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7.1 ?èVã 7.1.1 ?è8�9¯K
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7.1 ?èVã 7.1.1 ?è8�9¯K

???èèè¯̄̄KKKÞÞÞ~~~

©|è!òÈèÑ´Ï�kûÐ�êÆ(�
�2�A^"©|è�
êÆ(�´C­�ê§òÈè�(�´k�G�Å"

~µ �Ñ\S��L = 60§?¤��N = 100�èi"ù3Ï&A^¥
´é~��"XJvkêÆ(�§�U¦^�éL{"


S��ê�260 = 1.15× 1018§�;
S�I���;�m�µ

60× 260/8 = 8.65× 1018Byte

aq/§�;èS�I�µ

100× 2100/8 = 1.58× 1031Byte

ù
þ´U©êi§w,´Øy¢�"


XJ|^êÆ(�§�5©|è�Ø%Ò´��?èÝ
£)¤Ý

§���0, 1¤"éT~5`§)¤Ý
´100× 60��§I���;
�m�100× 60/8 = 750i!"
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7.1 ?èVã 7.1.2 Å�è�©a

ÅÅÅ���èèè���©©©aaa

�����Ä�/ªµc�Å�£FEC¤!�"­u£ARQ¤!·Ü
Å�£HEC¤Ú&E�"£IRQ¤�"

lÅ�è�A:!5U½�E�{��ÝÑu§�±éÙ?1©a"

1 UÅ��Ø�a.©
Å�Å��è!Åâu��è!Å·Ü��è"

2 Uè�(�¥é&ES��?n�ª©
©|è!òÈè"

3 Uè�êÆ(�¥����&E��'X©
�5è!��5è"

4 U�Eè�êÆnØ©
�êè!AÛè!�âèÚ|Üè"

5 Uè´ÄäkÌ�A5©
Ì�è��Ì�è"
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7.1 ?èVã 7.1.3 ¢^�?è

©©©|||èèè

��©|è´�|q?�n ��ÎÒS�§ù
S�¡�èi"é8
c®u²�©|è§okèi�êM = qk§Ù¥k�
S���Ý"ù
«?èÏ~�P�(n, k)è§L«k ��
S�?�n ��èS�"

~µq = 2, n = 5,M = q2 = 4�(5, 2)©|è"Ù)èLXeµ


Î s1 s2 s3 s4

èiÑ\ 11000 00110 10011 01101

11001 00111 10010 01100
11010 00100 10001 01111
11100 00010 10111 01001 �1 

ÑÑ 10000 01110 11011 00101
01000 10110 00011 11101
11110 00000 01011 10101
01010 10100 11111 00001 �2 
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7.1 ?èVã 7.1.3 ¢^�?è

òòòÈÈÈèèè£££äää///èèè¤¤¤

òÈè�z�
S�£�U�Ã��¤©���èS�£�U�Ã�
�¤§§�±^��èä5£ã"

òÈè�A:µ

1 �©|èØÓ§òÈè´kPÁ�"

2 Ú©|è�'§���Ó�ØèÇ�§òÈè�(n, k)'��

òÈè�£ã�ªµ

1 £ M�ì�ª£M�>´¤

2 äGã

3 G�=£ã

4 ��ã£jkã¤
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7.1 ?èVã 7.1.3 ¢^�?è

òòòÈÈÈèèè���£££ããã���ªªª—MMM���ììì���ªªª���äääGGGããã

m j m j−1 m j−2

输入序列

m1m2 , ... ,m j , ...

+ +

x j ,1 x j , 2
输出序列

状   态
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7.1 ?èVã 7.1.3 ¢^�?è

òòòÈÈÈèèè���£££ããã���ªªª—GGG���666ããã���������ããã
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7.2 Ä��êÄ: 7.2.1 +

+++���½½½ÂÂÂ

½Â (+, Group)

���8ÜGS½Â
�«�ê$��§e$�÷vµ
1 µ45—/+�0
∀a ∈ G, b ∈ G§ðka� b ∈ G"

2 (ÜÆ—/�+0
∀a, b, c ∈ G§ðk(a� b)� c = a� (b� c)"

3 ü �
∃e ∈ G§∀a ∈ G§÷va� e = e� a = a§¡e�ü �½ð�"

4 _£�¤�
∀a ∈ G§∃a−1 ∈ G§¦a� a−1 = a−1 � a = e§¡a−1�a�_�"

¡G���+"

e+G���$�÷v��Æ§=e∀a, b ∈ G§ka� b = b� a§K¡
+G���+½Abel+"
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7.2 Ä��êÄ: 7.2.1 +

+++���ÄÄÄ���555���

5��£ð���¤

+G¥�ð�´���"

y²µ�G¥kü�ð�eÚe′§Kkµe′ = e′ � e = e.
¤±+G¥ð�´���" �

5��£_���¤

+¥?¿���_�´���"

y²µ�a ∈ G§3G¥kü�_�a−1
1 Úa

−1
2 §K

a−1
1 = e� a−1

1 = (a−1
2 � a)� a−1

1 = a−1
2 � (a� a−1

1 ) = a−1
2 � e = a−1

2 .

¤±+G¥_�´���" �
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7.2 Ä��êÄ: 7.2.1 +

ÞÞÞ~~~

1 �ê8ÜZ9\{$�—Abel+
�êé\{÷v/40!/(0§ü �´0§_�´−a§d	�
÷v��Æ"

2 g,ê8ÜN9\{$�
g,êé\{÷v/40!/(0§�vkü �§�vk_�§
¤±´�+�Ø´+"

3 Ø"	�¢ê8ÜR \ {0}9¦{$�
T8Üé¦{÷v/40!/(0§ü �´1§_�´a−1§d	
�÷v��Æ§¤±´Abel+"

4 N ×N��ÛÉÝ
8Ü§Ý
¦{
�ÛÉÝ
�¦ÈE´�ÛÉ�§�÷v(ÜÆ§ü �´ü 

§_�´_Ý
§¤±´+"�Ý
¦{Ø÷v��Æ§¤±Ø
´Abel+"
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7.2 Ä��êÄ: 7.2.1 +

ÞÞÞ~~~—kkk���888ÜÜÜ+++

G = {0, 1}§$���2\/⊕0§��É½"

/40µ0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1, 1⊕ 1 = 0

/(0

/ü0§ü ��´0"

/�0§z����_�´g�"

/�0

¤±§G´��Abel+"

íØ

G´��d��L�0, 1S��¤�8Ü§$���2\��¤��+"

+�­�5�

−(a+ b) = (−b) + (−a).
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7.2 Ä��êÄ: 7.2.1 +

fff+++ÚÚÚ���888

y²µ(a+ b) + (−b) + (−a) = a+ [b+ (−b)] + (−a)
= a+ 0 + (−a) = a+ (−a) = 0.

Ón�yµ(−b) + (−a) + (a+ b) = 0. �

½Â (f+)

e+G���f8HéuG¥½Â��ê$���¤+, K¡H´G�
f+"

½Â (�8)

�G�f+H = {h1 = e, h2, · · · , hr}§∀a ∈ G §�a /∈ H§ò§
�H¥����g�\§�a + H = {a + hi, i = 1, 2, · · · , r}§¡a +
H�H����8£Coset¤§a¡�T�8��8Ä"

H��8�UkNõ�§Ïd�±òH?1�8Ðm"
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7.2 Ä��êÄ: 7.2.1 +

���888ÐÐÐmmm������888




f+ h1 = 0 h2 · · · hn hi ∈ H
�8{g1} g1 + h1 = g1 g1 + h2 · · · g1 + hn g1 /∈ H
�8{g2} g2 + h1 = g2 g2 + h2 · · · g2 + hn g2�cü1

�Ñy��
...

�8{gm} gm + h1 = gm gm + h2 · · · gm + hn gm�cm1
�Ñy��

�8
§z1����8gj
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7.2 Ä��êÄ: 7.2.1 +

ÞÞÞ~~~—fff+++!!!���888������888ÐÐÐmmm

~µÁ�EÑ�N�?�4-­¥þ|¤��2\{+�?¿��f+§
¿¦Ù�8Ðm"

)µ�?�4-­¥þ8ÜV4��Ü���µ

0000 0100 1000 1100
0001 0101 1001 1101
0010 0110 1010 1110
0011 0111 1011 1111

��E�f+Hé�2\�´+§¤±I��)ð�0000¶

�â�2\5K§����_��Ù��¶

�÷vµ45§�3V4¥?�ü��§�2\���14���§ù
����4���7,�¤+§�A´V4���f+;

�2\$�÷v(ÜÆÚ��Æ"
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7.2 Ä��êÄ: 7.2.1 +

ÞÞÞ~~~—fff+++!!!���888������888ÐÐÐmmm(YYY)

?�ü��0110Ú1101§�2\�1011§d0000, 0110, 1101Ú1011
ù4���|¤�8ÜHé�2\�¤+"

Uì�8�½Â§�V4��8ÐmXeµ

H 0000 0110 1101 1011 1011 = 0110⊕ 1101
0001 +H 0001 0111 1100 1010 g1 = 0001 ∈ G, /∈ H
0010 +H 0010 0100 1111 1001 g2 = 0010 ∈ G, /∈ H ∪ {g1}
1110 +H 1110 1000 0011 0101 g3 = 1110 ∈ G,

↑ ↑ /∈ H ∪ {g1} ∪ {g2}
�8Ä �8Ðm

Ù¥�8Ä©O�0001, 0010Ú1110"
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7.2 Ä��êÄ: 7.2.1 +

+++���������!!!fff+++ÚÚÚ���888

½n (+���!f+Ú�8)

+G¥�z����Ñ uf+H����=���8¥"

y²µkyÑy§XJ,�����3�8¥Ñy§��^§��8Ä
/¤#��8=�"

2y��§b���a3���8gi¥Ñyüg§
�a = gi + hk = gi + hj§K

(−gi) + a = (−gi) + gi + hk = (−gi) + gi + hj ⇒ hk = hj
¤±§��a3���8¥�UÑy�g"
b���a3ØÓ��8¥Ñyüg§=a = gi + hk = gm + hj§
Ù¥hk 6= hj§ÄKgi = gm§�b�gñ"Ïd§k

a+ (−hk) = gi + hk + (−hk) = gm + hj + (−hk)
⇒ gi = gm + hj + (−hk) = gm + hn

¤±gi ∈ gm§ù��8��)�ªgñ" �
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7.2 Ä��êÄ: 7.2.1 +

+++���������ÚÚÚ���888

½n (+�ü��� uÓ��8�¿�^�)

+G¥?¿ü���a1, a2 uG�f+H�Ó���8�¿�^�
´µ(−a1) + a2 ∈ H"

y²µ

7�5

�a1, a2Óáu{gi}§a1 = gi + hk, a2 = gi + hj§K
(−a1) + a2 = (−hk) + (−gi) + gi + hj = (−hk) + hj ∈ H
¿©5

e(−a1) + a2 = hi ∈ H§K
a1 + (−a1) + a2 = a1 + hi ⇒ a2 = a1 + hi
�a1 = gi + hk ∈ {gi}§@o
a2 = a1 + hi = gi + hk + hi = gi + hj ∈ {gi} �
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7.2 Ä��êÄ: 7.2.2 �

������½½½ÂÂÂ

½Â (�, Ring)

e3��8ÜR¥½Â
ü«�ê$�\Ú¦§�÷vµ

1 8ÜR3\{$�e�¤Abel+¶

2 ¦{kµ45§=∀a, b ∈ R§kab ∈ R"
3 ¦{(ÜÆ¤á"=∀a, b, c ∈ R§k

(ab)c = a(bc)

4 \{Ú¦{��m©�Æ¤á§=∀a, b, c ∈ R§k
a(b+ c) = ab+ ac, (b+ c)a = ba+ ca

K¡R´���"

e�é¦{÷v��Æ§=é?¿a, b ∈ R§ðkab = ba§K¡d�
����½Abel�"
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7.2 Ä��êÄ: 7.2.2 �

������ÄÄÄ���555���

�â��½Â§ØJwÑ�äkXe�Ä�5�"

��Ä�5�

∀a, b ∈ R§kµ
a · 0 = 0 · a = 0
a(−b) = (−a)b = −ab

½Â ("Ïf�)

�a, b ∈ R§�a 6= 0, b 6= 0§eab = 0 ∈ R§Ka, b�"Ïf§¡R�
k"Ïf�"

~Xµ�6��{a�Z6k6���µ{0̄, 1̄, 2̄, 3̄, 4̄, 5̄}§Ù¥2̄ 6= 0§3̄ 6=
0§�2̄ · 3̄ = 6̄ = 0§¤±2̄, 3̄ ´�6�{a��"Ïf§�Z6�k"Ïf
�"

r¤ké�nÓ{��ê�¤���8Ü¡��n����{a"
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7.2 Ä��êÄ: 7.2.2 �

ÃÃÃ"""ÏÏÏfff���ÚÚÚØØØ���

3Ã"Ïf�¥§¦{��Æ¤á§¡���§X�ê�¶3k"Ï
f�¥§¦{��ÆØ¤á§X2̄ · 3̄ = 0̄ · 3̄ = 0§�2̄ 6= 0̄"

½Â (Ø�)

¦{kü ��z��"��k_�!�����§¡�Ø�"

XµR = {Eêé(α, β)}
\{µ(α1, β1) + (α2, β2) = (α1 + α2, β1 + β2)
¦{µ(α1, β1)(α2, β2) = (α1α2 − β1β̄2, α1β2 + β1ᾱ2)
´�yµé\{´Abel+§¦{µ4�(ÜÆ¤á§©�Æ¤á§¤
±R´�"

d	§é¦{kü �(1, 0)§-γ = αᾱ + ββ̄§K�"���_�
�( ᾱγ ,

−β
γ )"�¦{��ÆØ¤áµ(i, 0)(0, 1) = (0, i)§
(0, 1)(i, 0) =

(0,−i)"¤±R´Ø�"Ï~¡��o�ê(�)Ø�"
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7.2 Ä��êÄ: 7.2.2 �

������~~~fff

�â��½Â§�±�	��8Ü´Ø´�"~Xµ

�N�ê!�Nóê§�¤�¶

,��êm��ê�N§�¤�¶

��êm��N�{a§�¤�§¡��{a�Zm¶
r¤ké�nÓ{��ê�¤���8Ü¡��n����{a"

¢Xêõ�ª�N§�¤�¶

n��
�N§�¤�§P�Rn"
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7.2 Ä��êÄ: 7.2.3 ��Ä�Vg

������½½½ÂÂÂ

½Â (�, Field)

e3��8ÜF¥½Â
\Ú¦ü«$�§�÷vµ

1 F'u\{�¤Abel +§Ù\{ð�P�0¶

2 F¥�"���Né¦{�¤Abel +§¦{ð�P�1¶

3 \{Ú¦{mkXe©�Æµ
a(b+ c) = ab+ ac (b+ c)a = ba+ ca

K¡F´���"

�´�����!kü ��!�"��k_���"
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7.2 Ä��êÄ: 7.2.3 ��Ä�Vg

������ÄÄÄ���555���

�äkXe�Ä�5�µ

��Ä�5�

1 �¥�½Ã"Ïf
ea, b ∈ F§a 6= 0, b 6= 0§Kab 6= 0 "

2 ∀a, b, c ∈ F§k
a · 0 = 0 · a = 0¶
−(ab) = a(−b) = (−a)b¶
eab = 0�a 6= 0§Kb = 0¶
ea · b = a · c�a 6= 0§Kb = c"

y²µ(1) b�F¥k"Ïf§Kd½Â∃a, b ∈ F§a 6= 0, b 6= 0§¦
�ab = 0¶Kk0 = a−10 = a−1(ab) = (a−1a)b = b§�b 6= 0�b�g
ñ§¤±ab 6= 0"

(2) �â��½Â§ØJy²¤�(Ø"
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7.2 Ä��êÄ: 7.2.3 ��Ä�Vg

������~~~fff

�â��½Â§�±�	��8Ü´Ø´�"

1 Ã��
knê�N!¢ê�N!Eê�Né\!¦§Ñ�¤�§�þ�Ã
��¶

2 k��GF (q)§q¡³Ûu£Galois¤�"
�¥kq���§¡q����§½¡GF (q)�q��"

���GF (2)µ
8Ü{0, 1}3�2\{Ú�2¦{e§´ü�����GF (2)"
p��GF (p)µ
-p��ê§8Ü{0, 1, · · · , p − 1} 3�p\{Ú�p¦{e´��p�
�§¡���GF (p)"
*�GF (pm)µ
ò��GF (p)*Ð¤kpm = q�����§=�GF (p)�mg*
�GF (q)"*�GF (pm)�^��õ�ªp(x)5£ã"
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7.2 Ä��êÄ: 7.2.3 ��Ä�Vg

***���¥¥¥���$$$���ÞÞÞ~~~

±GF (22)�~"
\{��2\§Xeµ

⊕ 0 1 2 3

0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

~Xµ3 + 2
(11)2 + (10)2 = (01)2

¦{§õ�ª¦{µ

⊗ 0 1 2 3

0 0 0 0 0
1 0 1 2 3
2 0 2 3 1
3 0 3 1 2

�Ñ�p�gé��õ�ª�
{"GF (22)���õ�ª�x2+
x+ 1"
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7.2 Ä��êÄ: 7.2.3 ��Ä�Vg

kkk���������555���—GF (q)���AAA���

½Â (k���A�)

�	GF (q)¥ü ��1�ÚS�§dµ45§7,�3�����
�êλ§¦�

∑λ
i=1 1 = 0§¡λ�k��GF (q)�A�"

e�¥ü ���e§þã½ÂÓ�¤á"

'uGF (q)A��A�(Ø£y²Ñ¤µ

1 ���GF (2)�A�´2§�ê�GF (p)�A�´p"

2 k���A�λ´�ê"

3 GF (λ)´GF (q)�f�¶eλ 6= q§Kq´λ��"
½nµk����7�ÙA���"
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7.2 Ä��êÄ: 7.2.3 ��Ä�Vg

kkk���������555���—���������������

½Â (�����)

éGF (q)¥?¿�"��a§7,�3������ên§¦�an =
1§¡n���a��"

XJa��´q − 1§K¡a´���§a�����£primitive elemen-
t¤§{¡���"������g�)¤GF (q)�¤k�"��"

'u�����A�(Ø£y²Ñ¤µ

1 �ai, aj ∈ GF (q)§
ei+ j ≤ n§Kai · aj = ai+j¶
ei+ j > n§�i+ j = n+ r, 0 < r ≤ n§Kai · aj = ar"
��an = 1Úa1, a2, · · · , an−13GF (q)¦{e/¤�+¡Ì�+"

2 ea ∈ GF (q)§�a 6= 0§Kaq−1 = 1

3 ea ∈ GF (q)§�a 6= 0§-n´a��§Kq − 1U�nØ¦"
4 eGF (pm)�A��p§�a, b ∈ GF (pm)§K(a+ b)p = ap + bp
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7.2 Ä��êÄ: 7.2.4 ����õ�ª$�

GF (2)���þþþ���õõõ���ªªª

�?�92m?�3?è¥A^��2�§¤±­:?Ø���GF (2)
9Ù*�GF (2m)"

(n+ 1)'A��?�êiS�§�^Xe�õ�ª5£ãµ

f(x) = fnx
n + fn−1x

n−1 + · · ·+ f1x+ f0 : fi ∈ GF (2), 0 ≤ i ≤ n

¿¡��GF (2)þ�õ�ª"Ù¥§xi�LéAXê¤3� �"~X
�?�S�1001001100111001§ÙéA�õ�ª�µ

f(x) = x15 + x12 + x9 + x8 + x5 + x4 + x3 + 1

GF (2)þ�õ�ªäkXe5�µ

1 �UÊÏ�{?1\!~!¦!Ø$�¶
2 ÷v��Æ!(ÜÆ!©�Æ¶
3 ���Ø{§=
f(x) = q(x)g(x) + r(x), g(x) 6= 0

ÜïI (ÜS�Ï�Æ>&Æ�) &EØ�?è—&�?èEâ 2016c 6� 2F 30 / 155

7.2 Ä��êÄ: 7.2.4 ����õ�ª$�

QQQ���õõõ���ªªª

½Â (Q�õ�ª)

eGF (2)þ�mgõ�ªØU�GF (2)þ�?Ûgê�um��u"
�õ�ªØ¦§Ò¡§´GF (2)þ�Q�õ�ª"

Xµx2 + x+ 1, x3 + x+ 1, x4 + x+ 1©O�2!3!4gQ�õ�ª"

é?¿m ≥ 1§�3kmgQ�õ�ª¶

U�©)Ïª�§ÑØ´Q�õ�ª¶

GF (2)þ�?¿mgQ�õ�ª§Ø¦xn + 1§Ù¥n = 2m − 1"

~Xµ2gQ�õ�ªØ¦x3 + 1§3gQ�õ�ªØ¦x7 + 1§4gQ
�õ�ªØ¦x15 + 1§�gaí"
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7.2 Ä��êÄ: 7.2.4 ����õ�ª$�

������õõõ���ªªª

½Â (��õ�ª)

emgQ�õ�ªp(x)Ø¦�xn + 1�����ên÷vn = 2m − 1§
¡p(x)���õ�ª"

~X§Q�õ�ªx3 + x+ 1�m = 3§§UØ¦x7 + 1§�ØØ¦
x4 + 1, x5 + 1, x6 + 1§¤±§´��õ�ª"

��õ�ª�½´Q�õ�ª¶

éu�½�m§�UkØ���mg��õ�ª¶
~Xéum = 5§x5 + x3 + 1´��õ�ª§x5 + x2 + 1�´"

�±�â��õ�ª�½Â?�O�Å§S5O��g��õ�
ª"
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7.2 Ä��êÄ: 7.2.4 ����õ�ª$�

ÜÜÜ©©©������õõõ���ªªªLLL

: m ≤ 24�Ü©��õ�ª

gêm ��õ�ªp(x) gêm ��õ�ªp(x)

3 x3 + x+ 1 14 x14 + x10 + x6 + x+ 1
4 x4 + x+ 1 15 x15 + x+ 1
5 x5 + x2 + 1 16 x16 + x12 + x3 + x+ 1
6 x6 + x+ 1 17 x17 + x3 + 1
7 x7 + x3 + 1 18 x18 + x7 + 1
8 x8 + x4 + x3 + x2 + 1 19 x19 + x5 + x2 + x+ 1
9 x9 + x4 + 1 20 x20 + x3 + 1
10 x10 + x3 + 1 21 x21 + x2 + 1
11 x11 + x2 + 1 22 x22 + x+ 1
12 x12 + x6 + x4 + x+ 1 23 x25 + x5 + 1
13 x13 + x4 + x3 + x+ 1 24 x24 + x7 + x2 + x+ 1
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7.2 Ä��êÄ: 7.2.4 ����õ�ª$�

GF (2)þþþõõõ���ªªª���2lggg���

�	Xê�GF (2)þ����õ�ªf(x)��g�§k

f2(x) = (fnx
n + fn−1x

n−1 + · · ·+ f1x+ f0)2

= (fnx
n + fn−1x

n−1 + · · ·+ f1x+ f0)×
(fnx

n + fn−1x
n−1 + · · ·+ f1x+ f0)

= fn(xn)2 + fn−1(xn−1)2 + · · ·+ f1x
2 + f0 = f(x2)

?
�	õ�ªf2(x)��g�§k

f4(x) = (fnx
n + fn−1x

n−1 + · · ·+ f1x+ f0)4

= (fnx
n + fn−1x

n−1 + · · ·+ f1x+ f0)2×
(fnx

n + fn−1x
n−1 + · · ·+ f1x+ f0)2

= fn(xn)4 + fn−1(xn−1)4 + · · ·+ f1x
4 + f0 = f(x4)

?�Úí2§é?¿l ≥ 0§k[f(x)]2
l

= f(x2l)"
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7.2 Ä��êÄ: 7.2.5 Galois�GF (2m)��E

dddGF(2)���EEEÑÑÑGF (2m)

dGF (2)�EÑ¹k2m,m > 1����k��GF (2m)"

�p(x)´GF (2)þ�mg��õ�ª§α�p(x)��§=p(α) = 0§
kµ

x2m−1 + 1 = q(x)p(x)

α2m−1 + 1 = q(α)p(α)

α2m−1 + 1 = 0

α2m−1 = 1

½n (k��)

ep(x)´GF (2)þ�mg��õ�ª§α�p(x)��§K8Ü
F∗ = {0, 1, α, α2, . . . , α2m−2}�¤��k��"
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7.2 Ä��êÄ: 7.2.5 Galois�GF (2m)��E

dddGF(2)���EEEÑÑÑGF (2m)–YYY

y²µky²¦{�µ45"

�0 ≤ i, j < 2m − 1§
ei+ j ≤ 2m − 1§K¶αi · αj = αi+j´F∗¥����"��¶
ei+ j > 2m − 1§�i+ j = (2m − 1) + r, 0 < r ≤ 2m − 1§K

αi · αj = αi+j = α2m−1 · αr = αr"αr�´F∗¥����"��"
¤±F∗¥��"��3¦{e´µ4�" �

F∗¥��"��3¦{e�¤2m − 1�+§�÷v��ÆÚ(ÜÆ§
+¥kð�§?��"��k_�£αj�α2m−1−jp�_�¤"=F∗¥
��"��3¦{e�¤����+"

F∗3\{e�¤�����+
éu0 ≤ i < 2m − 1§^p(x)Øõ�ªxi§� xi = qi(x)p(x) + ai(x)

ª¥qi(x)´ûª§ai(x)´{ª"Ï�p(x)´mgõ�ª§¤±ai(x)�g
ê�u½�um− 1§òÙP�µ

ai(x) = ai,m−1x
m−1 + ai,m−2x

m−2+, . . . ,+ai,1x+ ai,0
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7.2 Ä��êÄ: 7.2.5 Galois�GF (2m)��E

dddGF(2)���EEEÑÑÑGF (2m)–YYY

�α´p(x)��§K
αi = ai(α) = ai,m−1α

m−1 + ai,m−2α
m−2+, . . . ,+ai,1α+ ai,0

F∗¥�2m− 1��"��§�L«�α0, α1, . . . , α2m−2 ùÒ´�F∗�
�£ã"

F∗¥��"����L«¤GF (2)þ2m−1�gê�u½�um−1�
ØÓ��"õ�ª§\þ"��£�±w�"õ�ª¤§ùÒ
´�F∗�õ�ª£ã"
3�2\{e§é0 ≤ i, j < 2m − 1§k

0 + αi = αi + 0 = αi

αi + αj = (ai,m−1α
m−1 + ai,m−2α

m−2+, . . . ,+ai,1α+ ai,0)

+ (aj,m−1α
m−1 + aj,m−2α

m−2+, . . . ,+aj,1α+ aj,0)

= (ai,m−1 + aj,m−1)αm−1+, . . . ,+(ai,1 + aj,1)α

+ (ai,0 + aj,0)
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7.2 Ä��êÄ: 7.2.5 Galois�GF (2m)��E

dddGF(2)���EEEÑÑÑGF (2m)–YYY

ei = j§Kþª�"¶ÄKØ�"�7�F∗¥,�αk�õ�ª§
=F∗3½Â�\{ekð�0§_�´Ùg�§��F∗´µ4�!��
��§��F∗3½Â�\{e�¤�����+"
F∗ = {0, 1, α, α2, . . . , α2m−2}3\{$�e´���+§�"��3
¦{$�e�´���+§�|^õ�ªL«ª§¦{é\{´�©�
�"

¤±F∗´2m����³Üu£Galois¤�GF (2m)§´GF (2)�*
�§¡GF (2)´GF (2m)�Ä�§�âc¡�©Û§GF (2m)�A�
´2"

~µ®�p(x) = x4 + x+ 1´GF (2)þ���õ�ª§α�Ù���§
Ádd�EÙ4g*�GF (24)"
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7.2 Ä��êÄ: 7.2.5 Galois�GF (2m)��E

dddGF(2)���EEEÑÑÑGF (2m)–YYY

)µm = 4, 2m − 2 = 14§eòT����^�/ªL«§k

GF (24) = {0, 1, α, α2, α3, α4, α5, α6, α7, α8, α9, α10, α11, α12, α13, α14}

e¡�Ä^õ�ª/ª5L«�¥���"
Ï�p(α) = α4 + α+ 1 = 0§¤±

α4 = α+ 1; α5 = α · α4 = α2 + α;

α6 = α · α5 = α3 + α2; α7 = α · α6 = α4 + α3 = α3 + α+ 1;

α8 = α4 · α4 = α2 + 1; α9 = α · α8 = α3 + α;

α10 = α5 · α5 = α2 + α+ 1; α11 = α · α10 = α3 + α2 + α;

α12 = α3 + α2 + α+ 1;

α13 = α · α12 = α3 + α2 + 1; α14 = α · α13 = α3 + 1;

`²µα12 = α9 · α3 = α6 + α4 = α3 + α2 + α+ 1
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7.2 Ä��êÄ: 7.2.5 Galois�GF (2m)��E

dddGF(2)���EEEÑÑÑGF (2m)–YYY

ù�Òïá
�����£ã�õ�ª£ã�m�'X"Ó�§�
�(m−1)gõ�ªéAX��m-­�?�S�§§´Tõ�ª�Xê"
dd��GF (2m)����n«£ã�{§©O´�!õ�ªÚm-­�
?�S��L«ª"�~¥n«£ã�éA'XXeL¤«"

� õ�ª 4-­S� � õ�ª 4-­S�
0 0 0000 α7 α3 + α+ 1 1011
1 1 0001 α8 α2 + 1 0101
α α 0010 α9 α3 + α 1010

α2 α2 0100 α10 α2 + α+ 1 0111
α3 α3 1000 α11 α3 + α2 + α 1110
α4 α+ 1 0011 α12 α3 + α2 + α+ 1 1111

α5 α2 + α 0110 α13 α3 + α2 + 1 1101
α6 α3 + α2 1100 α14 α3 + 1 1001
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7.2 Ä��êÄ: 7.2.6 GF (2m)�Ä�5�

GF (2)���þþþõõõ���ªªª������

f(x)´GF (2)�þ�õ�ª§�,§�Xê�g���GF (2)§
�§���UØ3GF (2)¥§nØþ®y²§���Ü3Ù*
�GF (2m)¥"

~Xµx4 + x3 + 13GF (2)þ´Q��§�0Ú1ÑØ´§��§�
3GF (24)¥�±é�α7, α11, α13Úα14Ñ´§��§
�´§��Ü
�"

(α7)4 + (α7)3 + 1 = α28 + α21 + 1 = α13 + α6 + 1

= α3 + α2 + 1 + α3 + α2 + 1 = 0

d[f(x)]2
l

= f(x2l)´�§α14!α28 = α13±9α56 = α11�´§��"

õ�ª��äk­��¿Â§e¡Ø\y²/�ÑGF (2)�þõ�ª
��Ä�5�9íØ"
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7.2 Ä��êÄ: 7.2.6 GF (2m)�Ä�5�

GF (2)þþþõõõ���ªªª������ÄÄÄ���555���—YYY

5��£�Ý�¤

f(x)´GF (2)þ�õ�ª§β´GF (2)*����§eβ´f(x)��§K

é?Ûl ≥ 0§β2l �´f(x)��"¡β2l�β��Ý�"

d5����§eβ´f(x)��§KGF (2m)¥β¤kØ�Ó��Ý�
�´f(x)��"

5��£x2m−1 + 1��Ü�¤

GF (2m)¥2m − 1��"��/¤x2m−1 + 1��Ü�"

d5��í2��§GF (2m)¥���/¤x2m+x�¤k�§?ÛβÑ
´x2m + x ��§�βk�U´GF (2)þgê�u2m�õ�ª��"
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7.2 Ä��êÄ: 7.2.6 GF (2m)�Ä�5�

GF (2)þþþõõõ���ªªª������ÄÄÄ���555���—YYY

GF (2m)¥���βk�U´õ�õ�ª��"Ù¥§gê�$�õ�
ªäk­�¿Â"

½Â (������õ�ª)

�β´GF (2m)¥�����§φ(x) ´GF (2)þ¦φ(β) = 0��$gõ�
ª§¡φ(x)�β���õ�ª"

5�n£��õ�ª´Q��¤

GF (2m)¥���β���õ�ªφ(x)´Q��"

5�o£��õ�ªØ¦¤

-f(x)´GF (2)þ�õ�ª§φ(x) ´�GF (2m)¥��β���õ�ª§
eβ´f(x)��§Kf(x)��φ(x)Ø¦"
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7.2 Ä��êÄ: 7.2.6 GF (2m)�Ä�5�

GF (2)þþþõõõ���ªªª������ÄÄÄ���555���—YYY

5�Ê£��õ�ªØ¦x2m + x¤

GF (2m)¥��β���õ�ªφ(x)Ø¦x2m + x"

5�8£Q�õ�ª���õ�ª¤

-f(x) ´GF (2)þ�Q�õ�ª§β´GF (2m)¥���§φ(x) ´β��
�õ�ª§ef(β) = 0§Kφ(x) = f(x)"

íØ (Q�õ�ª���õ�ª)

e�Q�õ�ªk�β§§Ò´β���õ�ªφ(x)"
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7.2 Ä��êÄ: 7.2.6 GF (2m)�Ä�5�

GF (2)þþþõõõ���ªªª������ÄÄÄ���555���—YYY

5�Ô£Q�õ�ª��E¤

-β´GF (2m)¥���§e ´¦β2e = β����K�ê§K
f(x) =

∏e−1
i=0 (x+ β2i) ´GF (2)þ�Q�õ�ª"

5�l£��õ�ª��E¤

-φ(x)´β���õ�ª§e´¦β2e = β����K�ê§K
φ(x) =

∏e−1
i=0 (x+ β2i)

5�Ê£��õ�ªgê¤

e-φ(x)´GF (2m)¥��β���õ�ª§e´φ(x)�gê§Ke´
¦β2e = β����ê§
�e ≤ m"
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7.2 Ä��êÄ: 7.2.6 GF (2m)�Ä�5�

GF (2)þþþõõõ���ªªª������ÄÄÄ���555���—YYY

íØ (��õ�ªgê)

GF (2m)¥?����φ(x)�gêØ¦m"

~XGF (24)§m = 4§§�¤k�����õ�ª�gê©O´1!2
Ú4g§vk3g���õ�ª"

5��£�Ý������¤

eα´GF (2m)�����§K§�¤k�Ý�α2, α4, . . .�´GF (2m)
�����"

5���£�Ý���¤

eβ´GF (2m)¥���n���§K§�¤k�Ý�kÓ��ê"
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7.3 �5©|è 7.3.1 Ä�Vg

èèèiii!!!&&&EEE���������������

?èìòÑ\�&ES�§zk�&EÎÒS�©¤�ã§�¤&E
|§P�m = (mk−1,mk−2, . . . ,m0)§Ù¥mi, i = 0, . . . , k− 1 ¡�&E
�"

�
DÑ���5§?èìòz�&E|U�½�5KO\r�õ{
�ÎÒ§/¤��n = k + r�S�c = (cn−1, cn−2, . . . , c1, c0)§¡dS
��èi£½è|!è¥¤"èi¥�ÎÒci, i = 0, . . . , n − 1¡�è
�"¤O\�è�¡����"Ï~^CL«¤kèi�8Ü"

�èi¥¤O\�����d�|�&E�U�½5Æ�)§
�Ù
¦&E|Ã'�§¤/¤�èi8Ü¡�©|è§P�(n, k)"

n��q?�èÎÒS��kqn�"rÀ�(n, k)©|èèi�qk�¡
�N^è|§rÙ{qn − qk�¡�B^è|"

ÜïI (ÜS�Ï�Æ>&Æ�) &EØ�?è—&�?èEâ 2016c 6� 2F 47 / 155

7.3 �5©|è 7.3.1 Ä�Vg

���555©©©|||èèè���½½½ÂÂÂ

½Â (�5©|è)

è��n§k2k�èi�©|è§��=�Ù2k�èi�¤GF (2)�
þ¤kn­¥þ�m���k�f�m�§¡T©|è�(n, k)�5©|
è"

n­�?�è�|¤�8ÜVn¡��?��¥þ�m"§�¹ü«$
�§=�2\Ú¦"�
{üå�§�~^ÊÏ�/+0Ò�O/⊕0"
¥þ�mVn���f8SXJ÷vµ1¤�¹�0¥þ¶2¤µ45§
=?¿ü�¥þ�Ú�3S¥"K¡Ù�Vn���f�m"

b�ciÚcj´(n, k)�?�©|è¥�ü�èi£½è¥þ¤§��
=�ci + cj�´��è¥þ�§ù�èâ´�5�¶AO/§�ci =
cj�§ci + cj = 0"

��©|è´�5�¿�^�´ü�èi��2Ú�´èi"
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7.3 �5©|è 7.3.1 Ä�Vg

���555©©©|||èèè���'''VVVggg

©|è��5��À^�èik'§
��ES�N�N��èiÃ
'"

~Xµ��(5, 2)©|èC = {00000, 01011, 10101, 11110}§b��E
S��èi�N�'X�µ

00→ 00000, 01→ 01011, 10→ 10101, 11→ 11110
N´�y§´�5�¶XJòN�'XUC�µ

00→ 11110, 01→ 10101, 10→ 01011, 11→ 00000
N´�y§E´�5�"

��N´�ycö÷vXe�'XµXJ�ES�x1N��èic1§
x2N��c2§Kx1 + x2N��èic1 + c2"
�ö¦+´�5�§%Ø
÷vþãN�'X"

¡÷vx1 + x2N��èic1 + c2�'X��5©|è�AÏ'X"�
�5ù§3�5©|è¥§���0��ES�N���0�èi§ÑU
÷vAÏ'X"Ïd3�¡�?Ø¥§XJvkAO`²§þb½÷v
¤ã�AÏ'X"
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7.3 �5©|è 7.3.1 Ä�Vg

èèèiii���­­­þþþ

½Â (èi­þ)

èi�Ç²­þ´�èi¥¤¹�"è���ê"�èic ∈ C§Ï
~^w(c)L«ÙÇ²­þ§�¡Ç²³§{¡­þ"

�c = (cn−1, cn−2, . . . , c1, c0)���è§Kkw(c) =
∑n−1

i=0 ci"

½Â (��­þ)

èC¥¤k�"èi­þ����¡�èC���­þ"=
Wmin(C) = min{w(c)|c ∈ C, c 6= 0}.

½Â (�5©|è���ål)

3,�èC¥§?¿ü�èiÇ²ål����¡�Tè���å
l§=

dmin = min{DH(ci, cj)} ci 6= cj ci, cj ∈ C
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7.3 �5©|è 7.3.1 Ä�Vg

������ååålll���������­­­þþþ

ü�èi�Ç²ål½Â�éAè�Ø�Ó��ê"é��?è§§
�uü�èi�2Ú¤�S��­þ"
XµDH(10110, 01111) = w(10110⊕ 01111) = w(11001) = 3

½n (�5©|è���ål���­þ)

�5©|è���ål�u�"èi���­þ"

y²µ��5©|èC���ål�dmin§��­þ�Wmin§K�â½
Â§k

dmin = min
vi,vj∈C
i 6=j

d(vi,vj) = min
vi,vj∈C
i 6=j

d(0,vi + vj)

= min
v∈C
v 6=0

d(v) = Wmin �
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7.3 �5©|è 7.3.1 Ä�Vg

���ØØØããã���

du&�¥�3D(ÚZ6§�ÂS�¥,
è��U¬u)��"
�Bu£ã¤u)���§Ú\�Øã�£��ã�¤�Vg"

é~����êiÏ&XÚ"è��ØØ	�´/10�C¤/00§
½/00�C¤/10§Ïd�Øã���±^��S�L«"

e = (en−1, en−2, . . . , e1, e0) ei ∈ {0, 1}, i = 0, 1, . . . , n− 1
ei�0L«1i è�DÑ�(¶
ei�1L«Tè�u)
��"

�&�ÑÑ��ÂS��
r = (rn−1, rn−2, . . . , r1, r0) ri ∈ {0, 1}, i = 0, 1, . . . , n− 1
K§èi!�ÂS�Ú�Øã�nöm�'X�r = c⊕ e"
�â��Ú�$�5�§w,�kc = r⊕ e½e = c⊕ r"

�Øã��­þW (e)"éBSC&�§�p��ØD4VÇ§p̄ = 1 −
p��(D4VÇ§KngÃPÁ*Ð&�¥§�Å���Øã�eÑy
�VÇ�µP (e) = p̄n−W (e)pW (e) "
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ÅÅÅ���UUUååå���������­­­þþþ

½n (�5©|è�Å�Uå)

é?¿(n, k)�5©|èC§Ù��ål�dmin§@oµ

1 e�uÿa��Å�Ø§K�¦dmin ≥ a+ 1¶

2 e�Å�t��Å�Ø§K�¦dmin ≥ 2t+ 1¶

3 e�Å�t��Å�Ø§�Ó�uÿa£a > t¤��Å�Ø§K�
¦dmin ≥ a+ t+ 1"

k`²�o´/uÿa�¿Å�t(t < a)��Ø0£{¡/Åu(
Ü0¤"

3,
�¹e§�¦éuÑy�ª���èêé��è|§Uc�Å
��ªó�§±!��"­u�m¶Ó�qF"é�
�èê�õ�è
|§3�LTè�Å�Uå�§UgÄUu�­u�ªó�§±ü$X
Ú�oØèÇ"ù«ó��ªÒ´/Åu(Ü0"
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���555©©©|||èèè���ÅÅÅ���UUUååå£££YYY¤¤¤

3þã/Åu(Ü0XÚ¥§������Uì�Âè|�N^è|
�ålgÄUCó��ª"e�Âè|�,�N^è|m�ål3Å
�Uåt��S§KUÅ��ªó�¶e�?ÛN^è|m�ålÑ�
Lt§KUu��ªó�"

y²µ�±deã{üy²u�Uå§
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Å�Uåy²µ

u�Å�Uåy²µ
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���555©©©|||èèè���ÅÅÅ���UUUååå£££YYY¤¤¤

£1¤��è|A u0:"

eè|A¥u)� �è§K�±@�A� �ò£Ä�±0:��
%!±1��»��£¥�¤þ,:§�Ù �Ø¬�Ñd�¶

eè|A¥u)ü �è§KÙ �Ø¬�Ñ±0:��%!±2��
»��"

Ïd§����èåØ�u3£Xã¥B:¤§3d�»�2��þ9
�SÒØ¬kÙ§è|"ùÒ´`§è|Au)ü ±e�è�§Ø�
UC¤Ù§?ÛN^è|§Ï
Uuÿ�è� ê�u2"

Ón§XJ�«?è���ål�d§KòUuÿ(d − 1)��è¶�
�§e�¦uÿa��è§K��èåd��AØ�u(a+ 1)"

£2¤ã¥xÑè|AÚB�ål�5"

è|A½Beu)Øõuü �è§KÙ �þØ¬�Ñ±� ��
�%§±2��»��"
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e�Âè|á3±A��%��þ§Ò�ûÂ��´è|A¶eá3
±B��%��þ§Ò�û�è|B"ù�§ÒU
Å�ü �è"

eù«?è¥Øè|AÚB	§�kNõ«ØÓè|§�?üè|�
m�èåþØ�u5§K±�è|� ��¥%!±2��»xÑ��Ñ
Ø¬p�­U"

z«è|XJu)Ø�Lü �èÑòU�Å�"

Ïd§���èåd = 5�§U
Å�ü��è§��õUÅ�ü
�"e�è��3�§Òòáu,��þ§l
u)��"

�Å�t��è§��èådAØ�u(2t+ 1)"

£3¤�è�u�Uå�a§K�è|A¥�3a��è�§Tè|�?
�N^è|£~Xã¥è|B¤�ålA���t + 1§ÄKò?\N
^è|B�Å�Uå��S§
��Å�B"ù�Ò�¦��èåd��
�a+ t+ 1"
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�¤�5©|è��«�{"£��Bå�§eã�þþ�1�þ¤

3(n, k)�5©|è¥§b��ES�©O�µ

u1 = (1000 · · · 00)

u2 = (0100 · · · 00)

u3 = (0010 · · · 00)

· · ·
uk−1 = (0000 · · · 10)

uk = (0000 · · · 01)

ùk��ES���ÝÑ´k-bit§ÙéA�k��5Õá£Ã'¤�è
i©O�g1,g2, . . . ,gk §þ´�Ý�n��?�S�"

éu?¿��ES�x = (x1, x2, x3, . . . , xk−1, xk)§Ñ�±L«�
x =

∑k
i=1 xiui"
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éA�èi�µc =
∑k

i=1 xigi = (c1, c2, . . . , cn)

½Âµ

G =


g1

g2
...
gk

 =

g11 · · · g1n
...

. . .
...

gk1 · · · gkn


�T©|è�)¤Ý
"Kk

c = xG (1)

þª`²)¤Ý
1�þ�?¿�5|ÜÑ´��èi")¤Ý

G´��k�k × nÝ
§§��/£ã
?è�L§"
k
)¤Ý
G§?èì�(�ÒéN´(½§=þª¯¢þ�Ñ

?è�¢y�{"
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�
3�Âà?1�(Èè§�±½Â��éAu)¤Ý
G�Ý

H§¡�����Ý
½iÒÝ
§÷vµ

GHT = 0

=)¤Ý
G�1�����Ý
H�1�p��"

duG´k×n�Ý
§�H´(n−k)×n�Ý
§0´��k×(n−k)�
�"Ý
"w,kµ

cHT = xGHT = 0 (2)

duc´1× n��1Ý
§�ª¥0�1× (n− k)��1Ý
"

þª`²µ?¿èi7,�H��"§¯¢þ�Ñ
Èè�¢yg
´"Ï�����Ý
H´®��§XJ�Â��è¥�§�=��¦
È�0§K`²�ÂÃØ§ÄK`²�3�Ø"

ÜïI (ÜS�Ï�Æ>&Æ�) &EØ�?è—&�?èEâ 2016c 6� 2F 60 / 155



7.3 �5©|è 7.3.2 )¤Ý
���Ý


)))¤¤¤ÝÝÝ


���������ÝÝÝ


���¿¿¿ÂÂÂ

k
)¤Ý
���Ý
§`²�5©|èµ

1 �±!��;�m¶

2 N´�ä�Â��èi´Äk�"

~µ,(3, 2)è�)¤Ý
�

G =

[
1 0 1
0 1 0

]
@o

c1 = [00]G = 000 c2 = [01]G = 010

c3 = [10]G = 101 c4 = [11]G = 111

5¿µ���5©|è�)¤Ý
Ø´���"
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���dddèèè

½Â (�dè)

ü�q��5©|è�¡��d�§XJ���±d,��Ue��
ª��

1 3��èiS?1 ���"

2 ^�"~þ�¦èi"

é)¤Ý
ÏL±e��
C�¤�)��5©|è´�d�"

1 1��¶

2 é,1¦±�"~þ¶

3 �1¦±,~þ\�,�1þ¶

4 ���¶

5 ?¿�¦±���"�~ê"
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½Â (XÚè)

e��(n, k)�5©|èèi�c£½�¤k�è�´&E���§Ò
¡Tè�XÚè"

½Â (IO)¤Ý
)

e)¤Ý
Ur&E��33�èi�ck þ§Ò¡Ù�IO)¤
Ý
"

G =

Ik p11 · · · p1,n−k
...

. . .
...

pk1 · · · pk,n−k

 =
[
Ik P

]

Ù¥§Ik�k × k�ü 
§P�k × (n− k)�Ý
"
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w,§éN´������Ý
µH = [−PT In−k]"

GHT = [Ik P]

[
−P
In−k

]
= −IkP + PIn−k = −P + P = −0

?Û���5©|è�)¤Ý
Ñ�±ÏL�dè��ªz�IO)
¤Ý
"

~X§(7, 4)Ç²è�IO)¤Ý
�éA���Ý
�µ

G =


1 0 0 0 1 0 1
0 1 0 0 1 1 1
0 0 1 0 1 1 0
0 0 0 1 0 1 1

 H =

1 1 1 0 1 0 0
0 1 1 1 0 1 0
1 1 0 1 0 0 1


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���555���

eC´����Ý
�H�(n, k)�5è§KéÇ²­þ�l�z�è
¥§3H¥Ñkl�¦�ùl��¥þÚ�u0¶��§e3H¥kl�§Ù
¥þÚ´"¥þ§K3C¥7k��Ç²­þ�l�è¥"

eH¥vkd − 1�½�����\�«§Kè���­þ���d¶
èC���­þ�uH¥�Ú�«����ê"

duH´(n − k) × n�Ý
§ÏdÙ?¿n − k + 1���þ7,�5
�'"¤±(n, k)�5©|è���åld ≤ n− k + 1§¡�"4î�"

c = xG®�Ñ
���5©|è�?è¢y�{"XJæ^M�¢
y§��¦^£ M�ì!¦{ìÚ�2\{ì�ì�Ò�±
"AO
/§éuXÚè�?è§ÃØ´^M��´^�ÑéN´¢y"

©|è��EÜ©��§?è�¢y�¬�E,§��X8¤>´Ú
�?nìEâ�¤Ù§�O¥É?èE,5���¤°�5��§5­
�´ÙäNA^¥�5U§ù7LÚÈèA5ÚÊ�Ä"
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ÈÈÈèèè���ÄÄÄ���ggg´́́

cHT = 0®�Ñ
���5©|è�u��{"

�uàux�èi�c = (c1, c2, . . . , cn)§§´2k�n­�?�N^è
|¥���"du3DÑL§¥�UÉ�Z6½D(�K�§��Â¥
þ�r = (r1, r2, . . . , rn)§§´2n�n­�?�è�|¤�8ÜVn¥��
�"^eL«�Øã�§Kk

r = c + e (3)

w,§38ÜVn¥�3X2n− 1�Ø�0�d3�Øã�§Å�Èè�
?ÖÒ´(½�Øã�"

XJe = 0½ö´èi§KrHT = 0¶XJe 6= 0�Ø´èi§
KrHT 6= 0"�Ò´`§rHT¥¹k�Â¥þ¥��Ü�Ø&E"
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���ØØØããã���ÑÑÑyyy���VVVÇÇÇ

�,�Øã�e¥�Ø�Ñ� ê�i§KT�Øã�Ñy�VÇ
�p = εi(1 − ε)n−i"­þ���Øã�'­þ���Øã�ÑyV
Ç�"

=µi1 < i2�§p1 > p2"

p1 = εi1(1− ε)n−i1

p2 = εi2(1− ε)n−i2

@o
p1

p2
= εi1−i2(1− ε)i2−i1 =

(
1− ε
ε

)i2−i1
�ε < 1

2�§
1−ε
ε > 1§¤±kµei2 − i1 > 0§Kp1

p2
> 1"
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������ªªª���½½½ÂÂÂ

c¡J�rHT¥¹k�Â¥þ¥��Ü�Ø&E"�d�ÑXe½Âµ

½Â (��ª)

¡¥þrHT��Âè¥r���ª½��f§L«�

s = rHT (4)

XJr´èi§Ks��ò�0§ÄKòØ�0¶XJr�¹X�Å��
�Ø§sòk�UäkAÏ��"�¿ÚA½��Øã��éA"ùÒ
´��ªÈè�Ä��n"

du
s = rHT = (c + e)HT = cHT + eHT = eHT

�â����Ý
�5�§�Øã�òÚ��ª�éA§ù�§Èèì
Ò��â�¦¢yFEC½ARQ§l
¢y
Èè"
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������ªªª���555���

��ª5��

��=�r´èi�s = 0§��=�rØ´èi�s 6= 0"

��ª5��

�3X2k − 1�Ø�uÿ��Øã�"

ù´�Øã�á�N^è|¥��/§=

v + e = w

ª¥v´ux�èi
w´N^è|¥���èi�Ø´ux�èi§
ù��,s = 0§�r = v + e = w 6= v§E¤Ã{uÿ��Ø"

ù�5�����uàu�´��0è¥
ÂàÂ�´��0è¥§�
�k2k − 1�"
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������ªªª���555���£££YYY¤¤¤

��ª5�n

-Ai´(n, k)�5èC¥­þ�i�è¥ê8§p´��é¡&�
£BSC¤�=£VÇ§e3BSCþC�^5u�§^Pu(E)L«�uÑ
�Ø�VÇ§Kk Pu(E) =

∑n
i=1Aip

i(1− p)n−i

�â5��§�k��Øã�´����"è�èi�§T�Øã�
â´Ø�uÿ�§=�«?è�Ø�uÿ�ØVÇ§Ò´�Øã�TÐ
�èi�VÇ"Ïd§¦Ø�uÿ�ØVÇ�¯KÒ=z�¦uàu
�0èi
ÂàÂ���0èi�VÇ"

éu?¿i§ù«�¹�VÇ�pi(1 − p)n−i§
­þ�i�è¥ê8
�Ai§�Ä��Ü�i§�k±þ(Ø"

��ª5�o

s´��n− k�1¥þ"
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ØØØ���uuuÿÿÿ���ØØØVVVÇÇÇ���OOO���

~µb�,(7, 4)è�­þ©Ù�A0 = 1, A1 = A2 = 0, A3 = A4 =
7, A5 = A6 = 0, A7 = 1§¦ÙØ�uÿ�ØVÇ"

)µd��ª5�n§k

Pu(E) = 7p3(1− p)4 + 7p4(1− p)3 + p7

XJp = 10−2§KPu(E) ≈ 7× 10−6¶
XJp = 10−4§KPu(E) ≈ 7× 10−12"

dê�O�§Ø�uÿ�ØVÇ�Ì�û½u���i§�Ò´èi
���­þ½èi�ål"èi�ål��§Ø�uÿ�ØVÇÒ�
�"
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IIIOOO


���½½½ÂÂÂ

½Â (IO
)

r2n��U��Â¥þy©¤2k�Ø���f8§¦z�f8£�¤
�¹k��è¥§ù�
�¡�IO
£2n−k × 2k¤"

IO
�¢�´òVn8Ü¥�¤kn­�?�S�?1�8Ðm§§
�1�1±�0èi£c1½e1¤m©§�)
¤k�èi§
1��=
�8Ä�)¤k�Å���Øã�§Xã¤«"

c1/e1 c2 · · · ci · · · c2k

e2 c2 + e2 · · · ci + e2 · · · c2k + e2

· · · · · ·
ej c2 + ej · · · ci + ej · · · c2k + ej

· · · · · ·
e2n−k c2 + e2n−k · · · ci + e2n−k · · · c2k + e2n−k
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���555���

IO
5��

3IO
�Ó�1¥§vkü�n­S�´�Ó�§z�n­S�3�
=3�1¥Ñy"

IO
5��

z�(n, k)�5©|èÑUÅ�2n−k«�Øã�§§�Ò´IO
�
�8Ä"�â��q,OK§­þ����Øã�'­þ����Øã
���UÑy§ÏdA�ÀJ­þ���@
¥þ���8Ä"

IO
5�n

-αiL«­þ�i��8Ä�ê8§α0, α1, . . . , αm ¡��8Ä�­þ
©Ù§��=��Øã�Ø´�8Ä�âÑyÈè�Ø§�éu=£V
Ç�p���é¡&�
ó§æ^IO
Èè�{¤�)�Ø�uÿ�
ØVÇ� P (E) = 1−

∑m
i=0 αip

i(1− p)n−i
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IIIOOO


���555���£££YYY¤¤¤

d5��§3�8Ä¥�­þ��Øã�Ó�'~��§Ïddþª
O�ÙØ�uÿ�ØVÇé�"

IO
5�o

���8�¤k2k�n­kÓ����ª§ØÓ�8���ªpØ�
Ó"

y²µ ��8Ä�el��8¥?�¥þ(el + ci)§Ù��ª�

s = (el + ci)H
T = elH

T + ciH
T = elH

T

=Ó��8Ä¤3�1¥?�¥þ���ª�u�8Ä���ª"

2-ejÚel©O�1j�Ú1l��8��8Ä§Ù¥j 6= l"b½ùü
��8���ª��§KejH

T = elH
T ⇒ (el + ej)H

T = 0 "ùL
²el + ej´èi§-el + ej = vi§Kel = vi + ej§ÚIO
��¤5K
�gñ§¤±vkü��8k�Ó���ª" �
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IIIOOO


ÈÈÈèèè

��ÂX��r

�{�µ3IO
¥|¢S�r§òÙÈè�¤3���Äèi"

�{�µ�âIO
5�o§�IO
O\����ª"

s1 c1/e1 c2 · · · ci · · · c2k

s2 e2 c2 + e2 · · · ci + e2 · · · c2k + e2

· · · · · ·
sj ej c2 + ej · · · ci + ej · · · c2k + ej

· · · · · ·
s2n−k e2n−k c2 + e2n−k · · · ci + e2n−k · · · c2k + e2n−k

1 �â�ÂS�O���ªs§3��ª�|¢s¶

2 3s¤31|¢�ÂS�r"

IO
Èè´��q,Èè"
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7.3 �5©|è 7.3.3 Èè

������ªªªÈÈÈèèè

5�o`²�8ÄÚ��ª�mkX��éA�'X§dd�±�¤
�ÜÈèL§éu�Â��èS�kO�Ù��ª§ÏL�Lé�éA
��8Äl
���Øã�§ùÒ´�L{Èè�Ä��n"

��ªÈè���Ú½µ

1 O��Â¥þr���ªµs = rHT¶

2 d��ªs§é�éAu§��8Äel¶

3 Å��Øµv = r + el§v=�ÈèÑÑ�èi"

'�3u1(2)Ú"dIO
�±wÑ§�n − k�ê�Ø´é��§
^c¡¤ã��L{'�N´d��ª��¤éA��8Ä§�éu�
�n− kê�§�L{I��þ��;ì½E,�>´§ÏdÏé��k
���{òC�ék¿Â"

��ªÈè´��q,Èè"
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7.3 �5©|è 7.3.3 Èè

ÈÈÈèèè

1 ��f!��ªs = uHTµ11(n− k)�¶

2 ��Âèi´N^èi�µ��f�"¥þ¶

3 ��Âèi´B^èi�µ��f��"¥þ"

½n (��f��)

ü��Â�þu1!u2 uÓ��8�¿�^�´üö���f��"

y²µdc¡�½n�µu1!u2 uÓ��8�¿�^�´u1 − u2´
,��èi§P�v§@ok

vHT = 0⇔ (u1 − u2)HT = 0⇔ u1H
T = u2H

T ⇔ s1 = s2

)èµïá�8Ä�����féìL"

IO
Èè!��ªÈè
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7.3 �5©|è 7.3.3 Èè

ÈÈÈèèèÞÞÞ~~~

,(4, 2)�5è

G =

[
1 1 1 0
0 1 0 1

]
⇒
[
1 0 1 1
0 1 0 1

]
H =

[
1 0 1 0
1 1 0 1

]
IO
�µ

0000 1011 0101 1110
1000 0011 1101 0110
0100 1111 0001 1010
0010 1001 0111 1100

�8Ä���ªµ
0000 1000 0100 0010
00 11 01 10

XJÂ�èi´1100§^IO
Èè§(J�º

XJÂ�èi´0001§^��ªÈè§(J�º
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7.3 �5©|è 7.3.5 ©|è�Å�5U

???èèè���ÇÇÇ���Plotkinþþþ...

?è�8Iµ

1 ¦þ��ØèÇµ

2 ¦þ��?è�Ç"

Ú½µ

1 ¦Ñ�½d��k/n�¶

2 ¦Ñ�½d��Pe�¶

3 ¦�A��Z?è"

½n (?è�Çk/n�Plotkinþ.)

XJn ≥ (qd − 1)/(q − 1)§�¼���èi­þd§�� ên − kA
Ø�u qd−1

q−1 − 1− logq d"
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7.3 �5©|è 7.3.5 ©|è�Å�5U

???èèè���ÇÇÇ���ÇÇÇ²²²þþþ...

½n (?è�Çk/n�Ç²þ.)

?Û��­þ�d = 2t+ 1�(n, k)©|è§§��� êL÷vµ
n− k ≥ logq

[
1 +

(
n
1

)
(q − 1) +

(
n
2

)
(q − 1)2 + · · ·+

(
n
t

)
(q − 1)t

]
"

y²µ (n, k)©|èèi���ål�2t + 1§@o±z�èi�¥
%§Hammingålt��»�¥§ù
¥Ø¬��"z��¥�¹�S
�ê8�

[
1 +

(
n
1

)
(q − 1) +

(
n
2

)
(q − 1)2 + · · ·+

(
n
t

)
(q − 1)t

]
"

ù��¥�kqk�§�m¥�oS�ê�qn"w,§

qk

[
t∑
i=0

(
n

i

)
(q − 1)i

]
≤ qn

=n− k ≥ logq
[∑t

i=0

(
n
i

)
(q − 1)i

]
"

¦�Ò¤á��5©|è�¡����"HammingèÒ´���"
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7.3 �5©|è 7.3.5 ©|è�Å�5U

BSC���Hamming���ZZZ???èèè999ÙÙÙØØØèèèÇÇÇeee...

½n (ØèÇe.)

?Û��(n, k)è�ØèÇe.�

Pe ≥
[(

n

t+ 1

)
− αt+1

]
P t+1Qn−t−1 +

n∑
i=t+2

(
n

i

)
P iQn−i

Ù¥¤kt�½�ut���Å§Ü©t+ 1���Å§
αt+1 = 2n−k − 1−

(
n
1

)
−
(
n
2

)
− · · · −

(
n
t

)
≥ 0

y²µ�âÇ²þ.½nµ

n− k ≥ log2

[
t∑
i=0

(
n

i

)
(q − 1)i

]

ÜïI (ÜS�Ï�Æ>&Æ�) &EØ�?è—&�?èEâ 2016c 6� 2F 81 / 155

7.3 �5©|è 7.3.5 ©|è�Å�5U

BSC���ÇÇÇ²²²���ZZZ???èèè999ÙÙÙØØØèèèÇÇÇeee...£££YYY¤¤¤

2n−k ≥
t∑
i=0

(
n

i

)
= 1 +

(
n

1

)
+ · · ·+

(
n

t

)
�âαt+1�½Â2n−k = 1 +

(
n
1

)
+ · · ·+

(
n
t

)
+ αt+1"

Ïd§���()è�VÇ�

Pc ≤ Qn +

(
n

1

)
PQn−1 + · · ·+ αt+1P

t+1Qn−t−1

Pe = 1− Pc ≥
((

n

t+ 1

)
− αt+1

)
P t+1Qn−t−1 +

n∑
i=t+2

(
n

i

)
P iQn−i

5¿µ1 = (P +Q)n = Qn +
(
n
1

)
PQn−1 + · · ·+

(
n
n

)
Pn"

�2n−k = 1 +
(
n
1

)
+
(
n
2

)
+ · · ·+

(
n
t

)
½αt+1 = 0�§¡���è"

�2n−k > 1 +
(
n
1

)
+
(
n
2

)
+ · · ·+

(
n
t

)
½αt+1 > 0�§¡���è"
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7.3 �5©|è 7.3.5 ©|è�Å�5U

������èèè£££t = 1¤¤¤

�t = 1�§��èA÷v1 +
(
n
1

)
= 2n−k½n = 2n−k − 1

�n− k = 1, 2, . . .

n− k n k k/n

1 1 0 0 Ã&E §Ã^
2 3 1 1/3
3 7 4 4/7
4 15 11 11/15 ↓�ÇO\
5 31 26 26/31
6 63 57 57/63
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7.3 �5©|è 7.3.5 ©|è�Å�5U

������èèè£££t = 2¤¤¤

�t = 2�§��èA÷v1 +
(
n
1

)
+
(
n
2

)
= 2n−k½n(n+ 1) = 2 · 2n−k − 2

�n− k = 1, 2, . . .
n− k n k k/n
1 1 0 0 Ã^
2 2 0 0
3 3 0 0 ���
4 5 1 1/5 ��
5 7 2 2/7
6 10 4 2/5 ↓�ÇO\
7 15 8 8/15
8 22 14 7/11 ���
9 31 22 22/31
10 44 34 17/22
11 63 52 52/63
12 90 78 39/45 ��
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7.3 �5©|è 7.3.6 Ç²è

ÇÇÇ²²²èèè½½½ÂÂÂ

½Â (Ç²è)

��ål�3����5©|è(2m − 1, 2m − 1 −m)¡�Ç²è§Ù
¥m = n− k�?ÛØ�u2��ê"§´���§�Å�� �"

2 · t + 1 = 3§�±Å�� �§�â��è�^�n = 2n−k − 1§
-m = n− k§=kn = 2m − 1§k = n−m = 2m − 1−m"Ù?è�Ç
�

R = (2m − 1−m)/(2m − 1)

Ç²è�?è�Ç�Xm�O�
Jp§�mé��§Rò�Cu1§
�du§�UÅ1��§�¢SA^¥�À^·��m�"

éAum = 2 ∼ 8�Ç²è�µ

(3, 1); (7, 4); (15, 11); (31, 26); (63, 57); (127, 120); (255, 247)
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7.3 �5©|è 7.3.6 Ç²è

ÇÇÇ²²²èèè���AAAÛÛÛ)))ººº

Ç²è�Å�1��Ø§Ïd§��8Ä´­þ�0Ú1�¤k¥þ"
éuÇ²è�IO
§Ùz��Ñ�Ð´±Ù�Ä�è¥þ£=IO

111¤�¥%§±1��»¤����¥§
�ù22m−1−m �¥qTÐ
UrIO
¤L«�¥þ�m�ÜW÷"

Ç²è��8Ä´ÙÅ�Uå��S��Ü�Øã�£Ù¥0L«v
k�Ø¤"��5¿�´¿�¤k��5©|èÑkù�A5�"

dIO
�5��®�§z�(n, k)�5©|èÑUÅ�2n−k «�Ø
ã�§§�´IO
��8Ä"�´§UÅ�2n−k«�Øã�¿vk`
²UÅ�A�'A��Ø"

~X§(8, 2)�5©|è��8Ä��ê�26 = 64§L«�±Å
�63«�Øã���Ø§�äk1!2!3 'A�Ø��Øã���ê
©O�

(
8
1

)
= 8;

(
8
2

)
= 28;

(
8
3

)
= 56"
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7.3 �5©|è 7.3.6 Ç²è

ÇÇÇ²²²èèè

^IO
Èè(8, 2)�5©|è§Ø
U
Å��Ü1'AÚ2'A�Ø
	§�UÅ�Ü©3'A��Ø"du§ØUÅ��Ü�3'A�Ø§�
Ù��Å�Uå�U`´2'A"

�N��8Ä��ê§§�¹�Ü1!2'A�Ø�ã��k{§�¹
�Ü3'A�Ø�ã�ÿØv"

�â��è�½Â��§Ç²è´�«��è"Ó�§Ç²è�´�
8c��®�����5©|è¥?è�Ç�p�è"

Ç²è´�«5UûÐ�è§§´3Å�?è�¢�¥�@uy��
aäkÅü��ØUå�Å�è§3Ï&ÚO�Åó§¥ÑkA^"X
JéÇ²è�?�Úí2§Ò�Ñ
UÅ�õ��Ø�Å�è§Ù¥�
;.�´BCHè§
�Ç²è´�Å1'A�Ø�BCHè§�ò§�Ñ
8B�Ì�è¥"
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7.3 �5©|è 7.3.6 Ç²è

ÇÇÇ²²²èèè���OOO

'�3uH��O"s = eHT§XJ

e = 0, 0, . . . ,1, . . . , 0, . . . , 1, 0

i j

@os = hi + hj§=s´H¥�Ñ� éA��¥þ�Ú"

�
�yUÅ�1 �§ÄkH¥ØUk�"�¶ÙgH¥���þ
Ø�Ó"
H��ê�(n − k) × n§�ê�n = 2m − 1"fÐÒ´dØ
�0�þ	��Ü��m����þ|¤"

~µm = 3, n = 7, k = n−m = 4

H =

0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1

 =

0 1 1 1 1 0 0
1 0 1 1 0 1 0
1 1 0 1 0 0 1


= [−PT I3]
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7.3 �5©|è 7.3.6 Ç²è

ÇÇÇ²²²èèè���OOO£££YYY¤¤¤

G = [I4 P] =


1 0 0 0 0 1 1
0 1 0 0 1 0 1
0 0 1 0 1 1 0
0 0 0 1 1 1 1


EHT = S

Ù¥§E��Ø�þÝ
§(2n−k − 1)× n
H���Ý
§(n− k)× n
S���ªÝ
§�"��fÝ
§(2n−k − 1)× (n− k)

HT = E−1S

ét = 1��Zè§HT = E−1S = I−1S = S"
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7.3 �5©|è 7.3.6 Ç²è

ÇÇÇ²²²èèè���OOOÞÞÞ~~~

~µt = 1, n = 15§�Zè�(15, 11, 3)

H =


0 0 0 · · · 1 0 0 0
0 1 1 · · · 0 1 0 0
1 0 1 · · · 0 0 1 0
1 1 0 · · · 0 0 0 1

 = [−PT I4]

G = [I11 P] =


1 0 0 · · · 0 0 1 1
0 1 0 · · · 0 1 0 1
0 0 1 · · · 0 1 1 0

...
. . .

...
0 0 0 · · · 1 1 1 1


Hammingè�SéN´��"S = EHT§�E�H¤k�� �S�

�"[100000 · · · 0][010000 · · · 0] · · · [00000 · · · 1]§TÐ�¤��ü 
§
¤±S = HT"
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7.4 Ì�è 7.4.1 Ä�Vg

ÌÌÌ���èèè���AAA:::���½½½ÂÂÂ

Ì�è35Uþ§äk²(�Å!u�Uå§éu�½�è�nÚ&
E êk§®JÑ��aÌ�èÑk(½�Å!u�Uå�nØO�
�¶

3¢yþ§?èÚÈèÑ�±ÏL{ü��"£ M�ì5�¤"

3(�þ§§�Ì�5¦��N´^êÆ�ó5£ã"

�ÙòÄkïÄXÛéÌ�è?1£ã",�?ØÙ?èÚÈ
è�{"�X±��BCHè�~éÙ5U?1�[©Û"��éõ
�BCHè!RSèÚÙ¦Ì�è?1{��?Ø"

½Â (Ì�è)

��(n, k)�5©|èC§e§��è¥�z�Ì�£ Ñ´C���
èi§KC´��Ì�è"
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7.4 Ì�è 7.4.1 Ä�Vg

ÌÌÌ���èèè���ÞÞÞ~~~

Ì�èÄk´�«�5©|è§Ïd�5©|è���A5þ·Üu
Ì�è¶�§�AÏ5´ÙÌ�5§èi8Ü½ö`è|¥?¿��è
i�Ì�£ ���S�E´Tèi8Ü¥�èi§=§éÌ�ö�÷
vµ45"

~1µC1 = {0000, 0101, 1010, 1111}´Ì�è"
~2µC2 = {0000, 0110, 1001, 1111}�,�C1´�d�§�§Ø´Ì
�è"

5¿µ¿Ø�¦¤k�èiÑ´d��èi�Ì�£ �¤�"

n«w,�Ì�èµ

1 (n, 1)è§=n­è¶

2 (n, n− 1)è§Ûó��è¶

3 (n, n)è"
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7.4 Ì�è 7.4.1 Ä�Vg

ÌÌÌ���èèè���ÞÞÞ~~~

�Ä��(7, 3)è§Ù)¤Ý
�

G =

1 0 1 1 1 0 0
0 1 0 1 1 1 0
0 0 1 0 1 1 1


�"èi�µ

c1 = 1011100 c1 → c2

c2 = 0101110 c2 → c3

c3 = 0010111 c3 → c1 + c3

c1 + c2 = 1110010 c1 + c2 → c2 + c3

c1 + c3 = 1001011 c1 + c3 → c1 + c2 + c3

c2 + c3 = 0111001 c2 + c3 → c1

c1 + c2 + c3 = 1100101 c1 + c2 + c3 → c1 + c2
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7.4 Ì�è 7.4.1 Ä�Vg

ÌÌÌ���èèè���ÞÞÞ~~~

~µ�ä�?�è|

C1 = {000, 110, 101, 011}
C2 = {00000, 01111, 10100, 11011}
C3 = {0000, 1101, 0111, 1011, 1110}

´Ø´Ì�è"

)µwè|ÎØÎÜ�5ÚÌ��^�"

éuè|C1§§Q´�5©|èq´Ì�è"¯¢þ§§´
é00, 01, 10, 11?1ó�����è§´(3, 2)Ì�è"

éuè|C2§§´�5©|è�Ø´Ì�è"¯¢þ§§´é�E
S�00, 01, 10, 11?1?è����5©|è(5, 2)è"

éuè|C3§§¦+÷vÌ�5�duØ´�5©|è§��Ø´
Ì�è"

ÜïI (ÜS�Ï�Æ>&Æ�) &EØ�?è—&�?èEâ 2016c 6� 2F 94 / 155

7.4 Ì�è 7.4.1 Ä�Vg

ÌÌÌ���èèè���ïïïÄÄÄóóóäää—õõõ���ªªª

���5©|è�±w�*�GF (2m)���§§�GF (2)�þ�õ
�ª��éA§|^õ�ªóä�±�Ð/©ÛÌ�è�5U"

�±ïáèS�Úèõ�ª���éA'X"

�èS��v = {vn−1, vn−2, . . . , v1, v0} K§�^õ�ªL«�

v(x) = vn−1x
n−1 + vn−2x

n−2 + · · ·+ v1x+ v0

éèS�Ì��£ig���#�èi§�±L«�

v(i)(x) = vn−i−1x
n−1 + vn−i−2x

n−2 + · · ·+ v1x
i+1 + v0x

i

+ vn−1x
i−1 + · · · + vn−i+1x + vn−i

¡v(i)(x)�èS�Ì�£ ig��èõ�ª"
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7.4 Ì�è 7.4.1 Ä�Vg

õõõ���ªªª���$$$���

Ì�èèi�Ì�£ �g��ÚE���èi"$�L§�±^õ
�ªL«"

~Xµ01101↔ x3 + x2 + 1"

Tè�Ù�£�g/¤�èiE�k�èi§

01101⊕ 11010 = 10111

XJ^õ�ª$�§��u¦±x+ 1§Xe

(x3 + x2 + 1)× (x+ 1) = x4 + x2 + x+ 1

·���±¦^õ�ª�Ø{§v(x) = q(x)p(x) + r(x)"X

x7 + x6 + x5 + x3 = 1 · (x7 + 1) + (x6 + x5 + x3 + 1)
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7.4 Ì�è 7.4.2 )¤õ�ª

õõõ���ªªªÌÌÌ���£££   ½½½nnn

½n (õ�ª�Ì�£ )

�Ì�è�èõ�ª�v(x) = vn−1x
n−1+vn−2x

n−1+· · ·+v1x+v0§§
Ì�£ ig��èõ�ª�v(i)(x)§Kv(i)(x)´xn+1Øõ�ªxiv(x)¤
��{ª"

y²µò�y²�·KL«�

v(i)(x) = xiv(x) mod (xn + 1)

=

xiv(x) = q(x)(xn + 1) + v(i)(x) (5)

Ù¥q(x)�û"

w,§duxiv(x) = xiv(x) + v(i)(x) + v(i)(x)§·��Iy²
xiv(x) + v(i)(x)´xn + 1��ª=�"
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7.4 Ì�è 7.4.2 )¤õ�ª

õõõ���ªªªÌÌÌ���£££   ½½½nnn

du

xiv(x) = vn−1x
n+i−1 + vn−2x

n+i−2 + · · ·+ vn−i+1x
n+1

+ vn−ix
n + vn−i−1x

n−1 + · · ·+ v1x
i+1 + v0x

i

xiv(x) + v(i)(x) = vn−1x
n+i−1 + vn−2x

n+i−2 + · · ·+ vn−i+1x
n+1

+ vn−ix
n+vn−i−1x

n−1 + · · ·+ v1x
i+1 + v0x

i

+vn−i−1x
n−1 + · · ·+ v1x

i+1 + v0x
i

+ vn−1x
i−1 + · · ·+ vn−i+1x+ vn−i

=
(
vn−1x

i−1 + · · ·+ vn−i+1x+ vn−i
)

(xn + 1)

�·K¤á" �
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7.4 Ì�è 7.4.2 )¤õ�ª

���$$$gggèèèõõõ���ªªª

½n (�$gèõ�ª5�)

Ì�èC¥§gê�$��"èõ�ª´���"

y²µ

-
g(x) = xr + gr−1x

r−1 + · · ·+ g1x+ g0

´C¥gê�$��"èõ�ª"

eg(x)Ø´���§K7�3k,��gê�r�èõ�ª

g′(x) = xr + g′r−1x
r−1 + · · ·+ g′1x+ g′0

Ï�C´�5�§�g(x) + g′(x)´��gê�ur�èõ�ª§7
kg(x) + g′(x) = 0§ÄK�b��gñ§�g(x)´���" �
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7.4 Ì�è 7.4.2 )¤õ�ª

���$$$gggèèèõõõ���ªªª

½n (�$gèõ�ª7k~ê�)

-g(x) = xr + gr−1x
r−1 + · · ·+ g1x+ g0´(n, k)Ì�èC¥�$gê�

�"èõ�ª§K~ê�g07�1"

y²µ�g0 = 0§K

g(x) = xr + gr−1x
r−1 + · · ·+ g1x+ g0

= x(xr−1 + gr−1x
r−2 + · · ·+ g1)

òg(x)Ì�m£1 ½Ì��£n− 1 §P�g(1)(x)§k
g(1)(x) = xr−1 + gr−1x

r−2 + · · ·+ g1

§´��gê�ur��"èõ�ª§�g(x)´�$gê��"èõ�
ª�b��gñ§�g07�1"Ïd

g(x) = xr + gr−1x
r−1 + · · ·+ g1x+ 1 �

T½n¢�þ´Øy
)¤õ�ª7k~ê�"
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èèèõõõ���ªªª���¿¿¿���^̂̂���

½n (èõ�ª¿�^�)

-g(x) = xr + gr−1x
r−1 + · · ·+ g1x+ 1´��(n, k)Ì�èC¥gê�

$��"èõ�ª§��gê�u½�un− 1g���õ�ª§��=
�§´g(x)��ª�§â´èõ�ª"

y²µ¿©5§-v(x)´��gê�u½�un− 1g���õ�ª§X
Jv(x)´g(x)��ª§K

v(x) = (un−r−1x
n−r−1 + · · ·+ u1x+ u0)g(x)

= un−r−1x
n−r−1g(x) + · · ·+ u1xg(x) + u0g(x)

dÌ�è��5U\ÚÌ�A5§�v(x)7´C¥���èõ�ª"

7�5§^g(x)�Øv(x)§�

v(x) = u(x)g(x) + b(x)

ª¥b(x)�gê�ug(x)gê"
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7.4 Ì�è 7.4.2 )¤õ�ª

èèèõõõ���ªªª���¿¿¿���^̂̂���

Ïd§
b(x) = u(x)g(x) + v(x)

þªmàü�þ�èõ�ª§Ïdb(x)�o´�"èõ�ª§�o
´0"dub(x)�gê�ug(x)�gê§
½nb�g(x)´Ì�èC¥g
ê�$��"èõ�ª§�b(x)�U´0"Ïd

v(x) = u(x)g(x) �

T½n`²§��gê�u½�un − 1g���õ�ª´èõ�ª
�¿�^�§Ò´§´g(x)�ª"ù¢Sþ�Ñ
Ì�è��«?è�
{"Ï�µbXu(x)´�Eõ�ª§K§Úg(x)�¦Ò��èõ�ª"

dd��µèi8Ü��ÜèiÑ�±dg(x)5�Ñ§Ïd¡g(x)�
(n, k)Ì�è�)¤õ�ª§Ùgêr = n− k"
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7.4 Ì�è 7.4.2 )¤õ�ª

ÌÌÌ���èèè���)))¤¤¤õõõ���ªªª´́́xn + 1���ÏÏÏªªª

½n ()¤õ�ª)

(n, k)Ì�è�)¤õ�ªg(x)´xn + 1�Ïª"

y²µò)¤õ�ªg(x)¦±xk§dª(5)§�

xkg(x) = q(x)(xn + 1) + g(k)(x)

duxkg(x)gê�n§�þª¥q(x) = 1§
g(k)(x)´g(x)Ì��£kg
¤�§dc¡©Û�§´g(x)��ª§�g(k)(x) = u(x)g(x)§�k

xn + 1 = [xk + u(x)]g(x) = f(x)g(x) (6)

y�" �

xn + 1Ø�kg(x)ù�Ïf��UkÙ¦Ïf"

T½n¢�þ�Ñ
XÛ¦�)¤õ�ª��{"
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7.4 Ì�è 7.4.2 )¤õ�ª

xn + 1���n− kgggÏÏÏªªª)))¤¤¤(n, k)ÌÌÌ���èèè

½n (xn + 1�n− kgÏª)¤(n, k)Ì�è)

eg(x)´��n − kgõ�ª�´xn + 1�Ïª§Kg(x))¤�
�(n, k)Ì�è"

y²µ�Äk�gê�u�un − 1�õ�ªg(x), xg(x), . . . , xk−1g(x)§
-èõ�ª�

v(x) = uk−1x
k−1g(x) + · · ·+ u1xg(x) + u0g(x)

= (uk−1x
k−1 + · · ·+ u1x+ u0)g(x)

ª¥�1���ªòèõ�ªL«�)¤õ�ª9Ùk��£õ�ª�
�5|Ü§1���ªòÙL«�g(x)��ª§����¤2k�èi§
Ïd§��¤(n, k)�5©|è"

2�ÄÙÌ�5§-v(x)´(n, k)�5©|è�2k�èi¥���"

v(x) = vn−1x
n−1 + vn−2x

n−1 + · · ·+ v1x+ v0
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7.4 Ì�è 7.4.2 )¤õ�ª

xn + 1���n− kgggÏÏÏªªª)))¤¤¤(n, k)ÌÌÌ���èèè

xv(x) = vn−1(xn + 1) + (vn−2x
n−1 + · · ·+ v0x+ vn−1)

= vn−1(xn + 1) + v(1)(x)

ª¥vn−1(xn + 1)U�g(x)�Ø"Ï�v(x)´g(x), xg(x), . . . , xk−1g(x)�
���5|Ü§§7U�g(x)�Ø"¤±v(1)(x)�´g(x)��ª§�
=v(1)(x)´��èõ�ª"

aq/§�±y²xiv(x)�´èõ�ª§Ïddg(x))¤�è´(n, k)
Ì�è" �

(n, k)Ì�è�)¤õ�ªg(x)3�ê(�þ´xn + 1���(n− k)g
Ïª"�dª(6)��§xn + 1�UkØ���(n − k)gÏª"Ù¹Â
´§éu��(n, k)Ì�è�U¬kõ�)¤õ�ª"

Ïd©Ûù
)¤õ�ª¤)¤�è�5U§l
ÀJÐ�)¤õ�
ª§´ïÄÌ�è�Ì�8���§cÙ�n���§I�^O�Å|
¢��{5ÏéÐ�)¤õ�ª§Ï~¡�|¢Ðè"
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7.4 Ì�è 7.4.2 )¤õ�ª

ÞÞÞ~~~

~µõ�ªx7 + 1�±©)�

x7 + 1 = (x3 + x+ 1)(x3 + x2 + 1)(x+ 1)

�±wÑkü«(7, 4)Ì�è�)¤Ý
g(x) = (x3 + x+ 1)Ú
g(x) = (x3 + x2 + 1)"

duxn + 1o�±©)�

xn + 1 = (x+ 1)(xn−1 + · · ·+ x+ 1)

Ïdé?¿�no�3±eü«Ì�è"

1 n­èµ(n, 1)§g(x) = xn−1 + · · ·+ x+ 1:

2 Ûó��èµ(n, n− 1)§g(x) = x+ 1

Xþ~x7 + 1 = (x+ 1)(x6 + x5 + x4 + x3 + x2 + x+ 1)��)(7, 1) Ì
�è£7­è¤Ú(7, 6)Ì�è£Ûó��è¤"
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7.4 Ì�è 7.4.2 )¤õ�ª

ÞÞÞ~~~

~µÁ�En = 10Ún = 15��U��?�Ì�è"

)µé�«�U�k�¦ÑÙéA�)¤õ�ª"

éun = 10��¹§¦k = 1, 2, . . . , 8, 9�éA�)¤õ�ª§Ò´
¦x10 + 1��(10− k)gÏª¶

éun = 15��¹§¦k = 1, 2, . . . , 13, 14�éA�)¤õ�ª§Ò´
¦x15 + 1��(15− k)gÏª"

ü«�¹�O�(JXeL¤«§L¥�Ñ
g(x)±9éA���­
þ§Ù¥g(x)^ÙXêL«§~X110101 �Lx5 + x4 + x2 + 1"
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7.4 Ì�è 7.4.2 )¤õ�ª

n = 10, 15������ÌÌÌ���èèè)))¤¤¤õõõ���ªªª

k g(x)(n = 10) dmin g(x)(n = 15) dmin

1 1,111,111,111 10 111,111,111,111,111 15

2 101,010,101 5 11,011,011,011,011 10

3 1,001,001,001,001 5

4 1,100,011 4 111,101,011,001/110,001,100,011 8/6

5 100,001 2 10,100,110,111/10,000,100,001 7/3

6 11,111 2 1,011,001,101/1,100,111,001 6/6

7 111,010,001/110,111,011 5/3

8 101 2 11,010,001/11,100,111 4/4

9 11 2 1,011,101/1,111,001 4/3

10 110,101/100,001 4/2

11 10,011/11,111 3/2

12 1,001 2

13 111 2

14 11 2
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ÌÌÌ���èèè)))¤¤¤õõõ���ªªª

dL��§x10+1Ø¹k(10, 3)!(10, 7)Ì�è§Ï�§vk7gÚ3g
Ïª¶
éuk = 5, 6, 8, 9§ÙålÑ´2§�§��Å!u�Uå´�
��§�?è�Çw,�Ø��§`²Ó´Ì�è§5U%k¤ØÓ§
ùÒJÑ
¤¢|¢Ðè�¯K"

n = 15�¹§x15 + 1k[1, 14]«m��gÏª§�k�L���k�
k2�ÓgÏª§éA��¹Ò�±�EÑ2�Ì�è"�5¿�éA
�dmin�Ò¬uy§k��¹%Ø��§ù`²5\Ó��P{Ý��
��J%Ø��§Ó�`²Ïé5UÐ�Ì�è�­�5"

ÏL¢~�±uy§�Xn�O�§Óg)¤õ�ª��êò¬O
\§Ïd|¢Ðèäk­��¿Â"

�½n§éuØÓ�k§Ïég(x)§O�dmin9­þ©Ù§�±�EÑ
ÎÜI��Ì�è"Ì�è¥�NõÐèÑ´ùouy�"

��n = 99�Ì�è§®kL�"
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7.4 Ì�è 7.4.3 )¤Ý
���Ý


���XXXÚÚÚèèè)))¤¤¤ÝÝÝ




Ì�è´�«�5©|è§Ïd§�?èÚÈè��±^)¤Ý
Ú
����Ý
5£ã§Ó��©�XÚèÚ�XÚè"

�(n, k)Ì�èµ
)¤õ�ªµg(x) = gn−kx

n−k+· · ·+g1x+g0§gi ∈ [0, 1], g0 = gn−k = 1
&Eõ�ªµm(x) = mk−1x

k−1 + · · ·+m1x+m0§mi ∈ [0, 1]
èõ�ªµ c(x) = cn−1x

n−1 + · · ·+ c1x+ c0§ci ∈ [0, 1]

dèõ�ª¿�^�§k

c(x) = m(x)g(x)

= mk−1x
k−1g(x) + · · ·+m1xg(x) +m0g(x)

= (mk−1 · · · m1 m0) ·


xk−1 · g(x)

...
x · g(x)
1 · g(x)


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7.4 Ì�è 7.4.3 )¤Ý
���Ý


���XXXÚÚÚèèè)))¤¤¤ÝÝÝ




= m


gn−k · · · g1 g0 0 0 · · · 0 0

0 gn−k · · · g1 g0 0 · · · 0 0
0 0 gn−k · · · g1 g0 · · · 0 0

0
...

. . .
...

. . .
...

0 0 0 · · · 0 gn−k · · · g1 g0




xn−1

xn−2

...
x
1


¤±§èic = mG§Ù¥

G =


1 gn−k−1 · · · g1 1 0 0 · · · 0 0
0 1 gn−k−1 · · · g1 1 0 · · · 0 0
0 0 1 gn−k−1 · · · g1 1 · · · 0 0

0
...

. . .
. . .

...
0 0 0 · · · 0 1 gn−k−1 · · · g1 1


=�Ì�è�)¤Ý
§§´k×n�Ì�Ý
"w,§§Ø´XÚ�"
dG ·HT = 0 ���XÚ/ª�����Ý
H"
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7.4 Ì�è 7.4.3 )¤Ý
���Ý


XXXÚÚÚÌÌÌ���èèè���???èèè

XÚ/ª�Ì�è)¤Ý
§d�XÚ/ª�)¤Ý
ÏL1C�

¼�"��±�âe¡�½n��¦�"

½n (XÚÌ�è)

�Ì�è�)¤õ�ª�g(x)§�?è��Eõ�ª�u(x)§
�g(x)Úu(x)�gê©O´n− kÚk − 1§K

c(x) = u(x)xn−k + u(x)xn−k| mod g(x) (7)

�èõ�ª§^d�{?��èi�XÚÌ�è"

y²µXÚÌ�è´�EÜ©3�!����Ü©3m�(�§=èõ
�ª�1n− 1g�n− kg�Xê´&E §
Ù{��� "
Ï�èõ�ª�½´)¤õ�ª��ª§�k

c(x) = u(x)xn−k + r(x) ≡ 0| mod g(x) (8)
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���Ý


XXXÚÚÚÌÌÌ���èèè���???èèè

Ù¥§g(x) = xn−k + gn−k−1x
n−k−1 + · · ·+ g1x+ 1´)¤õ�ª§

u(x) = uk−1x
k−1 + uk−2x

k−2 + · · ·+ u1x+ u0´&Eõ�ª§
r(x) = rn−k−1x

n−k−1 + rn−k−2x
n−k−2 + · · · + r1x + r0´��õ�

ª§ÙXê´�Eè���� "

dª(8)§��

r(x) = c(x) + u(x)xn−k ≡ u(x)xn−k| mod g(x)

Ïd§dª(7)�E�è�XÚÌ�è" �

dª(8)§u(x)xn−k + r(x) = q(x)g(x)§k

u(x)xn−k = q(x)g(x) + r(x)
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���Ý


ÌÌÌ���èèè???èèèÞÞÞ~~~

~µ(7, 4)è�)¤õ�ªg(x) = x3 + x + 1§®�&Eõ�ªu(x) =
x2 + 1§©O¦Ù�XÚ/ªÚXÚ/ª�?èÑÑ"

)µ�XÚ/ª§��ò&Eõ�ª�)¤õ�ª�¦§�

c(x) = g(x)u(x) = (x3 + x+ 1)(x2 + 1) = x5 + x2 + x+ 1

=c = 0100111"��^)¤Ý
¦"

XÚ/ª§dª(7)§

r(x) = u(x)xn−k mod g(x) = x5 + x3 mod g(x)


x5 + x3 = x2g(x) + x2§¤±r(x) = x2"
Ïd

c(x) = x3u(x) + r(x) = x5 + x3 + x2

=c = 0101100"
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7.4 Ì�è 7.4.3 )¤Ý
���Ý


XXXÚÚÚèèè���)))¤¤¤ÝÝÝ




�âþã½n§��XeXÚè)¤Ý
�¦)�{"

é¤k�i = 0, 1, . . . , k − 1§^)¤õ�ªg(x)Øxn−k+i§k

xn−k+i = ai(x)g(x) + bi(x)

Ù¥bi(x) = bi,n−k−1x
n−k−1 + · · ·+ bi,1x+ bi,0´{ª"

Ïdxn−k+i + bi(x)´g(x)��ª§=èõ�ª"dd��XÚ/ª�
)¤Ý
�

G =


1 0 · · · 0 bk−1,n−k−1 · · · bk−1,1 bk−1,0

0 1 · · · 0 bk−2,n−k−1 · · · bk−2,1 bk−2,0
...

...
. . .

...
...

. . .
...

...
0 0 · · · 1 b0,n−k−1 · · · b0,1 b0,0


dG ·HT = 0��XÚ/ª�����Ý
"
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���Ý


XXXÚÚÚèèè���������������ÝÝÝ




du§

G =


xn−1 + xn−1 mod g(x)
xn−2 + xn−2 mod g(x)

...
xn−k + xn−k mod g(x)

 =

Ik
xn−1 mod g(x)
xn−2 mod g(x)

...
xn−k mod g(x)


¤±µ

HT =



xn−1 mod g(x)
xn−2 mod g(x)

...
xn−k mod g(x)

xn−k−1

...
1


=



xn−1

xn−2

...
xn−k

xn−k−1

...
1


mod g(x)
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XXXÚÚÚèèè)))¤¤¤ÝÝÝ


¦¦¦)))ÞÞÞ~~~

~µ¦)¤õ�ªg(x) = x3 + x + 1�(7, 4)Ì�è�XÚ)¤Ý
Ú�
���Ý
"

)µd)¤õ�ª§k

x3 = g(x) + (x+ 1) x4 = xg(x) + (x2 + x)

x5 = (x2 + 1)g(x) + (x2 + x+ 1) x6 = (x3 + x+ 1)g(x) + (x2 + 1)

=
b0 = x+ 1 b1 = x2 + x b2 = x2 + x+ 1 b3 = x2 + 1

dd��XÚ)¤Ý
Ú����Ý
�

G =


1 0 0 0 1 0 1
0 1 0 0 1 1 1
0 0 1 0 1 1 0
0 0 0 1 0 1 1

 H =

1 1 1 0 1 0 0
0 1 1 1 0 1 0
1 1 0 1 0 0 1


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7.4 Ì�è 7.4.4 Ì�è�?è�Èè

���XXXÚÚÚÌÌÌ���èèè���???èèè>>>´́́

�Eõ�ª�)¤õ�ª���¦���èõ�ª´�XÚ/ª�Ì
�è"?è>´Xeã¤«"
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���XXXÚÚÚÌÌÌ���èèè���???èèè>>>´́́—ÞÞÞ~~~

(7, 4)è§g(x) = x3 + x+ 1"

D D D

g3=1 g 2=0 g1=1 g0=1

m0m1m2m3

c0 c1c2 c3 c4 c5 c6

Ñ\ M�ìG� ÑÑ Ñ\ M�ìG� ÑÑ
0 0 0 1 1 0 1 0

0 0 0 0 0 0 0 1 0 1
1 1 0 0 1 0 0 0 1 1
0 0 1 0 0 0 0 0 0 1
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XXXÚÚÚÌÌÌ���èèè���???èèè>>>´́́

dXÚÌ�è?è½n§�±��Xe�?è�{µ

1 &ES�m(x)¦±xn−k¶
2 ^g(x)Øm(x)xn−k§��{ªr(x) = m(x)xn−k mod g(x)¶
3 ÑÑèiS�m(x)xn−k + r(x)"

XÚÌ�è�?èÌ�´¦�� §
¦�� �±g(x)���Ø
{"Ø{>´�^�"£ M�ì�êi>´5¢y§eã�^n− k?
£ M�ì¢yXÚÌ�è?è���(�"

D D D

g n−k=1g 2g1g0=1

G1

G 2

c

xn−km x 

g n−k−1

⋯
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XXXÚÚÚÌÌÌ���èèè���???èèè>>>´́́—ÞÞÞ~~~

(7, 4)è§g(x) = x3 + x+ 1"

D D D

g3=1g 2=0g1=1g0=1

G1

G 2

c0 c1c2 c3 c4 c5 c6

m0m1m2m3

Ñ\ M�ìG� ÑÑ Ñ\ M�ìG� ÑÑ
0 0 0 1 0 0 1 1

0 0 0 0 0 0 0 0 0 1
1 1 1 0 1 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
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ÌÌÌ���èèè���������ªªªÈÈÈèèè

Ì�è´�5©|è��«§��5©|è�Èè���·^uÌ�
è"�Ì�èäkÌ�A5§�«Èè�{!>´�k�U|^Ì�è
�Ì�A55{zÈè"

�8c��^��õ��´��ªÈè§~��Èè>´kr3AÈ
èì!Ó�Èèì�"Ø
��ªÈè	§�k^�Èè!�êÜ6È
è!^�ûÈè�Èè�Y"

�ux�èi�c!�Øã��e§K�ÂàÂ��S��

r = c + e

d��ª½Â��§�A���ª�

s = r ·HT = (c + e) ·HT = e ·HT

��ª��±^õ�ªL«"
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������ªªª���õõõ���ªªªLLL«««

^)¤õ�ªg(x)�Ø�Âõ�ªr(x)§k

r(x) = a(x)g(x) + s(x)

ª¥s(x)�g(x)Ør(x)¤��{ª§gê�p�n − k − 1§��=
�r(x)´èõ�ª�§s(x)�""é�Âõ�ª§s(x)�n − k�Xê
Ó��¤��ª¥þs§Ïds(x)´��õ�ª"

�Â¥þ���õ�ª¥Ó��¹k�Â¥þ¥�Øã��&E§Ï
d�±^§5Èè"
��±^��Úuxà?èì�aq�Ø{>´
5¢y��ª�O�"
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������ªªª���ÌÌÌ���555

½n (��ª�Ì�5)

-s(x)´�Âõ�ªr(x) = rn−1x
n−1 + rn−2x

n−2 + · · ·+ r0 ���õ
�ª§K^)¤õ�ªg(x)Øxs(x)¤��{ªs(1)(x)§Ò´r(x)Ì�£
 �gr(1)(x)���ª"

y²µÏ�

xr(x) = rn−1x
n + rn−2x

n−1 + · · ·+ r1x
2 + r0x

= (rn−1x
n + rn−1) + rn−2x

n−1 + · · ·+ r1x
2 + r0x+ rn−1

= rn−1(xn + 1) + r(1)(x)

¤±

r(1)(x) = rn−1(xn + 1) + xr(x) (9)
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������ªªª���ÌÌÌ���555

^g(x)�Ør(1)(x)§�

r(1)(x) = q(x)g(x) + ρ(x) (10)

ª¥ρ(x)´r(1)(x)���ª"

Ï�(xn + 1)´g(x)��ª§ª(9)�mà���

rn−1(xn + 1) + xr(x) = rn−1g(x)h(x) + x [a(x)g(x) + s(x)] (11)

òª(10)Ú(11)�\ª(9)§k

xs(x) = [q(x) + rn−1h(x) + xa(x)] g(x) + ρ(x)

=ρ(x) = s(1)(x) �

íØµ^)¤õ�ªg(x)Øxis(x)¤��{ªs(i)(x)§´r(x)�igÌ
�£ r(i)(x)���ª"
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������ªªªÈÈÈèèèÚÚÚ½½½

��ªÈèÚ½µ

1 dr(x)�Ø{¦{ê�s(x)¶

2 |^��ªÚIO
¥��8Ä�m���éA'X§d��ª�
±(½e(x)¶

3 òe(x)Úr(x)�2�\§=�ÈèÑÑv(x)"

þãÈèÚ½�±^^�¢y§��±^M�>´5¢y"r3AÈ
èì´��(n, k)Ì�è�Ï^Èèì§dnÜ©|¤µ��ª£ M
�ì!�Øã�uÿìÚ�;�Â¥þ��ÀM�ì"�Âõ�ªl�
à£\��ªM�ì"��{ü/r���Øêâd�àÏLÉ½�ø
�£ M�ìÒ�±�Ø�Øêâé��ª�K�"

r3AÈèì�Kþ�^u?ÛÌ�è§ÙØ%Ü�´�Øã�uÿ
>´§��Èè�E,Ý��ûu§§Ïd�OÜ·��Øã�uÿ>
´´r3AÈèì�'�"
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rrr333AAAÈÈÈèèèììì

Ì�è�r3AÈèìXeã¤«"
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ÈÈÈèèè���{{{£££ããã

1 �Â¥þ�Ü£\��ªM�ìl
����ª"�dÓ�§�Â
¥þ��\
�ÀM�ì"

2 ò��ªÖ\uÿì§±&ÿ�A��Øã�"
uÿìg��µ��=���ª£ M�ì¥���ª�3�p

 xn−1k���Øã��éA�§âÑÑ/10"ÙÑÑ´����À

M�ìÑÑÎÒ�A��Ø�O�"
3 d�ÀM�ìÖÑ1��ÎÒ§Ó���ª£ M�ì£ �g"
XJuÿ�1���ÂÎÒ´�Ø�§@ouÿì�ÑÑ��Å�"uÿ

ì�ÑÑ��"���ª£ M�ì±?���ª§�Ø�ØÎÒ3��

ª¥�K�"Ó�����#���ª§éAu�m£ �g�¤��?

��Â¥þ���ª"
4 dÚ½3¤��#��ª§^5uÿd� u�ÀM�ì�m>�
?�1���ÂÎÒ´Äk�§Èèì­EÚ½2ÚÚ½3"1��
�ÂÎÒ�Å��{Ú1��ÎÒ��"

5 UÚ½2 ∼ 4é�Â¥þÅ�ÎÒ/¢�Èè§��l�ÀM�ì
¥ÖÑ�Ü�Â¥þ��"
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rrr333AAAÈÈÈèèèìììÞÞÞ~~~-(7, 4)ÌÌÌ���èèè

(7, 4)Ì�è�r3AÈèìXeã¤«"

0D 1D 2D

7级缓存器门

纠错信号

0 1g = 1 1g = 3 1g =

( )r x ( )c x

0D 1D 2D

7级缓存器门

纠错信号

0 1g = 1 1g = 3 1g =

( )r x ( )c x

0D 1D 2D

7级缓存器门

纠错信号

0 1g = 1 1g = 3 1g =

( )r x ( )c x
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BCHèèè���AAA:::

Ì�è¥A^��2���?�BCHè§´±n�u²ö�¶
iBose!ChaudhuriÚHocquenghem·¶�"BCHèäkûÐ�Ï^5
Ú�p�?è�Ç§)è�{{ü¢^§�è����§BCHè�5U
�L
¤käk�Óè�Ú?è�Ç�Ù¦?è"

BCHè´Ì�è¥��a§Ïd§äk©|è!Ì�è���5�"

BCHè���A:´^)¤õ�ª���ê£�¹2t�ëY�g�
�¤�yè���ål"§²(.½
è�!���� ê8!è��
�ål"3Ó��?è�Ç�¹e§Å!u��Uåþ�r¶AO·Ü
uØ���è§3Ã�Ï&XÚ¥¼�2�A^",	§BCHè�´y
�ã'�N´¢y��«è"

¤¢�EBCHè§¢�þÒ´éÑ§�)¤õ�ª"Ø
éxn + 1�
Ïª	§BCHè��Ek�{ü��{§=)¤õ�ªd§��g³Û
u�GF (2m)¥��5(½"
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BCHèèè���½½½ÂÂÂ

½Â (����BCHè½Â�)

-α�GF (2m)¥����§eõ�ªg(x)´±α, α2, α3, . . . , α2t ��
�GF (2)þ��$gõ�ª§Kd§)¤�è��2m − 1!Åt��Ø�
è�����BCHè"

eg(x)��´GF (2m)¥�?¿eZ��§K)¤�Ì�è´��Ì
�è"

eg(x)±����β�ëY�g��§K)¤���BCHè"d�n 6=
2m − 1§�´§�Ïf"Golayè=����BCHè"

½Â (����BCHè½Â�)

é?Ûm ≥ 3���êÚt, t < 2m−1§e�3�Ì�è§Ùè�n =
2m − 1¶���� ê8n− k ≤ mt¶��åldmin ≥ 2t+ 1§UÅt�
½����Ø�?Û|Ü§¡��Å�t��Ø�����BCHè"

ÏL�¡�©Û�±��§ùü«½Â´���"
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������BCHèèè���)))¤¤¤õõõ���ªªª

eα�GF (2m)¥����§è��2m − 1!Åt��Ø���BCHè
�)¤õ�ªg(x)´GF (2)þ��$gõ�ª§§±α, α2, α3, . . . , α2t�
�§=é1 ≤ i ≤ 2t§g(αi) = 0"�âGF (2m)��5�§ù
���Ý
��´g(x)��"

-φl(x)´αl���õ�ª§K7k
g(x) = LCM{φ1(x), φ2(x), . . . , φ2t(x)}

éóêi§o�±L«�i = i′ · 2l£i′�Ûê§l ≥ 1¤§Ïdαi =
(αi
′
)2l´αi

′
��Ý�§¤±αiÚαi

′
k�Ó���õ�ª§l
�

�BCHè�)¤õ�ªg(x)���
g(x) = LCM{φ1(x), φ3(x), . . . , φ2t−1(x)}

duz���õ�ª�gê�u�um§¤±g(x)gê�õ�mt§=
è����� ê8n− k�õ�umt"
duα����£§)¤GF (2m)¥�¤k�"��¤§qdu´
^αÚα ��g����õ�ª�E
BCHè�)¤õ�ª§�¡þã
�{)¤�BCHè���BCHè"
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������BCHèèè–ÞÞÞ~~~

~µ�Ädp(x) = x4 + x + 1���õ�ª
)¤�GF (24)�§Ù��
��α§Á¦Ñ�Å1��!2��!3���BCHè�)¤õ�ª"

)µéud��õ�ªp(x) = x4 + x + 1)¤�GF (24)§�±¦ÑÙ¤
k�����õ�ªµ

α, α2, α4, α8 x4 + x+ 1

α3, α6, α9, α12 x4 + x3 + x2 + x+ 1

α5, α10 x2 + x+ 1

α7, α11, α13, α14 x4 + x3 + 1

ét = 1, n = 15§kg(x) = LCM{φ1(x)} = x4 + x + 1"=BCH
(15, 11, 1)�)¤õ�ª�g(x) = x4 + x+ 1"

α7�´���§§�ëYü��g���õ�ª�x4 + x3 + 1 ��±
)¤BCH (15, 11, 1)"
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������BCHèèè–ÞÞÞ~~~

,	��4gõ�ªx4 + x3 + x2 + x + 1´�����α3£��5¤9
Ù�Ý����õ�ª§duØ´�����ëY�g§¤±^Tõ�
ª)¤�(15, 11)Ì�è���ål´2§5Ué�§vkÅ�Uå"

¢Sþ§Tõ�ª��´α3�1− 4g�§§�Øx5 + 1§¤±^§�
±)¤(5, 1)���BCHè§��ål�5§Åü �"

ét = 2, n = 15§kg(x) = LCM{φ1(x), φ3(x)} = (x4 + x + 1)(x4 +
x3 + x2 + x + 1) = x8 + x7 + x6 + x4 + 1"=BCH (15, 7, 2)�)¤õ�
ª�g(x) = x8 + x7 + x6 + x4 + 1"

±����α7�ëYo��g���õ�ª�g(x) = x8 + x4 + x2 +
x+ 1�)¤BCH (15, 7, 2)"

ü�4g��õ�ª�¦�±����8gõ�ª

(x4 + x+ 1)(x4 + x3 + 1) = x8 + x7 + x5 + x4 + x3 + x+ 1

^Tõ�ª�±)¤(15, 7)Ì�è§��ål�3§�±Å1 �§�d
uØ´^�����ëY�g)¤�§¤±5U�"
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������BCHèèè–ÞÞÞ~~~

ét = 3, n = 15§k

g(x) = LCM{φ1(x), φ3(x), φ5(x)}
= (x4 + x+ 1)(x4 + x3 + x2 + x+ 1)(x2 + x+ 1)

= x10 + x8 + x5 + x4 + x2 + x+ 1

=BCH (15, 5, 3)�)¤õ�ªg(x) = x10 + x8 + x5 + x4 + x2 + x+ 1"

d¢SO���§^ù«¦A���õ�ª¦È��{5¦)¤õ
�ª§êÆ�.�ß§O���{ü§�±?�O�Å§S�Ñ�
«(n, k)�����BCHè�)¤õ�ª"

eL�Ñ
Ü©����BCHè�)¤õ�ª§L¥�êi�
Lg(x)�Xê§´±l?�/ª�Ñ�§'X(15, 5)èXê�2467§
z��?�´10 100 110 111§�m>�êiéAug(x)�"gXê"
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ÜÜÜ©©©������������BCHèèè

n k t g(x)

7 4 1 13

15 11 1 23
7 2 721
5 3 2,467

31 26 1 45
21 2 3,551
16 3 107,657
11 5 5,423,325
6 7 313,365,047

63 57 1 103

n k t g(x)

63 51 2 12,471
45 3 1,701,317
39 4 166,623,567
36 5 1,033,500,423
30 6 157,464,165,547
24 7 17,323,260,404,441
18 10 1,363,026,512,351,725
16 11 6,331,141,367,235,453
10 13 472,622,305,527,250,155
7 15 5,231,045,543,503,271,737

Ágµ�$Ì?§&EØ�?è£12�¤§>fó�Ñ��
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BCHèèè(((���

�BCHè�èõ�ª�

v(x) = vn−1x
n−1 + vn−2x

n−2 + · · ·+ v1x+ v0

d)¤õ�ªg(x)UØ¦v(x)��§é1 ≤ i ≤ 2t§eαi´)¤õ�
ªg(x)��§K7,�´v(x)��§�k

v(αi) = vn−1α
i(n−1) + vn−2α

i(n−2) + · · ·+ v1α
i + v0 = 0

�¤Ý
/ª§k

[
v0 v1 · · · vn−1

]
·


1
αi

(αi)2

...
(αi)n−1

 = 0 (12)
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BCHèèè(((���—������������ÝÝÝ




é1 ≤ i ≤ 2t§BCHè���Ý
�

H =


1 α α2 · · · αn−1

1 α2 (α2)2 · · · (α2)n−1

1 α3 (α3)2 · · · (α3)n−1

...
...

...
. . .

...
1 α2t (α2t)2 · · · (α2t)n−1

 (13)

dª(12)Úª(13)��µ
v ·HT = 0

¤±èv´H�"z�m§H´èv�����Ý
§èv�����
gGF (2m)"

½n (����BCHè���ål)

Åt��Ø�����BCHè���åldmin ≥ 2t+ 1"
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BCHèèè(((���—èèè���������ååållldmin ≥ 2t+ 1

y²µ�âè���­þ�����Ý
�'X§=�y²H�?
¿2t�þ�5Ã'§�=?ÀH�2t��¤�Ý
AT´÷��"

?�H10 ≤ j1, j2, . . . , j2t ≤ n− 1�§�¤Ý


A =


αj1 αj2 · · · αj2t

(α2)j1 (α2)j2 · · · (α2)j2t

...
...

. . .
...

(α2t)j1 (α2t)j2 · · · (α2t)j2t



=


αj1 αj2 · · · αj2t

(αj1)2 (αj2)2 · · · (αj2t)2

...
...

. . .
...

(αj1)2t (αj2)2t · · · (αj2t)2t


α´����§t < 2m−1 < 2m− 1§�αj1 , αj2 , . . . , αj2t ´2t �ØÓ�
��§=A´���
§¤±÷�"
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BCHèèè(((���—HÝÝÝ


���{{{zzz

eαj´αi��Ý�§K��=�v(αi) = 0�§v(αj) = 0"=ev =
(vn−1, vn−2, · · · , v1, v0) ÚHÝ
1i1�SÈ�"§KvÚH�1j1�
SÈ��"§Ïd���H�1j1"éuBCHè��¹§��Ý

H�±U��

H =


1 α α2 · · · αn−1

1 α3 (α3)2 · · · (α3)n−1

...
...

...
. . .

...
1 α2t−1 (α2t−1)2 · · · (α2t−1)n−1


~µm = 3§p(x) = x3 + x+ 1§n = 2m − 1 = 7§t < 2m−1 = 4"

�t = 1�§H =
[
1 α α2 α3 α4 α5 α6

]
"

�t = 2�§

H =

[
1 α α2 α3 α4 α5 α6

1 α3 α6 α2 α5 α α4

]
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õõõ???���BCHèèè

õ?�k�äk�Z�5U"

�Ä���?�è(n, k) = (7, 3)§��n�|�m�k2n = 27 =
128�n�|§Ù¥2k = 23 = 8´èi§N^è|Ó�'~�1/16¶

2�Ä����?�è(n, k) = (7, 3)§z�è�dm = 3'A|
¤§n�|�m�k2mn = 221 = 2097152�n�|§Ù¥2km = 29 =
512´èi§N^è|Ó�'~�1/4096"

ù�'~�Xm�O�
~�§
�­���:´§n�|¥^uè
i�'~��§¼��dmin��"ÏdïÄõ?��?èäk²(�¢
^¿Â"

éu��BCHè§è�n = 2m − 1§e�Åt�½�����?¿|
Ü§�õI�mt������"

éq?�BCHè§è�n = qs − 1§Åt�½�����?¿|Ü�õ
�BCHè§�õI�2st������"
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õõõ???���BCHèèè

-α´GF (q)¥����§)¤õ�ªg(x)�Xê�gGF (q)§�±
α, α2, α3, . . . , α2t����$gõ�ª§=

g(x) = LCM{φ1(x), φ2(x), . . . , φ2t(x)}

g(x)�gê�õ´2st§=^g(x))¤�è������ê8Øõ
u2st�"w,§�q = 2����BCHè"
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7.4 Ì�è 7.4.5 BCHè�RSè

R-Sèèè£££Reed-Solomon¤¤¤

�s = 1��õ�BCHèÒ´R-Sè"¤±§R-Sè´��?�BCHè
���AÏfa"

½Â (R-Sè)

XJõ�BCHèäkXeëêµè�n = q−1§����ê8n−k =
2t§��åldmin = 2t+ 1 K¡§�R-Sè"

3Ï&¥�õ?�§Ï~´2m���¹§éR-Sè­:?Øq = 2m�
�¹"

R-Sè�©���R-SèÚ���R-Sè"
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7.4 Ì�è 7.4.5 BCHè�RSè

R-Sèèè���???èèè

-α´GF (2m)¥����§U
Å�t'A�Ø���2m−1���R-
Sè§Ù)¤õ�ª�

g(x) = (x− α)(x− α2) · · · (x− α2t)

= x2t + g2t−1x
2t−1 + · · ·+ g2x

2 + g1x+ g0

g(x)�Xê�gGF (2m)�§±α, α2, . . . , α2t���Ü�§K)¤è
´(n, n − 2t) Ì�è§R-Sè�¡�(n, n − 2t)Ì�è"èõ�ª�gê
�p�n− 1§�Xê�gGF (2m)"

��Eõ�ª�

a(x) = ak−1x
k−1 + · · ·+ a2x

2 + a1x+ a0

ª¥k = n− 2t§Xêai�gGF (2m)"
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R-Sèèè���???èèè

éu�XÚ?è§��ò�Eõ�ª�)¤õ�ª�¦Ò��èõ�
ª¶

éuXÚ?è§u�õ�ª�

b(x) = x2ta(x)| mod g(x)

= b2t−1x
2t−1 + · · ·+ b1x+ b0

èõ�ª�v(x) = vn−1x
n−1 + vn−2x

n−2 + · · ·+ v1x+ v0

~µ�ÄGF (28)þ�R-Sè§�¦t = 16"

)µq = 256§28 − 1 = 255§Àn = 255§dmin = 2t + 1 = 33§n − k =
2t = 32§k = n− 2t = 255− 32 = 223 TR-Sè�(255, 223)è"
g(x) =

∏32
i=1(x+ αi)´x�32gõ�ª§Xê�gGF (256)"

T?èì®�¤VLSI§Tè3{II[Ê�Ú�»Ê1Û!î³��
Ýþ����?è"
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7.4 Ì�è 7.4.5 BCHè�RSè

R-Sèèè���???èèè

R-Sèdu5U`û
��
2�A^§§�Ì�`:�)µ

1 R-Sè�ålA5Ð§ÙÅ�Uå®u��4�§´MDCè£4�
��ålè¤¶

2 �3�«k��M�ûÈè�{§¦�3NõI��è�A^|
Ü§TèU
�¢y¶

3 q?�R-Sè��?�û)èäkûÐ�|âu��Uå"

é��?Ð�q = 2m?�(n, k) R-Sè§XJØ±q?�N�ux£1Î
Òm�u1è�¤§
´òzè�éA�m'A�±�?�ux£^mÎ
Òm�u1è�¤§¢SþÒ´rq?�(n, k)R-Sèz�
(mn,mk)�?
�û)è§ù���?�û)èAO·^uÅâu��"
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7.5 òÈè

òòòÈÈÈèèè

3òÈè��å�ÝS§c��|´���'�§��|�iÒ�Ø
=�ûu�|�&E�§
��ûucm|�&E�§Ù¥m´?èP
Á�Ý"

duòÈè¿©|^
�|�m��'5§nÚk�±^'���ê§
3�©|èÓ��&EDÑ�ÇÚ��E,5�§òÈè�5U��'
©|èÐ"

òÈè©Û§�8�"y©|è@�k��êÆóä§�
Ðè�ë
ê  /ÏuO�Å|¢"

òÈè�±^òÈ$���5�§|5£ã"

òÈè�z�(n, k)èã¡�fè§Ï~�á§fèS�n�è�Ø=
�TèãS�&E k'§
��c¡mãS�&E k'"

òÈè~^fè�Ý!fè¥�&E ê8±9?è�;n�ëþ£
ã§P�(n, k,m)"

XJòÈè���fè´XÚè§K¡TòÈè�XÚòÈè§ÄK
��XÚòÈè"
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7.5 òÈè

òòòÈÈÈèèè���)))¤¤¤ÝÝÝ


£££ããã

òÈè�£ã�{éõ§)¤Ý
!G�ã!äã�"ùp=0�)
¤Ý
"

~µeã¤«���(2, 1, 2)òÈè?èì§e&ES�m =
(1101000)§Á¦?èÑÑ"

D D

+

+

m

v(1)

v(2)

v
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7.5 òÈè

òòòÈÈÈèèè���)))¤¤¤ÝÝÝ


£££ããã

XJÑ\��ü À-δ§@ov(1),v(2)�ÑÑ�v(1) = (1 1 1),v(2) =
(1 0 1)"��L§´�5�§ÑÑS��±@�´Ñ\S�ÏL
ü
�FIRÈÅì§@oÑÑS�Ò´Ñ\S�Ó(1 1 1)Ú(1 0 1)�òÈ"ù
Ò´òÈè�d5"

ÿÁ�eµ

m = (1 1 0 1 0 0 0) g1 = (1 1 1) g2 = (1 0 1)

v1 = (1 0 0 0 1 1 0) v2 = (1 1 1 0 0 1 0)

g��¡�)¤S�"

�¤Ý
/ªG = [111, 101]½ö

G(D) = [g1(D), g2(D)] = [1 +D +D2, 1 +D2]

�µv(1)(D) = u(D) ∗ g1(D), v(2)(D) = u(D) ∗ g2(D)§K

v(D) = u(D) ∗G(D) = v(1)(D2) +Dv(2)(D2)
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òòòÈÈÈèèè���)))¤¤¤ÝÝÝ


£££ããã

~µeã¤«���(2, 1, 3)òÈè?èì§e&ES�u = (10111)§
Á¦?èÑÑ"

D D

+

+

u

v(1)

v(2)

D v
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7.5 òÈè

ViterbiÈÈÈèèè

�A'£VB§Viterbi¤Èè�{´�«��q,Èè�{§d�A'
JÑ�§§3eã¿Âþ´�Z�§=§é��&E'AS�Èè��
�VÇ��"

§�Ä�g�´r�Â��¥þ§Ú��ãþÃ«�U�´»'�§
í�ål��´»§�3ål��´»£u)��U5�¤§±ål�
�´»��uxèi��O"

ÏL*	��ã§�±uyòÈè�±eA:µ

1 (n, k,m)òÈè�G�ê�k2km�"

2 z�G�k2k«�U�ÑÑ"

3 ÑÑ���c���Ñ\±9G�k'§��c�ÑÑÃ'"
ùJ2·�§eü^´»3,:®à§Kùü^´»3d�ÒÜ¤
�^´»"=3®à:'�ü^´»�'���S��ü^´»´
���"
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7.5 òÈè

ViterbiÈÈÈèèè

e¡ÏL��~f5`²�A'ÈèL§"

~µ®�?èì´�!m©��Ñ�(2, 1, 2)òÈ?èì"y�Â¥þ�

r = (00 10 01 00 00 00 00 00)

Á¦ÈèÑÑ"

)µxÑÈèL§���ã§Xã¤«§�Â¥þ3ã�þ�I£Ñ"

cm^|´pØ��§Ïd��O�ÙÇ²ål£�duO�q,¼
ê¤¿�g\\=�"l1m + 1^|´m©§z�G�Ñk2k^´»
®à§�âc¡�©Û"I�µ

1 éz�G�§O��^´»�Ç²ål"O��{��c¡�Ç²
ål\\"

2 '�O�Ñ��^´»�Ç²ål"
3 ÀJÇ²ål���´»�3§íØÙ§�´»"

z�G��3�^´»§z�?k22�G�§Ïd��322^´»"
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ViterbiÈÈÈèèè

�ª�Èè(JXeã¤«"
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01
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00
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01

01

00

10

11

11

00

10

01

01

10

01

11

00 00

11

10

01

00

11

00

11

t=0            1               2              3               4              5               6             7               8

r      00            10             01             00             00            00           00           00  

0

2

1 2 2 2 2 2 2

22

2 21

4 1

3

3

3 3

33

3

2

4
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7.5 òÈè

ViterbiÈÈÈèèè

(Jµ

S0 →S0 →S0 →S0 →S0 →S0 →S0 →S0 →S0

t =0 1 2 3 4 5 6 7 8

�ÀJ��ZÈè´»§éA�Èè¥þ�

v̂ = (00 00 00 00 00 00 00 00)

Èè�E�ĉ = (000000)"

5¿µòÈè�(åG���Ñ´®��",	§�ü�±þ�´»
Ñ´��Ç²ål�§�±?¿ÀJ�^´»��/3�´»0"

ÈèE,Ý"�S���L§K��q,ÈèO(2L)§
�A'È
èO(L · 2m)"

�A'Èè¿ØUÅ�¤k�Uu)��Ø§��Ø�ª�ÑÙÅ�
Uå�§Èè��ÑÑS�Ò¬k�Ø"
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7.7 �Ù�(

���ÙÙÙ���(((

1 ?èVã
?è�8�!¯K¶Å�è�©a¶©|èÞ~§òÈè�£ã"

2 Cq£Ä�¤�êÄ:
+§f+§�89�8Ðm¶�¶�§³Ûu�§���9Ù*
�§õ�ª9�"

3 �5©|è
½Â§��­þ!��ål!Å�Uå¶)¤Ý
�����Ý

¶�dè¶XÚè�IO)¤
¶��ªÈè!IO
Èè¶©
|è�5U§Ç².���è¶Ç²è"

4 Ì�è
½Â§õ�ª�£ �Ì�£ ¶)¤õ�ª95�¶èõ�ª�
¿�^�¶�XÚ9XÚè�)¤Ý
!?è>´¶Ì�è���
ªÈè§MeggitÈèì¶BCHè9RSè"

5 òÈè
)¤Ý
£ã¶ViterbiÈè"
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