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1. Introduction

In this paper, we focus on pressure-robust and semi-robust analysis of H(div)-conforming DG method for the time-
dependent incompressible Navier-Stokes equations. Pressure-robust means that the error estimate of kinetic energy
and dissipated energy is independent of the pressure. Most classical methods relax divergence constraint by discretely
enforcing the divergence constraint. Such relaxation of the divergence constraint can lead to a pressure-dependent velocity
error, which can contaminate the computed velocity [1]. The error bound of kinetic energy and dissipated energy where
the constants are independent of the Reynolds number Re (or v=') [2], is called ‘Re-semi-robust’. It is very important
for the simulation of the high Reynolds number flows. For the sake of brevity, we use the term ‘semi-robust’ instead of
‘Re-semi-robust’.

For pressure-robust and semi-robust analysis, some work has been done recently. Using continuous interior penalty
(CIP) finite element method, the L°°(L?) (short for L°(0, T; L?(£2))) error of the velocity is quasi-optimal in the case of
v < Ch [3]. For local projection stabilization (LPS) method, with inf-sup stable finite elements, the L>°(L?) error of the
velocity is suboptimal [4]. Using continuous equal-order finite elements for the velocity and the pressure, local projection
stabilization methods corresponding to different stabilization terms have been analyzed. For one of the methods, it is
proved that the L>°(L?) error of the velocity is quasi-optimal convergent in the case of v < Ch [5]. They are semi-robust,
rather than pressure-robust [3-5]. For pressure-robust isogeometric finite element method, the L°°(L?) error of the velocity
which is optimal, is not semi-robust [6]. For exactly divergence-free and H'-conforming finite element methods, it is
pressure-robust and semi-robust, however, the corresponding convergence rate is suboptimal [7].

In this paper, we consider H(div)-conforming DG method with upwind scheme for the time-dependent incompressible
Navier-Stokes equations. H(div)-conforming DG method provides an exactly divergence-free velocity, which of course is
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also pressure-robust, and an opportunity to stabilize the high Reynolds number flows, since an upwind stabilization term
is employed [8]. And, the fact that less stability is required allows discretizations to achieve minimization of numerical
dissipation. At present, it has successfully simulated some high Reynolds number flows [9-12]. We particularly emphasize
numerical analysis of H(div)-conforming DG method for incompressible flows. H(div)-conforming DG methods using the
central flux have been analyzed for the incompressible Euler equations. However, numerical experiments suggest that
the analysis is not sharp for the upwind flux [13]. H(div)-conforming DG methods for the incompressible Oseen and
Navier-Stokes equations is presented in [9,14]. The L>°(L?) error of the velocity is pressure-robust and semi-robust, but
it is suboptimal.

The objective of this paper is to conduct detailed numerical analysis of H(div)-conforming DG method for the semi-
discrete time-dependent Navier-Stokes equations. Firstly, we prove the optimal convergence rate of the velocity by means
of the Stokes projection. The velocity error is pressure-robust, but is not semi-robust. Secondly, we focus on pressure-
robust and semi-robust velocity error analysis at high Reynolds number. For the scalar convection-diffusion problem,
a specific technique can be applied to the convection terms, allowing additional rate 1/2 when the viscosity is small
enough [15]. It has been an open problem whether the similar technique can be used for H(div)-conforming FEM for the
Navier-Stokes equations [14]. In this paper, by introducing the Raviart-Thomas interpolation operator, we applied the
similar technique to the convection terms and obtained the quasi-optimal convergence rate for the L>°(L?) error bound of
the velocity, in which the constants are not explicitly dependent on v~!. Thus, the velocity error has the same convergence
rate as the CIP method [3].

The structure of the article is as follows: In Section 2, the weak form of the Navier-Stokes equations is presented.
In Section 3, we introduce H(div)-conforming and inf-sup stable FEM for the time-dependent Navier-Stokes problem.
Then, in Section 4, the optimal convergence rate of the velocity error is proved by means of the Stokes projection. In
Section 5, by introducing the Raviart-Thomas interpolation operator, we prove that when the condition v < Ch is satisfied,
the convergence rate of the velocity error which is pressure-robust and semi-robust, is quasi-optimal. Finally, Section 6
presents numerical experiments to verify our theoretical results. We end in Section 7 with some concluding remarks.

2. Navier-Stokes equations

Throughout the paper, for D € R¢, d € {2, 3}, we use the Sobolev spaces W™P(D) for scalar-valued functions with
associated norms ||-[|ymp(p, and seminorms |-|yympp, for m > 0 and p > 1. In the case m = 0, WOP(D) = IP(D), and when
p = 2, W™2(D) = H™(D). Spaces for vector- and tensor-valued functions are indicated with bold letters. In addition, for
the Bochner space I[P(0, T; Y)(1 < p < 00), where Y is a Banach space, the abbreviation L[P(Y) = [P(0, T; Y) is frequently
used.

We consider the following time-dependent incompressible Navier-Stokes equations

ou—vAu+(u-Viu+Vp=f (0, T] x £2,
V-u=0 (0,T] x £2,
(2.1)
u=0 (0,T] x 92,
u(0, X) = ugy(x) £,

in a polygonal (d = 2) or polyhedral (d = 3) domain £2. Introduce
X=H\R), Q=L(R)={qe Lz(m,f qdx = 0}.
2

The weak formulation of the unsteady Navier-Stokes equations takes the form: find (u, p) : (0, T] — (X, Q), satisfying

i (0¢u, v) + va(u, v) + c(u, u, v) + b(v, p) = (f, v), VveX,

b(u, q) =0, vq € Q. (2.2)

Here, the multilinear forms are given by

a(u, v)=/ Vu:Vudx, c(u,u, v)=/ u-Viu-vdx,
2 2

Mw®=—/qwumx
2
We introduce the space of weakly divergence-free space

V={veX:bv,q) =0, VqgeQ]}.
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3. H(div)-conforming DG finite element method

Let 7, be a shape-regular and quasi-uniform simplicial mesh of £2 and mesh size h = maxre7; hr, where hy denotes
the diameter of each element T € 7. The skeleton F} denotes the set of all facets, and hr denotes the diameter of each
facet F € Fy. Fy = F} U F, where 7 and F} are the subset of interior facets and boundary facets, respectively. Then,
we define the jump [-Jr and average { - }; operator across the interior facets F € }‘,'; by

_ ¢+~
[#lr = o* — 07, {¢}F=?-
For the boundary facets F € F?, we set

[B]r = {¢}r = &.
Define the broken gradient V,: H'(75) — L*(£2) by (Vayw)|r= V(w]|r), and the broken Sobolev space H™(7;) = {w €
L*(2) : wire H™T),VT € T;}.

3.1. Velocity space and pressure space

We introduce H(div)-conforming velocity space and pressure space,
Xy = {vh e H(div; 2) : vylre Vi(T), VT € 7 and vy -1 = 0, on asz},

@ =g e 1B s alre P(T), VT € 7).

For simplicial mesh, we choose the local space V(T) as RTy(T) or BDM(T), k > 1, then the corresponding pressure
space Pi(T) is P¢(T) and Py_1(T), respectively. In these cases, the global spaces X and Q; form the inf-sup stable FE pair [9],
that is, there exists f, > 0, independent of the mesh size h, such that

. b(vy, qr)
inf sup ——— > B, (3.1)
aheQn\(0) vyexp\ (0} [11VnlllelIgnll 2

where ||| - |||, is defined in (3.6). The global spaces X}, and Qy satisfy the following relationship
V-Xn C Q. (3.2)

3.2. Finite element method

The space-semidiscrete weak formulation of (2.2) reads as follows: find (uy, pp) : (0, T) — (Xp, Qn) such that
(Octtn, vp) + vap(up, vp) + bp(vn, pr) — bu(un, qn) + cn(tn, un, vi) = (F, vn), (3.3)

for any (vy, gr) € (X, Qu)-
For the discretization of the dissipative term, we use the standard symmetric interior penalty form

ah(uh, vh) 2/ Vaup:Vioy dx — Z /[({thh}np . [[vh]]) + ([[uh] . {thh}np)] ds
2 F

FeFy
+ 2 [l s
FeFp

Because of the normal continuity of H(div)-conforming finite elements, the bilinear form by, of velocity and pressure
is the same as the continuous Galerkin method

br(uy, qn) = —/ qn(Vh -uy) dx. (3.4)
2

For the inertia term, we choose the following convection term with standard upwind mechanism [8,15]. Because of
V -up =0 and [up]r - ng = 0, VF € Fp, it can be abbreviated, as follows:

Ch (U, Up, vp) =/ (up-Vi)up-v, dx — Z /(uh - 1) [up]{vn} ds
2 - JE

1
FeFy,

+ X [l neimm s

i
FeFy,

(3.5)
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The energy norm corresponding to the bilinear form ay, is given by

(o2
onllZ = IVhonllzgg) + D oy, Yon € X (3.6)
F
FeFy

In addition, we introduce a larger space
X(h) =X, & [X NH?*(Tp)],
and define a stronger norm on X(h)

Wiz, = w2 + Y hrllVaw - nrly,, Yw € X(h).
TeTy

Let us summarize the most important properties of a, [9,15].

Lemma 3.1 (Discrete Coercivity of a,). Assume that o > 0 is sufficiently large. Then, there exists a constant C, > 0, independent
of h, such that

Colllvnll? < an(vn, v), Yon € X (3.7)

Lemma 3.2 (Boundedness of ay). There exists a constant C > 0, independent of h, such that
an(w, vp) < Cllwllleqllvnlle, V(w, vn) € X(h) x Xp. (3.8)

The property in (3.2) ensures that the velocity approximation will be exactly divergence-free. We introduce the exactly
divergence-free space

Vi = {vn € Xy : b(vy, qn) =0, Vg, € Qu}.

Moreover, we introduce the jump seminorm

1

2 _ 2

|04l = D _/F5|(uh-nF)||[[vhn| ds.
Fery,

In addition, the well-posedness of (3.3) and the velocity energy estimate are given in [14, Corollary 3.5].

3.3. Important inequalities

First, we introduce the space P}(7j)
Pi(Th) = {vn € L*(2) : wplre (Pu(T))", VT € Ta},
where n > 0 is an integer.
Lemma 3.3 ([15, Remark 1.47] Trace Inequality). There exists a constant C. > 0, independent of h, such that

_1
ol 27y < Cechy 2 lonll 2y, VYT € Thy You € P5(T). (3.9)

Lemma 3.4 ([16, Lemma 1.138] Inverse Inequality)). Let 0 < m < £ and 1 < p, q < oo. The space Pj(Ty) satisfies the local
inverse inequality

m—e+d(1-1
lonllwenr < Cinvhy G q)“”h”W"‘*q(T}, VT € Tp, Yoy € PX(T3). (3.10)

Lemma 3.5. There exists a constant C > 0, independent of h, such that
llonllle < Ch™ llwnll2ee),  Yon € P{(Th).
Proof. By Lemmas 3.3 and 3.4, and quasi-uniformity of the mesh, this inequality can be proved. O

Lemma 3.6 ([16, Proposition 1.135]). Let p,w denotes the L?-projection of w onto P}(Ty). There exists a constant C > 0,
independent of h, such that, for 0 <l<n+1and 1 <p < o0,

lw — pawllp(e) < Ch'lwlyipg), Yw € WH(R2).
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4. Pressure-robust analysis for the velocity
In this section, we derive the convergence rate of the discrete velocity by means of the Stokes projection.

Lemma 4.1 ([14, Theorem 5.3]). Let psw € V}, be the Stokes projection of w with V- w =0
(st W, Vp) = an(W, vy), Yoy € Vi, (4.1)

and ‘elliptic regularity’ as stated in [14, Assumption D], be fulfilled. Then, provided w € H'(§2) with r > 3/2 and with
rwy = min{r, k + 1},

lw— pgwl2 + hllw — pgwll,, < Ch inf [|lw—whlll,, < Ch™|wlyq)- (4.2)
YwpeVy

Lemma 4.2. Assume w € L0, T; W"*(£2))NL%(0, T; H**1(£2)) and V - w = 0. In the setting of Lemma 4.1, with k > &,
there exists a constant C > 0, independent of h, such that
lw — pswllieoe) < ChVw|jw, (4.3)
where
VWil = [Vwllisoe) + [wlgazeg)-

In addition, pgw € L1?(0, T; L(2)).

Proof. Using the triangle inequality, we have
lw— pswlliee) < llw — prwliioe) + | okw — psew(lro2). (44)
Due to Lemma 3.6, we can get
lw— prwlli(2) < Ch|Vw|li0), (4.5)

where pw denotes the L?-projection of w onto Pﬁ(ﬁ), with k > %. For the second term on the right-hand side of (4.4),
we use the inverse inequality (3.10) and quasi-uniformity of the mesh to obtain

_d

lorw — psewl|ioo(2) < Ch™ 2| prw — pStw||L2(_Q)~ (4.6)
Using again the triangle inequality, (4.2) and [|w — prw|l;2() < Chd/2+1 |wlydj2+1(g), We have

lokw — psewll2i) < lw — pstwll 20y + llw — prwll 2y < Chd/2+l|w|Hd/2+l Q) (4.7)

(£2) () (£2) (£2)

Using Egs. (4.4)-(4.7), we obtain

lw — psewllreo(2) < Ch([[Vwllroo() + [Wlga2iyg)). O
Remark 1. As for the maximum norm estimates of H(div) Stokes projection, it makes the following assumptions in
[14, Assumption E]

lw — psewllioo(2) + Al Vhostwllieo(2) < Chl[Vw]loo(g). (4.8)

At present, there is no strict mathematical proof of (4.8). Here we evade the question by improving the regularity of
w. Due to the elliptic regularity, thus we only appropriately improve the regularity of w from H%(£2) to H%(Q) for the
three-dimensional problem. In [5], the regularity of the exact solution u of Navier-Stokes equations belonging to H3(£2)
is used. In fact, we make a more gentle improvement of the regularity.

4.1. Optimal error bound for the velocity

We split the velocity error as
u—up, = (U— pgtt) — Uy — pstlt) =1 — €, (4.9)

Now, we firstly make an error analysis for the convection term, which allows for the optimal error estimate for the velocity.
The proof of the following Lemma is similar to that of Lemma 5.5 in [14], but there are some important differences.

Lemma 4.3. In the setting of Lemma 4.2, there holds the following estimation:

G

2
C
+ (Il + [ Vuli Pl + V).

v
2 2 2
cn(u, u, ep) — Cp(Uy, Uy, €y) < llenlll; + CllVullisllenll;; + IVl Il

5
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Proof. Firstly, by using (3.5) and [u]r = O for YF € 7!, we have
I'=cp(u, u, ey) — cy(up, up, €)

/ [(" Viu-en — (- Vi)t eh] dx— )" / uy - np)[u — up]{e;} ds
Fe ]:l (410)

+ Z/ (up - np)|[u — up]ex] ds =11 + 1, + Is.
FeFy

By using u — uy = 5 — e, we make error splitting for I+, I, and I3, respectively, as shown below.

I, = / [(u-V)weh — (up-Vyu-e, + (up-Vyu-e, — (uh-Vh)uh-eh] dx
2

= / [((u —up)-Vyu-e, dx + (up-Vp)(u — uh)‘eh] dx
2

(4.11)
:/[((u—uh)-V)u-eh] dx+/ (up-Vp)n-ey dx—/ (up-Vp)ey-e, dx
2 2 2
=h1+I6iy+13,
L=- Z/(uh mlnlteds+ Y [ - mleniends
Fery FeFy (4.12)
=L +1,,
and
I; = Z/,| uy - mg)|[n][en] ds — Z/,| uy - ng)|[eq]en] ds
rerl Ferl (4.13)
=I5 — |eh|,2,h,upw-
Notice that
’1,3 =+ 12,2 =0, (414)
and
Ly +15, —f (up-Vi)n-endx — ) / uy - ng)[n){en} ds
Fe}"
(4.15)
/ (un-Vh)en-ndx + Z/uh ng)[en]{n} ds
Fe ]-'h
Now using the above identities (4.10)-(4.15), we can get
1= [ [w-wyvmeJax— [ @Sernder T [ noteiinds
@ FeFl
4.16
+ 2 [ e ds - Z/—| uy - )] ey s (410)
FeFy, Fery
=1, + Ifac~

For the volume term I, applying u, = e, + ps:ut, Holder’s inequality, Young’s inequality, (4.3) and inverse inequality
(3.10), we can obtain

Ivol:/[((u_"h)'v)u'eh] dx—/ (up-Vip)en-n dx
2 2

2/ n-Viu-e, dX—/ (en-Vyu-e, dX—/ [(eh-Vn)eh-n+(pstu-Vh)eh-n] dx
2 2 2

1 Cyv (4.17)
< IVl 17 + 2 Vullollenll? + C;”pstu”zw %, + %theh”zz

+ IVl lenl%
1 Cyv
<1 Vatle a3, + C llpatti I + =21 Vel + IVl e

6
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By using the discrete trace inequality and quasi-uniformity of the mesh, we observe that

Z[Hehn ds <2 ) [len* I + llew % |

FeF, Fe]—‘h (4.18)

2 -1 2
<2 ) lenllfz gy, < Chllenl 2y )
TeTy

In addition, given € H'(7;) and applying a continuous trace inequality and quasi-uniformity of the mesh, we have

mem ds <2 3 (10" Wage, + 107 1y |

FeFl Fer)
<2 Ml < C Y B Nl + el VanlZ,) (4.19)
TeTh TeTh

The same estimate can be obtained when the average {} is replaced by the jump [], then we have

> [ Ilex]1* ds < Ch™" el g,

i JF
FeFy

S [0 ds < CO i g, + 11l )

i
Fe]—'h

(4.20)

For the face term I, applying u, = e, + psu, H6lder’s inequality, Young's inequality, (4.3), (3.9), (4.19) and (4.20), we
can obtain

Iy = Z/uh ne)lenl{n}ds + ) /*Kuh ne)|[n]len] ds — lenl, uow

FeF}, FeF}
< Z/eh n)en]{n} ds + Z/ﬂeh n) | [nen] ds

Fe]—‘h Fe]—‘h

+ Z/pstu ng)[eq] {0} ds + Z/ (oactt - 1)\ [][en] ds — [€nl2,

Fe]—" Fe]—"
1 C,vo
<Clnllis() | lenlds)> ()  le e’ ds)? Z | Ilen]l” ds (4.21)
Fef;'l F Fer] F eFl
ey e /|pstu me) s+ 3 f|pstu ne)? () ds
FeFl FeFl
- |¢?h|.,h_upw
1 C,vo 1
2 a 2 2 2 2 2
< ClIValislenly, + 5 > ey + € lpseulE(lmiE, + 021 Vi)
FeFy
- |eh|121h,upw'

By using (4.17), (4.21), (3.6) and || psctt]l1c < |lullie + |Vu|lj from (4.3), we can get

vC, 1 C,vo
1< [ Vallo Il + =71 Vaenl + 5 ) (;Tuuehﬂnfzm + ClIVullj~ llenll
FeFp

+ C%”ﬂst“”%@(”ﬂ”zz + W IVinll%) — lenls, upw

< %Hlehllli + ClIVullix llenll, + C%Hpsrullfoo(llﬂllfz + W 1IVinlIE) + Va2
- |¢?h|.2.h,upW

< %Hlehllli + Cl|Vullj llenll?, + C%(”“”LO" + IVuli= Yl + h* 1 VanllZ,)
+ [IVull<Inll%. O
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Next, by combining with Lemma 4.3, we give the velocity discretization error estimate in the following theorem.
Theorem 4.4. If u e [2(0, T; H/*T(2)) N [2(0, T; W"*(£2)) N L=(0, T; H'(£2)), du € [*(0, T; H'(2)) (r > 2) and

u,(0) = pscug, we have the following error estimate:

Loo

T
leall®, oy + [ vilea(o)l? dz

) " Jo

T 1
< Ce’““)/ loenll7, + ;(Ilullm + IVuljs Pl + W21 Vanl2) + IVl 9117, de,
0

with Au) = [/ C(1 + || Vull}x)dz.
Proof. Firstly, we present the Galerkin orthogonality for Vv, € Vy,

(0 (u — up), vp) + vap(u — uy, vy) + ch(W, U, vy) — Cp(Up, Uy, V) = 0. (4.22)
Then we take v, = e, € V}, in (4.22) and use the error splitting (4.9) to obtain

(3ren, en) + vap(en, ey) = (3;n, ey) + van(n, ep) + cp(u, u, ey) — cp(uy, Uy, €p).

By using (den, en) = 5 5 llexll?, and ax(n. e;) = 0, we have

1d
2de
1
EaHethz + van(en, en) = (0cn, en) + cy(u, u, ey) — cp(Uy, Up, €p). (4.23)
We apply discrete coercivity of a, on the left-hand side of (4.23). On the right-hand side, applying Cauchy-Schwarz
inequality, and Lemma 4.3, we have

1 2 1 2

——e —vC, e

> dr lenll;> + 3 lllexllle

1 1 . 1 . 4.24

< SN0, + 5 llewl + CVarlc el + C= (e + 1 Vatli Pl + 1 1Vinl,) (424

+ IVl [lg]l%,.
After rearranging (4.24), we get

d
el + vilenll;
* ] *
= ¢ { 1+ 1Vul)llenls + 131 + Sl + 1Vali (s + F1Viml)

+ IVal~ Il | -

Applying Gronwall’s Lemma, we have

100

T
lenl> v+ [ vilen(lI?dr
(‘) 0
T
1
< CeA<">/ l9enll% + (i~ + IVullio (I0lI% + R Vanll%) + [ Valle Ip]1% dr,
0

with A(u) = [; C(1+ | Vull}x)dz. O

The following corollary states that the L°(0, T; L*(§2)) error of the velocity is optimal and pressure-robust, but the
constants in the velocity error bound are dependent on the inverse power of the viscosity.

Corollary 4.5. Under the assumptions of the previous theorem, with r, = min{r, k + 1} and a constant C independent of h
and v, we obtain the following estimate:

= w1 ) < 7 (B + Da).
and

T
| v wenzar < b (@B + xw).
0

8
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where

T+||Vu|*
B(u) = Ce I HLl(LOC)’

1
€)= 10 gy + (S ooy + V81 ) + V8l ) D0y

Dl(u) =C ”u”fcc(Hru) P
DZ(u) =0T ”u”zoo(Hru) .

Proof. By means of triangular inequality and Lemma 4.1, we can conclude the proof. O
5. Pressure-robust and semi-robust analysis for the velocity

In this section, we consider pressure-robust and semi-robust analysis for the velocity error at high Reynolds numbers.
To the end, we introduce the Raviart-Thomas interpolation operator [17, Example 2.5.3]

/ (w— prw) - pds = 0, Vpy € P(0T),
or (5.1)

/ (W — prew) - Prdx = 0,¥py_1 € (Per(T)
T

Lemma 5.1 ([17, Proposition 2.5.2]). Let p,; be the interpolation operator: H'(§2) — RTy, and my be the L*-projection on
V - RTy. Then we have, for all q € H'($2),

V- (onq) = mV - q.

The Raviart-Thomas interpolation operator satisfies the following approximation properties [13, p. 1737] that for
VYT € Ty, Yw € H™(T) (m > 1),

lw — prewll2ry + hrlIVw — Vipqwll 2y < Chy' [wlgmery (5.2)
and for VT € T;, Yw € WH(T),
lw— prwllieory + hr[IVw — Vporwllieory < Chr || Vwllieo(r). (5.3)

Remark 2. Thanks to (5.3), we do not need to make the additional regularity assumption of the solution u of the Navier—
Stokes equation, except u € W1*°(£2). However, in the previous section, due to Lemma 4.2, the regularity assumption
u e WH®(2)NHY**1(£2) in space is made, instead of only W">(£2).
Lemma 5.2 ([17, Corollary 2.3.1]). Let T be an simplicial (triangular or tetrahedral) element. Then we have

BDM(T) = RT(T) C (P(T))",
where

RT((T) = {q € RT(T)|V - q = 0},
BDM(T) = {q € BDM(T)|V - q = 0}.

5.1. Quasi-optimal error bound for the velocity
We use the above Raviart-Thomas interpolation operator to make the error splitting

u—up = (U~ pplt) — Uy — prelt) = 1) — €. (54)
Whether we choose BDM, or RT;, (k > 1) elements to be the velocity space, we introduce the Raviart-Thomas interpolation
operator, respectively.

In order to make a sharp analysis for the convective term, we give an important lemma.
Lemma 5.3. Assume u € W*°(82). There exists a C > 0, independent of h, such that

/ [ @27 dx < ClIVulie (11 + 1@).
2
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Proof. Let (u)r denotes the mean value of u on each cell T € Ty
_ fTudx.
IT|

On the one hand,

(u)r

lu — (u)rlloo(ry < Chr|| V|| roo(ry, (5.5)

since u is Lipschitz continuous [15,18].
On the other hand, e, = (u; — prtt), where pyut € RT)(T) from Lemma 5.1 and u, € RTY(T) or u, € BDM(T). Due to
Lemma 5.2, we have e, € (P(T))?, so ((u)7-Vy,)en € (Pe_1(T)) . Using (5.1), we have

/ ((W)r-Vp)e,fdx =0, VT € 7. (5.6)
T

Using Egs. (5.5) and (5.6), Holder’s inequality, inverse inequality and Cauchy-Schwarz inequality, we have

[ wveian= 3 [ (- @ viend
2 T

TeTy
< ClIVullge 713 + ClIVatll |l
< ClIVull= (1717 + llenl?). O
Next, we give an error estimate for the convection terms, which allows for the semi-robust estimate for the velocity.

Lemma 5.4. Let u be the solution of (2.2), uy, be the solution of (3.3), and assume that u € W(£2). Then, we obtain

cn(tt, u, &) — cy(up, wy, &) < C(1+h™ D)l (171% + B2 Vaif%) + Cl Vo [[@n]1%.
Proof. Now, similar to (4.10)—(4.15) in the proof of Lemma 4.3, we have

I= —u)Vyue, | dx — V))@n-7j dX + / e.]{i d
/Q[((u ) )ueh] x fg(uh w)en-7 dx Z F(uh ng)[ex] {7} ds

FeF,
1 R 1 _
+ Z/iuuh-m)mﬂu[[ehnds— Z/;(uhmnuehmzds
FeFl F FeFl F
=Ivol+’fac-

For the volume term I, inserting u, = e, + u — 3, and applying Hoélder’s inequality, inverse inequality and Lemma 5.3,
we have

La= [ [@9u - @-vua]a- [ aneveio
2 2
:/[(ﬁ-V)u-éh—(éh-V)u-Eh] dx—/ (éh-Vh)éh~ﬁdx—/ (-5 dx
2 2 2
+ / (7 V)@ i da
2
< Cll V|| oo ||7_7||fz + ClIVu/| ||éh||fz-

For the faces terms,

_ 1 _ 1 _
Ine= D /F(uh~np)[[ehﬂ{ﬁ}ds+ 2/F2|uh~np|uﬁnnehﬂds— Z_/F5|uh~np||uehn|2ds

Fery, Fery, Fery,
_ 1 _
<X [ mn@eds+ g 3 [ i moias
FeF} F FeF} F

= Ifacl + Ifach

where we apply Young's inequality to the first two terms on the right-hand side of the equal sign to cancel out the third
term.

10
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For the facet term I, applying u, = e, + pru, Holder’s inequality, Young's inequality, ||p,u[l;~ < C|lu]|yy1.0c from
(5.3) and trace inequality, we have

il = 3 [ moitias+ Y [ ipau-neici? ds
F F

Fer) Fer]
= 5 112 = =112 =112
< llillise Y l1enlZagey + Wiillie Y I} Z2gp + losetllise Y T2, (58)
FeF) FeF) Fer]

< C||\Vulli<llenll?, + ChlVullo(h™ 17117 + bl Vil %)
+ Cllullyros (™ 1712 + I Vaifl1%)-
Similarly, for the facet term If,», it can be inferred that

jaca| < CIIVutllie @13 + ChllVarllo (™ 113 + Rl V4FI1%)

o _ (5.9)
+ Cllullyros (1015 + I Vaif1%).
Therefore, by (5.8) and (5.9), we have
el < ClIVulli< [1@511% + ChII Voo (h™ 7117 + Rl Viiill) (5.10)

+ Cllulyre (R A% + hIVAEIS).
From (5.7) and (5.10), we get
I < C[Vatll 7117 + Cll Vatllyo 18112 + Chll Vatllioe (h™ 1713 + Rl Viill%)
+ Cllullyro (1A% + hIVATI%)
< COL+ h )l (1717 + B2 VaiIS) + ClIVali @], O

Theorem 5.5. Assuming u € L'(0, T; W"*(£2)) N L*(0, T; H'(2)), d;u € [*(0, T; H'(£2)) (r > 2) and u,(0) = pretg, we
have the following error estimate:

oo

T
12l ) + f vljé()lI dr
0

T
< CeH(")/ 1361, dz + VIO, + (1 + B Dlulye (115 + 21 Vail) dr,
0
with H(u) = [;/ C(1+ || V) dz.

Proof. Firstly, we present the Galerkin orthogonality for Vv, € V
(3 (u — up), vy) + vap (U — uy, vy) + cp(W, U, V) — Ccp(ty, Up, vy) = 0. (5.11)

Taking v, = e, € V}, in (5.11) and using (5.4), we have

1 _ o _ o _ _ _
EaHethz + van(en, en) = (07, ep) + van(7, en) + cy(u, u, ey) — cp(Un, Up, ). (5.12)
We apply discrete coercivity of a, on the left-hand side of (5.12). On the right-hand side of (5.12), applying Cauchy-
Schwarz inequality, boundedness of ay, Young’s inequality and Lemma 5.4, we have

1d _ 5, 1 . _
Ea”ehnl_z + Evca‘”ehme

1 _ 1 _ _ _ _ _ 5.13
< S 1001% + 5 180l + VCIIFIE , + C(1+ Bl (71 + FIVidIE) (5-13)

+ Cl|Vatl o llenl%

After rearranging (5.13) and applying Gronwall’s Lemma, we can obtain

T
- 2 - 2
Il o) + [ I 8
T
< Ce”(")/ 10115 + vl + (14 h~ Dl (1717 + b Vail ) dz.
0

with H(u) = [ C(1 + [|Vul|i=)dz. O

11
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The following corollaries state that the L°°(0, T; L%(£2)) error of the velocity is pressure-robust and semi-robust. The
quasi-optimal error bound for the velocity is presented in Corollary 5.7.

Corollary 5.6. Under the assumptions of the previous theorem, with r, = min{r, k + 1} and a constant C independent of h
and v, we have the following estimate:

T
A e COLRO)}
0
where
E(u) = e e,
Fi(w) = 12 100 gy + (0T + (02 D)) ) 102 G

G(w) = C(? +vT) [ ()

Proof. By means of triangular inequality and (5.2), we can conclude the proof. O

Corollary 5.7. Under the assumptions of the previous corollary, assuming that v < Ch, we have the following estimate:
T

lu— uhllfoc(ﬂ) + / vl — up) (D)7 dr < h*! (E(u)Fz(u) + Gz(u)),
0
where
E(u) = ce™ 1),
F(u)=h IIBrulle(Hr.,) + (T +(h+ 1)|IuIIL1(w1.oc)) IIuIIfoc(,,r.,) ,
Ga(u) = Clh+ T) Il ) -

Finally, we notice that Corollary 5.7 yields convergence with order 2r, — 1 in the case of v < Ch, which is one order
better than 2r, — 2 in [14, Corollary 5.9].

6. Numerical experiments

In this section, we carry out numerical experiments to verify our analytical results. Simulations were performed at a
problem defined in the domain £2 = (0, 1) with the exact solution [19]

_ 6+ 4cos(4t) [ 8sin*(zx)(2y(1 — y)1 - 2y))
ux, . t) = 10 [ —87m sin(2rx)(¥(1 — y))? ] ’ 6.1)
6 4 4 cos(4t) . .
px,y, t)= 0 sin(x) cos(my).

Both the Dirichlet boundary condition and the initial condition are derived from the exact solution.

In our implementation, we use BDM;/P;_1 pair for the velocity and pressure spaces. For the symmetric internal
penalty term ay, the penalty parameter is equal to 10k?>. We choose k = 1, and the quasi-uniform unstructured
triangular meshes are used. As for temporal discretization, an implicit/explicit (IMEX) BDF2 scheme is applied, in which
cp (2uy~' — up?, ull, vy) is used in the convection term, except in the first time step using ¢, (u} ', uf}, v,). We set the
time interval small enough to ensure that the spatial error dominates over the temporal error. We choose the small time
step At = 1E — 3, and the final time T = 2. All numerical experiments are implemented in this NGSolve software [20].

From Table 6.1, we fix the mesh size to observe the variation of the velocity error with respect to v. We can observe
that as the viscosity decreases, the velocity error becomes larger and larger. For large values of v, the velocity L? errors
have an explicit dependence on v’%. When the viscosity is small enough, the velocity errors hold unchanged, that is to
say, they are independent of the viscosity. This is consistent with our theoretical results, see Corollaries 4.5 and 5.7. It can
be also seen that the velocity error has the optimal convergence rate for large values of v, as we predicted in Corollary 4.5.
For small values of v, the velocity error tends to the optimal convergence rate with mesh refinements, which is better
than the quasi-optimal convergence rate as we predicted in Corollary 5.7.

7. Conclusions and outlook

Detailed error analysis of the semi-discrete time-dependent Navier-Stokes equations is presented. Firstly, we prove the
L0, T; L%(£2)) error of the velocity is optimal and pressure-robust, but not semi-robust. Secondly, we focus on pressure-
robust and semi-robust velocity error analysis at high Reynolds number. We prove that the L°(0, T; L%(£2)) error of the
velocity is quasi-optimal (v < Ch), pressure-robust and semi-robust.

12
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Table 6.1
BDM, [P, pair of finite element spaces, T = 2, velocity errors in the [>-norm.
h v=1E—-0 v=1E-2 v=1E -4
llu —upl2 Rate llu —up |2 Rate llu —up |2 Rate
1/6 4.99E—-02 7.77E—-02 1.91E-01
1/12 1.16E—02 2.10 1.59E—02 2.29 5.98E—02 1.69
1/24 2.86E—03 2.02 3.69E—-03 2.11 1.63E—02 1.87
1/48 7.10E—-04 2.01 8.99E—-04 2.03 4.08E—03 2.00
h v=1E -6 v=1E -8 v=1E - 10
e —up|l2 Rate e —up|l2 Rate [l — up|l2 Rate
1/6 1.96E-01 1.96E-01 1.96E-01
1/12 6.29E—02 1.63 6.29E—-02 1.63 6.29E—02 1.63
1/24 1.84E—02 1.77 1.84E—02 1.77 1.84E—02 1.77
1/48 4.95E—03 1.89 4.95E—03 1.89 4.95E—-03 1.89

H(div)-conforming DG method has many advantages in solving the Navier-Stokes equations, such as exactly
divergence-free, local momentum conservation, pressure-robust and semi-robust (quasi-optimal). Compared with other
finite element methods, the obvious disadvantage of the H(div)-conforming DG method is that it needs to solve more
degrees of freedom. However, it can be hybridized, and solving efficiency can be greatly improved by using static
condensation method [21]. So, it is a very promising approach for high Reynolds number flows.
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