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In this paper, an equal-order hybridized discontinuous Galerkin (HDG) method with a small pressure penalty
parameter for the Stokes equations is analyzed. When the pressure penalty parameter y tends to 0 (y > 0),
the velocity approximation tends to be H(div)-conforming and exactly divergence-free, and the velocity error
bound tends to be pressure-robust. However, taking the value of y too small will cause the over-stabilization
of the pressure. Then, we can provide a post-processing procedure to obtain a stable pressure approximation.

1. Introduction

Recently, pressure-robust numerical methods are becoming more
and more popular for the numerical simulations of the incompress-
ible flows, which are often realized by constructing divergence-free
finite element pairs [1-5] or non-divergence-free finite element pairs
with divergence-free reconstruction operators [6-9]. As we see, these
pairs of finite elements are inf-sup stable. The application of inf-
sup stable pairs of finite elements often requires the use of different
order spaces for velocity and pressure. The pairs of equal-order finite
elements for velocity and pressure are often non-inf-sup stable finite
elements pairs. In the equal-order finite element methods, the pressure
stabilization, namely, the pressure-pressure coupling, is needed to
achieve the discrete stability. The introduction of the pressure-pressure
coupling perturbs the continuity equation, which prevents the method
from being pressure-robust. The numerical methods based on equal-
order velocities and pressures have been widely studied and applied to
incompressible flows, such as the pressure stabilization Petrov-Galerkin
(PSPG) method [10], continuous interior penalty (CIP) method [11,12],
local projection stabilization (LPS) method [13,14], equal-order discon-
tinuous Galerkin (DG) methods [15,16]. As far as we know, there may
be not a standard equal-order pressure-robust finite element method in
the literature.

In usual equal-order finite element methods, to alleviate the effect of
small viscosity and large pressure on the velocity error, we often need
to add some stabilization terms, such as grad-div stabilization and mass
flux penalization. However, taking grad-div stabilization parameter too
large will lead to an over-stabilizing effect in conforming finite element
methods [17,18]. For the equal-order DG method, both grad-div stabi-
lization and mass flux penalization are usually adopted simultaneously
by following the idea of [19]. In addition, the DG methods are known to
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be computationally expensive. The worse thing is that the equal-order
DG methods have more degrees of freedom than the mixed-order DG
methods.

In view of the expensive computational cost of the discontinuous
Galerkin (DG) methods, the hybridized discontinuous Galerkin (HDG)
methods have been developed in [20]. The global degrees of freedom
of HDG methods is defined on cell boundaries instead of the interior of
the cells, the number of which is evidently smaller than that of DG
methods, obviating the common criticism of DG methods. The HDG
methods have also been proposed for the velocity—pressure, vorticity—
velocity-pressure and velocity—pressure-gradient formulations of the
Stokes equations [21-24]. The HDG method which we consider in
this paper is for the velocity—pressure formulation of the Stokes equa-
tions. In 2017, stability and error analysis of both equal-order and
mixed-order HDG methods for Stokes equations is presented in [23].
In 2019, a mixed-order embedded-hybridized discontinuous Galerkin
(E-HDG) method is presented and analyzed for the Stokes equations
in [25]. In [25], it is proved that the mixed-order E-HDG and HDG
methods are H(div)-conforming, exactly divergence-free and pressure-
robust. For the equal-order HDG method, the number of the global
degree of freedom defined on cell boundaries is the same as that
of the mixed-order divergence-free HDG method. However, for the
equal-order HDG method, the pressure—pressure coupling prevents the
equal-order HDG method from being pressure-robust. The equal-order
HDG method is not H(div)-conforming, exactly divergence-free and
pressure-robust [23].

In this paper, an equal-order HDG method with a small pressure
penalty parameter for the Stokes equations is analyzed. The stability
and error analysis of the equal-order HDG method with a small pressure
penalty parameter are obtained. As y, the pressure penalty parameter,
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tends to zero, the velocity approximation tends to be H(div)-conforming
and exactly divergence-free, and the velocity error bound tends to be
pressure-robust. As far as we know, it is the first equal-order method,
in which by taking the small value of the pressure penalty parame-
ter, the velocity error bound tends to be pressure-robust. However,
a sufficiently small pressure penalty parameter will lead to the over-
stabilization of the pressure. Furthermore, we provide a post-processing
procedure for the over-stabilized pressure. It is natural to propose
an equal-order embedded-hybridized discontinuous Galerkin (E-HDG)
method for the Stokes equation. For the equal-order E-HDG method,
the facet velocity functions are continuous, so it has fewer degrees
of freedom than the equal-order HDG method on a given mesh. All
the results in this paper hold true verbatim for the equal-order E-HDG
method.

This paper is arranged as follows. In Section 2, we present the Stokes
equations. In Section 3, we present an equal-order HDG method for
the Stokes equations. In Section 4, we give some preliminaries. Energy
estimates and error estimates are provided in Section 5. In Section 6,
we present the post-processing. In Section 7, the analytical results are
supported by some numerical experiments. Finally, conclusions are
drawn in Section 8.

2. Stokes equations

Let 2 c R? be a bounded polygonal domain (d = 2) or polyhedral
domain (d = 3) with Lipschitz boundary d2. We consider the Stokes
equations

—vAu+Vp=f, Q,
V.ou=0, £, (€))
u=0, 092,

where u is the velocity, p the pressure, v > 0 the viscosity, and f the
external body force.
Introduce

X = [Hg(Q)]”’, 0=LY2)={q€ Lz(.Q),/ gdx =0}.

Q
We present the weak formulation of (1): given f € [Lz(.Q)]d, find
(u, p) € (X, Q), such that

a(u, v) + b(v, p) = F(v),
b(u,q) =0,

YveE X,
Vg€ Q,

2
with

a(u,v) = v/ Vu:Vodx, bu,q)= —/ q(V-u)ydx, F(v)= / f-vdx.
Q Q Q
3. An equal-order hybridized discontinuous Galerkin method

In this section, let us recall the equal-order HDG method for the
Stokes equations in [23].

3.1. Notation

Let 7, be a shape-regular simplicial mesh of Q. hy denotes the
diameter of each element K € 7, and mesh size h = maxgcy, hg. Let
F, be the set of all facets and 7 be the mesh skeleton. The boundary of
a cell K is denoted by dK and the outward unit normal vector on dK
is denoted by n.

Consider the following finite element spaces on £ and F, respec-
tively:

v, = {vh e [12@)" : vy e [Pk VK € Th},

0, = {qh € LXQ) : g, € P(K).VK € Th},
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and
v, = {ﬁh e [L2P)" : 5, € [P(F)"¥F €Fy, 6, =00n aQ},
0, = {qh € LX(F) : G, € P(F).VF e Fh},

where the space of polynomials of degree / > 0, on a domain M, is
denoted by P;(M). Introduce the spaces V,* =V, x V,, OF = Q;, X O
and Xy = V¥ x Oy. Function pairs in V,* and Q} will be denoted by
boldface, e.g., v, = (v,,,0) € Vh* and q;, = (q;,.45) € QZ.

3.2. Weak formulation

The equal-order HDG formulation of (2) is given by: for f €
[LZ(Q)]d, find (uy, p,) € X} satisfying

ap(up, vp) + by(Pyovp) = ) /f’”hdx’ Vv, €V,
K

KeT,, 3)

by(@p, up) — cp(Pp-qp) =0, vq, € 0},
where
ap(u,v) = Z vVu : Vodx + 2 ﬂ(u—ﬁ)v(u—f))ds

KeTy, K KeTy, oK hK

- Z/ [vu =) - 9,0+ vd,u - (v - D)|ds,

KeT), oK
bupv) ==Y /pV-de+ Z/ v - npds,

KeT, /K KeT, oK
Mu®=2:/yM@—Wwﬁm.

KeT), oK

Notice that # is the velocity penalty parameter, and y = an the pressure
penalty parameter. In order to ensure the existence and uniqueness of
the method, # should be sufficiently large and y > 0 (if y is set to zero,
the method is unstable, see [23]).

Remark 1. Here, we present a unified formulation of the equal-
order embedded, hybridized, and embedded-hybridized discontinuous
Galerkin methods: for f € [LZ(Q)]d, find (u,, py) € X} satisfying (3)
where X ¥ is given by

X; =7 %0}
(Vi X Vi) X (@1 X Qy),

=1V x (Van C* (7)) x (04 X 0y)
(Vax (V0 CO(F))) x Q) x (0, N CO(F))),

equal-order HDG method,
equal-order E-HDG method,
equal-order EDG method.

4. Preliminaries

For scalar-valued functions p and ¢, define the inner-product (p, ¢),,
= [, padx on a domain M with norm ||plly; = +/(p.p)pr- The L

norm on £ is denoted by |p|| = P, The inner product in

L?() is denoted by (-, -). For vector-valued functions and tensor-valued
. .. . . def
functions, they are similarly defined. The standard notation H"(Q) =

W™2(Q). The norm of H"(R) is denoted by || - ||,,- The trace operator
tr 1 H(Q) - H*/2(F) (s > 1) is introduced to restrict functions in
H*(2)to F. Let F,, = F;UFp, where F; and F are the subset of interior
facets and boundary facets, respectively. Define the jump [-] operator
across the interior facets F = 0K~ NnoK* € F; by [¢] = ¢t — ¢~, where
¢* denote the trace of ¢ from the interior of K*. For the boundary
facets F € Fp, let [¢] = ¢.

Introduce the broken Sobolev space H" (7;,) = {w € L%(2) : wlg €
H™K),YK € T,,} with m > 0. Define the broken divergence V-
[H! (7,)]" - L2(2) by

(Vi w)| =V (wlk).VK €T},

and similarly define the broken gradient.
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Introduce the following extended function spaces
V() =V, + [H @] n [H2@]", 0 = 0, + L2(@)n H'(),

1/2(F).

2 O(h) =0, + H,

_ _ d
V(h)y=V, + [HO )],
5 o'~ (F) stand for the trace spaces of [H (.Q)]d N
[H2()]" and L2(Q) n H'() on F, respectively. Set V*(h) = V(h) X
V(h), O*(h) = O(h) x Q(h) and X*(h) = V*(h) X Q*(h).

Define the following norms on V*(h), Q*(h) and X*(h), respec-

d
Here, [H3/2 (F)] and H'/?

tively:
2 2 —115 2
el =Y IVollk + Y nhhllo - ol
KeT, KeT,
hg . @
2 _ 2 K [2)
el = el + Y, — 15 ok

KET,
2 _ a2 2
llgll, = Nl + Iql,,

2 2 2 =112
gl = Nlal” + Iql, + >, hx a3
KeT,

and
2 2, -1 2
@, i, , = vilell; + v liqll,.
2 2 -1 2
i@, ol = vilell, + v~ liqll,

v,

2 — .
where |q|p = ZKET,, a,,hKllq—qll(z,K, and || - |l and || - [l are equivalent
on V., namely,

4

with ¢ > 0 independent of A, see [23, Eq.(28)]. The following discrete
Poincaré inequality will be used [26, Eq.(13)]: there is a positive
constant C, independent of 4, such that

loall, < Mvally < cllopll,,

(5)

loall < Cyllwpll,, Vo, € V.

Define the following semi-norm

2 1 / 2
v, |7 = — v,] - n ds, Vv, €V,
| h|nj Fg;(h hF F (II hﬂ F) h h

where hr denotes the diameter of each facet F € F,.
Next, we recall the stability and boundedness of the bilinear forms
ay, b, and ¢, in [23].

Lemma 1 ([23, Lemmas 4.2 and 4.3] Coercivity and Boundedness of
ay). For sufficiently large , there exist constants C¢ > 0 and C? > 0,
independent of h and v, such that for all v, € V,* and u € V*(h)

ap(Wy, vy) > vC:||vyll2 and |ayw,vp)| < vClHlullyllwll,.  (6)
Lemma 2 (Boundedness of b;,). There exists a constant le > 0, independent

of h, such that for all v € V*(h) and q € Q*(h)

|ba(a. )] < CPliwll, gl @
Proof. The proof of this lemma was provided in the proof of Lemma
4.8in [23]. O

Lemma 3 ([23, Lemma 4.4] Stability of b,). There exists a constant B, >0,
independent of h, such that for dll q, € O}

by, (qp. wy)

Bollanll < sup =

hEV)

+|‘Ih|p~

Lemma 4 ([23, Lemma 4.7] Discrete Inf-sup Stability). For sufficiently
large n, there exists a constant ¢ > 0, independent of h and v, such that for
all (v;.q,) € X}

oll@. all,, < sup

(wprn)eXy
% ap(Up, wp) + by(qp, wpy) = by(ry, v,) + cp(qp,ry)
@l '

(8
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Remark 2. We notice that if V, is replaced by a smaller facet velocity
space V¢,

Vi ={oe[LPP)": oy [PP) . VF €Ty 5, =00n 02
nc’ (),

Lemmas 3 and 4 still hold true. Their proofs are the same as that of
Lemma 4.4 and Lemma 4.7 in [23], respectively.

Finally, we have the following consistency result.

Lemma 5 ([23, Lemma 4.1] Consistency). Let (u,p) € ([H&(.Q)]d n
[HZ(Q)]d) X (L%(Q) N H'(Q)) solves the Stokes problem (1), and u =
(u,tr(w)) and p = (p, tr(p)), then

a,(u,vy) + b(p, vy) — by(qp.u) + ¢, (p.qy) = (f, Uh)rha V(. q,) € X\
(C)]

Remark 3. For the equal-order E-HDG and EDG methods, Lemmas 1,
2 and 5 still hold true, because the corresponding spaces in the two
methods are subspaces of that in the equal-order HDG method. And,
Lemmas 3 and 4 also hold true, by following the proofs of Lemma 4.4
and Lemma 4.7 in [23], respectively.

5. Energy estimates and error estimates

In this section, we present energy estimates and error estimates for
the equal-order HDG method with a small pressure penalty parameter.

5.1. Energy estimates

The well-posedness of the equal-order HDG method follows the
discrete inf-sup stability (8). The energy estimates of the solution
are given in the following theorem. Here, we provide the sharp en-
ergy estimates by introducing the Helmholtz-Hodge decomposition,
see [27, Theorem 3.168]: for every vector field g € [L?*(2)], there exist
a divergence-free vector field g, € H((div,2) = {v € H(div,2) : V-v =
0, v-n=0on dR} and a scalar function ¢ € H'(2)/R with g = g, + V¢
and (g, V@) = 0. The decomposition is unique. The function g, = Pyg
is called the Helmholtz-Hodge projector of g.

Theorem 1. Let f € [L*(2)]Y and assume that n > 0 is sufficiently
large. Then, the solution (uj,, p;) € X}, to (3) satisfies the following energy
estimates:

Ny ll, < C,(vCO Py f1 + Cr v 2| Wy,
V5 - upll < CrV2v 2Py £+ CrIVY L
lunly < Cr'/2v ' 2Py 1+ CrIVYILL
llpsll, < Coo™ 1111l

with Py f the Helmholtz—Hodge projector of f and Vy = f — Py f with
v € HY(Q)/R.

(10

Proof. Taking q, = (V,, - u;,,0) and g, = (0, §,,) in the second equation
of (3), respectively, we have

0=- Z / (V) - up)’dx + Z/ Yh(Bp = Pp)Vy - upds, 1D
T Jk < Jok

and

[up]l - nlp = vhg+ By — P} + vhg-(B — p,)s  YF €Fy, 12)

lun] - nlp = vhy (Bn = pa) » VF € Fp.

For (11), we apply Cauchy-Schwarz inequality and the discrete trace
inequality to obtain

IV - upll < Cy'/2v=12 |y, (13)
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By applying (12), the triangle inequality and shape regularity of mesh,
we have

2 1 2 - 2
|uh|nj = FZF E |||Iuh]] : nF“LZ(F) <Cyv ! |ph|p‘
€Fn

(14

Taking v, = u,,q, = p; in (3), together with the coercivity of g, in (6),
Cauchy-Schwarz inequality, the discrete Poincaré inequality (5), (13)
and (14) leads to
_ 2
VCS g I+ v |pal,
< (PHf’”h)Th +(f- PHf’”h)Th
<GPyl 3 [ wVimaxs 3 [ yunas
KeT), K KeT, oK
S ClIPy S IMNupll, + CIHVy, - ugllliwll

+Cluply O Ayl + Ay Vw32
KeT),

< GlIPy flllugll, + CAIV, - upll + [y | DUV
< Gl Py fIlllugll, + v |py |, v VI,

where we use the well-known inequality ||w| < C|Vw|,Yw €

H'(Q)/R. We apply Young’s inequality to the right-hand side of (15)
to obtain

llupll, < C,(C Py f1 +Cr 2V 2| Yy,
|pul, < ClIPy fIl+ Cy' /2 2 V.

(15)

(16)

Thus, we insert the pressure estimate in (16), into (13) and (14) to

obtain
IV, - wpll < CYY20= 12| Py £+ CrIIV L a”
luploy < Cr' 2V 2Py £l + CHIIVY L

By the discrete inf-sup stability (8) and the discrete Poincaré in-
equality (5),

(favh)r 1
sup L < CVT ISl

1
v 2 lpyll, < @y, Py, < <
' " wpanex: 1@ all,,

O

Finally, by collecting the above estimates, we can finish the proof.
5.2. Error estimates

Now, we give the error estimates for the velocity and the pressure.
Introduce the following approximation and discretization errors for the
velocity and the pressure, respectively, as follows:

e, =iy —Iyu,

(18)

&, =u—TIgpmt, €, =u,—Igpyu, &, =tr@w)—TIyu,

where Ippy ¢ [H I(Q)]d — V,, is the usual BDM interpolation operator
of order k in [28, Lemma 7] and I, is L? -projection operator onto V},,

& =p—TIgp. e,=p,—Iop. & =tr(p)—Ipp, &,=p,—Iop

(19)
with 7, and fQ the L? -projection operators onto Q, and Q,, respec-
tively, and
&, =pn— Lszp.

(20)

& =p=Iszp. ¢, =py—Iszp. & =tr(p)=TIszp,

with Iy, the continuous Scott-Zhang interpolant [29], and ZIg,p =
ISZP|F € Qh' Set gu = (éu’gu)’ e, = (ewe_u): 51; = ('fpvép)’ ep = (el,,e‘p),
£ =(€.8) and ¢ = (c). ).

Theorem 2. Let (u,p) € [H"“(Q)]d x H**1(Q) and (u,,p,) be the
solutions to (2) and (3), respectively. Set u = (u,tr(u)) and p = (p,tr(p)).
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Then, the following error estimates hold true:
k 13 ket
Mt = wpllyy < CCFlull ey + 72V 2 A 1Dl 1),
P = pull, < C[vo™ K llulls + @ + DA lpllss ]

with C > 0 independent of h, ¢, y and v.

2D

Remark 4. Based on the proof of Section 5 in [23], the pressure term

in the velocity estimate can be scaled by v~ 2, whereas we obtain an
1

improved velocity estimate scaled by y%v_2 in (21) due to a small

pressure penalty parameter.

Proof. By subtracting (3) from (9), we have the following error
equation

ay(u —uy, vp) + by(p — o vy) — by (Gt — up) + ¢ (P — Ppoqy) =0, 22)
Y(v,,qp) € X;:.

We split the above error equation as

ap(e,,vy) + byle,, vy) — by(qy. e,) + cile,, q,) 23)

= (8> V) + by (8o 04) = bp(gp- &) + (8. qp)-

Taking v, = e,,q, = e, in (23) and using the coercivity of a, in (6)
lead to

vCillelI? + v e, I} < ap(&,se,) + bu(€pe,) = byley. &) + cn(Epuey).
@24
Noting that ¢, is H(div)-conforming and exactly divergence-free, &, =

p—1Iopand &, = tr(p) — Ipp, we have
e,V - &, dx + Z

bp(ey, &) = = Z/ / &, -né,ds =0,
KeT, /K KeT, 7 K

by(&,.e,) =~ Z /ﬁpvh-e“dx+ Z/ e, - nE,ds =0.
KeT, /K KeT, /9K

Thanks to the boundedness of a,, in (6), Cauchy-Schwarz inequality and
Young’s inequality,

(25)

b 2, 1 2
ap(&y.e,) < VCNE el < CvIlE, + Ecgvllleu"lv!

: ! (26)
. 1, 2 “11¢ 12

enEpe) <Vl 181, < v ey 2+ 2y g, 2

Then the combination of (24)-(26) admits

1 2,1l 2 2 .1 1.2

5C§VIIIeuIIIU +5v le, I, < vClE.Il, + 5V 1551, 27)

By the interpolation estimates of the BDM interpolation operator
and the L? -projection operators, we have

2 2k 2 2 2k+2 2
&M < Ch¥llulliy,. 1€,15 < Ca,h™ P ipll,,-
2 + P +

(28)

For the first inequality of (28), the detailed proof is provided in [25,
Lemma 9]. Combining (27) and (28) yields

le,II? < CH*[lul,, + Crv= B+ |jp2, . (29)
Then,

11
llw = upll,y < CA llullepr + Cr2v™ 2 R4 ipllpys (30)

which follows from the triangle inequality, (29), the equivalence of
-1, and I - I, on Vh* and the first inequality of (28).
Next, we split the error Eq. (22) with (18) and (20) to obtain

ap(e,, vy) + bh(C;, vp) = by(qp.e,) + Ch(e;,s qp)
=ap(§,.vp) + bh(-f;,s vp) = by(qp. &) + ch(g;}’ qp);

By the discrete inf-sup stability (8), (31), and noting that ch(g;, q,) =0
and by,(q;.&,) =0,

(31)

ap(€yvp) + by(E),vp)

sup
M@ anll,,,

(vnan)eX;
b 1/2 b, ~1/2
< CVIEN s + oy 2IE -

1
ov 2lle,ll <olite el <
P%p w=p7 My, (32)
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By the triangle inequality and (32), we get
~1 b b _—1
llp = pull, < ve™ ClIE My + Cpo |||-’§;,IIIP, + ||Ié‘,',|||p-

Finally, we have

P = pall, < C[vo™ Mllullgs + @™ + DA il .

which follows from the first inequality of (28) and the interpolation
estimate of the Scott-Zhang interpolation operator. []

From Theorem 2, we can conclude that when the pressure penalty
parameter y is equal to v, the velocity error bound is independent of
the negative power of viscosity. When y tends to 0, the velocity error
bound tends to be pressure-robust. In addition, we also notice that the
convergence rate of the pressure is k + 1 when v < Ch, so the equal-
order method is beneficial in terms of accuracy and convergence rate
for the pressure. For the velocity error in the L?-norm, we refer readers
to Appendix.

Remark 5. Here, we will comment on whether the current analysis
still works for the equal-order E-HDG and EDG methods. For the equal-
order E-HDG method, all the results of the section hold verbatim by
following the above proofs. For the equal-order EDG method, from the
proof of Theorem 1, we can notice that ||V, - u,|| tends to 0 as y — 0.
However, |uy| n does not tend to 0 as y — 0, because (12) is not true.
And, the velocity error bound does not tend to be pressure-robust as
y — 0, because the second equation of (25) is not true.

6. Post-processing

In this section, we present a Stokes-based post-processing. Notice
that from Theorem 2, the dependence of 6~! in the pressure error bound
indicates that when we take the value of y too small, it may lead to the
risk of over-stabilization of the pressure, because y — 0, then ¢ — 0 (see
Lemma 4.7 in [23]). Then, the post-processing can be used to avoid the
over-stabilization of the pressure.

Consider the following finite element spaces on the 7:

Vi ={one[’@)]": 5, e [P VF T, 5, =00n 00}

nclm),
0 = {qh e L*(F): g, € P(F),VF e Fh} ncl ).

Notice that V¢ is piecewise continuous P, polynomials on ¥, and O,
piecewise continuous P, polynomials on 7. Set the following spaces
V¢ =V, x 128 0, =0, x Q5 and X;C =V x0pe.

The post-processing is given by: for p,, the pressure solution of the
equal-order HDG or E-HDG method with a sufficiently small pressure
penalty parameter, find (u};, p;) € X satisfying

a, (W), vp) + by(p), vy) = by(pp.vy), Vv, € V),
bu(qp, uZ) - C;,(PZ, q,) =0, Vg, € QZC,
with a mild pressure penalty parameter y, in the term ¢, say y, = 1 with

a, = v. Notice that we devise the post-processing to get a better pressure

approximation p¥, and the velocity u} is only an auxiliary variable.

(33)

Remark 6. In the implementation, b,(p,, v,) is replaced by (f, Uh)Th -
ay(uy,, vy,), because by, (py.vy) = (f, ”h)r,, — ay(uy, vy), for Vv, € V*°.
Next, consider the following Stokes problem
WX +Vp* =Vp, in Q,
V.u*=0, in Q, (34)
u* =0, on 09.

It is obvious that u* =0, p* = p.
We give a corresponding consistent form

a,W*,v,) +b,(p*,vp) = by(p,vy), Vv, €V,

(35)
by(gp.u*) — cp(p*. q,) =0, Vg, € QZC~
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Introduce

EX = u* — Tppyu™, e = u;: — Igpmi™, E: =tr(u*) — Z_f,u*,

e =y - Iyu,

& =p = Igp*, ey =py —Igp*, & = tu(p®) —Ip*,

& =5~ Ty

where I¢ and I_é are the L? -projection operators onto V¢ and Q,
respectively. Set &y = (&F,&) = (0,0), e} = (e}, &}), & = (&7,&%) and
e; = (e:,é;).

Theorem 3. There is a unique solution (u;: pZ) € X to (33), the
pressure solution of which satisfies the following stability estimate and error
estimate:

—1,.cb

o,  cC’C,
P}, < Cpo, 71+ ==L 1 Py £ 1l 4+ Co, ™' 72V 2Vl
a
1

o= p}ll, < C[th||u||k+1 + 027+ DRl |

with C > 0 a constant independent of h, y and v, and o, in (36), Py f the
Helmbholtz-Hodge projector of f and Vy = f — Py f with w € H'(2)/R.

Remark 7. Comparing the stability and error estimates of the pressure
in Theorems 1 and 2, the estimates of the post-processed pressure in
Theorem 3 have no dependence on the value of 6~.

Proof. By Remark 2, there is a constant ¢, > 0 independent of » and
v such that for V(vy,,q,) € X

ooll@ps all, S( su)p .
wp.ry eth

% ap(Vp, wp) + by(qp, wy) = by(ry, v,) + cp(qp.ry)
@l '

(36)

The well-posedness of (33) follows using this discrete inf-sup stability.
By (33) and b,,(py.vy) = (f, U7, = ap(Up, vpy), Vo, € Vh*‘, we have
ay(uy, vy) + by(pjs, vy) — by(gp,uy) + ey (P} ) = (f Uh)rh = ap(uy, ).

37

Using the discrete inf-sup stability (36), Cauchy-Schwarz inequality,
the discrete Poincaré inequality (5), the boundedness of a4, in (6) and
(4) yields

(f,vh)Th —ay(uy,vy)

1
ol ppll,, < sup <SGV RIf

namexze M@ apll,,
b L
+eChV2 fluyl,,

Then, the stability estimate follows from the energy estimate (16) of
the velocity.
By (35) and b,,(p,v;,) = (f. vy, = a4, vy), Vo, € Vh*c, we have

ap(@*, vp)+by,(p*, 0y) = b(qy, W)+, (P*. q1) = (f . vy)7, —an(@,vy). (39)
Subtracting (37) from (39) leads to
ap(er,vy) + bh(el’;, vp) = bp(qy.€)) + ch(e;, qp) (40)
= ay(&y. vp) + D&y vn) = by(@n. &) + cn(&) . qp) + ap(u — ).

We notice ah(f:’ vy) = by(q,. &) =0 with 5,’: = (0,0). Then we use the
discrete inf-sup stability (36) and (40), yielding

ap(u—up,v,) + bh(é;v vp) + Ch(é;(v qp)

o,litel.enll < sup
omu " Top (on-an)ex l@r, g,

(4D
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We use the boundedness of g, in (6), the boundedness of b, (7) and
Cauchy-Schwarz inequality to obtain

b
ap(u —uy,vp) S VCllu —uylly o,

ba(&), ) < Cllwall, NS m, (42)
en(&y.ap) < v |‘Ih|,,|'f;|p-
By inserting (42) into (41),
ey epll, , < Cv 2 lu—uyll,s +Cv2IER - “43)
Using the triangle inequality and (43), we have
* * * * * * * *
@™ —wy.p™ = pp)ll,,, < W& EDN, , + ey D, ”

1/2 -1/2
<OV P lu—uyll, + OGN -

Then, the pressure error estimate follows from (44), the interpolation
estimates of the L? -projection operators and the velocity error bound
2n. Od

Remark 8. When we take the value of y too small, we will comment
on the post-processing in solving the Navier-Stokes equations. For the
steady Navier—Stokes problem, it only need a post-processing for the
pressure solution after the Picard iterations. For the time-dependent
Navier-Stokes problem, when we only need the pressure solution at
the final time, in fact, we also only need to do a post-processing for
the pressure solution at the final time. When we need to compute the
discrete error of the pressure in the L?(0,; L>(£2)) norm, we have to do
a post-processing for every time step, which is indeed very expensive. In
the numerical simulation of incompressible flows, the velocity solution
is often the most important variable which we care about. Thus when
we do not care about the pressure solution, we do not need to do a
post-processing for the pressure.

7. Numerical examples

In this section, some numerical experiments are presented to sup-
port our analytical results. Numerical examples have been run on
the high order finite element library NGSolve [30]. In all numerical
examples, the velocity penalty parameter 7 is chosen to be 102, and the
regular triangulations with diagonals (from bottom right to top left),
with the same number of subdivisions on each coordinate direction,
are used.

7.1. No-flow problem

In this numerical example, we test the equal-order HDG and E-
HDG methods with small pressure penalty parameters. We consider the
No-flow problem where the exact solution for the Stokes equations is
u=(0,0), p=R()* = »?/2+ y—7/12) in the unit square 2 = (0,1)? [9].
The right-hand side f = (0,R (1 -y +3y?)) and R = 100.

Set v = 10~ and the polynomial order k = 2. We use the mesh with
N = 10 subdivisions in each coordinate direction. It can be observed
in Table 1 that the velocity errors for the equal-order HDG and E-HDG
methods tend to be pressure-robust, and ||V, - u,|| and |“h|nj tend to
0 as y — 0. For the equal-order EDG method, it does not tend to be
pressure-robust, and |“h|nj does not tend to 0 as y — 0.

7.2. The numerical performance of post-processing

In this subsection, we consider the numerical performances of the
post-processing for the equal-order HDG method. We take the analytical
solution (u, p) of the Stokes equations on the two-dimensional square
domain @ = (0, 1)?, as follows:

u=curl(y), p=x>+y —1/3, (45)
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Table 1
The numerical performances of equal-order HDG, E-HDG, and EDG methods with small
pressure penalty parameter.

Y [lu = ull IV, —up)ll lp = pall IV, - upll |"h}.,i
Equal-order HDG
1.00e+00 3.18e-05 2.66e—03 2.60e-04 2.85e-03 6.88e-04
1.00e-01 3.19e-06 2.66e—04 2.60e-04 2.86e-04 6.91e-05
1.00e-02 3.19e-07 2.66e-05 2.60e-04 2.86e-05 6.91e-06
1.00e-03 3.19e-08 2.66e—06 2.60e-04 2.86e-06 6.91e-07
1.00e-04 3.19e-09 2.66e—07 2.60e-04 2.86e-07 6.91e-08
Equal-order E-HDG
1.00e+00 3.48e-05 2.65e-03 2.60e-04 2.85e-03 6.88e—-04
1.00e-01 3.48e-06 2.65e-04 2.60e-04 2.86e-04 6.91e-05
1.00e—-02 3.49e-07 2.65e—-05 2.60e—-04 2.86e—-05 6.91e-06
1.00e-03 3.49e-08 2.65e—06 2.60e-04 2.86e-06 6.91e-07
1.00e-04 3.49e-09 2.65e-07 2.60e-04 2.86e-07 6.91e-08
Equal-order EDG
1.00e+00 3.90e-03 2.83e-01 3.28e-04 4.62e-03 1.81e-01
1.00e-01 3.86e-03 2.81e-01 3.28e-04 4.62e-04 1.81e-01
1.00e—-02 3.85e-03 2.81e-01 3.28e-04 4.62e—-05 1.81e-01
1.00e-03 3.85e-03 2.81e-01 3.28e-04 4.62e-06 1.81e-01
1.00e-04 3.85e-03 2.81e-01 3.28e-04 4.62e-07 1.81e-01
Table 2

The numerical performance of the equal-order HDG method with the post-processing,
with different parameters y, and ‘X’ represents no post-processing.

Y lu=upll  WV@=udll Mp=pull Mo =pill WV, upll  Juply

1.00e+02 1.02e—-06 6.61e—05 2.89e-08 x 5.91e-05 2.61le-06
1.00e+01 3.33e-07 2.09e-05 2.48e-08 x 8.02e-06 6.16e-07
1.00e+00 3.21e-07 1.98e-05 2.45e-08 x 8.46e—07 7.09e-08
1.00e-01 3.22e—07 1.99e-05 2.45e-08 x 8.51e-08 7.20e—09
1.00e-02 3.23e-07 1.99e-05 2.45e-08 x 8.52e-09 7.21e-10
1.00e-03 3.23e-07 1.99e-05 2.45e-08 x 8.52e-10 7.2le-11
1.00e—-04 3.23e—07 1.99e-05 2.45e-08 X 8.52e-11 7.21e-12
1.00e-05 3.23e-07 1.99e-05 2.45e-08 x 8.52e-12 7.21e-13
1.00e-06 3.23e-07 1.99e-05 2.45e-08 x 8.69e-13 7.60e-14
1.00e-07 3.23e-07 1.99e-05 2.50e-08 x 1.79e-13 2.26e-14
1.00e-08 3.23e—07 1.99e-05 5.88e—08 3.08e—-08 1.6le-13 1.94e-14
1.00e-09 3.23e-07 1.99e-05 5.34e-07 3.08e-08 1.54e-13 1.86e-14
1.00e-10 3.23e-07 1.99e-05 5.34e-06 3.08e-08 9.07e-14 2.43e-14
1.00e-11 3.23e—07 1.99e-05 5.34e—05 3.08e-08 1.66e—13 2.59e-14
1.00e-12 3.23e-07 1.99e-05 5.34e-04 3.08e-08 1.56e-13 2.21e-14
1.00e-13 3.23e-07 1.99e-05 5.34e-03 3.08e-08 1.39e-13 2.08e-14
1.00e-14 3.23e—07 1.99e-05 5.34e—02 3.08e—-08 3.74e-13 2.37e-14

where y = x2(x — 1)2y2(y — 1)2, see [25, Subsection 4.2]. Here, we take
v = 107*. The right-hand side f and the Dirichlet boundary condition
are derived from the exact solution.

Use the mesh with N = 10 subdivisions in each coordinate direction
and the polynomial order k = 4. Here, for smooth solutions, it is prefer-
able to use higher-order finite elements with the post-processing. From
Table 2, we can observe that for the equal-order HDG method, a suffi-
ciently small pressure penalty parameter y cause the over-stabilization
of the pressure (when y is less than 1078). After the post-processing,
we get a stable and accurate pressure approximation. Then, by taking
y = 107!, we test the convergence rates of the equal-order HDG method
with the post-processing, with different viscosity v. The meshes with
N = 5,10,20 and 40 subdivisions in each coordinate direction are
used. It can be observed in Table 3 that the errors in the velocity
for the equal-order HDG method with the post-processing are indeed
independent of viscosity, as expected from Theorem 2. Optimal rates of
convergence are observed for v = 1 and v = 1075, respectively. We also
notice that the convergence rate of the pressure is 5 for small viscosity
v =107, as expected from the pressure estimate in Theorem 3.

In addition, the equal-order E-HDG method with the post-processing
also have similar numerical performance(for brevity not shown here).
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Table 3
The equal-order HDG method with the post-processing, y = 10~'!, polynomial order
k=4.

N [l = upl Rate IV =)l Rate llp=pyll Rate
v=1

5 3.39e-06 1.32e-04 1.55e-04

10 1.05e-07 5.0 8.06e—06 4.0 8.93e-06 4.1
20 3.20e-09 5.0 4.91e-07 4.0 5.02e-07 4.2
40 9.83e-11 5.0 3.01e-08 4.0 2.89e-08 4.1
v=10"°

5 3.39e-06 1.32e-04 3.25e-07

10 1.05e-07 5.0 8.06e-06 4.0 9.81e-09 5.1
20 3.20e-09 5.0 4.91e-07 4.0 3.03e-10 5.0
40 1.08e-10 4.9 3.01e-08 4.0 9.45e-12 5.0

8. Conclusions

In this paper, we analyze an equal-order HDG method with a small
pressure penalty parameter for the Stokes equations. When the pressure
penalty parameter y tends to 0, the velocity approximation tends to
be H(div)-conforming and exactly divergence-free, and the velocity
error tends to be pressure-robust. To avoid that a sufficiently small
pressure penalty parameter cause the over-stabilization of the pressure,
we provide a post-processing procedure.
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Appendix. Velocity error in the L2-norm

Firstly, we consider the following Stokes problem:

—-wW2y+Vi=g, inQ,
V.y=0, inQ, (A1)
¥ =0, on 012.

The solution (y, 4) to (A.1) has the following regularity assumption [31,
Assumption A7]:

Wlizlly + 114l < Cllgll.-

Introducing the following approximation errors

(A.2)

& =u(n-TIyx,
& =tr(A) —Tg 4,

where T, 4 is the continuous Scott-Zhang interpolant [29] and I3, A =
ISZ/1|F € Qh- Set 51 = (61,51) and &= (6155,1)

&, =x—Ippmas
& =A-Isz4

Theorem 4. Under the settings of Theorem 2, we have
1 _1
ll = up]| < CAF lulligr + 7272 pllgs), (A3)

with C > 0 independent of h, y and v.

Proof. Firstly, taking g = u —u,, in (A.1), it is easy to obtain
ap(u —up, G tr(GO)) + bp(p = P 1) + by (4, tr(A)), u — uy)
— ¢y (P = pp. (4,11 (2)

= Z /(u—uh)~(—vV2)(+Vﬂ)dx=||u—uh||2.
K

KeT,

(A4

In addition, we have the following error equation

a;(u—up, vp) + b(p = pp.vy) + by (qy.u — up) — ¢y (p— pp.q) =0.
(A.5)
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We subtract (A.5) from (A.4) and take v, = (ZBDM;(,I_V;() and g, =
(Igz4,Ig,4) to obtain

[|ue - “h”2 =ayw—uy, &)+ by(p—pp. &)+ (& u—uy)
=P —Pp-&2) (A.6)
=T\ + T+ T3 + T,
Now, we estimate each term in (A.6). By the boundedness of g, the

first inequality of (28) and the regularity condition (A.2),
Ty < Cvllu—upll NEM, < Cvhallu—upllyllxlla
< C\Vhllu = uylly [lu =y,

where for the first inequality, we use the boundedness of a, on the
extended space V*(h) in [25, Lemma 10]. Noticing that 7, = 0. For
T;, we use the boundedness of b, (7), the continuous Scott-Zhang
interpolant estimate, and the regularity condition (A.2) to obtain

b
Ty < Cyllu = upll MMy < Chlllw —uyll, N4l < Chllu — upll,llu = upl.

For Ty, noting 5,4 = IgA|, we have T, = 0. We collect the error
bounds of the right-hand side of (A.6), and divide both sides of (A.6)
by |lu — uy||. Then, we have

[l = up|| < Chllu —upll, .

This completes the proof. []
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