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Abstract—This paper studies an energy storage (ES) sharing
model which is cooperatively invested by multiple buildings for
harnessing on-site renewable utilization and grid price arbitrage.
To maximize the economic benefits, we jointly consider the ES
sizing, operation, and cost allocation via a coalition game for-
mulation. Particularly, we study a fair ex-post cost allocation
based on nucleolus which addresses fairness by minimizing the
minimal dissatisfaction of all the players. To overcome the expo-
nential computation burden caused by the implicit characteristic
function, we employ a constraint generation technique to grad-
ually approach the unique nucleolus by leveraging the sparse
problem structure. We demonstrate both the fairness and com-
putational efficiency of the method through case studies, which
are not provided by the existing Shapley approach or propor-
tional method. Particularly, only a small fraction of characteristic
function (less than 1% for 20 buildings) is required to achieve
the cost allocation versus the exponential information required
by Shapley approach. Though there exists a minor increase of
computation over the proportional method, the proposed method
can ensure fairness while the latter fails in some cases. Further,
we demonstrate both the building-wise and community-wise eco-
nomic benefits are enhanced with the ES sharing model over the
individual ES (IES) model. Accordingly, the overall value1 of ES
is considerably improved (about 1.83 times).

Index Terms—Energy storage sharing, coalition game, cost
allocation, nucleolus, fairness.

I. INTRODUCTION

ENERGY storage (ES) is a key technology to advance
a sustainable, flexible, and reliable energy system [1]. In

consumer premise, ES can generate stacked economic benefits
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1The proportion of total electricity bill reduction relative to the ES capital

cost.

by synchronizing local volatile renewable supply with non-
shiftable demand and responding to grid price variations [2].
Though the benefits are profound and the governments around
the globe have set mandatory goals, the commercial deploy-
ment of ES is still largely impeded by the high capital
cost [3], [4].

In recent years, sharing economy has manifested in trans-
portation and housing systems [5]. Naturally, such sharing-
oriented solution is penetrating energy systems for bringing in
new technologies like ES [5], [6]. For example, multiple users
can cooperatively invest and share a central ES [7]–[9]. The
enhanced benefits of shared ES over individual ES (IES) are
comprehensive. First, the utilization of ES can be increased
by exploiting the complementary feature of users. Second,
duplicate installation cost can be avoid, which accounts for
20%-50%2 of the total capital cost. Third, additional bene-
fit from economy of scale can be embraced, i.e., purchase
bulks of ES at wholesale price. Last but not the least, it can
relieve the space issue for individuals. The augmented benefits
of ES sharing are clear, however how to reap them relies on
a comprehensive business model.

A. Related Works

In the literature, a number of works have studied ES sharing
models from the perspective of sizing and operation.

For ES sizing, [10] proposed an analytical approach by
using a Markovian fluid model to capture the stochastic user
demands where the ES was used as backup to ensure user
demands under grid capacity limits. Reference [11] studied
the optimal sizing of shared ES with the objective to facilitate
photovoltaic (PV) utilization so as to minimize consumer cost.

The operation of cooperative ES sharing generally addresses
the charging and discharging coordination among different
users. Typically, [8] proposed a credit-based distributed algo-
rithm to manage a central ES shared by a group of cost-aware
households. The discharging rate of the shared ES is dynam-
ically allocated among the households by their credits which
characterize their accumulated stored energy in the shared
ES. Reference [12] proposed an ES sharing model for min-
imizing the reputation-weighted energy cost of consumers,
which are characterized by the proportions of their renew-
able injection into the shared ES over the historical time
periods. Similarly, [13], [14] studied the control of a shared

2A Tesla Powerwall costs 7,600$ before installation. However, accounting
for the installation cost, a rough estimate of the Tesla Powerwall cost $9,600-
$15,600 for a full system installation.
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ES for optimizing the total weighted cost of a group of
homes which reflects their agreements on cost-saving prior-
ities. Reference [15] studied a shared ES model working as
an energy provider to serve consumers with elastic demand.
The operation of ES is managed by an aggregator obligated to
minimize the total electricity bill for consumers. Particularly,
a marginal service price model was deduced to charge the
consumers. Reference [16] studied the optimal operation of a
solar-plus-storage system shared across multiple consumers for
social welfare or profit maximization. Generally, these works
studied the ad hoc operation of a shared ES for some speci-
fied objectives. They hardly addressed the optimal ES sizing
and capital cost allocation among the participants which are
important for practice.

Besides, the sizing and operation of cooperative ES sharing
are mostly addressed separately in the literature, however they
should be jointly considered so as to justify the high ES cap-
ital cost and maximize the economic benefits. Moreover, it is
essential to study the fair cost allocation (i.e., ES capital cost)
as the users are self-interested and independent stakeholders.
This paper works towards such objectives. Particularly, we
study an ES sharing model that is cooperatively invested and
shared by multiple users to harness the economic benefits of
grid price arbitrage as well as local renewable integration. One
close work is [17] which studied the similar sharing paradigm
of ES, and an analytical fair cost allocation formula based on
core was identified. However, that work only considered grid
price arbitrage for ES which is generally not enough to justify
the high ES capital cost, and the results (i.e., ES operation, siz-
ing, and cost allocation) are restricted to the two-period market
setting and cannot be extended to the case with time-dependent
renewable generation. Exceptionally, [18], [19] studied an
ES sharing model that accounts for both price arbitrage and
local renewable integration. Whereas those works focused on
a different sharing paradigm in which a third-party leads
the ES sharing among its “consumers” and pursues profit
maximization. Another related work that shares the similar
structure of ours by including the ES sizing, operation and
cost allocation is [20]. However, that work studied the ES
sharing across multiple electricity retailers. Besides, the cost
allocation was rule-based and did not address the fairness3 due
to the computational challenges.

B. Main Contributions

This paper studies a cooperative ES sharing model among
multiple buildings, each of which seeks economic benefits
from local renewable integration and grid price arbitrage. Our
main contributions are as follows.

• We formulate the optimal ES sharing integrating optimal
sizing, operation and cost allocation as a coalition game.

• We address the fair ex-post cost allocation for ES sharing
based on nucleolus. In particular, we employ a constraint
generation technique [21] to overcome the exponential
computation burden caused by the implicit characteristic
function.

3In this paper, we refer to fairness as satisfaction and we interchangeably
use the word “fairness” and “satisfaction”.

Fig. 1. The configuration of a community energy storage (CES).

• We demonstrate the superiority of the cost allocation over
the existing Shapley approach and proportional method
by providing both fairness and computational efficiency
through case studies. Particularly, only a small fraction of
the characteristic function (less than 1% for 20 buildings)
is required to achieve the cost allocation.

• We show the enhanced economic benefits of the ES shar-
ing model over the IES model both at the building-wise
and community-wise. Specifically, the ES sharing model
yields higher cost reduction to each committed building
as well as the whole community. Accordingly, the overall
value of ES is considerably improved (about 1.83 times).

The remainder of this paper. In Section II, we present the
coalition game formulation. In Section III, we study the fair
cost allocation. In Section IV, we study the cost allocation
and economic benefits of the ES sharing model through case
studies. In Section V, we briefly conclude this paper.

II. COALITION GAME FORMULATION OF ES SHARING

A. The Configuration of ES Sharing

Fig. 1 shows the configuration of the ES sharing model
studied in this paper. We consider a grid-connected commu-
nity composed of multiple buildings with on-site renewable
generation (i.e., wind and solar power). Wherein the build-
ings cooperatively invest and share a community ES (CES)
to harness renewable utilization and grid price arbitrage. The
buildings can charge the CES with local renewable generation
or the procured electricity from the grid. Conversely, they can
discharge it to supply their demand when required. Besides, we
allow the buildings to sell energy (i.e., renewable generation or
discharged energy from the ES) back to the grid. As the ES is
shared by multiple buildings, we assume a central coordinator
obligated to coordinate their charging and discharging behav-
iors of the buildings. Supportively, a net metering is attached
to each building for monitoring the energy flow. Particularly,
different buildings can charge and discharge simultaneously as
the central coordinator only cares about the net power flow. In
other word, if one building charges and another building dis-
charges, there would exist some cancellations. However, each
individual building can not charge or discharge at the same
time due to the physical limits.
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We study the optimal ES sharing model that encompasses
the optimal sizing, operation, and ex-post cost allocation.
Considering the computation burden of long-term planning
(i.e., sizing), we project the problem on a daily basis and study
the problem in a discretized-time framework.

B. Main Assumptions

We clarify our main assumptions as below.
(A1) The purchase price from the grid is much higher than

the selling price to the grid.
(A2) The buildings do not share (or trade) energy with each

other through the shared ES.
(A3) We only consider non-elastic demand and the demand

response of buildings is not included.
Remark 1: We impose (A2) with the purpose of studying

the enhanced economic benefits from sharing ES capacity.
However, the problem formulation and solution can be readily
extended to allow energy sharing among the users, which is
expected to further increase the overall economic benefits.

C. Coalition Game Formation

We formulate the problem as a coalition game [22].
Coalition game is a branch of game theory that studies the
cooperative behaviors of a group of rational agent, which
accords with our settings. Following the standard terminolo-
gies, we label the building players by N := {1, 2, . . . , N}.
We study the problem over the discretized time slots T :=
{0, 1, . . . , T − 1}.

(i) Coalitions: For a community composed of N buildings,
we refer to any subset of buildings S ⊆ N cooperatively
sharing an ES as an ES coalition or sub-coalition S .

(ii) Coalition Value and Characteristic Function: Coalition
value ν(S) quantifies the economic benefit of an ES coalition
S . We indicate a N-player coalition game by (N , ν), where
function ν : 2N → R represents the characteristic function of
coalition game that assigns value ν(S) to each sub-coalition
S ⊆ N . Particularly, the number of sub-coalitions S ⊆ N
grows exponentially with the scale, i.e., O(2N).

In this paper, we characterize the value of an ES coali-
tion ν(S) by the total cost: the total electricity bills plus the
ES capital cost. When we use a collection of representative
scenarios to capture the patterns of renewable generation and
building demand, the coalition value ν(S) can be characterized
by a two-stage stochastic optimization problem that couples
the optimal ES sizing and operation:

(P) : ν(S) = min
ES ,PS≥0

c(xS) +
∑

ω∈�

ρωg(xS , ζω) (PU)

g(xS , ζω) = min
yω

i ,i∈S
g
(
xS , yω, ζω

)
(PU)

subject to: yω
i ∈ Yω

i , i ∈ S. (1a)∑

i∈S
eb,ω

i,t ≤ ES , t ∈ T . (1b)

∑

i∈S
pch,ω

i,t ≤ PS , t ∈ T . (1c)

∑

i∈S
pdis,ω

i,t ≤ PS , t ∈ T . (1d)

where i and t are building and time indices. xS = (ES , PS)

denotes the ES capacity: energy capacity ES (in kWh) and
power capacity PS (in kW). ω, ζω, � and pω represent scenario
indices, scenario realizations, scenario collection and scenario
probabilities. yω

i denotes the operating strategy for building
i under scenarios ω, which includes the charging/discharging
of the ES and energy trading with the grid. Accordingly, Yω

i
indicates the set of admissible strategies.

• The first-stage objective (PU) captures the total cost
which is equal to the ES capital cost c(xS) plus the
weighted operation cost

∑
ω∈� pωg(xS , ζω). For the

ES capital cost, we capitalize on an amortized price
model [19], [23]: c(xS) = kpPS +keES . kp (s$/kWh) and
ke (s$/kW) are the amortized ES capacity price which are
obtained according to the projected ES price 100�/kWh
and 300�/kW by 2025 [24].

• The second-stage objective (PL) characterizes the optimal
operation cost g(xS , yω, ζω) for each scenario ω, which is
subject to the ES capacity xS , the scenario realization ζω,
and the building operating strategies yω = [yω

i ],∀i ∈ S .
The operation cost consists of electricity purchase cost
and the revenue of selling energy to the grid. We use
cg+

t , cg−
t and cg,max to indicate the purchase, selling and

demand charge price. pg+,ω
i,t and pg−,ω

i,t denote the pro-
cured and sold energy of building i over period t. pg,max,ω

i
characterizes the peak demand over the billing cycle. We
have the operation cost:

g(x, yω, ζω) =
∑

i∈S

{
∑

t∈T

(
cg+

t pg+,ω
i,t − cg−

t pg−,ω
i,t

)

+ cg,maxpg,max,ω
i

}
(2)

• We define the operation strategy of building i as yω
i =

[pch
i,t, pdis

i,t , eb,ω
i,t , pg+,ω

i,t , pg−,ω
i,t , pg,max,ω

i ] which includes the
charging and discharging energy: pch

i,t, pdis
i,t , the stored

energy: eb,ω
i,t , the procured and sold energy from/to the

grid: pg+,ω
i,t , pg−,ω

i,t and the peak demand over the billing
cycle: pg,max,ω

i . Correspondingly, the set of admissible
operation strategies Yω

i is constituted by

0 ≤ pch
i,t ≤ pch,max, (3a)

0 ≤ pdis
i,t ≤ pdis,max, (3b)

eb,ω
i,t+1 = eb,ω

i,t + pch,ω
i,t ηch − pdis

i,t /ηdis, (3c)

eb,ω
i,t ≥ 0, (3d)

pg+,ω
i,t − pg−,ω

i,t = pch,ω
i,t − pdis,ω

i,t + pd,ω
i,t − pr,ω

i,t , (3e)

pg+,ω
i,t , pg−,ω

i,t ≤ pg,max,ω
i , (3f)

pch,ω
i,t pdis,ω

i,t = 0, (3g)

pg+,ω
i,t pg−,ω

i,t = 0, ∀t ∈ T (3h)

where constraints (3a)-(3b) model the charging and dis-
charging rate limits. Constraint (3c) tracks the stored
energy for each building subject to the charging and
discharging efficiency ηch, ηdis. In this formulation, we
do not consider energy sharing, thus each building can
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not over deplete its stored energy as imposed by con-
straint (3d). Constraint (3e) models the instantaneous
balance of supply and demand of each building, with
pd,ω

i,t and pr,ω
i,t denoting the non-elastic demand and

local renewable generation. Constraint (3f) captures peak
demand over the billing cycle. Particularly, the com-
plementary constraints (3g)-(3h) enforce the physical
limits of non-simultaneous charging (purchasing) and
discharging (selling).

Note that problem (P) is non-linear and non-convex due
to the presence of complementary constraints (3g)-(3h), mak-
ing it computationally intractable with off-the-shelf solvers.
However, considering the ES efficiency, i.e., ηch, ηdis < 1,
and the grid price setting, i.e., cg+

t > cg−
t , the complemen-

tary constraints can be relaxed without affecting the optimal
solution. We refer the readers to an illustrative proof in
Appendix A [25]. With constraints (3g)-(3h) relaxed, there
only exist linear constraints. Besides, we note that the two-
stage problem has a min-min structure, making it possible to
be converted to the single-stage convex problem (4) that can
be tacked by some existing commercial solvers (e.g., CPLEX).

(P ′) : ν(S) = min c(xS) +
∑

ω∈�

ρωg(x, yω, ζω)

subject to: (1b) − (1d). (3a) − (3g), ∀i ∈ S.

var: ES , PS , yω
i , ∀i ∈ S. (4)

D. ES Coalition Game Properties

In this part, we study the characteristics of the ES coalition
game. We have the following main result.

Theorem 1: The ES coalition game (N , ν) is subadditive,
i.e., ν(S1 ∪S2) ≤ ν(S1)+ν(S2), ∀S1,S2 ⊆ N ,S1 ∩S2 = ∅.

Remark 2: We defer the proof to Appendix B [25].
Theorem 1 implies that it won’t be worse off for two dis-
joint groups of buildings to merge and share a single ES.
Fundamentally, the overall economic benefits can be enhanced
through merging. Therefore the buildings within a community
are inclined to form a grand ES coalition N to maximize
economic benefits.

III. COST ALLOCATION BASED ON NUCLEOLUS

In Section II-D, we have proved the enhanced overll ben-
efits of the ES sharing model over IES model. However, the
building-wise gains relies on the ex-post cost allocation, which
is supposed to be fair to ensure stable cooperation: all partici-
pants are satisfied and have no motivations to deviate or disrupt
the cooperation.

There exist multiple solution concepts regarding fair cost
allocation of coalition game [26]. One prominent one is
core [22], [27]. Normally, computing core corresponds to a
NP-complete linear programming (LP) that depends on the
entire characteristic function. For example, for a N-player
coalition game, it generally requires to solve a LP problem
with (2N − 1) constraints associating with O(2N − 1) coalition
value. This is a non-trivial task due to the exponential compu-
tation burden. Besides, the existence and uniqueness of core
is another general concern for practice [22].

Another primary solution concept is Shapley value with the
main idea of distributing the co-created value by the players’
marginal contributions. One main advantage of Shapley over
core is the existence and uniqueness. However, it also suffers
computation intensity from the entire characteristic function.

Nucleolus is another essential solution concept which pur-
sues fairness by minimizing the dissatisfaction of all play-
ers [28]. Reasonably, a cost allocation can be viewed as fair if
all players are satisfied (i.e., the maximum dissatisfaction of all
players is non-positive). Besides, the nonempty and uniqueness
property of nucleolus is preferable, motivating us to study the
cost allocation of ES sharing based on nucleolus. Nevertheless,
the computation challenge is yet to be addressed as computing
nucleolus is as or even more difficult than the other solution
concepts.

A. Definitions

We first introduce the main definitions.
Definition 1 (Cost Allocation): We use vector x ∈ RN to

denote a cost allocation of coalition game (N , ν), where the
entry xi denotes the allocation to player i.

Definition 2 (Imputation): An imputation x ∈ R
N is a cost

allocation for a grand coalition (N , ν) which is both efficient
and individually rational. We have the set of imputations:

I = {
x ∈ R

N : x(N ) = ν(N ) and ν({i}) ≥ xi,∀i ∈ N
}

where we define x(S) = ∑
i∈S xi,∀S ⊆ N .

Definition 3 (Core): Core refers to the imputation that no
subsets of players has incentives to deviate from the grand
coalition (N , ν). The set of core is defined as

C = {x ∈ I : x(S) ≤ ν(S),∀S ⊆ N }.
Definition 4 (Lexographical Order): Assume two

N-dimensional vectors y, z ∈ R
N with elements arranged in

non-increasing order, i.e., yi ≥ yj and zi ≥ zj if i < j. We
claim vector y is lexographically smaller than vector z, i.e.,
y ≺lex z, if ∃k < N that yi = zi,∀i < k and yk < zk (if k = 1,
we have y1 < z1).

Definition 5 (Excess of Coalition): For a given cost alloca-
tion x ∈ R

|S|, the excess of coalition S is defined as

e(x,S) = x(S) − ν(S)

For a coalition game characterized by cost minimization, the
excess of coalition e(x,S) can be interpreted as the dissatis-
faction of coalition S with the cost allocation x. Since there
exists a group of players, the dissatisfaction of players regard-
ing a specified cost allocation x ∈ R

N correspond to a excess
of coalition vector. To address this issue, nucleolus is defined
by the lexographical order of excess of coalition vectors. More
specifically, nucleolus is the imputation with the lexicographi-
cally minimal excess of coalition vector. The formal definition
is given below.

Definition 6 (Nucleolus): For a coalition game (N , ν), let
O(x) ∈ R

2N−1 be the excess of the coalition vector for cost
allocation x ∈ R

N (imputation) arranged in a non-increasing
order, i.e., Oi(x) ≥ Oj(x),∀i < j, then a cost allocation x ∈ R

N
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is the nucleolus if we have

O(x) ≺lex O
(
x′),∀x′ ∈ I\{x}.

B. An Algorithm to Find the Nucleolus

From the definition, we note that nucleolus is always
nonempty and unique. Particularly, nucleolus will locate in
the core if the latter is nonempty [21]. However, comput-
ing nucleolus is nontrivial as it corresponds to searching for
the lexicographically minimal excess of coalition vector. More
specifically, we are required to solve a sequence of lexico-
graphically minimization problems, i.e., first identifying the
set of cost allocations X1 that minimize O1(x), and then min-
imize O2(x) over X1, where Oi(x) denotes the i-th entry of
the excess of coalition vector O(x) (see Definition 6). These
episodes are carried forward until the unique nucleolus is
approached. Particularly, we note that the entire characteris-
tic function is required in each episode to compute the excess
of coalition vector. This is computationally intensive for ES
coalition game as the characteristic function is implicit and
characterized by stochastic optimization problems. For exam-
ple, for an ES coalition with 20 buildings, we are required to
solve the stochastic optimization problem (4) 220 − 1 (more
than 107) times to identify the characteristic function.

To overcome the computational challenges, this section
develops an algorithm to search for nucleolus of the ES
coalition game by employing a constraint generation tech-
nique [21]. The main idea is spurred by the uniqueness of
nucleolus and the underlying sparse structure of problem.
Specifically for a N-player coalition game, the cost allocation
corresponds to solving a sequence of LPs (i.e., lexicographi-
cally minimization) with N decision variables subject to 2N −1
linear constraints. This implies at most N of 2N −1 constraints
are binding at the optima. Intuitively, if the N binding con-
straints are known a priori, only N coalition value are actually
required. Indeed, the essential idea of the proposed cost allo-
cation is to identify such critical constraints using constraint
generation technique.

To be noted, the algorithm to search for nucleolus is con-
stituted by multiple episodes. We first starts with computing
the least core [26]. After that a sequence of lexiograph-
ically minimization problems are solved. In each episode,
we capitalize on a constraint generation technique to iden-
tify the dissatisfied coalitions with the current cost allocation.
The algorithm will terminate until we encounter the unique
nucleolus. In the subsequent, we introduce the details.

1) Computing Least Core: The least core of coalition game
(N , ν) is the solutions of the LP problem [26]:

z∗ = min z

subject to: x(N ) = ν(N )

x(S) − ν(S) ≤ z, ∀S ⊆ N \{∅,N }. (5)

Problem (5) is equivalent to z∗ = minx∈I
maxS⊆N \{∅,N } e(x,S). We note that least core is the
set of imputations with the minimum maximum excess
of coalition, i.e., minx∈I O1(x). Therefore, the least core
includes nucleolus based on the definition.

An example: assume a 2-player coalition game with the
excess of coalition vectors O(x) = [5, 3, 3], O(y) = [5, 4, 2],
and O(z) = [6, 4, 1] for the cost allocation x, y, z. We can fig-
ure out the least core x, y and the unique nucleolus x because
we have O1(x) = O1(y) ≤ O1(z) and O2(x) < O2(y).

Clearly, least core is well-defined and can be used to nar-
row the search scope of nucleolus. Nevertheless, computing
least core by solving problem (5) is computationally intensive
as it requires the entire characteristic function: ν : 2N → R

which corresponds to the value of all sub-coalitions S ⊆ N .
To overcome the computational challenge, we capitalize on a
constraint generation technique to gradually approach the least
core instead of solving problem (5) all at once. The main
idea contains three steps: i) solve the relaxed problem (6)
corresponding to a subset of coalitions F1 (e.g., start with
F1 = {{1}, {2}, . . . , {N}}); ii) identify the most “violated”
sub-coalition (i.e., maximum excess of coalition) with the
obtained cost allocation; iii) add the identified coalition to
F1. This process is repeated until no “violated” sub-coalitions
with the obtained cost allocation exists. This indicates the
least core defined in problem (5) is approached. We defer the
implementation of constraint generation technique later.

z1,∗ =

⎡

⎢⎢⎣

min z
subject to:

x(N ) = ν(N )

x(S) − ν(S) ≤ z, ∀S ∈ F1\{∅,N }

⎤

⎥⎥⎦. (6)

2) Lexicographically Optimization: Intuitively, if the least
core is unique, the nucleolus is found. However, that is not
the usual case and we usually have to carry on to identify
the unique nucleolus by solving a sequence of lexicograph-
ically optimization problems. For example, minimize O2(x)

over the least core x ∈ {x|O1(x) = z1,∗} and so forth.
Considering the general case, we introduce the problem of
minimizing Ok(x) over {x|Oj(x) = zj,∗,∀j = 1, 2, . . . , k − 1}
at episode k. Akin to computing least core, we capitalize on
the constraint generation technique to overcome the computa-
tion burden by executing the three steps. Slightly different, we
have the relaxed problem (7) with blocks of binding constraints
indicated by �j. The interpretation is that at each episode k,
we solve the lexicographically optimization minx Ok(x) within
the scope of {x ∈ R

n|Oj(x) = zj,∗,∀j = 1, 2, . . . , k − 1}.

zk,∗ =

⎡

⎢⎢⎢⎢⎢⎢⎣

min z
subject to: x(S) − ν(S) ≤ z,

∀S ∈ Fk\ ∪j≤k−1 �j.

zj,∗ = x(S) − ν(S),

∀S ∈ �j, j = 1, 2, . . . , k − 1.

x(N ) = ν(N ).

⎤

⎥⎥⎥⎥⎥⎥⎦
. (7)

3) Constraint Generation: This part introduces the imple-
mentation of the constraint generation to identify the most
“violated” sub-coalition for 1) and 2).

Suppose we have a cost allocation xk,∗ (the solution of
problem (6) or (7) with a specific subset of coalitions Fk).
The constraint generation technique requires to identify the
most “dissatisfied” or “violated” sub-coalition (the subset of
players) not included in Fk. This requires to identify the sub-
coalition with the maximum excess of coalition regarding the
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cost allocation xk,∗ within the remaining coalitions N \Fk.
To address such issue, we define some binary variables si ∈
{0, 1},∀i ∈ N to indicate whether player i is in the identified
sub-coalition or not. Thus we can interchangeably indicate a
coalition by S j ⊆ N or a binary vector sj = {sj

1, sj
2, . . . , sj

N},
where we have sj

i = 1 if player i is in coalition S j, otherwise
sj

i = 0. Thus, we can formulate the problem as

c∗ = max
S

∑

j∈S
xk,∗

j − zk,∗ − ν(S)

subject to: 1 ≤
∑

i∈N
si ≤ N − 1.si ∈ {0, 1}, ∀i ∈ N . (8a)

∑

{i|sj
i=0}

si +
∑

{i|sj
i=1}

(1 − si) ≥ 1, ∀j|S j ∈ Fk (8b)

where constraint (8a) is imposed to exclude the empty coali-
tion ∅ and grand coalition N . Constraint (8b) enforces the
exclusion of coalitions Fk.

We note that problem (8) requires the explicit characteris-
tic function ν(S). However, for the ES coalition game, the
characteristic function ν(S) is characterized by the stochastic
optimization problem (4). To address such issue, we blend the
problem as

c∗ = max
∑

j∈S
xk,∗

j − zk,∗ −
(

c(xS) +
∑

ω∈�

ρωg(xS , ζω)

)

subject to: (1b) − (1d). (3a) − (3e), (3g) − (3h), ∀i ∈ N .

pg+,ω
i,t − pg−,ω

i,t ≥ sip
b,ω
i,t + pd,ω

i,t − pr,ω
i,t ,

pg+,ω
i,t , pg−,ω

i,t ≤ siP
g,max

1 ≤
∑

i∈N
si ≤ N − 1. si ∈ {0, 1}, ∀i ∈ N .

∑

{i|sj
i=0}

si +
∑

{i|sj
i=1}

(1 − si) ≥ 1, ∀j|S j ∈ Fk.

var: E,S , PS , s, yω
i ,∀i ∈ N (9)

where Pg,max indicates the maximum trading energy with the
grid of each building over single period. The objective of
problem (9) characterizes the excess of coalition for an ES
coalition. Particularly, we use the combinatorial constraints
pg+,ω

i,t − pg−,ω
i,t ≥ sip

b,ω
i,t + pd,ω

i,t − pr,ω
i,t to uniformly capture the

load balance for the buildings in or out of the sub-coalition.
Specifically, for the buildings in the identified sub-coalition,
we have si = 1 and the procured electricity from the grid is at
least to satisfy the building demand, otherwise we have si = 0
and the load balance constraints are relaxed.

Problem (9) is a mixed-integer linear programming (MILP)
with O(N) binary variables, which can be handled by some
existing solvers like CPLEX for moderate scales. However,
if the scale is very large and solving problem (9) directly
becomes computationally intensive, we would need to find
some other ways to handle the problem. As aforementioned,
with the (most) “dissatisfied” sub-coalition S∗ regarding the
current cost allocation proposal xk,∗ obtained, our next step is
to added it to Fk (i.e., Fk := Fk ∪ {S∗}) and adjust the cost
allocation accordingly.

Algorithm 1: Search for Nucleolus of ES Coalition Game
Based on Constraints Generation

Initialize: N := {1, 2, . . . N}: building participants.
Output : x ∈ R

N : cost allocation for the buildings.
1 Initialize: k → 1, F1 = {{1}, . . . , {N}}, STOP: = false;
2 while !STOP do
3 Solve prolem (7) (or (6) if k = 1) and obtain the

solution xk,∗ and zk,∗;
4 if the solution is unique then
5 STOP: = true;
6 break;
7 end
8 Solve problem (9) to identify the most “dissatisfied”

sub-coalition S∗ and the corresponding excess of
coalition c∗,k with the current cost allocation xk,∗;

9 if ck,∗ > 0 then
10 Add the identified sub-coalition: Fk := Fk ∪ {S∗};
11 else
12 Identify the active and binding constraints �k;
13 Fk+1 := Fk;
14 k := k + 1;
15 end
16 end

The procedures of identifying the most “violated” sub-
coalition and adjusting the cost allocation are alternated until
no “violated” sub-coalition is found, i.e., the optimal value
of problem (8) is non-positive (c∗ ≤ 0). This implies the
optimal solution of problem (6) or (7) is approached, i.e.,
the least core or the cost allocation for min Ok(x) has been
identified.

We display the main procedures to search for the nucleo-
lus of the ES coalition game in Algorithm 1. Particularly, we
clarify three main points regarding the algorithm. First, the
algorithm includes two-loops: outer-loop and inner-loop. The
outer-loop associates with the lexicographically optimization
indicated by the episode k. Whereas the inner-loop itera-
tively solve the lexicographically optimization by employing
constraints generation technique. In inner-loop, we alterna-
tively identify the most “violated” coalition and update the
cost allocation. The inner-loop will terminate until no “vio-
lated” sub-coalition is found (i.e., c∗ ≤ 0 for problem (9)),
which indicates the lexicographically optimization has been
solved. Second, there are two crucial steps when switching
from the inner-loop to the outer-loop: i) at the end of each
inner-loop, the active or binding constraints are required to
be identified (line 12). This can be achieved by checking the
inequality constraints of problem (6) or (7). Specifically, with
the obtained solution xk,∗, zk,∗, we identify the active or bind-
ing constraints �k for next computing epoch by checking the
equality zk,∗ = ν(S) − x(S), ∀S ∈ Fk\ ∪i≤k−1 �i; ii) the
subset of coalitions is copied for the next computing epoch
k + 1 (line 13). Third, the overall algorithm will terminate
until the solution of lexicographically optimization is unique
(line 4-7).
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IV. CASE STUDY

This section reports the numeric results. We first study the
fairness and computational efficiency of the cost allocation
based on nucleolus. We then investigate the enhanced eco-
nomic benefits of the ES sharing model over the IES model.

A. Simulation Setup

We set up the case studies based on the real building demand
profiles [29] and renewable generation profiles (i.e., wind and
solar power) [30] for one year (i.e., 365 scenarios). To account
for the complementary feature of energy use in buildings,
multiple types of buildings (e.g., office, hotel, school, hospital
and restaurant) are considered. Considering the large number
of scenarios lead to high computation cost, we choose S = 10
representative scenarios to capture the patterns of renewable
generations and building demands, respectively. The ES charg-
ing and discharging efficiency is set as ηch, ηdis = 0.9. For the
amortized ES capital price, we assume an annual interest rate
r = 0.06 and ES lifetime L = 10 years. We study the problem
on a daily circle with the time equally discretized into T = 24
time slots, corresponding to a decision interval of 	 = 1h.
We refer to the time-of-use electricity price of Singapore:
cg+

t = 0.1271 s$kWh (off-peak 23:00-7:00) and cg+
t = 0.2085

s$kWh(peak 8:00-22:00) and demand charge cg,max = 0.1335
s$kW (we set selling price as cg−

t = 0). The maximum trad-
ing power with the grid is set as Pg,max = 103 kW for each
building.

B. Fairness and Computational Efficiency

This part evaluates the fairness and computational effi-
ciency of the cost allocation for ES sharing (Algorithm 1).
We consider five ES coalition of different scales: N :=
{3, 5, 8, 10, 20}. We compare the cost allocation based
on nucleolus with proportional method [20] and Shapley
approach [22]. The proportional method is empirical and easy
to compute whereas Shapley approach is more sophisticated
but computationally intensive.

• Proportional method: distributes the ES capital cost
among the buildings based on their proportions of oper-
ation cost (electricity bill) reduction (no ES as baseline).

• Shapley approach: distribute the payoff among the build-
ings by their marginal contributions to the ES coalition.

As aforementioned, we evaluate a cost allocation to be fair
if all the players are satisfied. In this paper, we assume all
the building players are profit-oriented and have no other
preferences, therefore it is reasonable to quantify their dis-
satisfaction (satisfaction) by their allocated cost. To account
for the group of players, we focus on the minimum excess of
coalition which can be used as an indicator of minimum dis-
satisfaction (DSAT) over all the buildings regarding the cost
allocation. Specifically, we have

DSAT = min
S⊆N ,S �=∅,N

e(x,S) (10)

Clearly, all players are satisfied (i.e., fair) if the minimum
excess of coalition is non-positive (DSAT ≤ 0). Moreover, we
prefer a cost allocation with a more negative DSAT.

TABLE I
COST ALLOCATIONS OF DIFFERENT METHODS

For each scale, we apply the three cost allocation methods
to achieve the ex-post cost allocation across the building par-
ticipants. For notation, the buildings are labeled by B1-B20
with the allocated cost displayed in TABLE I (the results for
N = 20 are omitted due to space limits). First of all, we note
that the total cost for each scale are the same regardless of
the ex-post cost allocation mechanism used. This is caused
by the same optimization problem (4) we rely on to com-
pute both the Shalepy and propertional allocations. However,
there exist some differentials regarding the allocated cost to
each building under the different cost allocation mechanisms,
which lead to the different DSAT as indicated in the last
row of each table. Particularly, we find that for the scales
N := {3, 5}, all the three cost allocation mechanisms can
ensure fairness as indicated by the negative DSAT, whereas
for the larger scales N := {8, 10}, the fairness is only ensured
by the proposed method and Shapley approach not the propor-
tional method. This demonstrate that the proposed method and
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TABLE II
COMPUTATION OF DIFFERENT METHODS

Shapley approach can ensure fairness whereas proportional
method may fail in some cases.

For the computational efficiency, we quantify the computa-
tion cost of different methods by the fraction of characteristic
function required (i.e., the number of coalition value computed
by solving problem (4)). The computation cost for different
scales (N := {3, 5, 8, 10, 20}) are presented in TABLE II.
Particularly, for the nucleolus, we start with the singleton and
grand coalitions (i.e., F1), and we record the number of con-
straint generations (i.e., K̄) performed in the execution. First
of all, we observe that Shapley approach shows the high-
est computation cost with the entire characteristic function
(2N − 1 coalition value) required. On the contrary, propor-
tional method is most efficient and only requires N+1 coalition
value to achieve the cost allocation (N corresponds to comput-
ing the cost for each building with no ES and 1 corresponds
to computing the total cost of grand coalition). Notably, we
observe the computation cost with the nucleolus is slightly
higher than the proportional method but significantly lower
than the Shapley approach. It’s noteworthy that for N = 10,
only 2.54% (26/1023) of the characteristic function is required,
and when the scale is increased to N = 20, the computation
burden is reduced to less than 1% (88/107). This demonstrates
the superior computational efficiency of nucleolus over the
Shapley approach. Therefore, we conclude that the nucleolus
outperforms Shapley approach and proportional method by
providing both computation efficiency and fairness.

C. Economic Benefits of ES Sharing

In this part, we study the enhanced economic benefits of the
ES sharing model (referred to CES model) over the IES model.
For the IES model, each building invests private ES sepa-
rately where the optimal ES sizing and operation are obtained
by solving problem (4) with N = 1. Particularly, for the CES
model, we consider two settings: without energy sharing (CES)
and with energy sharing (CES + Share). For the CES + Share
model, we can follow the previous notations and formula-
tions but replace (3d) with

∑N
i=1 eb,ω

i,t ≥ 0,∀t ∈ T which
indicates the stored energy injected by the different build-
ings are commonly owned. Using the scale with N = 5 and
N = 10 buildings as examples, we study both the building-
wise (B1-B10) and community-wise (Com.) economic benefits
with the two ES models. The building-wise economic benefits
with the CES and CES + Share model are calculated based
on the ex-post cost allocation of nucleolus. The community-
wise economic benefits represent the overall economic benefits

Fig. 2. The building-wise (B1-B10) and community-wise (Com.) cost reduc-
tion with the IES and CES model: (a) N = 5. (b) N = 10 (no ES as
baseline).

for all the buildings. Using the cost with no ES as base-
line, the building-wise (B1-B10) and community-wise (Com.)
economic benefits can be quantified by the cost reduction as
shown in Fig. 2. We see the CES model yields higher per-
centage of cost reduction to each committed building and the
whole community over the IES model. Taking the case with
N = 5 as an example [Fig. 2(a)], the cost of B3 (i.e., elec-
tricity bill plus ES capital cost) is cut off by 16.7% with the
CES model versus 4.9% with IES model, and the overall cost
is reduced by 9.0% versus 2.5%. This implies the CES model
can enhance both the building-wise and community-wise eco-
nomic benefits over the IES model. Besides, we note that the
CES + Share model can enhance the economic benefits signif-
icantly further. For example, the cost reduction for B3 is up to
59.5% with the CES + Share model. We see the similar results
with the scale N = 10. Further, by comparing the results with
N = 5 and N = 10, we find that B1-B5 (appear in both
scales) all gain higher cost reduction with the larger coalition
(i.e.,N = 10) (the marginal decrease of B1 is caused by com-
puting accuracy). This demonstrates that by forming a large
ES sharing coalition, the economic benefits of the building
participants can be further enhance, however this may require
a more powerful central coordinator for coordination.

Further, we study the average value of ES (VoS) with the
different ES models (i.e., IES, CES, CES + Share). The
VoS is defined as the proportion of operation cost reduction
over the ES capital cost, representing the average return on
investment (ROI):

VoS =
[
x̄Opex − xOpex

]
/xCap

where xOpex and xCap denote the optimal operation cost and
capital cost yield by an ES model. x̄Opex represents the oper-
ation cost with no ES. Intuitively, there exists potential to
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Fig. 3. The building-wise (B1-B10) and community-wise (Com.) VoS with
the IES and CES model: (a) N = 5. (b) N = 10.

invest ES if and only if VoS > 1. Moreover, we would pre-
fer an ES model with a higher VoS. In this part, we study
the VoS for both individual buildings and the whole commu-
nity. Particularly, the ES capital cost allocated to each building
with the CES model can be obtained by the total allocated cost
minus the electricity bill (obtained by solving problem (4)).
For the CES + Share model, we only study the VoS for the
whole community due to the lack of ES capital cost for indi-
vidual buildings. As with CES + Share model, the cost of each
building consists of the electricity bill, energy trading cost,
and ES capital cost. However, the latter two parts can not be
distinguished from the cost allocation. Similarly, we use the
case with N = 5 and N = 10 as examples and we present
the results in Fig. 3. First, we observe that the VoS for each
building is apparently increased with the CES model over the
IES model. Overall, the VoS for the whole community is about
1.8 times with the CES model than the IES model. Besides,
by comparing the results with N = 5 and N = 10, we find
that a large ES sharing coalition also favors the VoS for indi-
vidual buildings (B1-B5). Notably, we see the CES + Share
model can significantly increase the overall VoS for the com-
munity than the CES model. This is reasonable that allowing
the buildings to share their surplus local renewable generation
can reduce the over grid purchase for supplying the building
demand.

V. CONCLUSION

This paper studied a cooperative energy storage (ES) busi-
ness model based on the sharing mechanism. To maximize
the economic benefits of ES, we studied the problem by
integrating the optimal planning (i.e., ES sizing), operation,
and fair ex-post cost allocation via a coalition game forma-
tion, thus yielding higher economic benefits to each building
and the whole community over the individual energy stor-
age (IES) model. Particularly, the fair ex-post cost allocation

was achieved based on nucleolus which ensures fairness by
minimizing the dissatisfaction of all players. To handle the
exponential computation burden, we applied the constraint
generation technique to gradually approach the unique nucle-
olus considering the sparse problem structure, which was
demonstrated with both computation efficiency and fairness.
Further, through the case studies, we found that by enabling
energy sharing through the shared ES, the economic benefits
of ES can be further enhanced for the buildings with surplus
local renewable generation. As the commercial deployment of
ES is currently impeded by the high capital cost, this work can
work as an example how business model designs can benefit
the practice of ES technologies. Currently, we do not con-
sider the degradation of ES capacity caused by the charging
and discharging circles due to the complexity of quantifica-
tion, however it seems an interesting work to incorporate the
recently developed convex rainflow cycle-based model [31] to
address that issue in the future.
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