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a b s t r a c t 

Contact fracturing of rock-like brittle materials indented by rigid cylindrical punches with flat ends is studied. 

Contrary to the classical shear fracturing mechanism of brittle materials explained in terms of multi-tensile- 

stressed micro-cracks in materials [1], a new mechanism dominant in brittle shear fracturing is found, namely, 

shear stress triggered fracturing orientation existing in nature, and the contact crack initiation angle for such 

kind rock-like materials is also revealed. This phenomenon is very different from such as Hertzian or Roesler’s 

[2] crack generation mechanism, as cracks are directed inwards rather than outwards. The theoretical predic- 

tions are validated by our experimental results. This finding testifies that for a rock-like brittle material shear 

fracturing along its maximum shear stress plane is possible under some special confinement, which has important 

implications for seismology and rock-mass stability, as well as rock engineering. 
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. Introduction 

Hertz first investigated contact fracturing between glass lenses in

he 1880s. Since then, great efforts have been devoted to such kind

f brittle fracturing problem. It has been confirmed that, the Hertzian

ontact cracks always initiate from contacted surface and then advance

nto the contacted body with an outward conical profile (e.g. see [3] ).

his Hertzian contact fracturing looks simple but it is really a challeng-

ng one, in literature, which has been studied by numerous researchers.

he detailed experimental and theoretical progresses on this problem as

ell as its development history have been reported and intensively re-

iewed, (see, e.g. [3–8] ). However, the Hertzian conical crack problem

s still open despite the fact that it has been studied over 100 years and

here are two main reasons for this. The first one is associated with the

ontact damage approach which can be used as a simple and practical

echnique for evaluating some strength-related properties of materials

uch as fracture toughness and surface hardness. The second reason, also

n intriguing one, relates to the fact that until to now, it has been dif-

cult to achieve a satisfactory quantitative explanation to describe the

nitiation and growth of this type of crack in terms of the conventional

racture mechanics. There are two major unresolved issues remaining,

amely, (i) the geometrical location of the initiated conical crack, and

ii) contact crack initiation and propagation model, which may directly

eflects the material mechanical properties. 

The classical Hertzian contact tests using a spherical indenter look

imple but in fact they are complex as the contact area increases for

arger indentation loads, and therefore the surface trace of an initiated
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onical crack can be easily engulfed by the expanding contact circle,

hich causes secondary fracture because of the indentation load act-

ng over the cone crack and the supporting material underneath [9] .

lso, stress trajectories move as the radius of contact increases, making

ny analytical attempt untraceable. In comparison with the Hertzian

ontact, the well-known tests conducted by Roesler [2] using a flat and

quare-ended cylindrical indenter generates a complete contact that may

e simpler to study (see Fig. 1 ). This is because its contacting area is un-

hanged and both displacement and traction conditions at the contact-

ng surface are given in a simple form, greatly reducing the difficulty of

tress analysis. It has been found that the feature of contact stress field

n substrate is similar to one of the circumferentially cracked cylindri-

al rod specimen [10] . The stress singularity at the contact edge plays a

ignificant role in the conical crack formation and its initiation angle. 

On the other hand, the brittle fracturing of rocks has been widely and

ntensively studied in the literature and is still the subject of constant

tudies (see, e.g. [1,11–20] ). With the existing theoretical and experi-

ental results, it has been believed that: (i) when macro-crack in rock

aterial is under tensile load, the crack will straightly advance as any

rittle material does; and (ii) when the rock material is under compres-

ion, the multi-micro-cracks interaction in them may result tensile stress

n micro-cracks, which can trigger micro-cracks growth and coalition,

nd finally lead ’shear-like, crack growth. In one word, the tensile stress

s believed as the fundamental factor for triggering the brittle fractur-

ng of rock materials. By virtue of the flat and square-ended cylindrical

ndenter, the aim of this paper is to study the contact fracturing of rock-

ike brittle materials, in order to explore the rock-like materials’ prop-

rties under this specific condition. The rock-like material here mainly
iercigroch@abdn.ac.uk (M. Wiercigroch). 
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Fig. 1. A schematic showing the upper elastic solid indented by a lower flat- 

ended rigid punch under normal load P. This coordinate system is convenient 

for the following elastic deformation analysis. 
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Fig. 2. Roesler’s experimental result for a contact conical crack of glass [2] . The 

angle of outwards conical crack is roughly 22°. 
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Nomenclature 

A formed circumferential crack Area 

D diameter of indenter 

E Young’s modulus 

G crack initiation energy release rate 

h indentation depth 

J m 

( ∗ ) the first kind of Bessel function 

K I indentation depth 

l crack growth length 

m i surface outward normal unit vector 

n i crack-tip growth direction 

O origin of coordinates 

P applied normal force 

R contact radius 

S surface of whole half space 

S T contacted surface 

S u displacement boundary 

T i traction acts on the surface 

U crack energy consumed during forming/closing crack 

U diss dissipation energy due to crack surfaces friction 

U E elastic energy stored in the solid 

V volume of the whole solid 

W external load work 

w strain energy density 

x 1 , x 2 r-axis and z-axis, respectively 

𝜏0 friction stress between crack surfaces 

𝜈 Poisson’s ratio 

𝜎ij stress 

𝜆, 𝜇 Lame’s elastic constants 

𝜖ij strain 

𝜙 contact crack initiation angle 

efers to the material like: rock, PMMA, concretes, and the similar. The

ollowing related problems will be considered: 

i) Initiation angle of contact conical cracks. This problem is still main

open problem, although it has been studied by many researchers (see

e.g., [21–23] ). Roesler’s experimental result shows that the angle
296 
of contact conical cracks is outwards for glass material (see Fig. 2

where the angle is around 22°). Here, to keep the original Roesler’s

result, we will not convert it to the coordinates depicted in Fig. 1 .

The question we will be asking: Does this result make sense for rock-

like brittle materials? 

ii) Contact crack initiation and propagation in rock-like materials. The as-

sumption of contact fracturing criterion, made in almost all relevant

prior works, saying that the conical crack should follow the trajec-

tory of the minimum principal stress defined by the preexisting stress

field, has been shown invalid by Kocer and Collins [21] . Instead they

proposed that the growth of crack is along the direction of maximum

strain energy release. On the other hand, Xie et al. [23] employed

the maximum energy release rate criterion from classical linear elas-

tic fracture mechanics to predict the contact crack initiation angle.

Since their assumptions lack experimental support, their reliability is

questionable. New experimental tests are required for further study

of this unsolved contact cracking phenomenon, especially for rock-

like materials, because of its significance in applications. 

ii) Shear crack in rock-like materials. In fracture mechanics, the crack

growth and its growth direction is governed by Mode I tensile load,

combining or not with Mode II shear load [24] . It is hard to imag-

ine that the crack growth is only controlled by Mode II shear load,

because the crack growth under this condition is unstable and the

stress state at the crack tip will be shifted to tensile load once it ad-

vances. However, this problem inevitably occurring in contact frac-

turing: whether shear cracking occurs and can the crack stably propagate

in their own plane without turning under such contact condition? [1,25] .

From the mechanics point of view, strictly speaking, there lacks a

convincible solution to this tough challenge up to now. 

These problems are just different facets of the contact fracturing,

nd they are rather closely related than separated. Only a full analysis

rom different aspects of the problem is able to shed some light on the

echanism of the contact fracturing of rock-like materials. 

The structure of this paper is as follows: Firstly, the stress field of

oesler’s contact model is introduced and modelled in Section 2 . Fol-

owing the analysis, the crack initiation driving force along the contact

dge is analyzed in Section 3 . With above basic analysis, in Section 4 ,

ome plain experimental tests on contact fracturing are conducted and

iscussed. Finally, some conclusions are drawn in Section 5 . 

. Contact stress analysis 

In this section the basic contact model is introduced, and the ba-

ic stress distribution in the contacted body is provided. We assume,

s shown in Fig. 1 , the cylindrical indenter with flat end is rigid, the

ndented elastic solid is large enough to be treated as an infinite solid,

ompared with the indenter contact size, and the friction effect between

ontact surfaces will be ignored for simplicity [10] . 
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Fig. 3. A schematic of contact crack initiation.The upper elastic solid is indented 

by a rigid indenter, and a contact ring crack initiates along the contact edge. 
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.1. Contact stress state 

The exact stress state in the half-space has been obtained by Sneddon

26] and it can be expressed as 

𝜎𝑧𝑧 = − 

4 𝜇( 𝜆 + 𝜇) 
( 𝜆 + 2 𝜇) 

ℎ 

𝜋𝑅 

( 𝐽 0 1 + 𝜁𝐽 0 2 ) , 

𝜎𝑧𝑟 = − 

4 𝜇( 𝜆 + 𝜇) 
( 𝜆 + 2 𝜇) 

ℎ 

𝜋𝑅 

( 𝜁𝐽 1 2 ) , 

𝜎𝜃𝜃 = − 

4 𝜆𝜇
𝜆 + 2 𝜇

ℎ 

𝜋𝑅 

𝐽 0 1 − 

4 𝜇2 

𝜌( 𝜆 + 2 𝜇) 
ℎ 

𝜋𝑅 

(
𝐽 1 0 − 

( 𝜆 + 𝜇) 
𝜇

𝜁𝐽 1 2 

)
, 

𝜎𝑟𝑟 + 𝜎𝜃𝜃 = − 

4 𝜇
( 𝜆 + 2 𝜇) 

ℎ 

𝜋𝑅 

(
(2 𝜆 + 𝜇) 𝐽 0 1 − ( 𝜆 + 𝜇) 𝜁𝐽 0 2 

)
, 

(1) 

here R is the contact radius, h is the indentation depth that

s related to the applied normal force, 𝑃 = 8 𝜇( 𝜆 + 𝜇) 𝑅ℎ ∕( 𝜆 + 2 𝜇) , 𝜆
nd 𝜇 are Lame’s elastic constants, 𝜌 = 𝑟 ∕ 𝑅, 𝜁 = 𝑧 ∕ 𝑅, and 𝐽 𝑚 

𝑛 
=

m [ ∫ ∞
0 𝑡 

𝑛 −1 𝑒 − 𝑡 ( 𝜁− 𝑖 ) 𝐽 𝑚 ( 𝑡𝜌) 𝑑𝑡 ] , J m 

( ∗ ) is the first kind of Bessel function. The

tress state at the vicinity of edge can be asymptotically expressed in

lobal z-r coordinates system as [10] . 

 

 

 

 

 

 

𝜎𝑧𝑧 
𝜎𝑟𝑧 
𝜎𝑟𝑟 
𝜎𝜃𝜃

⎞ ⎟ ⎟ ⎟ ⎟ ⎠ 
= 

𝐾 𝐼 √
2 𝜋𝑠 

cos 𝜙
2 

⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 

1 + sin 𝜙2 sin 
3 𝜙
2 

sin 𝜙2 cos 
3 𝜙
2 

1 − sin 𝜙2 sin 
3 𝜙
2 

2 𝜈

⎞ ⎟ ⎟ ⎟ ⎟ ⎠ 
, (2)

here K I , similar to the crack stress intensity factor, is the contact stress

oncentration factor, which is related to the external load P as 

 𝐼 = − 

𝑃 

2 𝑅 

√
𝜋𝑅 

, (3)

ince P > 0, thus K I < 0. 

The stresses in Eq. (2) can be also written in the local polar coordi-

ate system in Fig. 1 as: 

 

 

 

 

 

 

𝜎𝑠𝑠 
𝜎𝜙𝜙
𝜎𝑠𝜙
𝜎𝜃𝜃

⎞ ⎟ ⎟ ⎟ ⎟ ⎠ 
= 

𝐾 𝐼 √
2 𝜋𝑠 

⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 

cos 𝜙2 (1 + sin 2 𝜙2 ) 
cos 3 𝜙2 

sin 𝜙2 cos 
2 𝜙

2 
2 𝜈 cos 𝜙2 

⎞ ⎟ ⎟ ⎟ ⎟ ⎠ 
. (4)

t can be seen that the stress distribution Eq. (4) near the contact edge is

imilar to the stress field of plane strain crack problem. On the basis of

he stress distribution, we will analyze the contact cracking mechanism.

.2. Contact principal stress state 

The strength criteria for isotropic materials can be expressed in terms

f combination of three principal stresses [27] , for examples, the max-

mum shear stress criterion, Mohr-Coulomb criterion, Huber-Mises cri-

erion. Thus, it is necessary to find the three principal stresses near the

ontact edge first, which can be computed with the principal stress for-

ulae as 

𝜎1 = 

𝜎𝑠𝑠 + 𝜎𝜙𝜙

2 
+ 

√ 

𝜎2 
𝑠𝜙

+ ( 
𝜎𝑠𝑠 − 𝜎𝜙𝜙

2 
) 2 , 

𝜎2 = 

𝜎𝑠𝑠 + 𝜎𝜙𝜙

2 
− 

√ 

𝜎2 
𝑠𝜙

+ ( 
𝜎𝑠𝑠 − 𝜎𝜙𝜙

2 
) 2 , 

𝜎3 = 𝜎𝜙𝜙. 

(5) 

By substituting Eqs. (4) into (5) , one obtains 

𝜎1 = 

𝐾 𝐼 √
2 𝜋𝑠 

2 𝜈 cos 𝜙
2 
< 0 , 

𝜎2 = 

𝐾 𝐼 √
2 𝜋𝑠 

cos 𝜙
2 
(1 − sin 𝜙

2 
) < 0 , 

𝜎3 = 

𝐾 𝐼 √
2 𝜋𝑠 

cos 𝜙
2 
(1 + sin 𝜙

2 
) < 0 . 

(6) 

t can be found from Eq. (6) that the three principal stresses approach

nfinitely large values as s →0 in Fig. 1 . Because K I < 0 from Eq. (3) , it re-

eals that the stress state at the vicinity of contact edge is a kind of very
297 
igh compressive one .This stress state completely denies the possibility

f employing the maximum tensile stress criterion to predict the con-

act cracking initiation, which is always employed for brittle materials.

ore specifically, the three compressive principal stresses at the contact

dge similarly rules out the possibility of initiating the Mode I crack. So

ar, the most remaining possibility is that, at the initial contact damage

tage, the shear stress related mechanism triggers the crack initiation

ith the high compressive stresses confinement . This potential mechanism

f brittle shear fracturing for rock-like materials will be very different

rom the common brittle material fracturing by tensile stress, and the

ther brittle shear fracturing mechanism actually due to multi- tensile-

tressed micro-cracks [1] , but it needs to be experimentally validated. 

. Contact energy analysis: contact crack initiation energy 

elease rate G 

Because the stress is concentrated at the contact edge, it is legitimate

o suppose that the crack initiation will start from the edge. Below, we

ill analyze the crack driving force at the stage of contact crack initi-

tion with the principle of virtual work . Consider a 3-D axis-symmetric

ontact illustrated by Fig. 3 in which the surface S encloses the whole

alf space. Traction T i acts on the surface S T including the contacted sur-

ace while the remaining part of the boundary is displacement boundary

 u . Now, consider a circumferential crack tip undergoing a virtual dis-

lacement by an infinitesimal distance dl orientated at an arbitrary angle

and 𝑑𝐴 = 2 𝜋𝑅𝑑𝑙 as shown in Fig. 3 . Then the principle of virtual work

or the scenario of contact crack initiation can be written as 

𝛿𝑊 = 𝛿𝑈 𝐸 + 𝛿𝑈 𝑐 𝑟𝑎𝑐 𝑘 + 𝛿𝑈 𝑑𝑖𝑠𝑠 , (7) 

n which, 𝛿W is virtual work due to external load, 𝛿U E is the virtual

lastic energy stored in the whole solid, 𝛿U crack is the virtual energy

onsumed during forming/closing crack, and 𝛿U diss is the dissipation

nergy mainly due to crack surfaces friction during shear fracturing.

hey can be expressed, respectively as 

𝛿𝑈 𝐸 = ∫𝑉 𝛿𝑤𝑑𝑉 , 
𝛿𝑊 = ∫𝑆 𝑇 𝑗 𝛿𝑢 𝑗 𝑑𝑆 , 
𝛿𝑈 𝑐 𝑟𝑎𝑐 𝑘 = 𝐺𝛿𝐴, 

𝛿𝑈 𝑑𝑖𝑠𝑠 = 𝜏0 𝐴𝛿𝑙, 

(8) 

here, V is the volume of the whole half space solid, and the strain

nergy density w is given by 𝑤 = ∫ 𝜖𝑖𝑗 0 𝜎𝑖𝑗 𝑑𝜖𝑖𝑗 ; S the whole surface of

he body ( 𝑆 = 𝑆 𝑇 + 𝑆 𝑢 ) ; the parameter G , the crack initiation energy

elease rate, is also named as crack driving force; 𝜏0 is the friction stress
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Fig. 4. A schematic of integrals’ surface enclosing the contact crack. 
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etween crack surfaces, and A is the area of the formed circumferential

rack. Then Eq. (7) can be re-expressed as 

0 = 𝛿𝑈 𝐸 − 𝛿𝑊 + 𝛿𝑈 𝑐 𝑟𝑎𝑐 𝑘 + 𝛿𝑈 𝑑𝑖𝑠𝑠 

= ∫𝑣 𝛿𝑤𝑑𝑉 − ∫𝑠 𝑇 𝑖 𝛿𝑢 𝑖 𝑑𝑠 + 𝐺𝛿𝐴 + 𝜏0 𝐴𝛿𝑙 

= ∫𝑣 
( 

𝑑𝑤 

𝑑𝑥 𝑗 

𝑑𝑥 𝑗 

𝑑𝐴 

𝛿𝐴 

) 

𝑑 𝑉 − ∫𝑠 
( 

𝑇 𝑖 
𝑑 𝑢 𝑖 

𝑑 𝑥 𝑗 

𝑑 𝑥 𝑗 

𝑑 𝐴 

𝛿𝐴 

) 

𝑑 𝑠 + 𝐺𝛿𝐴 + 𝜏0 𝐴𝛿𝑙 

= ∫𝑣 
( 

𝑑𝑤 

𝑑𝑥 𝑗 

𝑑𝑥 𝑗 

𝑑𝑙 
𝛿𝑙 

) 

𝑑𝑉 − ∫𝑠 
( 

𝑇 𝑖 
𝑑𝑢 𝑖 

𝑑𝑥 𝑗 

𝑑𝑥 𝑗 

𝑑𝑙 
𝛿𝑙 

) 

𝑑𝑠 + 𝐺2 𝜋𝑅𝛿𝑙 + 𝜏0 2 𝜋𝑅𝑙 𝛿𝑙 , 

(9)

n which, x 1 refers to r and x 2 refers to z in Fig. 3 . Since we suppose

hat the traction boundary condition is fixed, with Eulerian description,

he coordinate system can always be chosen so that the origin O lies

long the z-axis and in contact surface, even when the contact initiation

rack tip is advancing. If we denote cos 𝜙 = 𝑛 1 , sin 𝜙 = 𝑛 2 , from Fig. 3 ,

he following relationships can be established 

𝑑𝑥 1 
𝑑𝑙 

= 

𝑑𝑟 

𝑑𝑙 
= cos 𝛼 = cos ( 𝜋 − 𝜙) = − cos 𝜙 = − 𝑛 1 , 

𝑑𝑥 2 
𝑑𝑙 

= 

𝑑𝑧 

𝑑𝑙 
= − sin 𝛼 = − sin ( 𝜋 − 𝜙) = − sin 𝜙 = − 𝑛 2 . 

(10)

By substituting Eq. (10) into (9) ,the crack initiation energy release

ate in dl direction can be written as 

0 = ∫𝑉 𝑤 ,𝑗 (− 𝑛 𝑗 ) 𝛿𝑙𝑑𝑉 − ∫𝑆 𝑇 𝑖 𝑢 𝑖,𝑗 (− 𝑛 𝑗 ) 𝛿𝑙𝑑𝑠 + 𝐺2 𝜋𝑅𝛿𝑙 + 𝜏0 2 𝜋𝑅𝑙𝛿𝑙 

= (− 𝑛 𝑗 ∫𝑉 𝑤 ,𝑗 𝑑𝑉 + 𝑛 𝑗 ∫𝑆 𝑇 𝑖 𝑢 𝑖,𝑗 𝑑𝑠 + 2 𝜋𝑅𝐺 + 𝜏0 2 𝜋𝑅𝑙 ) 𝛿𝑙 . 
(11)

ince 𝛿l in Eq. (11) can be an arbitrary value, therefore, we may get the

rack driving force as 

𝐺 = 

1 
2 𝜋𝑅 

𝑛 𝑗 ( ∫𝑉 𝑤 ,𝑗 𝑑𝑉 − ∫𝑆 𝑇 𝑖 𝑢 𝑖,𝑗 𝑑𝑠 ) − 𝜏0 𝑙 

= 

1 
2 𝜋𝑅 

𝑛 𝑗 ∫𝑠 ( 𝑤𝑚 𝑖 − 𝑇 𝑖 𝑢 𝑖,𝑗 ) 𝑑𝑠 − 𝜏0 𝑙 = 

1 
2 𝜋𝑅 

𝑛 𝑗 𝐽 𝑗 − 𝜏0 𝑙 

(12)

r 

𝐺 = 

1 
2 𝜋𝑅 

( 𝐽 1 cos 𝜙 + 𝐽 2 sin 𝜙) − 𝜏0 𝑙 = 

1 
2 𝜋𝑅 

( 𝐽 𝑟 cos 𝜙 + 𝐽 𝑧 sin 𝜙) − 𝜏0 𝑙, (13)

here 𝐽 𝑗 = ∫
𝑠 
( 𝑤𝑚 𝑗 − 𝑇 𝑖 𝑢 𝑖,𝑗 ) 𝑑𝑠 (j = 1,2)are surface integrals and m i is the

utward normal unit vector shown in Fig. 4 . We can easily prove

hat they are surface -independent integrals just similar to the 2-D path -

ndependent integrals introduced by Knowles and Sternberg [28] for

rack problems, following the definition of the well-known J-integral

i.e. J 1 -integral) by Rice [29] . Originally the concept of such kind of

ntegral was introduced by Eshelby [30] . 

The crack driving force of contact crack initiation can be obtained

y letting l →0 in Eq. (13) as 

𝐺 = 

1 ( 𝐽 𝑟 cos 𝜙 + 𝐽 𝑧 sin 𝜙) , (14)

2 𝜋𝑅 
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The intersection line of the integral surface S is the contour s (=
 𝐴𝐵𝐶𝐷 

′) shown on the right hand side in Fig. 4 . Since the integrals

re surface-independent, we will prove the main result of [31] 

𝐽 𝑖 = 

( 

∫𝑆 𝑤𝑚 𝑖 𝑑𝑆 − ∫𝑆 𝑇 𝑗 
𝑑𝑢 𝑗 

𝑑𝑥 𝑖 
𝑑𝑆 

) 

= 2 𝜋𝑅 lim 

𝑟 →0 ∫𝑠 
( 

𝑤𝑚 𝑖 − 𝑇 𝑗 

𝑑𝑢 𝑗 

𝑑𝑥 𝑖 

) 

𝑑𝑠 . (15) 

By virtue of Eq. (15) , we can get 

𝐽 1 = 𝐽 𝑟 = 2 𝜋𝑅 ∫𝑠 
( 

𝑤𝑚 1 − 𝑇 𝑗 

𝑑𝑢 𝑗 

𝑑𝑟 

) 

𝑑𝑠 = 2 𝜋𝑅 ∫𝑠 
( 

𝑤𝑚 𝑟 − 𝑇 𝑗 

𝑑𝑢 𝑗 

𝑑𝑟 

) 

𝑑𝑠 

= 2 𝜋𝑅 

(1 − 𝜈2 ) 
2 𝐸 

𝐾 

2 
1 , 

𝐽 2 = 𝐽 𝑧 = 2 𝜋𝑅 ∫𝑠 
( 

𝑤𝑚 2 − 𝑇 𝑗 

𝑑𝑢 𝑗 

𝑑𝑥 𝑧 

) 

𝑑𝑠 = 2 𝜋𝑅 ∫𝑠 
( 

𝑤𝑚 𝑧 − 𝑇 𝑗 

𝑑𝑢 𝑗 

𝑑𝑥 𝑧 

) 

𝑑𝑠 = 0 . 

(16) 

By inserting Eq. (16) into (14) , we obtain 

𝐺 = 

1 
2 𝜋𝑅 

𝐽 𝑟 cos 𝜙 = 

(1 − 𝜈2 ) 
2 𝐸 

𝐾 

2 
1 cos 𝜙 (17) 

nd since 𝐾 𝐼 = − 

𝑃 

2 𝑅 
√
𝜋𝑅 
, thus 

𝐺 = 

(1 − 𝜈2 ) 
2 𝐸 

𝐾 

2 
𝐼 
cos 𝜙 = 

(1 − 𝜈2 ) 
8 𝐸𝜋𝑅 

3 𝑃 
2 cos 𝜙. (18) 

Eq. (18) provides a simple approach to assess the material toughness.

o matter whether the maximum shear stress criterion or the Mohr-

oulomb criterion is used, we only need to record the critical external

oad P c and measure the initiation angle 𝜙. Then submitting them into

q. (18) , the material toughness G c will be 

𝐺 𝑐 = 

(1 − 𝜈2 ) 
8 𝐸𝜋𝑅 

3 𝑃 
2 cos 𝜙. (19) 

Finally, it should be pointed out that, because the crack energy re-

ease rate G (or the crack driving force) in Eqs. (18) and (19) must be

ositive at crack initiation stage, which requires cos 𝜙> 0. It means that

he crack initiation angle 𝜙 must be less than 90° ( 𝜙< 90°). 

Thus, in this section, completely from energy point of view, we de-

ived the crack driving force G expression and meanwhile confined the

ange of contact crack initiation angle. This provides a basic principle

hich the elastic contact fracture should comply with. 

. Experimental tests 

In this section, the experimental tests on typical rock-like materials

ill be conducted to reveal the rock-like material contact fracturing be-

avior, and, at the same time, to verify both the undertaken analysis and

ome theories proposed by others in literature. Because rocks are opaque

aterials, it is difficult to directly observe a contact crack initiation. In

ontrast, PMMA (methyl methacrylate) is a brittle non-crystalline ma-

erial but transparent. It has rock-like mechanical properties at room

emperature, and more importantly, its optical transparency enables to

irectly observe internal deformation. These properties provide a good

eans to simulate and monitor a damage process. Thus, PMMA has been

ften used to simulate earthquake, rock fracture and friction in labora-

ory conditions (e.g. see [32–35] ). Thus, we will mainly concentrate on

MMA samples test but the real sandstone test, as a complementary part,

ill be also studied for further clarification. 

.1. Tests of PMMA 

The tests are conducted on the test machine MTS880. The PMMA

amples are indented with a relatively rigid cylindrical punch with flat

nd. The material of indenter employed is YG10X (Tungsten Carbide

od) whose E = 600–630GPa, 𝜈= 0.20–0.23. It can be treated as a rigid

ndenter in comparison with the tested PMMA materials (The material

lastic parameters and geometric parameters are listed in Table 1 ). The

xperimental setup can be observed in Fig. 5 . The load mode is force
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Table 1 

PMMA specimens and indenter’s geometry and elastic properties. 

Geometry Elastic prpoperties 

6 PMMA specimens 70 × 70 × 70 mm 

3 E = 1.8 − 3.1GPa, 𝜈 = 0 . 35 − 0 . 4 
Indenter (YG10X) Diameter of indenter end: 𝐷 = 20 mm , ℎ = 30 mm E = 600 − 630GPa, 𝜈 = 0 . 20 − 0 . 23 

Fig. 5. Photographs of the experimental setup used for PMMA contact damage tests: (a) test rig, (b) indenter and sample. 

Fig. 6. Side view of crack initiation along contact edge from the indented sur- 

face of PMMA. 
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Fig. 7. FE computed local and global shear stress distributions beneath contact 

edges(The test specimen was meshed with a set of 294,084 2D quadrilateral 

axisymmetric elements (CAX4R, ABAQUS 6.14) with finer elements (0.03mm) 

at the contact edge. The interaction between the rigid indenter and the specimen 

is modelled as a frictionless contact. A 1N load acts from the indenter to the 

specimen which is supported at its upper base.). 
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t  
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t  
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s

 

t  

o  

t  

s  

c

oad. Our main aim is to observe the angle of conical crack, critical load,

s well as crack growth. Contact crack initiation is observed and pho-

ographed. The load against indentation depth is recorded. Six blocks

f PMMA respectively indented by relatively rigidly cylindrical punches

ith flat end are conducted. 

Fig. 6 displays the scenario of contact crack initiation where the an-

le of conical crack is clearly near 70° , which conforms to our energy

nalysis result ( 𝜙< 90°) in Section 3 . This promptly raises an intriguing

uestion: which damage criterion is capable of explaining this result?

s mentioned before, when the rock-like materials is under such high

ompressive stresses confinement conditions, the shear stress related dam-

ge criteria is the first option. To specify the accurate damage criterion

or this contact initiation fracturing in Fig. 6 , an elastic 2D axisymmet-

ic contact model for the experimental contact prototype is developed

tilizing the commercial finite element method package ABAQUS 6.14

o simulate contact stress state. The test specimen is meshed with a set

f 294,084 2D quadrilateral axisymmetric elements (CAX4R) with finer

lements (0.03 mm) at the contact edge. The elements refinement is per-

ormed after a careful mesh sensitivity analysis to ensure convergence

f results. The interaction between the rigid indenter (master surface)
299 
nd the specimen (slave surface) is modelled as a frictionless contact. A

N load acts from the indenter to the specimen which is supported at

ts base. 

Fig. 7 shows shear stress distribution in local polar coordinate sys-

em. It can be observed from both zoomed local edge and the global

hear stress inset in Fig. 7 that the maximum shear stress underneath

he contact edge is about 70°. This is in a very good agreement with our

xperimental result, which evidently suggests that the maximum shear

tress is more suitable for contact fracturing in this study. 

Although the volume of PMMA blocks is finite, the stress state at

he vicinity of contact edge can be approximated with the expression

f Eq. (4) , because, compared with the contact edge zone, block can be

reated as an infinite body. Thus, reversely, by using the maximum shear

tress criterion, the crack initiation angle for contact can be analytically

alculated from Eq. (4) as 

𝜕𝜃𝑠𝜙

𝜕𝜙
= 

𝐾 𝐼 √
2 𝜋𝑠 

( 

1 
2 
cos 2 𝜙

2 
− sin 2 𝜙

2 

) 

cos 𝜙
2 

= 0 , (20) 
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Fig. 8. Inward conical crack of PMMA after finial catastrophic contact fracture. 

Fig. 9. Load versus indentation depth curves. The critical load is reached at 

finial catastrophic contact fracture. 
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Fig. 10. Top view of contact fracture of sandstone showing a conical taper 

crack. 

Fig. 11. Experimental results showing load versus indentation depth relation- 

ships for conical contact fractures of sandstone specimens. The critical loads are 

reached at finial catastrophic contact fracture. The repeatability is demonstrated 

by photographs of seven tests. 
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hose solution is 

cos 𝜙 = 

1 
3 
, 𝜙 = 70 . 5288 ◦. (21)

So far, it can be concluded that both experimental results and numer-

cal simulation indicate that the maximum shear stress triggered contact

rittle shear fracturing. 

The finial catastrophic fracture scenario is shown by Fig. 8 , which

lso reveals that the shear stress triggered contact brittle shear fractur-

ng. More importantly, Fig. 8 shows that the crack can also grow along

he initiation angle under this condition. This test is very repeatable,

hich can be found from Fig. 9 , in which the relation between load and

ndentation depth is plotted. Unfortunately, it is hard to identify the

ritical load value P c for Eq. (19) 

.2. Test of sandstone 

Sandstone is another brittle material and thus seven sandstone spec-

mens are tested with a Tungsten Carbide rod in a similar way as

onducted on PMMA utilizing Instron test machine. As previously men-

ioned, the indenter can be treated as a rigid body compared to sand-

tone.The indenter and sandstone specimens’ geometry parameters are

iven in Table 2 . Since this rock is opaque, it is difficult to obtain a

irect information on contact crack initiation but the uniformly finial
300 
atastrophic contact fracture scenario may reveal some contact fractur-

ng information (See Fig. 10 ). 

Fig. 10 depicts one of the uniformly contact broken scenarios of sand-

tone specimens. It can be observed that the angle of conical taper crack

s also near 70°. Again, these results imply that the maximum shear stress

riterion is more suitable for sandstone contact damage, and the crack

rowth is also dominant by shear stress. This suggests the same conclu-

ion as we did in PMMA test. Fig. 11 shows the load versus indentation

epth which is recorded for all sandstone samples until fracture. As rep-

esented in the graph, there is a close match between the critical damage

oads and displacements of sandstone samples. This is possibly because

andstone material is considered to be an approximately homogenous

ock. 

The force loading rate for the main experiments on sandstone spec-

men was kept at the lowest possible rate (0.05 mm/min) in order

o decrease the dynamic effect. The effect of loading rate on sand-

tone contact fracturing and its critical loads and indentation depths are

epresented in Fig. 12 . It can be found that the critical damage load and

isplacement are slightly increased at higher loading velocities but they

re in the range of acceptable data dispersion of Fig. 11 . In experiments

ith higher loading velocities, it was detected that the shape and angle

f conical crack are not exactly the same as the ones with 0.05 mm/min
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Table 2 

Sandstone specimens and indenters’ geometry parameters. 

Geometry Elastic prpoperties 

7 Sandstone specimens 70 × 70 × 70 mm 

3 E = 27 − 29–GPa, 𝜈 = 0 . 07 − 0 . 12 
Indenter (YG10X) Diameter of indenter end: 𝐷 = 20 mm , ℎ = 30 mm E = 600 − 630GPa, 𝜈 = 0 . 20 − 0 . 23 

Fig. 12. Experimental results showing load versus indentation depth relation- 

ships for conical contact fractures of sandstone specimens with different loading 

rates. The critical loads are reached at finial catastrophic contact fracture. 
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Fig. 13. Experimental results showing load versus indentation depth relation- 

ships for conical contact fractures of sandstone specimens with different sample 

heights. The critical loads are reached at finial catastrophic contact fracture. 

The repeatability is demonstrated by photographs of three tests for each sample 

height. 
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hich shows that contact crack growth at higher loading rates may not

e fully dominated by shear stress. 

Specimen dimension is also an effective parameter on sand-

tone contact fracturing behaviour. Various sandstone samples with

ifferent heights were tested while all other test parameters were kept

he same and the results are shown in Fig. 13 . As represented, samples

ith smaller heights are damaged at lower load and indentation depth

alues. As shown in the figure, the inward conical taper cracks for these

xperiments have angle of around 70°. 

Water content is one of the crucial factors affecting rock strength. In

rder to study how this factor influences sandstone contact damage be-

aviour, some samples were saturated to 7% water content with water

tilizing a vacuum device and tested while all other experimental con-

itions were kept the same. Fig. 14 demonstrates a significant decrease

f critical damage load and displacement values for saturated samples
ig. 14. Experimental results showing load versus indentation depth relationships fo

ritical loads are reached at finial catastrophic contact fracture. 
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ompared to dry one. It was observed that the conical taper crack is also

round 70° for wet sandstone. 

.3. Discussion 

PMMA tests display a visible contact brittle shear fracturing. The

rack initiation angle is clearly near 70°. The experimental results

emonstrate that its fracturing behavior is in line with the maximum

hear stress criterion in the case of high compressive stress confinement

ondition. The additional sand stone tests also show similar result. This

nding is evidently different from the result reported by Healy et al.

1] , where they modeled brittle shear fracturing with tensile micro-

racks interaction mechanism. However, why is the contact fracture

attern of glass (see Fig. 2 ) different from PMMA and sandstone’s? A

ouple of possible factors may be associated with this phenomenon:

i) Multi-micro-crack mechanism [1,14,36] . When the brittle glass ma-

erials with multi-micro-crack under compression, the micro-cracks in-
r conical contact fractures of three water-saturated sandstone specimens. The 
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Fig. 15. Contact secondary cracking mechanism for brittle glass. Cracking in se- 

quence: (1). Shear stress leads shear fracturing AB at the perfect contact edge un- 

der compressive stress state; (2). the shear cracking changes global stress state, 

and the positive circumferential tensile stress at the crack-tip B triggers the sec- 

ondary opening conical crack BC. 
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eraction may result tensile stress on micro-cracks, which can trigger

icro-cracks growth and coalition, and finally lead this result. (ii) Sec-

ndary cracking [37] , which can be explained with help of Fig. 15 . At

he initial stage, the contact crack in glass is very short and the crack

beys the maximum shear stress criterion, but once the crack grows

nd simultaneously stress state is changed, the maximum tensile stress

riterion is prevailing. So far, we would be in favor of the second expla-

ation, but, clearly, a careful and thorough study on contact fracturing

f glass is still needed to be conducted. This study will be addressed

lsewhere. 

. Conclusions 

Contact conical crack initiation of rock-like brittle materials indented

y rigid cylindrical punches with flat end has been studied. Two main

onclusions can be drawn as follows: 

i) A new phenomenon of shear stress triggered shear fracturing in rock-

like brittle materials has been found, which is evidently distinct from

the traditional shear fracturing mechanism due to multi- tensile-

stressed micro-cracks in materials [1] . 

ii) The contact crack initiation angle for such kind rock-like materials,

different from the reports in literatures such as Hertzian crack and

Roesler [2] , has been observed inwards rather than outwards. This

finding testifies that the rock-like brittle material shear fracturing

along its maximum shear stress plane is possible under some special

confinement. The mechanism of such results has been discussed with

basic stress analysis and the energy principle. 

The rock-like material represents a broad spectrum of materials

hich have various applications. This study is a new understanding of

he mechanical behavior of rock-like materials. Especially, it has impor-

ant implications for seismology and rock-mass stability, as well as rock

ngineering such as rock drilling. 
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