 h2k2+2
;> . (50)

X <At3 +h2k1+1 +h2k2+1 +
At

Proof Taking v, = 2(e§’f*,;1 —eyy) = 2Atdte’2"4)21 in (34) and summing it over
m = myg,mi + 17"~7mk-'1;1 — l,wéget

miy1—1
i+1 M1 my 12
241 Y7 dieh g, +vIIvey i, —vIvert g,

i=my
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mpy1—1
2 1
+vAr Z ||Vd,e’+ ||Qf
i=my
t(K || ey T/”LZ(F) e - TJ“LZ(F))
mep1—1d—1
i+1
+ 2 Z t(K ”(elf e, ) Tl
i=myp j=
mk+1—1 i+1 [T B
_ u," t+u, u' —u it
= 2At Z ( > — Y ,d,ez’f
i=my
miq1—1
—2g At Z /(e —elp+e"”'1)dt¢e"2"’fl ny
P
Mp ]~ M1 —1
Ay af(dtelf,d,e’+l)+gAt2 > /dtel“ €} mp. (51
i=my i=my

Taking ¥, = 2Asd; emk+' = 2(emk+' e;“;) in (35) leads to

1
2gSoAsldsey i 1% + gIKEVErsT2, — g K2k I3,

+gAs? ||K2Vds ’""“ ||Q

mk+l SMkrl _ 5Mk
— 245, As( 2+ o ¢ 4 d, mk+1>

As

Mpt1—

+2g At Z /dse;";“(eg’f el e’ g
i=my
+As2ap(d e;"kp“,d em"“) gASZ/ dsey Mg e'ln";l ‘ny.

Combining the above two equations together, we have

Mpy1—
241 Z ldies 1%, +vIVer G, —vivers g,
i=my
miq1—1
2 i+1
+varr Y | Vdeh ||Qf+z /t(K

i=my

Merl 12 mg )
(”e Tj”LZ(]") - ”eZ,f : .C]”LZ(F))

@ Springer



1168 Numerical Algorithms (2021) 88:1137-1182

mgy1—1d—1

Mi41
+ Y Y« t(K)||(2f — &) il

i=my j=1
+2gSOAs”dxemk+1”Q +g||K2V6’mkH||Q —g||K2V€§n ||9

+9As?| K2 Vd, e’”k“ ||9p

miy1—1 z+1 ~ipl i
_ tup @t —at
= 2A¢t Z ( 7 — Y ,d,e2 I

i=my
M1 mp SMEk+1 . SM
2 + ¢ @ Y My
+2gSpAs ( > - As , dse €.p
my41—1
i1y g it
—2gAt Z /(ezp —eps e diey s oy
i=my
miy1—1
+2g At Z /dem"“(ezf elf-i-elk“) ny
i=my
mi1—1
AP Y ap(dielt) dies)) +r AsPap (el dye )
i=my

my41—1

+g A’ Z /d,e’“ e‘;fl ny—gAs fdezk+'d et nyp. (52)
i=

Using (10) and the Young and Hélder inequalities, we obtain

L e A N | i sl =i

u +u u —u
2At ! L_ ,debt]
Z ( 2 At t 2, f

i=mk
Mt my ampl _ Emi
(S il JU e
+2gS0As ( 5 _ - ! ;
miq1—1 2 myy1—1 z+1 i i )
2 i+1 +u B u —u
<evaAr? Y IVdielp, + =2 Y -
_mk _mk Qf
C2 miq1—1 z+1 El
i=my 2
2 w2 " )
—|—ggAs ||K2Vd emk+l || ZCPgSO 2 o +(p;nk 3 Pk — Mk
QP ekmin 2 As .
14
2C2gS2 Emk+l _ Ez,lk 2
ekmin As o,
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We bound the next two interface terms by (13),

Mi41—

—2g At Z /(ezp—elp ’+1)d,e’2+fl ny
el
myy1—1 _
+2g At Z fdez”l(e’lf el e’ ng
i=my
mi+1—1 '
=241 Y ar(dey} diey s eh penh)
i=my
mi41—1
+2At Z ap(d,ezf,d em"+l e'lnl}“ —e1 f,e’]J“pl — e ’;,)
i=my
mpy1—1
< A2 Z (u||Vd,e’+1||m+g||sz e"’k+1||9p)
i=my
myy1—1
gCi1C (
_— v||Ve K A\ )
2mmmn4§; I1Ves (I, + gl K2Vek I
=mp
mi41—1
gC1C My i+1
et 2 (VD — e i, + IRV eI, )
i=my
Mi+1—
<ea? Y <v||Vd,e’+1||_Qf+g||K Vd,eys! ||_Qp)
i=my
miq1—1
gC1C2 mij
ety (vIves 1, + K VeI, )
=mp
rgCiCy gy

L7 A (v Vd e’+1 K2Vd,el™] )
2o ,2% IVdre\ 7 e, + Il K2 Vel 15,

For the last four terms, using the Young and Holder inequalities and (13), we obtain

mi41—1
At2 Z af(d,el d,elH)—l—As ap(d 6‘1 Mi+1 derzn];rl)
my41—1 mig+1—1d—1
2 i+1 2 l+1
< evAr? Y |VdiehT g, +eat Y ) t(K —lldies Tl
i=my i=my j=1

+egAs ||K2Vdsemk“ 112 2
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myy1—1 2 mpy1—1
A0S IVdeit i, + S 0TS g g
o) ™ = 1

+4 As ||K2Va’3em"“ ||Q ,

and
miq1—1
Ar? Z /dtel+ld,e2f ny—gAs /dezk“ds Tk;1~nf
)
mi41—1
< evarr Y- ||Vd,e’+]||9f+egAs ||sz13e’”’<+‘||Q
i=my
my41—1
C,\C C\C,
SEZ2 AR Y glKiVaet L + S A Vdee
4svkmm iy 4 kmm s

Combine the above bounds with (52) and take ¢ = 1/4. Then considering eg’ =

0, eg’p = 0 and summing itoverk =0, 1,...,/ with0 <[ < M — 1, we get
vivey' g, + Z &'t T2y + gIKIVE S,
8C2 Zl:mli] l+1+ut witl — i 2 8C2 Zl:mlil £t+l_§f
At
k=0 i=my .Qf k=0 i=my .Qf
~ 2 ~ 2
N SCIQ,gSg @ (pmk+1 — Mk N SCIZ,gSg Z’”' _%-I’;lk
km,'n =0 2 As -Qp km,'n =0 As -Qp
I mgyp1—1
2gC1Cy
+E2 N S (vived I, + glIK2 Ve Iih)
Ukmm k=0 i=m
=mk
2
L (#s0C | CICHE — Dag
Vkin ngmin
I mpg—1 [ mpypr—1
2rgCiCy gC1C2
2 1 A2
va? Y Y Ve, + (T2 S0 ) a2y Y
k=0 i=my min mm k=0 i=my
gnszte’“ I,
+ As22||K2Vd e gC‘C2 2Zu||w e (53)
8 s€ 2, s€ 2

k=0
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From (30), we have

[ M1 mp 2 1 mi41—1 2
ASZ”ds M1 ”W — ASZ % = %Z dtﬁll_H
k=0 w k=0 | i=my W
[ mpy1—
<Aty Z ldrei ™ 15y
k=0 i=my

Under the condition (36), it is easy to get CAt < h. Considering (42), (43), (44),
(37), (30) and (45), we can get

vIVey %, + gl K2Ve %, < COnd. . g. v, knin. So. T)

p2ki+2 +h2k2+2)

At >

x (At3 +h2k1+1 +h2k2+1+

Now, we prove the estimate (50). Taklng v, = 2((32 ';1 — e2 ) = 2Atdte2 ¥ in
(34) and summing it over m = my, my + 1, ,mi + J with 0 <k< M- 1 and
—1<J<r—1,weget

mg+J
i+1 +J+1 2
241 ) lldieyTf g, + Ve g, —vIVey g,
i=my
mg+J
2 i+1
+vA? Z 1Vd,e ||Qf
i=my
m +J+l m
+Z ‘lt(K ” k /||L2(F) ”e k TJ“LZ([‘))
mk+Jd 1 ‘
+ 2D t(K) ”(elﬂ €)%l
i=my j=1
mi+J i+1 Sl
u, +u u' —u it
= 2At Z ( 3 — oY ,d,egf
i=my
mg+J
—2gAt Z /(ezp —e +e’1+pl)d,e’+1 ny
i=my
mg+J mg+J
Atz Z af'(dtelf,d,el+1)+gAt2 Z / dt€1+1dtelz+]} nf
i=my i=my
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Then similar to the estimation of (51) in the above part, we finally arrive at

my+J
J+1 +J+1
At Z ”dfelﬂ ”-Qf +U”Vemk+ ’ ”-Qf +Z t(K mk 11'”22(1‘)
i=my
26C,C, M
12 4 mi 2
< v||Vey* + e 1|2 4+ == Kive)t
< vlIVerhlis, Z t(K —| il + e - zmj gll S
. .12 1
8C2 mif t+1 +u B witl — 4 8C2 ka-F:f l+ Ef
At
i=my Qf i=my 2f
J
C2CH(d — Dag it
+( 1+ ————)var? Y |Vdet g,
vgkmin i—m,

+7
2rgCi1Cy  gC1Co zmk i+1
At Kz vd
+ ( Vkmin + Vkmin ) i_Xm: sl L ”QP
=mig
Then considering (54), (42), (43), (44), (37), (30) and (45), we can obtain
v||Vemk+J+l ”.Qf < C(r,d,a, g, v, knin, So)

2k1+2 2ky+2
x <At3 R g e PO IR > .

At

Thus we complete the proof. O

Corollary 2 Under the assumptions of Theorem 2, we have, for0 <m < N — 1 and
0<l<M-1,

v||V(um+1 m+1)”9f 4 g||K2V(¢””+' . (pm1+1)||%2p

h2k1+2 4 h2k2+2)

< C(r.d,a, g, v, kmin, S0, T) (M + h2kr gk 4 r

Proof Using the triangle inequality and considering the approximation properties
(26) and (49), we can obtain this result. ]

Now, we are going to provide the estimate of pressure. Before we do that, let us
present a lemma of the estimates for errors in derivatives of the first-order coupled

scheme (17).

Lemma 5 Under assumptions (28), we have, for 1 <m < N — 1,

ldie} e, S 1. (55)
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Proof Considering (17) and (11), we obtain the error equation, for0 <i < N — 1,

ér—e, ) [ it £y
[ i ’zhj|+a(el 12,) + (2, 8 )_[ W - T ’zhj|+|:T’5h " (56)
bt qn) = 0.

Subtracting (56) on two adjacent time levels, we have
die"! —d,€! ) '
|:[1At[1,zh:| +a(dfgll+l’§h) + b(§h7 dtsll-H)

1 " £i+l 7!,' ) !i _ w,‘,] 1 §i+l _gi §i _gi*]
= —|w, - —w, + » L +Xl‘ - »Z |-

EN

At At At At At
(57
Taking z, = (vp, 0) in (57), we have
diet} —del
( i lfAz i lf )—I—af(d,elf,vh)—i—g/ dte’“vh nf—l—b(vh,d,a’“)
. , S i+l _ i i i-1
S (g Wt =l u’—u’_1 1 g — g i
Y (u’ T o Mt T4 Y At A
(58)
Therefore
: die't} —deel
b, dieit!) < [Voulle, (Cpn’fA—tfngf +vl|Vdief} g,
+C’C1§Z t(K ———||d;e 1f T/”LZ(F)
c, _ witl _ i N e
cc K21Vt P
+ 2g“ te “Q + — At ”ut At ut+ At ”Qf
EH_I Ei ‘Ef El_l
i At ”Qf>>'
Then the discrete inf-sup condition (9) implies
i+1 l
i+1 €15 i+1
Idiei e, = C.av. g kmin) | I——L——Llla, +vII Ve }lic,
1 witl _yi N e
ZVd i+1 i+1_ % " sz o=
+gllK2Vdiey' )|, 4 ||u T w+ — 2,
IR EE A —el’;l
+ - = . 59
pviay ey (59)
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Taking z, = 2(d,e|™" — dy€}) in (57) leads to

dtei —dé .
1 1o 1,2 2 1 2
I3+ ldie' T 1%, — lldiel I3, + lldiel ™ — drel 13,

1 |
+Z ,/t(K i€l 12y — i€l 7122 )

+Z t(K —=ldiei*! —diey ) - Tl

DAL

ol it _l+]_wl_wi+ﬂl_ﬂil delll_dtetl
= At ! At At
. 'SI—H El El _§i—1 dtell I dteil
A At At
(60)
Since
ot wit! — w Cwid wi — wi~! _ At/ﬂ'“
= At = At 4
§i+1 _ gi Ei o Ei*l fitl
wydr, o222 [ g @
then using the Young and Holder inequalities yields
5 I wit! _ wth — w _wit w —w! dtﬁilJr] — dtﬁli
—’ At = At At

i+l

d d,el 1 2 2
At”T”O toAr o lwy@liode,
t

) _§i+l _§i s Sl 1 dt i+1 dtgl]:|
t

I/\

At At A
ti+1

diet! —diel , 1 ,
=e At”T”O +2 ], 18, ™lodr
tl

Combine the above bounds with (60) and set ¢ = 1/2. Since we do not define d,g(l).
Next, we only sum the equation fromi = 1 toi = m with 1 <m < N — 1. Hence,
considering (28) and (12) leads to

de —d,é X
= —L = +||dt ’"“||W+Z||d, T —dell3

0

+Z t(K —=ldie™ 77 ) < ldief iy
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d—1 m ti+l
vg
3 a5 ety + 242 f e (I3
P tr(K) =
i+l d—1
+2>° / 1§, (Ol5dT < Idiejly + ) e, [~ ( K) —=ldie} - 7l
i=1 j=1
+C (A2 + Wk 4 2Ry, (61)

Now, we will estimate dtgi. Note that 2(1) = 0. Then considering (56) at time ¢!
and taking z, = 2d,e i we obtain

d—1
1,2 1,2
2||d,g1||0+2m||d,g1||w+2ArZa t(K)ndtel 52
2 1 2 1
2 wW—w £°-¢
Sz[ﬂt_A—td :|+2|: A d,el
2 12
—w
< ¢ del 2 2 = w
= 1|| t€1 ||0+ H_t At o
g2
o |l At
0

Setting €1 = 1/2 and considering (28), we obtain
d—1

e} I3+At drefllfy+41 Y o, |- (K) — o ldiel il 7a ) < CAPHRH 24 p2a02),
j=1

Hence,

p2hi2 | 2kt
||d,e1||W+Z oo el - il < c(m+T>.

Combining it with (61) yields

AIZ

2

+ldie! I + Z Idie ™" — dief 115y
0

d,e d,e1

h2k1+2 h2k2+2
<C (At +h%k g ;> . (62)

At
It is easy to obtain that forall 1 <m < N — 1,

2
dtﬁ’lnﬂ —diel'

<. 63
Y S (63)
0
Combining (62) and (63) with (59), and considering (28) and (12), we can obtain the
final result (55). O]
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Now, we are ready to provide the error estimate of pressure in the decoupled
scheme Algorithm 1.

Theorem 5 Let the assumptions of Theorem 2 be satisfied. Assume also that the true
solution p satisfies the following regularity

p € L™, T; H" (2/)). (64)
Then we have, for1 <m < N — 1,

hk|+l hk2+l
#) . (65)

Ipst = p"e, < Ceud. . g, v, knin. So. T) (At + IR

Proof From (34), for ¢ € (t", t"™+1]with0 < k < M — 1, we have,
m+1

e — €
b(vp, eyt = — (% vh> —ay(ey ;. vn)

m+l ~m+1 ~m
+ u" u —u -
+< L — ,”h>_g/(¢g2_¢m+l)vh'”f

2 At

e’l'H}Zl —ey;
+g/(<p'ff — @ vy ny +ay (—2 ,vh>
r

em+1 —e 8m+1 e
+g/ (% vh.nf +b vh,% .
r

Therefore,

1 1
b(vn, et < IVunlle, [ Colidiey T lio, +vIves e,

+CzC,§ Z (K ||6’2f “Till2ar

m+1 ~m+1 ~m
w4+ ul’ u - 11 I m
TGl 2 I v +CiCy8lK2Vey g,

1
+CiC; gnKZV(e'"+1 — ),

A
v||the'"“||gf c ngnsz,e’"“ng +—||dts’"+1||gf
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Using the discrete inf-sup condition (9), we arrive at

1 1 1
I+ e, < C. o, g v knin) | ldieh E o, +vIVERE o,

u
2 At

m+l +ut ﬁm+l _~m

2y

1
+eIK2Vert o, + gAt Z IK2Vdetl g, + Atv|VdeH g,

i=my

+ALGI| K2V, g, + Atlldiel™ o,

From (37) and (46), we have

m+-1
e —e
2.f 2.f
diem o, =
”tzf” 7 At

hk|+l + hk2+l
At > '

SC(AtJr
2y

By applying (49), (50), (41), (28), (12) and (55), we obtain

hk|+1 hk2+1
ley e, <C (At + hkr ke 4 ;> )

At

Combining it with (64) and (27), and using the triangle inequality lead to the final
result (65). O

6 Numerical experiments

In this part, we provide some numerical experiments to verify the convergence rates
and the effectiveness of our scheme. All the numerical results are obtained by using
the software package FreeFem++. The finite element spaces are constructed by the
Mini elements for the Stokes equations and the linear Lagrangian elements for the

Darcy equations.
Let the computational domain §2 be composed of 2y = [0, 1] x [1,2] and £2), =

[0, 1] x [0, 1] with the interface I" = (0, 1) x [1]. The exact solutions of the unsteady
Stokes/Darcy equations are given by

u(x,y,t)= (xz(y — 1)2 + y)cos(t), (—%x(y — 1)3) cos(t) + (2 — nsin(nx))cos(t)) s

P(x, v, 1) = (2 — wsin(rx)) sin <%y> cos(1),
o(x,y,t) = (2 —msin(wx)) (1 — y — cos(ry)) cos(t). (66)

The initial conditions and the forcing terms follow the above exact solutions. In
addition, we set all physical parameters «, g, v, kjin, So equal to 1.
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To examine the orders of convergence with respect to the time step At or the mesh
size h, we give the following measure of the convergence. If we assume that

i (e, ™) A ulx, ™) 4 Cr(x, ™) AL+ Co(x, "R,

the measures testing the convergence order of the time step At and the mesh size &
are defined as follows:

At
Clup ey — g (e Y |l 47 =27
Pu,At,i = a ar ~ oy
g (oo tm) —uyt (e, 1) |
A A
I uht(x’tm)_uﬁt(x’tm) Il; 4h _ on
2 ~

)Ou,h,i = ~ .
s G, tmy —us e, emy ;o 20 —1
2 s

Here u can be u, p, ¢ and i can be 0, 1. While p, a0 and p, 0 approach 4.0 or 2.0,
the convergence order will be 2.0 or 1.0.

In Table 1, we provide the convergence order with the fixed mesh size & = 1/10
and the varying time step length Ar = 1/40, 1/80, 1/160, 1/320, 1/640 with the
large time size As = 5At. The values of Pusy, A0 and Py, ALO approximate 4.0

meaning that the orders of convergence in time is O (At?) for the L?-norm of u2 A
and <p2 - These are consist with our theoretical analysis results of (48). However
since the values of Putf, At Ppty Ar0 & and Pl As.1 approach 4.0, this means that

the error estimates O (Atz) for H 1-norm of u’z’f , and (pgf 5 and L?-norm of P> Which
is better than the results of our analysis. So in the further work, it is necessary to
find a finer analysis method to improve the convergence order. In Table 2, we study
the convergence order of the mesh size with the fixed time step Ar = 1/20 and

Table 1 The convergence orders with respect to the time step At at time " = 1, with the fixed mesh size
h=1/10and As = 5At

m, At m, At m, At

At lluy ), Oupt, . ALO Vl\v(uz W oult, At,1 (F2y Pp, ALO

—dl P e, a2 ), o E g,
1/40 2.19484e—6 3.92634 1.42000e—5 3.91248 8.44944e—5 3.73121
1/80 5.59004e—7 3.98131 3.62940e—6 3.98603 2.26453e—5 3.90132
1/160 1.40407e—7 4.00229 9.10532e—7 4.01140 5.80452e—6 3.96321
1/320 3.50817e—8 4.00601 2.26986e—7 4.01353 1.46460e—6 3.98733
1/640 8.75726e—9 5.65552e—8 3.67313e—7
At gy Pul A0 gnK%W’”*“ Py, a5,

4 g

_‘/’zﬁh ”.Q,, —¢, h )”Qn
1/40 2.27759e—5 3.82193 9.88402e—5 3.83789
1/80 5.95927e—6 3.92282 2.57538e—5 3.98261
1/160 1.51913e—6 3.96386 6.55543e—6 3.96633
1/320 3.83245e—7 3.98253 1.65277e—6 3.98366
1/640 9.62315e—8 4.14887e—17
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Table 2 The convergence orders with respect to the mesh size 4 at time " = 1, with the fixed time step
length At = 1/20 and As = 5At

h (T pup o VIV pup,na IPYY o, AL
—qu;ﬁ le, —dH)lle, —pmi g,
1/8 1.30214e—-2 4.03917 2.67049¢—1 2.11343 5.21996e—3 7.85237
1/16 3.22378e—3 3.80942 1.26358e—1 1.56795 6.64762e—4 5.00050
1/32 8.46265e—4 4.12117 8.05883e—2 2.25087 1.32939e—4 4.58208
1/64 2.05346e—4 4.06704 3.58031e—2 2.18565 2.90128e—4 1.78770
1/128 5.04903e—5 1.63810e—2 1.62291e—4
h Iyt pon oo SIKEVS o
~Pon ”91) ~®n )”.Q,,
1/8 1.31950e—2 4.02975 3.37379e—1 2.43021
1/16 3.27440e—3 3.83958 1.38827e—1 1.54550
1/32 8.52802e—4 4.12035 8.98262e—2 2.38848
1/64 2.06973e—4 3.86570 3.76081e—2 1.78770
1/128 5.35409e—5 2.13003e—2

As = 5At and varying spacing h = 1/8, 1/16, 1/32, 1/64, 1/128. The results
show that our scheme owns the optimal convergence order in space. These numerical
results coincide with our theoretical analysis results.

For the size of ratio between two time step lengths, we will show its influence
through the errors between the exact solutions and the numerical solutions of Algo-
rithm 1. In Fig. 2, we provide the numerical errors for the decoupled second-order
scheme, Algorithm 1, with different ratios r and mesh size %, and the fixed small
time step length Ar = 1/1200. Furthermore, since the ratio r = As/At is an
integer, there is a finite number of ratio we can pick. These figures show that the
smaller of mesh size k, the higher accuracy and the more stable. And in general,
the bigger the ratio r, the higher accuracy. Next, we would like to indicate which
value of r to be selected with the smallest errors for the different time step At.
In Fig. 3, we fix the mesh size & = 1/20 and pick the different small time step

0012

0010
0,004 0010

£ 0008
& 0003 0008
. e~ h=1/20
2 ooos —+- h=120
5 ~a- h=1/40

e~ h=110
—+- h=1720
&= h=1/40

rror 1™ -l

0002

The error [[¢” - ¥ o

The er

£ ooos

0001
0002 0002

o] AE————

500 600 o 100

00 600 o 100 500 600

200 300 400 200 0 400 200 00 400
The ratio of two time steps “The ratio of two time steps © “The ratio of two time steps

Fig.2 The numerical errors for velocity (left), pressure (middle) and the hydraulic head (right) of Algo-
rithm 1 at time #”* = 1. We fix the small time step length Az = 1/1200, with varying mesh size & and the
ratio of two time steps r = As/At
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Fig.3 The numerical errors of Algorithm 1 at time " = 1. We choose the fixed mesh size # = 1/20 and
the small time step length Ar = 1/1200 (left), Ar = 1/729 (middle) and Az = 1/100 (right) with the
varying ratio r = As /At

length Atz. For the left one, we choose At = 1200 and pick the integer ration
r = 1,50, 100, 200, 300, 400, 600, 1200. For the next figure in the middle, we
choose At = 729 and pick r = 1, 3,9, 27, 82, 243, 729. For the last one, we choose
At = 1/100 and pick r = 1,2, 4,5, 10, 20, 25, 50, 100. Figure 3 strongly indicates
that if we want to obtain the smallest numerical errors, we need to pick the ratio r to
be the biggest positive integer we can get: r = 600 for the left figure, r = 243 for the
middle one and r = 50 for the right one. That means we can choose the biggest As
that satisfies At < As < T to minimize the errors. An explanation of this situation
is that the fewer intermediate values we calculate, the smaller accumulative error of
the algorithm.

Next, in order to show the improvement of our decoupled scheme (Algorithm
1), we will compare it with the coupled scheme (Algorithm 2). Table 3 gives the
comparisons of the errors and the central processing unit (CPU) times for these two
schemes. We provide the errors between the numerical solutions and exact solutions
at time "™ = 1, with fixed times step size Az = 1/200 but varying mesh size h =
1/16, 1/64. It is worth mentioning that since the coupled Stokes equation (18) in
Algorithm 1 needs more time to be solved than the Darcy equation (19), the total
computational cost of Algorithm 1 is dominated by the cost of (18). So, whatever the
ratio is, as long as it is on the same grid, the CPU times for Algorithm 1 is almost the
same. So for the decoupled scheme, we pick the largest ratio r = 100 leading to As =
1/2. The numerical results indicate that both the coupled and decoupled schemes own
almost the same accuracy. However, the decoupled scheme with different subdomain
time steps requires less CPU time than the coupled scheme.

Table 3 The comparisons of numerical errors and CPU times at time /" = 1, with the fixed time step
length Ar = 1/200 and As = 1/2

Algorithm h =16 h =64

Iy, —u™lle, 105, —¢"le, CPU uf, —u"lq, ¥, —¢"la, CPU

Coupled scheme  4.398248e—3  4.778007e—3  30.419 2.76648le—4  3.030442e—4  457.483
Decoupled scheme 4.388659¢e—3  4.619500e—3  20.492 2.756915e—4  2.439594e—4  337.470
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7 Conclusion

In this paper, we present a second-order decoupled scheme with different subdomain
time steps for the non-stationary Stokes/Darcy model, which is based on the second-
order spectral deferred correction method in time and the finite element method in
space. We prove that this scheme is stable and owns second-order convergence in
time. Last, numerical experiments are conducted to demonstrate the accuracy and
effectiveness of our decoupled scheme.

Funding This work is supported by the National Natural Science Foundation of China (Grant No.
11971378 & 11571274).
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