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This Supplementary Material includes the proofs for theoretical results and some numerical results. Section Al

provides the proof for Theorem 1, and Section A2 shows the proof for Theorem 2. Some numerical results are

included in Section A3.

A1l. PROOF OF THEOREM 1

First, it is obvious that w = argminwewa’ (w). From Lemma 1 of Gao ef al. [1], Theorem 1 is valid if the

following holds:
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where 8, lies between 8., and 07, and we have used the fact that H/O\m — Ban is independent to X*.

In addition, for any w € W,
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Similar to the proof of (A1), under Conditions 1, 2 and 5, for each w € W, one has
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Under Conditions 2 and 5, by the DKW inequality after Dvoretzky, Kiefer and Wolfowitz [2, page 268], one has
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where Fj lies between ﬁj(X(l,l)HJrh,j) and Fj(X_1)p4n,;)- In addition, under Conditions 3 and 5, by the Central

Limit Theorem, it is seen that
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Similar to the derivation of (A7), one has
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where the first inequality is owning to the fact that the Kolmogorov-Smirnov statistic sup,cp: |F i(x) — Fj(x)] is

based on X and is irrelevant to X*. By combining (A7)-(A9) with (A6), we have
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Then, by combining this with (A4) and (AS5), it is readily seen that for any w € W,
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Now, by the pointwise convergence established in (A3) and (A10), Condition 4 and the proof of Theorem 2 of [3],
we obtain (Al) and (A2). This completes the proof.

A2. PROOF OF THEOREM 2

Let w,,~ be the vector whose m*th component is one and the others are zeros, then, under Condition 2 and the

third part of Condition 6, one has

1o,
KL (W) = 0,(1). (Al1)

In addition, under Conditions 1-3, by the proof of (A10), we know that for any w € W,
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Now, recall that for any w, w’ € W, one has, under Condition 6,
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where || - ||; is the Li-norm. This indicates that {é?/ (w) — KL*(w)}/T is equicontinuous. Then, similar to the

proof of Theorem 1 in [3], by Corollary 2.2 of [4] and pointwise convergence established in (A12), one has
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In addition, since w = argminwewa/(w), we have a/(v/?/) < a/(wm*), which along with (Al1) and (A13),

implies
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From (A1l1) and (A14), we obtain
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where the last second equality is from the definition of correctly specified model. For =, as sup,cp: |13](33) —

Fj(z)| = O,(T~/?) and sup,cp: |J§(JJ) — fi(z)] = 0p(1) for j = 1,...,n as T — oo, under Condition 6, we
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which with (A15) indicates that
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It is readily seen that for any € > 0, under Condition 6, for any fixed ¢ > 0
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and this concludes the proof.

A3. MORE SIMULATION RESULTS

We supplement a simulation using 3-variate ¢-distribution as DGP to generate the observations. The degree of
freedom and location parameter in the 3-variate ¢-distribution are set as 4 and (1,2, 3) 7, respectively. The positive
definite scale matrix X = 0.5(I3 + 13x;14,;), where I3 is identity matrix and 1351 = (1,1,1)". The simulation
results are shown in Table Al. The KL loss of 10-KLMA is significantly smaller than that of the other methods,

while the L; loss and Lo loss of all methods are relatively close.
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TABLE Al

COMPARISON OF KL, L1 AND L2 LOSSES FOR DIFFERENT METHODS.

Loss T 5-KLMA 10-KLMA CVMA CW QMLE BICMS SBIC EWMA
200 Mezfm 13.60 13.25 15.86 16.91 13.86 19.94 18.79 17.90
KL Median 13.76 13.44 1649 16.09 14.03 19.67 18.55 17.41
500 Mean 26.51 26.00 3221 32770 27.64 45.63 4377 4142
Median 28.17 27.79 3349 28.48 29.66 4345 4287 40.94
200 Mea.m 6.30 6.30 6.32 6.33 6.34 6.28 6.28 6.26
L Median 6.09 6.07 6.11 6.13 6.10 6.08 6.08 6.04
500 Mean 5.32 5.32 5.34 5.34 5.34 5.31 5.31 5.28
Median 5.35 5.34 5.37 5.36 5.35 5.36 5.36 5.31
200 Mean 0.46 0.46 0.46 0.47 0.46 0.46 0.46 0.47
I Median 0.42 0.42 0.42 0.43 0.42 0.42 0.42 0.43
2 500 Mean 0.38 0.38 0.37 0.38 0.38 0.37 0.37 0.39
Median 0.37 0.36 0.37 0.37 0.37 0.36 0.36 0.38
0.5 T T T T T 0.5
—-5-KLMA
045+  |-S-10-KLMA 0451 <
CVMA P
-B3-CW 041 A
04F  |H-QMLE R
| & 252\?8 g , 0.35 g
éﬂ -O-EWMA S éﬁ -
<) 5

" 02 o.‘s o.‘4 0.‘5 0‘.6 017 0.8 '10
p
(a) T'= 200

O.‘3 0.‘4 0‘.5 016 017 0.8
p
(o) T = 500

Fig. Al. Lj loss comparison of different methods when k = 1,n = 3 and DGP is composed of Gumbel and Student-t copulas.
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TABLE A2

COMPARISON OF KL LOSS FOR DIFFERENT METHODS BASED ON 500 REPETITIONS.

DGP T KL loss 5-KLMA 10-KLMA CVMA CW QMLE BICMS SBIC EWMA
Mean  4.72 460 950 901 527 1130 983 590

200 Median  4.56 440 1116 829 503 1073 928 540

SD 2.15 216 430 823 293 291 291 151

Gumbel(2.5)+Normal(0.5) Mean  6.87 632 1536 2176 796 2458 22.69 13.96
500 Median  6.62 610 1361 1409 726 2252 21.99 1323

SD 325 329 948 8219 515 404 471 252

Mean  3.05 302 1093 7.13 955 632 522 1053

200 Median ~ 2.32 2.29 662 528 612 556 508 976

SD 2.82 283 1089 1222 865 209 276 1.97

Gumbel(2.5)+Joe(3) Mean __ 3.02 301 1086 12.63 1899 13.71 11.83 2525
500 Median  2.16 227 764 1089 897 1295 1254 2445

SD 2.64 250 1124 2371 2112 201 399 283

Mean  5.57 528 1250 896 615 1329 1204 907

200 Median  4.96 487 1005 754 519 1126 1080 848

SD 3.00 2.80 897 13.65 623 417 322 158

Gumbel(2.5)+Frank(2) Mean  8.23 762 1923 1432 1040 2811 27.18 21.76
500 Median  7.73 719 1467 1267 803 2594 2585 21.02

SD 3.82 378 1465 3650 1156 581 462 235

Mean  4.83 462 993 819 623 985 899 571

200 Median  4.58 4.44 873 745 493 773 758 5.12

SD 2.47 2.47 638 8.15 566 448 335 177

Normal(0.5)+Joe(3) Mean 750 636 12.87 13.05 1022 1920 1894 13.49
500 Median  6.76 583 1034 1217 7.12 1822 1820 12.67

SD 4.08 377 1006 1894 954 400 269 2.62

Mean  1.76 1.75 249 523 256 3.5 220 3.16

200 Median  1.51 1.50 200 260 205 250 181 285

SD 1.35 1.33 231 2377 289 185 172 086

Normal(0.5)+Frank(2) Mean  2.05 2.06 379 820 460 579 453 730
500 Median  1.60 1.61 396 569 3.8 557 430 686

SD 1.52 1.53 220 2848 1557 240 247 136

Mean  5.77 534 1103 7.6 707 1200 11.05 937

200 Median  5.48 510 955 720 600 1030 10.03 8.83

Joe(3)+Frank(2) SD 2.67 2.63 751 436 455 344 256 1.60
Mean _ 9.50 823 1626 1581 13.03 25.66 25.15 2249

500 Median  9.13 8.05 1543 845 1001 2434 2428 21.93

SD 4.41 432 994 5928 1032 390 289 227

Note: The smallest loss in each Mean row and Median row is in boldface type.

Abbreviations: Gumbel(2.5)+Normal(0.5): 0.5Gumbel(2.5)+0.5Normal(0.5), others are similar. SD: standard deviation.



IEEE TRANSACTIONS ON RELIABILITY

TABLE A3
COMPARISON OF Lg LOSS FOR DIFFERENT METHODS BASED ON 500 REPETITIONS (x1073).

DGP T Ly loss 5-KLMA 10-KLMA CVMA CW QMLE BICMS SBIC EWMA
Mean  0.97 0.95 131 219 1.09 225 189 131
200 Median  0.73 0.72 116 183 087 213 205 111
SD 0.83 0.78 086 226 089 094 094 053
Gumbel(2.5)+Normal(0.5) Mean  0.53 0.48 085 1.73 064 201 183 1.08
500 Median  0.40 036 074 141 050 208 206 1.00
SD 0.45 0.41 055 258 051 049 064 021
Mean  0.56 0.55 227 129 185 137 1.13 2.18
200 Median  0.39 0.41 145 119 111 129 121 210
SD 0.53 0.53 220 093 205 034 050 033
Gumbel(2.5)+Joe(3) Mean 021 0.21 096 1.08 156 128 111 211
500 Median  0.15 015 065 103 056 128 123 207
SD 0.20 0.19 104 055 201 019 037 0.16
Mean  1.54 1.44 293 267 162 305 264 154
200 Median  1.18 1.09 240 200 1.4 215 200 1.8
SD 1.39 1.23 236 279 196 201 173 0.69
Gumbel(2.5)+Frank(2) Mean  0.83 0.74 180 1.65 098 228 2.3 121
500 Median  0.63 0.59 127 123 070 181 179 1.10
SD 0.69 0.60 156 261 144 128 110 028
Mean  1.40 133 303 3.2 202 221 193 058
200 Median  1.04 0.94 287 249 149 113 117 026
SD 1.28 1.24 216 269 1.82 240 187 090
Normal(0.5)+Joe(3) Mean _ 0.83 0.69 156 1.6 141 126 122 034
500 Median  0.63 0.48 1.04 097 087 099 1.00 0.8
SD 0.69 0.65 139 214 139 081 070 042
Mean  1.36 134 133 267 145 192 148 420
200 Median  0.96 092 081 101 081 100 085 3.56
SD 1.44 1.39 198 661 220 222 166 175
Normal(0.5)+Frank(2) Mean  0.57 058 072 176 084 1.15 094 308
500 Median  0.36 035 055 074 042 075 067 3.69
SD 0.67 0.67 072 420 270 136 109 1.16
Mean 2.0 1.92 392 348 304 336 295 196
200 Median  1.58 1.46 294 294 254 193 208 151
SD 1.66 1.56 315 271 227 270 210 125
Joe(3)+Frank(2) Mean  1.27 1.09 203 222 220 213 202 1.60
500 Median  1.03 0.86 150 144 154 153 156 140
SD 0.92 0.86 164 376 190 166 125 059

Note: The smallest loss in each Mean row and Median row is in boldface type.
Abbreviations: Gumbel(2.5)+Normal(0.5): 0.5Gumbel(2.5)+0.5Normal(0.5), others are similar. SD: standard deviation.
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Fig. A2. L; loss comparison of different methods when k = 1,n = 3 and DGP is composed of Normal and Student-t copulas.

0.4 T T T T 0.35 T T T T T
—-5-KLMA
“©-10-KLMA
CVMA
035 |-t3-CW
-E5-QMLE
-O-BiCMS | O T T Bl
4 SBIC ’
n 03[X-EWMA -
E
= o
S
0.25
0247
0.15 : - 0.1
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.3 0.4 0.5 0.6 0.7 0.8
P P
(@) T = 200 (b) T = 500

Fig. A3. L1 loss comparison of different methods when & = 3,n = 3 and DGP is composed of Gumbel and Student-t copulas.
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Fig. A4. L; loss comparison of different methods when k = 3,n = 3 and DGP is composed of Normal and Student-t copulas
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Fig. AS5. L1 loss comparison of different methods when k = 2,n = 4 and DGP is composed of Gumbel and Student-t copulas.
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Fig. A6. L1 loss comparison of different methods when &k = 2, n = 4 and DGP is composed of Normal and Student-t copulas.
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Fig. A7. Lj loss comparison of different methods when £k = 4,n = 4 and DGP is composed of Gumbel and Student-t copulas.



IEEE TRANSACTIONS ON RELIABILITY

0.7 T T T T T 0.65
>~ __________________ 0.6 } """"""""""""""""
oesf T S — T O
------ B TGy
>-5KLMA | Y VT q 055 DA <
gl S 10-KLMA
' CVMA 05l
-5-CW '
| -B-QMLE @
© 0.55
B -&-BICMS 8 048
SBIC
- - i |
N 05F [-O-EWMA B 3 o4 )|

kT ‘ ‘ ‘ ‘ . ‘ ‘ ‘ ‘
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.3 0.4 0.5 0.6 0.7 0.8
P P
(a) T = 200 (b) T = 500

Fig. A8. Lj loss comparison of different methods when £k = 4,n = 4 and DGP is composed of Normal and Student-t copulas.

TABLE A4

COMPARISON OF KL LOSS FOR DIFFERENT METHODS BASED ON 500 REPETITIONS. THE BEST, SECOND BEST, AND THIRD BEST METHODS

IN EACH CASE ARE FLAGGED BY (D), @ AND 3 RESPECTIVELY.

DGP KL loss 10-KLMA  CVMA Ccw QMLE  BICMS SBIC EWMA
Mean 15.86%® 64.63 22.509 19.92@ 90.42 87.86 69.56
10-KLMA  Median 15.56® 75.27 19.479 19.15@ 86.92 86.47 68.93
SD 5.51 38.40 22.78 6.30 7.61 7.30 3.31
Mean 7.539 55.96 9.93® 8.33@ 169.21 168.68 165.66
CVMA Median 2.89@ 14.70 2.959 2.4990 167.91 167.87 165.39
SD 8.67 71.30 18.45 11.33 6.67 4.72 4.35
Mean 8.65¢ 50.47 10.13® 9.73® 187.01 185.94 177.78
Ccw Median 4.23® 8.63 4.389 3.910 185.32 185.16 177.31
SD 9.59 72.17 20.06 12.88 7.04 5.75 4.45
Mean 7.349 46.88 9.08% 8.35@ 169.13 168.44 164.96
QMLE Median 2.999 7.30 2.37® 2.619 167.92 167.88 164.62
SD 9.76 67.18 14.73 13.16 6.52 4.39 3.94
Mean 0.93® 2.32 6.67 2.44 0.51¢ 0.51¢ 32.68
BICMS Median 0.62 0.65 0.50® 1.22 0.26¢ 0.26¢ 32.34
SD 1.13 5.32 16.92 3.40 0.70 0.70 1.78
Mean 0.96° 2.06 6.19 2.33 0.60® 0.60® 31.47
SBIC Median 0.59% 0.69 0.55 1.24 0.329¢ 0.329¢ 31.05
SD 1.08 3.89 18.21 3.24 0.76 0.76 1.64
Mean 3.63? 23.82 12.20 10.68® 12.57 11.61 2.960
EWMA Median 3.289 23.79 7.25@ 8.01 10.81 10.75 2.55¢
SD 1.97 12.28 56.39 8.07 5.78 3.95 1.86

SD: standard deviation.
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TABLE A5
COMPARISON OF L2 LOSS FOR DIFFERENT METHODS BASED ON 500 REPETITIONS. THE BEST, SECOND BEST, AND THIRD BEST METHODS
IN EACH CASE ARE FLAGGED BY (D, @ AND (® RESPECTIVELY.

DGP Lo loss (x107%)  10-KLMA CVMA Ccw QMLE BICMS SBIC EWMA

Mean 6.87¢ 29.87 14.20©  7.20® 17.45 16.56 17.25

10-KLMA Median 4.389 24.32 7.439 5.14® 12.06 11.62 14.07
SD 7.53 25.31 52.79 6.78 14.78 14.20 13.15

Mean 4.30% 9.35 8.68° 5.08@ 20.34 20.28 31.11

CVMA Median 2.46¢ 5.85 3.01® 2.49@ 18.57 18.36 27.17
SD 5.14 9.84 30.08 7.32 11.71 11.74 15.28

Mean 4.04% 8.519 8.62 5.20@ 21.13 20.89 24.66

Cw Median 2.149® 4.84 2.88@ 2.40@ 18.44 18.16 21.03
SD 4.95 10.29 41.97 7.00 12.49 12.59 14.61

Mean 3.900 7.89 6.379 4.98® 18.84 18.65 28.28

QMLE Median 2.12% 3.85 2.509 2.17® 16.83 16.27 25.36
SD 5.36 10.18 25.82 9.36 11.57 11.57 14.47

Mean 1.489 2.68 4.03 3.37 1.25%® 1.25® 26.44

BICMS Median 0.832 1.10 0.84 1.25 0.65® 0.65¢ 24.50
SD 2.46 4.87 8.97 5.78 1.72 1.72 7.06

Mean 1.499 2.57 3.95 3.65 1.22® 1.22® 25.82

SBIC Median 0.73 0.94 0.70¢ 1.34 0.559¢ 0.56@ 24.21
SD 241 4.44 12.38 6.54 1.80 1.80 6.42

Mean 7.209 37.32 14.73 11.04 10.05®  9.39@ 10.71

EWMA Median 4.74% 35.89 5.449 9.41 6.98 6.48° 8.89

SD 7.44 22.96 88.63 9.95 8.80 8.12 8.60

SD: standard deviation.
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