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A modified mixed mode fracture criterion, called generalized maximum energy release rate criterion, is proposed
to predict the fracture initiation angles and estimate the fracture resistances in brittle and quasi-brittle materials
under mixed mode loading. With this generalized maximum energy release rate criterion, the energy release rate
around the crack tip is calculated by considering the contributions from both singular stress terms and T-stress.
Experimental data, extracted from prior literatures for central cracked Brazilian disk, cracked semi-circular bend

and edge-crack triangular specimens, are used to validate the modified criterion and evaluate the accuracy of the
prediction obtained from this modified criterion. Results show that the T-stress plays a remarkable role in the
mixed mode I/1I fracture analysis when the energy-based criterion is employed. In addition, it is shown that the
modified criterion can well predict the mixed mode I/1I fracture behaviors of brittle and quasi-brittle materials.

1. Introduction

Mechanical reliability is a critical issue in many engineering appli-
cations such as aerospace craft and nuclear power station. During their
service, fracture of materials or structures is difficult to avoid and often
constitutes the major mechanical failure [1-3]. Therefore, a good un-
derstanding on the fracture behaviors of materials or structures is im-
portant and necessary. Many efforts have been made before to establish
failure criteria and determine the fracture toughness for different ma-
terials [4-6]. In the past few decades, a series of fracture criteria have
been proposed and widely used to predict the initiation and propaga-
tion of cracks [7-23], as summarized in Table 1. These criteria can be
divided into three categories: stress-based criteria [7-9], strain-based
criteria [10-13] and energy-based criteria [14-23]. There are three
classical fracture criteria in fracture mechanics, i.e. the maximum
tangential stress (MTS) criterion [7], minimum strain energy density
(SED) criterion [14] and maximum energy release rate (G) criterion
[19-21]. The MTS criterion is a stress-based criterion, and the SED and
G criteria are the energy-based criteria. These criteria have been widely
applied to study brittle fracture in various materials such as ceramics,
rocks, glasses, brittle polymers and polymeric foam materials.

However, these criteria could not able to accurately predict the
onset of mixed mode fracture (combination of the mode I, mode II or
mode III cracks), mainly owing to the significant difference between the
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theoretical prediction and experimental results [24-28]. This difference
is probably attributed to the fact that all these criteria only include the
influence of singular stress terms in Williams’ series expansion (i.e.
stress intensity factors, SIFs) but ignore the higher order terms of the
expansion. Although the singular stress terms in Williams’ series ex-
pansion can roughly represent the driving force for crack growth, the
neglection of higher order stress terms might deviate the calculated
stress fields from the accurate one around the crack tip [15,18]. In this
scenario, fracture behaviors predicted by the classical criteria might not
agree well with the experimental results, especially for mode II domi-
nant fracture behaviors [11-13,15,18].

To better predict the initiation and propagation of mixed mode
cracks in brittle and quasi-brittle materials, researchers developed the
modified fracture criteria by including both the singular and non-sin-
gular stress terms in Williams’ series expansion [8,9,11-13,15,18]. The
first non-singular stress term in Williams’ series expansion, called T-
stress, acts parallel to the crack line with a magnitude proportional to
the gross stress in the vicinity of the crack, and is proved to have a
significant influence on both the fracture initiation angles and the onset
of fracture [8,29]. A generalized maximum tangential stress (GMTS)
criterion was proposed by Smith et al. [8] to evaluate the effect of T-
stress on the brittle fracture under mixed mode loading conditions.
Later, a series of experiments [24,30-34] confirmed that fracture be-
haviors of brittle or quasi-brittle materials under mixed mode loading
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Table 1
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A list of three criteria categories: stress-based criteria, strain-based criteria and energy-based criteria.

Criteria

References

Stress-based Maximum tangential stress criterion, MTS

Generalized maximum tangential stress criterion, GMTS

Modified maximum tangential stress criterion, MMTS

Strain-based Maximum tangential strain criterion, MTSN

Extended maximum tangential strain criterion, EMTSN

Energy-based Strain energy density criterion, SED

Generalized strain energy density criterion, GSED

Averaged strain energy density criterion, ASED

Generalized averaged strain energy density criterion, GASED

Maximum energy release rate criterion, G

Erdogan and Sih [7]
Smith et al. [8]
Akbardoost and Ayatollahi [9]

Chang [10]
Mirsayar et al. [11,12] and Hua et al. [13]

Sih [14]

Ayatollahi et al. [15]

Lazzarin and Zambardi [16]

Moghaddam et al. [18]

Palaniswamy [19], Hussain et al. [20] and Nuismer [21]

agreed well with the prediction by the GMTS criterion. Another fracture
criterion, modified maximum tangential stress (MMTS) criterion [9],
was developed by including both singular stress terms (SIFs) and three
non-singular stress terms (i.e. T-stress, A3 and B3, where A3 and B3 are
the second non-singular stress terms in Williams’ series expansion) into
consideration and employed to estimate the mixed mode fracture re-
sistances of Neyriz marble samples. In additional to stress-based cri-
teria, a few strain-based criteria have been also modified by including
the effects from the T-stress, such as the extended maximum tangential
strain (EMTSN) criterion [11-13]. Similarly, energy-based criteria have
also been modified to evaluate the mixed mode fracture. Ayatollahi
et al. [15] improved the SED criterion into a generalized strain energy
density (GSED) criterion for mixed mode fracture analysis of brittle and
quasi-brittle materials, by including three key factors, mode I SIF (Ky),
mode II SIF (Ky;) and T-stress. Later, Moghaddam et al. [18] proposed a
generalized averaged strain energy density (GASED) criterion to predict
mixed mode I/II fracture behaviors of brittle and quasi-brittle materials.
It also accounted the effect of T-stress on the calculation of the averaged
strain energy density around the crack tip. In summary, no matter re-
lying on stress-based, strain-based or energy-based fracture criteria,
results indicated that T-stress had a remarkable influence on the mixed
mode fracture behaviors of brittle and quasi-brittle materials, including
both fracture initiation angles and fracture resistances.

Maximum energy release rate criterion (also called G criterion), one
of the classical mixed mode crack criteria, has been extensively utilized
to predict the initiation of mixed mode cracks through calculating the
energy release rate around the crack tip [20-23]. However, similar with
previous classic criteria, conventional G criterion only includes the
singular stress terms in Williams’ series expansion with ignoring the
influence of non-singular stress terms when describing the stress fields
in the vicinity of crack tip, resulting in some divergences between the
theoretical results and experimental results, especially when mode II
fracture are predominant. To our best knowledge, no available G cri-
terion that includes the influence from the non-singular stress terms is
established to accurately predict the mixed mode I/II fracture beha-
viors. Therefore, in this paper, a generalized form of G criterion is
proposed to study the mixed mode I/1I fracture behaviors for brittle and
quasi-brittle materials. This proposed criterion considers the influence
from not only singular stress terms (SIFs) but also the first non-singular
stress term (T-stress) in Williams’ series expansion on the calculation of
energy release rate of crack growth. The experimental results, reported
in prior literatures [26,27,34] on the fracture analysis of central
cracked Brazilian disc (CCBD), cracked semi-circular bend (SCB) and
edge-crack triangular (ECT) specimens, are used to verify the accuracy
of the proposed generalized G criterion.

2. Generalized maximum energy release rate criterion

The generalized G criterion is derived to study the mixed mode I/II
fracture behaviors in this section. For a plane crack problem, as shown
in Fig. 1, Williams [35] proposed a set of infinite series expansions to
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Fig. 1. Stress components in the polar coordinate around the crack tip.

describe the elastic stress fields around the crack tip, as follows:

Opg = #[\/1%(1 + cose)cosg - 3\/121_71_[ sin@cosg] + Tsin?@
+ 0@y @
O = %[\;%(3 - cos@)cosg + \/%(Mose - l)sing] + Tcos*6
+0@'?) 2
1 Ki Ku 0 .
6 = —— | —=sinf + 3cos® — 1) | cos— — TsinBcos O
e zﬁ[m Tor ¢ )] 2
+ O(rl/Z) (3)

where g, 0, and 7,4 are elastic stresses in the polar coordinate system
and (r, 0) are the crack tip coordinates (see Fig. 1). K and Kj; are the
SIFs of the mode I and mode II fracture, respectively. T is the first non-
singular stress term, which is called T-stress. The higher order non-
singular stress terms O(r'/?) are usually negligible near the crack tip
[26,27,34].

When the stress intensity at pre-existing crack tip increases to a
certain level, the crack will extend a small length a to form a branch
crack, not necessarily along the direction of the original crack, but
along an arbitrary direction 6, as shown in Fig. 2. Once a branch crack
forms, the calculation of energy release rate for the branch crack

B4

Crack

Fig. 2. Geometry and coordinate systems for the branch crack.
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becomes challenging due to the complicated boundary value problems
[21]. If we only focus on the initiation of fracture, instead of fracture
propagation, the length of branch crack a can be assumed to shrink to
zero. It indicates that the stresses (such as &; and 7y;) around the tip of
branch crack are approximately equal to the stresses (such as gg and
7,9) at the tip of original crack with a direction 6 = 6,. Therefore, we get

7ir¥)1+ Gy = Opglo = g, )
a—

lim Tz = Tolo = g

a—ot 0 5)

The SIFs for the branch crack, Kjs and Kje, can be also written as

K = lim 27r6; = 2nr
16= LNy 7 Gee 6)

Ko = lim+ N27rizy = 27r e
a—0

@)
Thus, when the fracture initiation takes place from the original
crack in the direction 6 = 6,, the energy release rate for the branch
crack, Gy, can be obtained [21]
1 52 52 2mr 2
Go = —(Kip + Kyjp) = —-(0gg + 7,

o E’( io + Kite) e (o8 + 77) )
where E’ takes the value of E for plane stress condition and E/(1 — v?)
for plane strain condition. E and v are the elastic modulus and Poisson’s
ratio, respectively. Eq. (8) indicates that the energy release rate due to
the initiation of a branch crack only depends on the stress state before
fracture begins. Through substituting the Egs. (1-3) into Eq. (8) and
ignoring the high order term O(r'/?), the energy release rate Gy can be
obtained as follows,

1
Gy = E[BIKI2 + ByK? + BsKiKy + ByN2nr K T + Bs~</2arKy T

+ Bg(27r) T?) Q)
where
1 2
B; = —(cos 6+1)
4
B, = —SSin“Q + Zsin29 +1
2 2
By = —Lsin(20) — sin®
=5 (10)
B, = —4cos® e + 4cos? i
2 2

Bs = 4sin59 - 4sing
2 2

Bg = sin?@

According to the generalized G criterion, fracture takes place from
the crack tip along the direction (6,) of maximum energy release rate.
When the energy release rate along the direction 6, and at a critical
distance r. from the crack tip reaches its critical value, the crack in-
itiation will take place along the fracture initiation angle 6,. Therefore,
the fracture initiation angle 6, can be determined by the following
equations.

%G,
a6

8°G,
=0; 302 <0

6=060, r=r¢ (11)

=00, r=rc
Substituting the Eq. (9) into Eq. (11),
CiK? + CKE + CsKiKyy + Cy 271K T + Cs 2. Ky T + Ce (277,) T2
=0 12)

in which

1 1
C, = ——sin(26) — —sin6
1 1 (26) 5
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3 1
C, = =sin(26) — —sin6
2= (26) 5

C; = —2c0s?60 — cosf + 1 13)

C, = 10sin® 9 _ 14sin? 6 + 4sin9

Cs = 10C0852 — 20cos® 6 + 8cos 6

Cs = sin(26)

It is found that the fracture initiation angle 6, depends on the SIFs,
T-stress and critical distance r. from the crack tip. The critical distance
r., usually correlated to the size of a damage zone around the crack tip,
experiences large strains or contains a large amount of microcracks if
the fracture occurs [15]. The micromechanical model of brittle fracture
indicates that the crack initiates from the boundary of damage zone
instead of crack tip, mainly due to the high strains near the crack tip
[15,36]. Likewise, this factor is correlated to the radius of fracture
process zone (FPZ) around the crack tip in brittle and quasi-brittle
materials [34,36]. In practical, critical distance r. is often considered as
a constant material property that is independent of the specimen geo-
metry and loading conditions [26,32,34]. According to the Schmidt’s
model [37], the critical distance r, is given as follows,

1 (K
r.=—|—7
2w\ o
in which o, is the material tensile strength and K. is the pure mode I
fracture toughness of the material. The material constants o, and Kj. can
be determined experimentally by uncracked Brazilian disc (BD) spe-
cimen [33] and CCBD specimen, respectively.

When the energy release rate at crack tip reaches a critical value,
the crack starts to grow. At this time,

Gg = Ge.

14

(15)

where Gy, is the critical value of the energy release rate at the critical
distance r.. Combining the Egs. (9) and (15),

1
=5 [BiK? + BoK3 + BsKiKy + By 211 K T + Bs 2. Ky T

+ B (27r,) T2

Gec

(16)

Both Gg. and r. are assumed to be constant characteristics of the
material [26,32,34].

For pure mode I fracture, Ky = 0 and 6, = 0°. By replacing K = 0
and 6y = 0° into Eq. (16), the following equation can be obtained.

1
_KIZc

Goe = £

17
Therefore, the Gg. can be obtained from the condition of pure mode

I loading in testing. Further, the Eq. (16) can be rewritten as

KIZ —

.=

BiK? + B,K3 + BsK(Kyy + By 271 K( T + Bs\[2m1. Ky T

+ Bs(27r.) T? (18)

The Eq. (18) can be used to predict the initiation of the mixed mode
I/11 crack.

3. Theoretical model

In this section, the generalized G criterion is employed to predict the
initiation of the mixed mode I/II crack for three types of specimens,
CCBD, SCB and ECT specimens, as shown in Fig. 3. P is a concentrated
force applied to specimens, R is the radius of the CCBD and SCB spe-
cimens, W is the size of the ECT samples, and S is the half distance
between the two bottom supports for SCB and ECT samples. It should be
noted that a is the half-crack length for CCBD specimens and the crack
length for SCD and ECT specimens. Three groups of dimensionless



C. Hou et al.

Theoretical and Applied Fracture Mechanics 100 (2019) 78-85
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Fig. 3. Schematics of three types of specimens: (a) central cracked Brazilian disk (CCBD) specimen, (b) cracked semi-circular bend (SCB) specimen and (c) edge-crack

triangular (ECT) specimen.

parameters, a/R (or a/W), S/R (or S/W), and f3, are used to describe the
loading conditions. a/R or a/W is the dimensionless crack length, i.e.
the ratio of crack length to the sample size; S/R or S/W is the ratio of
half distance between two bottom supports to sample size; f§ is the crack
inclination angle between the applied load direction and crack direc-
tion. For a mixed mode I/1I fracture, the mode mixity factor M® is de-
fined as [15,18]

19)

where M® varies between 0 and 1. M® = 1 represents the pure mode I
fracture and M® = 0 represents the pure mode II fracture. M® can be
tuned by changing the crack inclination angle 3. A pure mode I fracture
(i.e. M® = 1) is achieved by setting 8 = 0°, while a pure mode II crack
(i.e. M® = 0) is achieved by setting § as a critical value, which depends
on a/R for CCBD specimens, a/R and S/R for SCB specimens, and a/W
and S/W for ECT specimens, respectively. For example, for the SCB
specimen with a/R = 0.3 and S/R = 0.43, a pure mode II crack (i.e.
M?® = 0) is achieved by setting f = 50°.

SIFs and T-stress in the CCBD, SCB and ECT specimens can be
written as follows,

é\/ZnR K*(a/R, B) For BD specimens

K; = %\/ZﬂRKi*(a/R, S/R, B) For SBD specimens  (i=IL, II)

P .
wpV2nRK"(a/W, S/W, B) For ECT specimens (20)

%T* (a/R, B) For BD specimens
%T*(a/R, S/R, 8) For SBD specimens  (i=I, II)

%T*(a/W, S/W, B) For ECT specimens 1)

where B is specimen thickness. When the concentrated force P is frac-
ture load Py, K; (i = I, II) will be fracture resistances Ky (i = L, I). K{', Ky
and T" are dimensionless SIFs and T-stress that are functions of a/R (or
a/W), S/R (or S/W) and B. Dimensionless SIFs (K; and Kjj) and T-stress
(T") can be calculated by finite element method, over-determined
method [38], interaction integral method [33,39] and so on. For ex-
ample, the dimensionless parameters K}, K;; and T" in terms of crack
inclination angle 8 are given in Fig. 4 for different types of specimens
(CCBD specimen with a/R = 0.3, SCB specimen with a/R = 0.3 and S/
R = 0.43, and ECT specimen with a/W = 0.3 and S/W = 0.43), re-
spectively.
By substituting the Egs. (20) and (21) into Eq. (12), we obtain

81

C1(Kp)? + Gy (Kp)? + C3KiKyp + 4C4 \/% K(T*

¥ * I
+ 4C —"KT*+16C(—C)T*2=O
5\ g Ku 5|z )T

Therefore, the fracture initiation angle 6, can be obtained from the
Eq. (22). It is found that the fracture initiation angle 6, only depends on
the critical distance r. from the crack tip, if the sample size and
boundary conditions are given. Substituting the Egs. (20) and (21) and
6y into Eq. (18), we obtain

2
K} K; . T*
K2 =K} [31 + BZ(K—E) + B;K—E + 4194\/%F + 4Bs
T T

(22)

T KiT*
R (K7)?

1

" 2
+ 168, [ L
R\ &

(23)
or
kY K; CKITT T
K2 = Ky Bl(—l*) + B+ By L + 4B, [ CL 435\/ZT—*
KH KH R (KH) R KII
+ 16363( T*)

where Ky and Ky are the fracture resistances with respect to the mode I
and mode II cracks, respectively. Rewriting the Egs. (23) and (24), we
obtain

— KIc
(B + By (St 2+BK—‘*‘+4B mI g [ STy e T ’
\/1 2\ & 3Ky 4\/%1({‘ SVER &2 SR\ kf
(25)
Ky

KIc

*

[ o\ 2 )

K K KT
Bi| L) +By+ B3 L +4B, |1
\/1(Kf‘1) 2 3%y 4 R &2

* *\ 2
T (T
+ 4Bs ® K5 + 16B6R(K1*1)

(26)

Therefore, Egs. (22), (25) and (26) can be used to predict the in-
itiation of the mixed mode I/II crack for the CCBD, SCB and ECT spe-
cimens. When T-stress is not considered, the generalized G criterion will
be simplified to the traditional G criterion. It should be pointed out that
the predictions of the traditional G criterion are the same as those of
MTS criterion [21].

Egs. (22), (25) and (26) indicate that the critical distance r. sig-
nificant affects the fracture initiation angles and fracture resistances in
the generalized G criterion. Therefore, it is necessary to evaluate the
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using the generalized G criterion.

effects of r. on fracture initiation angles and fracture resistances. Here,
an example of SCB specimen with a/R = 0.3 and S/R = 0.43 is used to
discuss the effects of r. on the theoretical prediction curves of fracture
initiation angles and fracture resistances, as shown in Fig. 5. The di-
mensionless parameters K, K;; and T" for SCB specimen are given in
Fig. 4(b). Fig. 5(a) gives the relationship of the theoretical prediction
values of fracture initiation angles 6 in terms of mode mixity factor M®
under different values of r./R. It is found that the curves of fracture
initiation angles significantly shift when r./R varies from 0 to 1. For a
fixed SCB specimen with radius R, the fracture initiation angles 6y in-
crease with the increasing of r. when the mode II crack dominates.
Fig. 5(b) shows the variations of the theoretical prediction curves of
mixed mode I/II fracture resistances under different values of r./R. It is
found that the theoretical prediction curves significantly depend on the
values of r./R. For a fixed SCB specimen with radius R, the fracture
resistances Ky are decreasing as r. increases when the mode II crack
dominates. Fig. 5 indicates that the effect of T-stress can be ignored and
the generalized G criterion is reduced into the traditional G criterion if
r. approaches to zero. It indicates that the contribution of T-stress in the
generalized G criterion can be tuned by varying the values of r.. Once
the value of r. is determined, the contribution of T-stress in the gen-
eralized G criterion is determined accordingly. Therefore, selecting an
appropriate value of r. in the generalized G criterion is significantly
important on prediction accuracy. Generally, the critical distance r, is
defined as the radius of FPZ for brittle materials with the expression of
Eq. (14) [15,18].
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4. Results and discussion

Experimental results from the mixed mode fracture tests on CCBD
specimens are first used to examine the validation of generalized G
criterion [26,33,34]. A series of experiments are conducted using
Harsin marble by Aliha and Ayatollahi [34]. The CCBD samples are
designed as the rock cylinders with a diameter of 110 mm and a
thickness of 25 mm. A hole with a diameter of 2 mm is drilled in the
center disc and a center crack is created by a thin fret saw blade of
0.5 mm thickness. The length of center crack 2a is chosen as 33 mm and
the ratio of a/R is 0.3. The crack inclination angles f are set as 0° (pure
mode 1), 4°, 8°, 12°, 16°, 20°, 24° and 27° (pure mode II). A series of
compression tests are conducted to measure the fracture initiation an-
gles B, and the fracture resistances Kjsand Ky To determine the critical
distance r,, tensile strength o, and fracture toughness K;. are measured
as 7.2MPa and 1 MPa-m'/? from a series of BD and CCBD tests [15,18].
Thus, r, for the Harsin marble is calculated as 3.07 mm, according to Eq.
(14). More information about these experiments can be found in the
literature [34]. The dimensionless SIFs and T-stress for CCBD specimens
with a/R = 0.3 are given as Fig. 4(a).

Fig. 6(a) plots the fracture initiation angles in terms of the M*® the-
oretically calculated by generalized G and traditional G criteria, as well
as experimentally obtained from the CCBD specimens. The corre-
sponding fracture resistances of the CCBD specimens are plotted in
Fig. 6(b). A significant deviation can be found between the experi-
mental results and the theoretical predications from the traditional G
criterion. In specific, the traditional G criterion overestimates fracture
initiation angles while underestimates the fracture resistances for CCBD
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Fig. 6. Comparisons of the theoretical results calculated from generalized G and traditional G criteria versus experimental results for the CCBD specimens made of
Harsin marble. (a) Fracture initiation angles and (b) fracture resistances. Data point is extracted from the experiments by Aliha and Ayatollahi [34].

specimens. However, theoretical predications from the generalized G
criterion excellently fit with the experimental results, including both
fracture initiation angles and the fracture resistances.

Experimental results from the mixed mode fracture test on SCB
specimens are also used to validate the accuracy of the theoretical
prediction from generalized G criterion [26,34]. The diameter and
thicknesses of SCB specimens are the same as the CCBD specimens
mentioned above. The precast crack is cut with a thin fret saw blade
(0.5mm in thickness) from the middle of the bottom edge of SCB
samples. The length of center crack a, ratio of a/R and loading span
ratio S/R are chosen as 16.5 mm, 0.3 and 0.43, respectively. The crack
inclination angles f3 is designed as 0° (mode I), 10°, 20°, 30°, 40°, 43°,
47° and 50° (mode II). The r. for Harsin marble is calculated as
3.07 mm, due to the identical material Harsin marble mentioned above.
A series of 3-point bending tests are conducted to obtain the fracture
initiation angles 6o, the fracture resistances Ky and Kyr The di-
mensionless SIFs and T-stress for SCB specimens with a/R = 0.3 and S/
R = 0.43 are given as Fig. 4(b).

Fig. 7(a) plots the fracture initiation angles in terms of the M® the-
oretically calculated by generalized G and traditional G criteria, as well
as experimentally obtained from the SCB specimens. The corresponding
fracture resistances of the SCB specimens are plotted in Fig. 7(b). Si-
milarly, the traditional G criterion fails to obtain the results that can fit
well with the experimental results from fracture tests on the SCB spe-
cimens. The discrepancy between the theoretical prediction from tra-
ditional G criterion and experimental results is obvious for mode II

a
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dominated fracture. The traditional G criterion underestimates fracture
initiation angles and overestimates the fracture resistances for SCB
specimens, especially when the mode II crack dominates the fracture.
As expected, the generalized G criterion (dash) provides a better pre-
diction of the mixed mode fracture. It proves that the T-stress, con-
sidered within generalized G criterion, make a significant contribution
on the mixed mode fracture of brittle materials.

A different material PMMA has been tested in the full range from
pure mode I to pure mode II using the SCB specimens containing an
edge crack by Ayatollahi et al. [26]. Similarly, the following geometry
parameters of the SCB specimens R = 50 mm, a = 15mm, B = 5mm,
a/R = 0.3 and S/R = 0.43 are chosen in this test. The crack inclination
angles f are set as 0° (pure mode I), 10°, 20°, 30°, 40°, 43°, 47° and 50°
(pure mode II). Moreover, the value of r. of PMMA is chosen as
0.065 mm, which is the same as the literature [15,26]. Then, a series of
3-point bending tests are conducted to obtain the fracture resistances
Ky and Ky Likewise, the prediction curves of the generalized G cri-
terion as well as traditional G criterion for fracture resistances of the
SCB specimens made of PMMA are shown in Fig. 8. It is found that the
generalized G criterion can more accurately predict the mixed mode
fracture behavior of PMMA than the traditional G criterion.

Experimental results [27] from the mixed mode fracture tests on
ECT specimens in Neiriz marble also confirm the high accuracy of the
theoretical prediction from generalized G criteria. In the experiments,
ECT specimen (Fig. 3(c)) is designed as a right-angled triangular plate
with base length 2 W = 150 mm, and located inside the three-point
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Fig. 7. Comparisons of the theoretical results calculated from generalized G and traditional G criteria versus the experimental results for the SCB specimens made of
Harsin marble. (a) Fracture initiation angles and (b) fracture resistances. Data points are extracted from the experiments by Aliha and Ayatollahi [34].
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09 o  PMMA test results (Ayatollahi et al., 2006)
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Fig. 8. Fracture resistances for the SCB specimens made of PMMA. Dash line is
calculated from generalized G criterion and Solid line is calculated traditional G
criterion. Data points are extracted from the experiments by Ayatollahi et al.
[26].

bend fixture with the thickness B = 16 mm. A thin fret saw is used to
prepare an initial narrow notch with the width of 0.3 mm and length of
22.5mm. The a/W and S/W are chosen as 0.3 and 0.43, respectively.
The crack inclination angles § are set as 0° (mode I), 10°, 20°, 30°, 40°
and 52.5° (mode II). The fracture toughness Kj. of the Neiriz marble is
measured as 0.74 MPam'/? by a series of tests of CCBD samples, and the
tensile strength o, is 5.64 MPa tested by uncracked BD samples.
Therefore, r. can be determined by Eq. (14) as 2.74 mm. Then, fracture
initiation angles 6, and fracture resistances Kjs and Kys can be obtained
by a series of 3-point bending tests. The dimensionless SIFs and T-stress
for ECT specimens with a/W = 0.3 and S/W = 0.43 are given as
Fig. 4(c).

For ECT specimens, similar conclusions with those in Figs. 6 and 7
can be found in Fig. 9. The traditional G criterion fails to offer good
predictions for the experimental results from the ECT specimens. The
traditional G criterion underestimates fracture initiation angles and
overestimates the fracture resistances for ECT specimens, especially
when the mode II crack dominates the fracture. The generalized G
criterion provides better predictions of the mixed mode fracture for the
ECT specimens, including the fracture initiation angles and fracture
resistances, as shown in Fig. 9. Further, the theoretical predictions of
fracture resistances obtained from traditional G, generalized G, SED,
MTS, GMTS and CZM criteria on the ECT specimens are compared in
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1.2
O Neiriz marble rock test results(Aliha et al., 2013)
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Fig. 10. Comparisons of the theoretical predictions from traditional G, gen-
eralized G, SED, MTS, GMTS and CZM criteria versus the experimental results of
fracture resistances for the ECT specimens made of Neiriz marble [27].

Fig. 10 [27]. It is found that the results predicted by traditional G, SED,
MTS and CZM criteria are not in agreement with the experimental re-
sults, due to the neglection of the influence from T-stress. However,
with considering the influence from T-stress, such as the theoretical
predictions from the generalized G criterion and GMTS criterion, an
excellent agreement with the experimental results can be found.

5. Conclusions

In this work, a modified energy-based criterion (generalized G cri-
terion) is proposed to study the mixed mode I/1I fracture behaviors for
brittle and quasi-brittle materials. The generalized G criterion includes
both the singular stress terms (SIFs) and the first non-singular term (T-
stress) in Williams’ series expansion on the calculation of energy release
rate. The experimental results from the mixed mode fracture analysis of
the materials, PMMA, Harsin marble and Neiriz marble, using CCBD,
SCB and ECT specimens are used to validate the generalized G criterion.
The theoretical prediction of the fracture initiation angles and crack
onset from the generalized G criterion are compared with that from
traditional G criterion. The following conclusions can be achieved:

(1) The traditional G criterion only including the singular stress terms
overestimates or underestimates the fracture initiation angles and
fracture resistances, especially when the mode II crack dominates

(b)
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Fig. 9. Comparisons of the theoretical results calculated from generalized G and traditional G criteria versus the experimental results for the ECT specimens made of
Neiriz marble. (a) Fracture initiation angles and (b) fracture resistances. Data points are extracted from the experiments by Aliha et al. [27].
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the fracture.

(2) The theoretical predictions of fracture initiation angles and fracture
resistances from the generalized G criterion are in great agreement
with the experimental results.

(3) T-stress plays an important role on the fracture analysis of the
materials under mixed mode loading.
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