
Appendix A. Regularity conditions, proofs, and theoretical deriva-
tions

Proof of Theorem 1. Denote
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Moreover, by the construction of Bni, it is readily seen that
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Combining (A.1) and (A.2), it follows that for any j ∈ {1, . . . , J},
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and the proof is concluded by taking the expectation on both sides of (A.3).

Proof of Corollary 1. Recall that θ̂i,t,j = (b(1))−1(µ̂i,t,j). It is seen that
under Condition 1
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Denote 1(j ∈ Γ̂) as the indicator function of Γ̂. By the concavity of the logarithm
function, we have
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 log(Ĵ1)T − T0
+

∑n
i=1

∑T
t=T0+1 log

{
fi,t(yi,t|y(t−1)

i )
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where the last inequality results from both log(Ĵ1) ≥ 0 and
∑
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In the light of this, given the fact that w̃i,t,j , θ̂i,t,j and Γ̂ are evaluated based
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which concludes the proof.

Proof of Theorem 2. Since ĝafter,i,t(y | y(t−1)
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ĝafter,i,t(yi,t | y(t−1)
i )

}]

= E
yi,t|y(t−1)

i

[
log

{
fi,t(yi,t | y(t−1)

i )

ĝafter,i,t(yi,t | y(t−1)
i )

}]

=

∫
fi,t(y | y(t−1)

i ) log

{
fi,t(y | y(t−1)

i )
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ĝ
1/2
after,i,t(y | y(t−1)

i )

f
1/2
i,t (y | y(t−1)

i )

}
dv(y)

= 2

∫ {
fi,t(y | y(t−1)

i )− f
1/2
i,t (y | y(t−1)

i )ĝ
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1/2
after(y | y(t−1)

i )
}2

dv(y)

≤ 2

∫
|y|2

{
fi,t(y | y(t−1)
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almost surely. In addition, for each j ∈ {1, . . . , J}, since θ̂i,t,j has nothing to do
with yi,t, it follows from Condition 1 that
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almost surely. Combining (A.3), (A.5), (A.6), and (A.7), we obtain that for
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and this concludes the proof.

Proof of Corollary 2. Similar to the derivation of (A.5), note that Γ̂ is de-
termined based on the initial information set Gn,T0

. It can be verified that for
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Then, under Condition 1, it follows from (A.8) that
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In addition, under Condition 1, with (A.6), (A.7), and the proof of Corollary 1,
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The proof is concluded by combining inequalities (A.9)–(A.10).

Proof of Theorem 3. Denote Lj(yi,t | y
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i , λ) = exp
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)
and

Dni =
∑J

j=1
πi,j

T∏
t=T0+1

Lj(yi,t | y(t−1)
i , λ).
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It is clear that
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2. Moreover, let ξi,t and ξi,t,γ be two random
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where

Mr,ξi,t,γ {hi,t(ξi,t,γ)} = Eξi,t,γ

[
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, r = 2, 3, . . . ,

M2,ξi,t {hi,t(ξi,t)} = M2,ξi,t,0 {hi,t(ξi,t,0)}, and Eξi,t(·) (or Eξi,t,γ (·)) means tak-

ing expectation with respect to ξi,t (or ξi,t,γ). Let zi,t = yi,t − µi,t(y
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i ).

Under Condition 1, we have
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γ∈[0,λ]

M3,ξi,t,γ {hi,t(ξi,t,γ)}
M2,ξi,t,γ {hi,t(ξi,t,γ)}

≤ sup
γ∈[0,λ]

sup
1≤j≤J

∣∣hi,t(j)− Eξi,t,γ {hi,t(ξi,t,γ)}
∣∣

= sup
γ∈[0,λ]

sup
1≤j≤J

∣∣Eξi,t,γ {hi,t(j)− hi,t(ξi,t,γ)}
∣∣

37
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2
∣∣

≤ 4
∣∣∣yi,t − µi,t(y

(t−1)
i )

∣∣∣ sup
1≤j≤J

∣∣∣µi,t(y
(t−1)
i )− µ̂i,t,j

∣∣∣+ 2 sup
1≤j≤J

∣∣∣µi,t(y
(t−1)
i )− µ̂i,t,j

∣∣∣2
≤ 4|zi,t|c2 + 2c22. (A.12)

In addition, by Jensen’s inequality and Condition 1, it is seen that

M2,ξi,t {hi,t(ξi,t)}

≤ Eξi,t

{
|yi,t − µ̂i,t,ξi,t |2 − |yi,t − Eξi,t(µ̂i,t,ξi,t)|2

}2
≤ Eξi,t

[{
2|yi,t − µ̂i,t,ξi,t |+ |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|

} ∣∣µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)
∣∣]2

≤ Eξi,t

[{
2|yi,t − µi,t(y

(t−1)
i )|+ 3|µ̂i,t,ξi,t − µi,t(y

(t−1)
i )|+ |µi,t(y

(t−1)
i )− Eξi,t(µ̂i,t,ξi,t)|

}
×
∣∣µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)

∣∣]2
≤
{
2|yi,t − µi,t(y

(t−1)
i )|+ 4 sup

1≤j≤J
|µi,t(y

(t−1)
i )− µ̂i,t,j |

}2

Eξi,t

∣∣µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)
∣∣2

≤ (2|zi,t|+ 4c2)
2 Eξi,t

∣∣µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)
∣∣2 . (A.13)

Now, it follows from (A.11)–(A.13) that

log(Dni)

≤ −λ
∑T

t=T0+1
Eξi,t |yi,t − µ̂i,t,ξi,t |2

+
λ2 exp(2λc22)

2

∑T

t=T0+1
(2|zi,t|+ 4c2)

2 exp(4λc2|zi,t|)Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2,

(A.14)

almost surely. Note that under Condition 2 and (14), for each t = T0+1, . . . , T ,
we have that

E1/2
yi,t|Gn,t−1

(2|zi,t|+ 4c2)
4 ≤ 8E1/2

yi,t|Gn,t−1
|zi,t|4 + 32c22 ≤ 32(c22 + 4c23) (A.15)

and

Eyi,t|Gn,t−1
{exp(8λc2|zi,t|)} = 1 +

∞∑
p=1

(8c2)
pλpEyi,t|Gn,t−1

(|zi,t|p)
p!

≤ 1 +

∞∑
p=1

(8c2c3λe)
p

≤ 2 (A.16)
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hold almost surely, where we have used the fact that p! ≥ (p/e)p (Vershynin,
2010). Take Eyi,T |Gn,T−1

(·) on both sides of (A.14), with (A.15) and (A.16).
Under Conditions 1–2, we have

Eyi,T |Gn,T−1
{log(Dni)}

≤ −λ

T−1∑
t=T0+1

Eξi,t |yi,t − µ̂i,t,ξi,t |2

+
λ2 exp(2λc22)

2

T−1∑
t=T0+1

(2|zi,t|+ 4c2)
2 exp(4λc2|zi,t|)Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2

−λEyi,T |Gn,T−1

(
Eξi,T |yi,T − µ̂i,T,ξi,T |2

)
+
λ2 exp(2λc22)

2
Eξi,T |µ̂i,T,ξi,T − Eξi,T (µ̂i,T,ξi,T )|2Eyi,T |Gn,T−1

{
(2|zit|+ 4c2)

2 exp(4λc2|zi,T |)
}

≤ −λ

T−1∑
t=T0+1

Eξi,t |yi,t − µ̂i,t,ξi,t |2

+
λ2 exp(2λc22)

2

T−1∑
t=T0+1

(2|zi,t|+ 4c2)
2 exp(4λc2|zi,t|)Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2

−λEyi,T |Gn,T−1

{
Eξi,T |yi,T − µ̂i,T,ξi,T |2

}
+
λ2 exp(2λc22)

2
Eξi,T |µ̂i,T,ξi,T − Eξi,T (µ̂i,T,ξi,T )|2E

1/2
yi,T |Gn,T−1

{
(2|zi,T |+ 4c2)

4
}

×E1/2
yi,T |Gn,T−1

{exp(8λc2|zi,T |)}

≤ −λ

T−1∑
t=T0+1

Eξi,t |yi,t − µ̂i,t,ξi,t |2

+
λ2 exp(2λc22)

2

T−1∑
t=T0+1

(2|zi,t|+ 4c2)
2 exp(4λc2|zi,t|)Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2

−λEyi,T |Gn,T−1

{
Eξi,T |yi,T − µ̂i,T,ξi,T |2

}
+16

√
2λ2 exp(2λc22)(c

2
2 + 4c23)Eξi,T |µ̂i,T,ξi,T − Eξi,T (µ̂i,T,ξi,T )|2,

almost surely. In addition, in view of that,

Eξi,t |yi,t − µ̂i,t,ξi,t |2 − |yi,t − Eξi,t(µ̂i,t,ξi,t)|2

= Eξi,t |yi,t − µ̂i,t,ξi,t |2 − Eξi,t |yi,t − Eξi,t(µ̂i,t,ξi,t)|2

= Eξi,t |yi,t − Eξi,t(µ̂i,t,ξi,t) + Eξi,t(µ̂i,t,ξi,t)− µ̂i,t,ξi,t |2 − Eξi,t |yi,t − Eξi,t(µ̂i,t,ξi,t)|2

= Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2 + 2Eξi,t

[
{yi,t − Eξi,t(µ̂i,t,ξi,t)}{µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)}

]
= Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2,

for each t ≥ T0 + 1. It follows from (14) that

Eyi,T |Gn,T−1
{log(Dni)}
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≤
T−1∑

t=T0+1

{
−λEξi,t |yi,t − µ̂i,t,ξi,t |2 +

λ2 exp(2λc22)

2
(2|zi,t|+ 4c2)

2 exp(4λc2|zi,t|)

×Eξi,t |µ̂i,t,ξi,t − Eξi,t(µ̂i,t,ξi,t)|2
}
− λEyi,T |Gn,T−1

|yi,T − Eξi,T (µ̂i,T,ξi,T )|2,

almost surely. Similarly, by successively taking Eyi,T−1|Gn,T−2
(·),. . . ,Eyi,T0+1|Gn,T0

(·)
on both sides of (A.14), it is readily seen that

Eyi,T0+1|Gn,T0

(
Eyi,T0+2|Gn,T0+1

[
. . .Eyi,T |Gn,T−1

{log(Dni)} . . .
])

≤ −λ
∑T

t=T0+1
Eyi,t|Gn,t−1

|yi,t − Eξi,t(µ̂i,t,ξi,t)|2,

almost surely, which yields that

−E {log(Dni)} ≥ λ
∑T

t=T0+1
E|yi,t − µ̂aftqr

i,t |2. (A.17)

Inequality in (A.17) implies that

E

log

∏T
t=T0+1 exp

{
−λ|yi,t − µi,t(y

(t−1)
i )|2

}
Dni


≥ −λ

∑T

t=T0+1
E|yi,t − µi,t(y

(t−1)
i )|2 + λ

∑T

t=T0+1
E|yi,t − µ̂aftqr

i,t |2

= λ
∑T

t=T0+1
E|µi,t(y

(t−1)
i )− µ̂aftqr

i,t |2. (A.18)

Now, in light of (A.18), by the definition of Dni, it is seen that for each j ∈
{1, . . . , J},

λ
∑T

t=T0+1
E|µi,t(y

(t−1)
i )− µ̂aftqr

i,t |2

≤ E

log

∏T
t=T0+1 exp

{
−λ|yi,t − µi,t(y

(t−1)
i )|2

}
Dni


= E

log

 ∏T
t=T0+1 exp

{
−λ|yi,t − µi,t(y

(t−1)
i )|2

}
∑J

j′=1 πi,j′
∏T

t=T0+1 exp (−λ|yi,t − µ̂i,t,j′ |2)


≤ E

log

∏T

t=T0+1 exp
(
−λ|yi,t − µi,t(y

(t−1)
i )|2

)
πi,j

∏T
t=T0+1 exp (−λ|yi,t − µ̂i,t,j |2)




= log

(
1

πi,j

)
+ λ

∑T

t=T0+1
E|µi,t(y

(t−1)
i )− µ̂i,t,j |2,

which concludes the proof.
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Proof of Corollary 3. Denote D̃ni =
∑

j∈Γ̂ π̃i,j

∏T
t=T0+1 Lj(yi,t | y(t−1)

i , λ).
It is clear that

D̃ni =

T∏
t=T0+1

∑
j∈Γ̂

λ̃i,t,jLj(yi,t | y(t−1)
i , λ).

Let ξ̃i,t and ξ̃i,t,γ be two random variables such that for each j ∈ Γ̂,

P
(
ξ̃i,t = j

)
= λ̃i,t,j

and

P
(
ξ̃i,t,γ = j

)
=

λi,t,j exp {γhi,t(j)}∑
j∈Γ̂ λi,t,j exp {γhi,t(j)}

,

respectively. Then, µ̃aftqr
i,t = Eξ̃i,t

(µ̂i,t,ξ̃i,t
). By the same reasoning used in the

proof of (A.14), it can be verified that under Conditions 1–2,

log(D̃ni)

≤ λ2 exp(2λc22)

2

∑T

t=T0+1
(2|zi,t|+ 4c2)

2 exp(4λc2|zi,t|)Eξ̃i,t
|µ̂i,t,ξ̃i,t

− Eξ̃i,t
(µ̂i,t,ξ̃i,t

)|2

−λ
∑T

t=T0+1
Eξ̃i,t

|yi,t − µ̂i,t,ξ̃i,t
|2, (A.19)

almost surely. In addition, by the definition of D̃ni and the concavity of loga-
rithm function,

log

[∏T
t=T0+1 exp{−λ|yi,t − µi,t(y

(t−1)
i )|2}

D̃ni

]

= −λ
∑T

t=T0+1
|yi,t − µi,t(y

(t−1)
i )|2 −

∑T

t=T0+1
log

∑
j∈Γ̂

λ̃i,t,jLj(yi,t | y(t−1)
i , λ)


≤ −λ

∑T

t=T0+1
|yi,t − µi,t(y

(t−1)
i )|2 + λ

∑T

t=T0+1

∑
j∈Γ̂

λ̃i,t,j |yi,t − µ̂i,t,j |2. (A.20)

Moreover, by the definition of D̃ni, for each j ∈ Γ̂, we have

log

[∏T
t=T0+1 exp{−λ|yi,t − µi,t(y

(t−1)
i )|2}

D̃ni

]

≤ log

(
1

π̃i,j

)
− λ

∑T

t=T0+1
|yi,t − µi,t(y

(t−1)
i )|2

+λ
∑T

t=T0+1
|yi,t − µ̂i,t,j |2. (A.21)
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Now, by taking π̃i,j = 1/Ĵ1, it follows from (A.19), (A.20), and (A.21) that for
each j ∈ {1, . . . , J},

λ
∑T

t=T0+1

{
−|yi,t − µi,t(y

(t−1)
i )|2 + Eξ̃i,t

|yi,t − µ̂i,t,ξ̃i,t
|2
}

−λ2 exp(2λc22)

2

∑T

t=T0+1

{
(2|zi,t|+ 4c2)

2 exp(4λc2|zi,t|)Eξ̃i,t
|µ̂i,t,ξ̃i,t

− Eξ̃i,t
(µ̂i,t,ξ̃i,t

)|2
}

≤ 1(j ∈ Γ̂)

{
log
(
Ĵ1

)
− λ

∑T

t=T0+1
|yi,t − µi,t(y

(t−1)
i )|2 + λ

∑T

t=T0+1
|yi,t − µ̂i,t,j |2

}

+1(j /∈ Γ̂)λ
∑T

t=T0+1

−|yi,t − µi,t(y
(t−1)
i )|2 +

∑
s∈Γ̂

λ̃i,t,(s)|yi,t − µ̂i,t,(s)|2
 . (A.22)

Then, take Eyi,T |Gn,T−1
(·) on both sides of (A.22). With Condition 2 and (14),

we have

λ

T−1∑
t=T0+1

{
−|yi,t − µi,t(y

(t−1)
i )|2 + Eξ̃i,t

|yi,t − µ̂i,t,ξ̃i,t
|2
}

−λ2 exp(2λc22)

2

T−1∑
t=T0+1

{
(2|zi,t|+ 4c2)

2 exp(4λc2|zi,t|)Eξ̃i,t
|µ̂i,t,ξ̃i,t

− Eξ̃i,t
(µ̂i,t,ξ̃i,t

)|2
}

+λ|µi,T (y
(T−1)
i )− Eξ̃i,T

(µ̂i,T,ξ̃i,T
)|2

≤ 1(j ∈ Γ̂)

{
log
(
Ĵ1

)
− λ

T−1∑
t=T0+1

|yi,t − µi,t(y
(t−1)
i )|2 + λ

T−1∑
t=T0+1

|yi,t − µ̂i,t,j |2
}

+1(j /∈ Γ̂)λ

T−1∑
t=T0+1

−|yi,t − µi,t(y
(t−1)
i )|2 +

∑
s∈Γ̂

λ̃i,t,(s)|yi,t − µ̂i,t,(s)|2


+1(j ∈ Γ̂)
{
λ|µi,T (y

(T−1)
i )− µ̂i,T,j |2

}
+ 1(j /∈ Γ̂)λ

∑
s∈Γ̂

λ̃i,T,s|µi,T (y
(T−1)
i )− µ̂i,T,s|2

≤ log
(
Ĵ1

)
+ 1(j ∈ Γ̂)λ

T−1∑
t=T0+1

{
−|yi,t − µi,t(y

(t−1)
i )|2 + |yi,t − µ̂i,t,j |2

}

+1(j /∈ Γ̂)λ

T−1∑
t=T0+1

−|yi,t − µi,t(y
(t−1)
i )|2 +

∑
s∈Γ̂

λ̃i,t,(s)|yi,t − µ̂i,t,(s)|2


+λ|µi,T (y
(T−1)
i )− µ̂i,T,j |2 + c22λ1(j /∈ Γ̂),

almost surely. Similarly, by successively taking Eyi,T−1|Gn,T−2
(·),. . . ,Eyi,T0+1|Gn,T0

(·)
on both sides of (A.22), it is readily seen that for each j ∈ {1, . . . , J}∑T

t=T0+1
E
{
|µi,t(y

(t−1)
i )− Eξ̃i,t

(µ̂i,t,ξ̃i,t
)|2
}

≤ 1

λ
E
{
log
(
Ĵ1

)}
+
∑T

t=T0+1
E|µi,t(y

(t−1)
i )− µ̂i,t,j |2 + c22(T − T0)P(j /∈ Γ̂),

42



and this concludes the proof.

Proof of Lemma 1. In fact, for t0 ≤ t ≤ T , 1 ≤ i ≤ n, and 1 ≤ j ≤ J0 − 1,
under Condition 3, with uniform prior assumption, it is readily seen that

ai,t,j =
exp

(
−l

(t−1)
i,j

)
∑J

j′=1 exp
(
−l

(t−1)
i,j′

)
=

1∑J
j′=1 exp

(
l
(t−1)
i,j − l

(t−1)
i,j′

)
≤ 1∑J

j′=J0
exp

{
(t− T0 − 1)

l
(t−1)
i,j −l

(t−1)

i,j′

t−T0−1

}
≤ exp {−c0(t− T0 − 1)}

J − J0 + 1
,

and this concludes the proof.

Proof of Theorem 4. Under Conditions 1 and 3, it follows immediately from
Lemma 1 that for each t0 + 1 ≤ t ≤ T ,

|m̂i,t − µi,t(y
(t−1)
i )|

=

∣∣∣∣∑J

j=1
ai,t,jµ̂i,t,j − µi,t(y

(t−1)
i )

∣∣∣∣
≤

J0−1∑
j=1

ai,t,j |µ̂i,t,j − µi,t(y
(t−1)
i )|+

J∑
j=J0

ai,t,j |µ̂i,t,j − µi,t(y
(t−1)
i )|

≤ 2c1J0 exp {−c0(t− T0 − 1)}
J − J0 + 1

+ max
1≤i≤n,t0+1≤t≤T,J0≤j≤J

|µ̂i,t,j − µi,t(y
(t−1)
i )|

1−
J0−1∑
j=1

ai,t,j


≤ 2c1J0 exp {−c0(t− T0 − 1)}

J − J0 + 1
+ max

1≤i≤n,t0+1≤t≤T,J0≤j≤J
|µ̂i,t,j − µi,t(y

(t−1)
i )|

≤ 2c1J0 exp {−c0(t− T0 − 1)}
J − J0 + 1

+ c1αn,

where the last step comes from the definition of pseudo-true aggregator and this
yields the first inequality. Moreover, under Conditions 1 and 3,∑T

t=T0+1 |m̂i,t − µi,t(y
(t−1)
i )|

T − T0

≤
∑t0−1

t=T0+1 |m̂i,t − µi,t(y
(t−1)
i )|

T − T0
+

∑T
t=t0

|m̂i,t − µi,t(y
(t−1)
i )|

T − T0

≤ 2c1(t0 − T0 − 1)

T − T0
+

2c1J0
∑T

t=t0
exp {−c0(t− T0 − 1)}

(J − J0 + 1)(T − T0)
+

c1αn(T − t0 + 1)

T − T0
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≤ 2c1(t0 − T0 − 1)

T − T0
+

2c1J0e
−c0(t0−T0−1)

{
1− e−c0(T−t0+1)

}
(J − J0 + 1)(1− e−c0)(T − T0)

+ c1αn,

and when J/J0 > 1 + δ, the quantity on the right-hand side of this inequality
goes to 0 almost surely, as n, T → ∞. This confirms the second inequality.
Next, we verify the third inequality. To this end, note that∣∣∣∣∣

∑T
t=T0+1 Ĝi,t(y | y(t−1)

i )

T − T0
−
∑T

t=T0+1 Fi,t(y | y(t−1)
i )
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∣∣∣∣∣
≤
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+

∑T
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i )
∣∣∣
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≤ 2(t0 − T0 − 1)
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+
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∣∣∣Ĝi,t(y | y(t−1)
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i )
∣∣∣

T − T0
. (A.23)

Moreover, for each t ≥ t0, it is seen that∣∣∣Ĝi,t(y | y(t−1)
i )− Fi,t(y | y(t−1)

i )
∣∣∣

≤
∑J

j=1
ai,t,j

∫
1(z ≤ y)

∣∣∣ĝi,t,j(z | y(t−1)
i )− fi,t(z | y(t−1)

i )
∣∣∣ dv(z)

≤
J0−1∑
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ai,t,j

∫
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∣∣∣ĝi,t,j(z | y(t−1)
i )− fi,t(z | y(t−1)

i )
∣∣∣ dv(z)

+

J∑
j=J0

ai,t,j

∫
1(z ≤ y)

∣∣∣ĝi,t,j(z | y(t−1)
i )− fi,t(z | y(t−1)

i )
∣∣∣ dv(z).(A.24)

Under the setup of (2) and (6), one has∫
1(z ≤ y)

∣∣∣ĝi,t,j(z | y(t−1)
i )− fi,t(z | y(t−1)

i )
∣∣∣ dv(z)

=
1

ϕ

∫
1(z ≤ y)

∣∣∣θ̂i,t,j − θi,t(y
(t−1)
i )

∣∣∣ ∣∣∣z − b(1)(θ̄i,t,j)
∣∣∣ ḡi,t,j(z | θ̄i,t,j)dv(z),

where θ̄i,t,j lies between θ̂i,t,j and θi,t(y
(t−1)
i ), and

ḡi,t,j(z | θ̄i,t,j) = exp

{
zθ̄i,t,j − b(θ̄i,t,j)

ϕ
+ c(z, ϕ)

}
.

Then, under Condition 1,∫
1(z ≤ y)

∣∣∣ĝi,t,j(z | y(t−1)
i )− fi,t(z | y(t−1)

i )
∣∣∣ dv(z)
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≤

∣∣∣θ̂i,t,j − θi,t(y
(t−1)
i )

∣∣∣
ϕ

∫ ∣∣∣z − b(1)(θ̄i,t,j)
∣∣∣ ḡi,t,j(z | θ̄i,t,j)dv(z)

≤

∣∣∣θ̂i,t,j − θi,t(y
(t−1)
i )

∣∣∣
ϕ

{∫ ∣∣∣z − b(1)(θ̄i,t,j)
∣∣∣2 ḡi,t,j(z | θ̄i,t,j)dv(z)

}1/2

=

{
b(2)(θ̄i,t,j)

}1/2 ∣∣∣θ̂i,t,j − θi,t(y
(t−1)
i )

∣∣∣
ϕ

≤
c
1/2
1

∣∣∣θ̂i,t,j − θi,t(y
(t−1)
i )

∣∣∣
ϕ

, (A.25)

almost surely. Combine (A.25) with (A.24). It follows from Lemma 1 that for
each 1 ≤ i ≤ n,∑T

t=t0

∣∣∣Ĝi,t(y | y(t−1)
i )− Fi,t(y | y(t−1)

i )
∣∣∣

T − T0

≤

∑T
t=t0

∑J0−1
j=1 ai,t,j

∫
1(z ≤ y)

{
ĝi,t(z | y(t−1)

i ) + fi,t(z | y(t−1)
i )

}
dv(z)

T − T0

+c
1/2
1 max

t0≤t≤T,J0≤j≤J

∣∣∣θ̂i,t,j − θi,t(y
(t−1)
i )

∣∣∣ ∑T
t=t0

∑J
j=J0

ai,t,j

ϕ(T − T0)

≤
2J0e

−c0(t0−T0−1)
{
1− e−c0(T−t0+1)

}
(T − T0) (J − J0 + 1) (1− e−c0)

+
c
1/2
1 αn

ϕ
,

almost surely. The proof is concluded by combining this with (A.23).

Proof of Corollary 4. In the presence of pre-screening, for t0 ≤ t ≤ T , 1 ≤
i ≤ n, and 1 ≤ j ≤ J0 − 1, under Condition 3, with uniform prior assumption,
it is readily seen that

ãi,t,j = 1(j ∈ Γ̂)
exp

(
−l

(t−1)
i,j

)
∑J

j′=1 1(j
′ ∈ Γ̂) exp

(
−l

(t−1)
i,j′

)
=

1∑J
j′=1 1(j

′ ∈ Γ̂) exp
(
l
(t−1)
i,j − l

(t−1)
i,j′

)
≤ 1∑J

j′=J0
1(j′ ∈ Γ̂) exp

{
(t− T0 − 1)

l
(t−1)
i,j −l

(t−1)

i,j′

t−T0−1

}
≤ 1

exp
{
c0(t− T0 − 1)

∑J
j′=J0

1(j′ ∈ Γ̂)
}

=
1

exp
{
c0(t− T0 − 1)Ĵ2

}
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≤ e−c0(t−T0−1),

almost surely. With this result, the proof is straightforward under the same
framework that proves Theorem 4, and this concludes the proof.

Appendix B. Implementation

In Section 2, the parameter estimation is conducted sequentially based on
the observations available up to time point t − 1 (t ≥ T0 + 1). Moreover,
exponential family panel data models are typically more complicated than lin-
ear models or generalized linear models. Therefore, the parameter estimation
process of our proposed method is more computationally demanding than its
counterparts in linear regression models, and we need to employ a more efficient
method to implement our proposed adaptive forecast combination procedures.
Liang & Zeger (1986) proposed a generalized estimating equation to model non-
normal and/or non-independent data in their seminal paper. The generalized
estimating equation framework is computationally attractive and can be conve-

niently implemented. Now we forecast yi,t given y
(t−1)
i , within the framework

of generalized estimating equations.
Denote the vector of available covariates as xi,t (i = 1, . . . , n, t = 1, . . . , T ),

which contains observable characteristics of subjects. We consider J candidate
generalized estimating equations corresponding to J candidate forecasting pro-
cedures to fit the data. In the j-th candidate generalized estimating equation,
we assume that

E(yi,t) = m(xT

i,t,(j)β(j)), var(yi,t) = ϕv{m(xT

i,t,(j)β(j))},

where the pj × 1-dimensional vector xi,t,(j) composes some elements in xi,t,
β(j) is the corresponding conformable regression parameter vector, with m(x)
and v(x) being known mean and variance functions, respectively. For the j-th
candidate generalized estimating equation, denote

mi,t−1(β(j)) = {m(xT

i,1,(j)β(j)), . . . ,m(xT

i,t−1,(j)β(j))}T,

Ai,t−1(β(j)) = diag
[
ϕv{m(xT

i,l,(j)β(j))}
]
, and Rt−1,j(α(j)) as the (t − 1) ×

(t − 1) working correlation matrix, where α(j) is a qj-dimensional correlation
parameter. At each time point t − 1 (t ≥ T0 + 1), the generalized estimating
equation estimator for β(j) can be obtained by solving

∑n

i=1

∂mT
i,t−1(β(j))

∂β(j)

V −1
i,t−1,j(β(j),α(j))

{
y
(t−1)
i −mi,t−1(β(j))

}
= 0pj×1,

where V i,t−1,j(β(j),α(j)) = A
1/2
i,t−1(β(j))Rt−1,j(α(j))A

1/2
i,t−1(β(j)) is the work-

ing covariance matrix. The generalized estimating equation estimator of corre-
lation parameter α(j) is obtained via the method of moments (Liang & Zeger,
1986). It is worthwhile noting that all the candidate generalized estimating
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equations can be subject to misspecification. That is, the functional form of
m(xT

i,t,(j)β(j)) (or Rt−1,j(α(j))) can be different from that of the true but un-

known E(yi,t) (or corr(y(t−1)
i )). More discussions about model misspecification

can be found in White (1982), Flynn et al. (2013), Lv & Liu (2014), and Yu
et al. (2018).

Under the generalized estimating equation framework, the marginal mean
pi,t is forecasted by p̂i,t,j = m(xT

i,t,(j)β̂t−1,(j)),

p̂
(t−1)
i,j = {m(xT

i,1,(j)β̂t−1,(j)), . . . ,m(xT

i,t−1,(j)β̂t−1,(j))}T,

κ̂i,t,j = Ĝ
−1

i,t,jŜi,t,j , where Ĝi,t,j and Ŝi,t,j compose the (t−1)×(t−1) northwest

corner and the first t−1 elements in the t-th column of V i,t,j(β̂t−1,(j), α̂t−1,(j)),
respectively. Based on these estimators, our adaptive forecasts proposed in
Section 2 can be constructed accordingly. The screening strategies based on
information criteria (Pan, 2001; Imori, 2015) and the corresponding weighting
scheme based on information score are provided in Appendix C. It is also
worthwhile noting that the risk-bound properties established in the main pa-
per hold for any reasonable forecasting methods, and therefore the after and
aftqr procedures are flexible for various forecasting methods.

Appendix C. Alternative strategies for combining forecasts under a
generalized estimating equations framework

We can also consider alternative multi-model forecast strategies under a
generalized estimating equations framework. Model selection has been studied
extensively in the context of generalized estimating equations (Imori, 2015).
Among many others, Pan (2001) proposed the quasi-likelihood under the in-
dependence model criterion (qic), which is considered as the representative
criterion in the generalized estimating equations framework (Imori, 2015). In
addition, Imori (2015) proposed a modified version of qic. Denote the qic by
Pan (2001) as qicPan and the modified qic of Imori (2015) as qicImori.

Following Buckland et al. (1997), we can define a model averaging forecast
based on the scores of qicPan or qicImori. Under the framework of Pan (2001),
the weight corresponding to the j-th generalized estimating equation is defined
as

ŵPan
t,j =

exp
(
−qicPan,t−1,j−min1≤j≤J qicPan,t−1,j

2

)
∑J

j=1 exp
(
−qicPan,t−1,j−min1≤j≤J qicPan,t−1,j

2

) ,
and the model averaging forecast of fi,t(y | y(t−1)

i ) is

ĝPan,i,t(y | y(t−1)
i ) =

∑J

j=1
ŵPan

t,j ĝi,t,j(y | y(t−1)
i ), (C.1)
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where qicPan,t−1,j is the qicPan of j-th generalized estimating equation evalu-
ated based on Gn,t−1. Similarly, we can define

ŵImori
t,j =

exp
(
−qicImori,t−1,j−min1≤j≤J qicImori,t−1,j

2

)
∑J

j=1 exp
(
−qicImori,t−1,j−min1≤j≤J qicImori,t−1,j

2

) ,
and the model averaging forecast of fi,t(y | y(t−1)

i ) is

ĝImori,i,t(y | y(t−1)
i ) =

∑J

j=1
ŵImori

t,j ĝi,t,j(y | y(t−1)
i ), (C.2)

where qicImori,t−1,j is the qicImori of the j-th generalized estimating equation,
obtained based on Gn,t−1. Model averaging forecasts proposed in (C.1) and
(C.2) can be viewed as the smoothed extensions of the model selection methods
based on qicPan and qicImori, respectively. Unlike the weight in (7) or (13),
which is adaptive for each subject, the calculation of ŵPan

t,j or ŵImori
t,j involves

the entire dataset in Gn,t−1. Thus, ŵPan
t,j or ŵImori

t,j remains unchanged for each
subject. Moreover, we can employ qicPan and qicImori to screen out the top
K procedures among all candidate forecasting procedures based on the initial
information set Gn,T0

and combine them by the weighting scheme defined in
Equation (10) or (15).
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