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5.1 lÑ�mLTIXÚ�A�¼ê

lllÑÑÑ���mmmLTIXXXÚÚÚ���AAA���¼¼¼êêê

�ëY�m��¹��§lÑ�mE�ê&Ò§=E�êS�´�
�lÑ�mLTIXÚ�A�¼ê"

d��©Û{µx(n) = zn

y(n) = x(n) ∗ h(n) =

∞∑
k=−∞

h(k)zn−k

= zn
∞∑

k=−∞
h(k)z−k = znH(z)

H(z) =
∞∑

n=−∞
h(n)z−n

zn´XÚ�A�¼ê¶
H(z)´XÚ�A�¼ê�é
A�A��"

XJµx(n) =
∑

k akz
n
k§Ky(n) =

∑
k akH(zk)z

n
k"

�Ù?Ø/ª�ejωn�E�êS�"
ÜïI (ÜS�Ï�Æ>&Æ�) 15Ù lÑ�m&Ò�XÚ�ª�©Û 2013c 11� 5F 5 / 54

5.2 ±Ï&Ò�lÑ�mFp�?ê

lllÑÑÑ���mmmFFFppp���???êêê���VVVggg

E�ê&Òej
2π
N
n´��±N�±Ï�&Ò§r±N�±Ï�¤k�

lÑ�m±Ï5E�ê&Ò|Üå5§Ò�±��¤�Å'X�&Ò
8µ

ϕk(n) =
{
ej(2π/N)kn

}
k = 0,±1,±2, · · ·

N´ù�&Ò8�ÄÅ±Ï§&Ò8¥�kN�&Ò´Õá�"

ϕk(n) = ϕk+rN (n) �ëY&Ò�ØÓ�?

��§3ªÇþ��2π�ê��E�êS�Ñ´�Ó�"

XJò&Ò8¥¤kÕá�N�&Ò�5|Üå5§�½�´
±N�±Ï�lÑ�m&Ò"ùÒ´�e5�0��lÑ�mFp�?
ê�Vg"
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.1 lÑ�mFp�?ê£DFS¤

lllÑÑÑ���mmmFFFppp���???êêêDTFS

ex(n)´±N�±Ï�lÑ�m&Ò§K

x(n) =
∑

k=<N>

Ȧke
j(2π/N)kn

¡�x(n)�lÑ�mFp�?êL�ª"

ùL²§±N�±Ï�lÑ�m±Ï&Ò�±©)¤N�Õá�E
�ê�Å©þ"
�ëY�mFp�?ê�Ó
Ȧk¡�Fp�?ê�Xê§
�¡�x(n)�ªÌXê"
x(n)´¢&Ò�µȦ∗k = Ȧ−k

Ȧk�¢Ü!�´ó¼ê¶J
Ü!��´Û¼ê"

�ëY�mFp�?êØÓ

?ê¥�kN�Õá��Å©þ"

lÑ�mFp�?ê´��k��
�?ê"

k�I��U�N��ê§�±
l0�N − 1§��±l1�N"
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.2 Fp�?ê�Xê

FFFppp���???êêê���XXXêêê

�?êL�ªü>Ó�¦±e−j(2π/N)rn§¿ò�U�N�én¦Ú
��µ∑

n=<N>

x(n)e−j(2π/N)rn =
∑

n=<N>

∑
k=<N>

Ȧke
j(2π/N)(k−r)n

=
∑

k=<N>

Ȧk
∑

n=<N>

ej(2π/N)(k−r)n

du
N−1∑
n=0

ej(2π/N)kn =

{
N, k = 0,±N,±2N, · · ·

1−ej2πk
1−ej(2π/N)k = 0, Ù§k

¤±�k = r�kµ

Ȧk =
1

N

∑
n=<N>

x(n)e−j(2π/N)kn

u´��DTFS�ü�'Xªµ

x(n) =
∑

k=<N>

Ȧke
j(2π/N)kn

Ȧk =
1

N

∑
n=<N>

x(n)e−j(2π/N)kn
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.2 Fp�?ê�Xê

FFFppp���???êêê���XXXêêê

XJØ��k���§¦Ù�±�?Û�ê§Kkµ Ȧk = Ȧk+rN "

�ëY�m&ÒØÓµDTFS�Xê±N�±Ï�§�Ò´lÑ�
m±Ï&Ò�ªÌ´±N�±Ï�§kl0�N − 1 �±Ï¡�ªÌ�Ì
�±Ï"

~µx(n) = sinω0n§�ω0/2π´knê�§x(n)´±Ï�"�ω0 =
2πm/N§Ù¥m = 3, N = 5"Á±Ñx(n)�ªÌã

)µx(n)�±^lÑ�mFp�?êL«�µ

x(n) =
1

2j

[
ej(2π/N)mn − e−j(2π/N)mn

]
k�0�4�kȦ3 = 1

2j ; Ȧ2 = Ȧ−3 = − 1
2j ; Ù{Ȧk = 0"
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.3 ±Ï5Ý/óÀS��ªÌ

lllÑÑÑ���mmm±±±ÏÏÏ555ÝÝÝ///óóóÀÀÀSSS������ªªªÌÌÌ

�ÄXã�lÑ�m±Ï
5Ý/óÀS��ªÌµ

Ȧk =
1

N

N1∑
n=−N1

e−j(2π/N)kn =
1

N

ej(2π/N)kN1 − e−j(2π/N)(N1+1)k

1− e−j(2π/N)k

=

{
1
N

sin[ 2π
N

(N1+ 1
2

)k]

sin(πk/N) , k 6= 0,±N,±2N, · · ·
Ȧk = 2N1+1

N , k = 0,±N,±2N, · · ·

�	ªÌ��ä§

Ȧk =
1

N

sin[(2N1 + 1)ω/2]

sin(ω/2)

∣∣∣∣ ω= 2π
N
k

w,�ääksinβx/ sinx�/ª"
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.3 ±Ï5Ý/óÀS��ªÌ

lllÑÑÑ���mmm±±±ÏÏÏ555ÝÝÝ///óóóÀÀÀSSS������ªªªÌÌÌ

�ëY�m±ÏóÀ&Òaq
1 ±ÏS��ªÌäklÑ
5!�Å5§3(−π, π)«
m����Âñ5"

2 �±Ï�óÀ°ÝUC�
éªÌ�5�K��aq
uëY�m&Òµ

N1ØC�§ªÌ�ä/
GØC§ÌÝÚÌ�m
�Ñ�NO�
~�"
NØC§N1UC�§ª
Ì�äu)Cz"N1�
�§Ì�°Ý�Ä"

�ëY�m&ÒØÓ
ªÌäk±Ï5"
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.4 lÑ�mFp�?ê�Âñ

lllÑÑÑ���mmmFFFppp���???êêê���ÂÂÂñññ

DTFS´k���?ê§±Ï&Ò�±
��U©)¤k��Õá
�E�ê�Å©þ§Ï
Ø�3Âñ¯K§�Ø¬�)Gibbsy�"

±N�±Ï�S�3���kN�Õá��§=TS���±Ï
S�:��"DTFS�Xê�´±N�±Ï�§��kN �Õá��"
Ïd§l��þù§DTFSÒ´òS�3���N�Õá�C��ª�
�N�Õá�"

��3ª��
N�©þ§Ò�½U��¡E¤�&Ò§Ï
dDTFSØ�3Âñ¯K"���

N�©þ§?êò��Âñ
ux(n)§
Ø¬ÑyGibbs y�"

é'ëY�m±Ï&Òµ ëY�m±Ï&Ò3��±ÏSkÃê
õ�Õá��§Ï
CTFS�Xê�kÃêõ�Õá�"���k��
�Å©þ�§Ø�U¡E�&Ò"�X¤��Åêþ�O\§Cq§Ý
�5�p§3��þ�Ø�OKe�Ä4��¹�§Òg,�)
Âñ
¯KÚGibbs y�"
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.4 lÑ�mFp�?ê�Âñ

ddd���½½½^̂̂���(((½½½SSS���

~µ'u,�S��ÑXe^�µ

1 x(n)´±Ï�§±ÏN = 6¶

2

5∑
n=0

x(n) = 2

3

7∑
n=2

(−1)nx(n) = 1

4 3÷vþãn�^��¤k&Ò¥§x(n)3z�±ÏS�õÇ�
�"

)µ
5∑

n=0

x(n)e−jk(2π/N)n = NȦk

�k = 0, NȦ0 =

5∑
n=0

x(n) = 2 ∴ Ȧ0 =
1

3
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5.2 ±Ï&Ò�lÑ�mFp�?ê 5.2.4 lÑ�mFp�?ê�Âñ

ddd���½½½^̂̂���(((½½½SSS���

q�â(3)µ

7∑
n=2

(−1)nx(n) =

7∑
n=2

ejπnx(n) =

7∑
n=2

ej
2π3
6
nx(n) = NȦ3

¤±µȦ3 = 1
6

d(4)§P =
5∑

n=0

∣∣∣Ȧk∣∣∣2 ¤±µȦ1 = Ȧ2 = Ȧ4 = Ȧ5 = 0

x(n) = Ȧ0 + Ȧ3e
jπn =

1

3
+

1

6
(−1)n
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.1 lFp�?ê�Fp�C�

lllFFFppp���???êêê���FFFppp���CCC���

3?Ø±Ï5Ý/óÀ&Ò�ªÌ�§®²w�µ�±Ï&Ò�±
ÏNO��§ªÌ�Ì�m�C�"3��§�Nª�uÃ¡��§±
Ï&ÒòC��±Ï&Ò§lÑªÌòC�ëYªÌ"

�ëY�m&Ò�Ó§?Û±Ï&ÒÑ�±w¤´���±Ï&Ò
±Ïòÿ�(J¶�±Ï&Ò��±w¤´±Ï&Ò�±ÏªuÃ¡�
��4�"

x̃(n) =
∞∑

k=−∞
x(n− kN) x(n) =

{
x̃(n), |n| ≤ N1

0, |n| > N1

ò±Ï&Òx̃(n)L«�DTFSkµ

x̃(n) =
∑

k=<N>

Ȧke
j(2π/N)kn Ȧk =

1

N

∑
n=<N>

x̃(n)e−j(2π/N)kn
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.1 lFp�?ê�Fp�C�

lllFFFppp���???êêê���FFFppp���CCC���

5¿��|n| ≤ N1�§x̃(n) = x(n)§ò¦Ú«m�3T±ÏS§Kµ

NȦk =

N1∑
n=−N1

x̃(n)e−j(2π/N)kn =

N1∑
n=−N1

x(n)e−j(2π/N)kn

�N →∞§(2π/N)k → ω§NȦk → X(ejω)§q|n| ≥ N1�§x(n) = 0

X(ejω) =
∞∑

n=−∞
x(n)e−jωn

�±wÑµ

Ȧk =
1

N
X(ejkω0)

∣∣
ω0=2π/N

X(ejω)Ò½Â�&Òx(n)�lÑ�m
Fp�C�£DTFT¤§�¡�x(n)�ª
Ì�Ý"éω±2π�±Ï"

±Ï5lÑ�m&Ò�DTFSXêÒ
´�ÙéA��±Ï&Ò�DTFT�
��¶

�±ÏS��DTFTÒ´�ÙéA�
±Ï&ÒDTFSXê��ä"

ÜïI (ÜS�Ï�Æ>&Æ�) 15Ù lÑ�m&Ò�XÚ�ª�©Û 2013c 11� 5F 16 / 54



5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.1 lFp�?ê�Fp�C�

lllFFFppp���???êêê���FFFppp���CCC���

�ò±Ï&Ò�DTFSU��µ

x̃(n) = 1
N

∑
k=<N>

X(ejkω0)ejkω0n
ω0=2π/N

======== 1
2π

∑
k=<N>

X(ejkω0)ejkω0nω0

�N →∞§ω0 → dω§kω0 → ω§¦Ú=z�È©µ

x(n) =
1

2π

∫
2π
X(ejω)ejωndω

k3��±Ï��SUC�§kω032π��SUC§¤±È©«m
�2π"

lÑ�mFp�C�é£DTFTé¤µ

x(n) =
1

2π

∫
2π
X(ejω)ejωndω

X(ejω) =

∞∑
n=−∞

x(n)e−jωn

lÑ�mS��±©)�
ªÇ32π«mþ©Ù�!ÌÝ
� 1

2πX(ejω)dω�E�ê©þ�
�5|Ü"
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.1 lFp�?ê�Fp�C�

DTFT���ÂÂÂñññ¯̄̄KKK

duX(ejω)´��Ã¡?ê§Ïd7,�3Âñ¯K§�Ò´`§
éÃ����±Ï&Ò§¿Ø�½�y§�DTFTÑ�3"

�ëY�mFp�C�aq§Âñ^�kü|µ

1 ýé�Úµ
∞∑

n=−∞
|x(n)| < ∞§KX(ejω) �½�3§�?ê��Â

ñuX(ejω)

2 ²��Úµ
∞∑

n=−∞
|x(n)|2 <∞§KX(ejω)��½Âñ"

duµ

∞∑
n=−∞

|x(n)|2 ≤

[ ∞∑
n=−∞

|x(n)|

]2

�ü|^�¿Ø�d§ýé�Ú�&Ò�½²��Ú§���Ø¤á"

XJ&ÒUþk�§�Øýé�Ú§K?ê±þ�Ø��u"��
ªÂñuX(ejω)§d�3mä:?¬�)Gibbsy�"
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(1)

x(n) = anu(n), |a| < 1

X(ejω) =
∞∑
n=0

ane−jωn =
1

1− ae−jω

E¼ê§�Ú� µ∣∣X(ejω)
∣∣ =

1√
1 + a2 − 2a cosω

]X(ejω) = − arctan
a sinω

1− a cosω

ÌÝªÌÚ� ªÌ
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(2)

x(n) = a|n|, |a| < 1

X(ejω) =

∞∑
n=0

ane−jωn +

−1∑
n=−∞

a−ne−jωn =

∞∑
n=0

(ae−jω)
n

+

∞∑
n=1

(aejω)
n

=
1

1− ae−jω
+

aejω

1− aejω
=

1− a2

1− 2a cosω + a2
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(3)

Ý/óÀ&Òµ x(n) =

{
1, |n| ≤ N1

0, |n| > N1

X(ejω) =

N1∑
n=−N1

e−jωn

=
sin
[
(N1 + 1

2)ω
]

sin(ω/2)

¢óS�⇔¢ó¼ê

�éA�±Ï&Ò'�§d��ªÌ�´±Ï5Ý/óÀ&ÒªÌ
��ä"

�éA�ëY�m&Ò'�"
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(4)

x(n) = δ(n)

X(ejω) =
∞∑

n=−∞
δ(n)e−jωn = 1

ü óÀ&Ò�¹
¤kªÇ©þ§�ÌÝÚ� Ñ�Ó"LTIX
Úéù��&Ò��A���N
XÚ���A5"��^ü óÀ�
AL�LTIXÚ"

ª�þ!À-Gµ

X(ejω) =

∞∑
k=−∞

δ(ω − 2πk)
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(5)

x(n) =
1

2π

∫ π

−π
X(ejω)ejωndω

=
1

2π

∫ π

−π

∞∑
k=−∞

δ(ω − 2πk) · ejωndω =
1

2π

∫ π

−π
δ(ω)ejωndω =

1

2π

∴ x(n) = 1�§X(ejω) = 2π

∞∑
k=−∞

δ(ω − 2πk)

n�$ÏÈÅìµ

h(n) =
1

2π

∫ W

−W
ejωndω =

sinWn

πn
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(6)

ÎÒ¼êµ sgn(n)

TS��±w¤´XeS�3aªu1��4�µ

anu(n)− a−nu(−n), 0 < a < 1

´�dS��Fp�C��µ

1

1− ae−jω
− 1

1− aejω
=

−2ja sinω

1− 2a cosω + a2

�aªu1�§���µ

sgn(n)↔ −j sinω

1− cosω

¢ÛS�⇔JÛªÌ
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5.3 �±Ï&Ò�lÑ�mFp�C� 5.3.2 ~^&Ò�lÑ�mFp�C�

~~~^̂̂&&&ÒÒÒ���lllÑÑÑ���mmmFFFppp���CCC���(7)

ü ��S�u(n)�±L«�µ u(n) =
1

2
[1 + sgn(n) + δ(n)]

�âc¡?ØL�Fp�C�é§�±�Ñµ

1↔ 2π
∞∑

k=−∞
δ(ω − 2πk) δ(n)↔ 1 sgn(n)↔ −j sinω

1− cosω

u´kµu(n)↔ 1

1− e−jω
+ π

∞∑
k=−∞

δ(ω − 2πk)

éëY&Òkµu(t)↔ πδ(Ω) +
1

jΩ

é'�±wÑ§DTFT¥�1− e−jωÒ��uCTFT¥�jΩ"
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5.4 ±Ï&Ò�lÑ�mFp�C�

±±±ÏÏÏ555���ªªª���ÀÀÀ---GGG

éëY�m&Ò§kejΩ0t ↔ 2πδ(Ω− Ω0)§ddíä§3lÑ�m
&Ò¥�ATkaq��¹§l
�±^DTFTòlÑ�m±Ï&Ò�
�±Ï&ÒÚ�å5"

duDTFT´±2π�±Ï�§�ÄXe±Ï5�ª�À-Gµ

X(ejω) = 2π
∞∑

l=−∞
δ(ω − ω0 − 2πl)

x(n) =

∫ 2π

0
δ(ω − ω0)ejω ndω = ejω0n

r±Ï5S�L«�DTFSµx(n) =
∑

k=<N> Ȧke
jkω0n ω0 = 2π/N

K�âþãC�é§�±��µ

X(ejω) =
∑

k=<N>

2πȦk

∞∑
l=−∞

δ(ω − kω0 − 2πl), ω0 = 2π/N
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5.4 ±Ï&Ò�lÑ�mFp�C�

lllÑÑÑ���mmm±±±ÏÏÏ&&&ÒÒÒ���DTFT

òk�����À�k = 0 ∼ N − 1§Kþª�Ðm�µ

X(ejω) = 2πȦ0

∞∑
l=−∞

δ(ω − 2πl) + 2πȦ1

∞∑
l=−∞

δ(ω − ω0 − 2πl) + · · ·

+ 2πȦN−1

∞∑
l=−∞

δ[ω − (N − 1)ω0 − 2πl], ω0 = 2π/N

�Ä�Ȧk��éωÒ´±2π�±Ï�§�±òk���*��¤k�
êµ

X(ejω) = 2π
∞∑

k=−∞
Ȧkδ(ω −

2π

N
k) lÑ�m±Ï&Ò�DTFT
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5.4 ±Ï&Ò�lÑ�mFp�C�

lllÑÑÑ���mmm±±±ÏÏÏ&&&ÒÒÒ���DTFT—ÞÞÞ~~~

~1µ¦x(n) = cosω0n�DTFT§�ω0/2π�knê�x(n)´±Ï�"

x(n) =
1

2
(ejω0n + e−jω0n)

X(ejω) = π
∞∑

l=−∞
[δ(ω − ω0 − 2πl) + δ(ω + ω0 − 2πl)]

~2µþ!óÀGx(n) =
∞∑

k=−∞
δ(n− kN)

Ȧk =
1

N

∑
n=<N>

x(n)e−j(2π/N)kn = 1/N

X(ejω) =
2π

N

∞∑
k=−∞

δ(ω − 2π

N
k)

��þ!óÀS��ªÌ3ª��´��þ!À-G"
���±w
�§3lÑ�m��¹e§���ª��m��3X���'X"
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

ÏLéDTFT5��?Ø§8�3u�«&Ò��Úª�A5�m
�'X"

DTFTkéõ�CTFTaq�5�§�,�k,
²w��O"

1. ±Ï5£periodic¤

DTFTéuωo´±2π�±Ï�§ù´�CTFT�­�«O"

2. �5£linearity¤

ex1(n)↔ X1(ejω); x2(n)↔ X2(ejω)

Kkax1(n) + bx2(n)↔ aX1(ejω) + bX2(ejω)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

3. �Ýé¡5£conjugate and symmetry¤

�CTFT�Ó§k±e(Øµ

x(n) X(ejω)

¢&Ò X(ejω) = X∗(e−jω)
¢Ü´ó¼ê§JÜ´Û¼ê
�´ó¼ê§��´Û¼ê

¢ó¼ê ¢ó¼ê
¢Û¼ê XJ!Û¼ê
óÜ+ÛÜ éA¢Ü+JÜ

4. �£A5£shifting)

if x(n)↔ X(ejω) then x(n− n0)↔ X(ejω)e−jωn0

&Ò3���²£Ø¬UCÙÌªA5§�¬��ªA5N\��
�5��£"
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

5. ���©�¦Ú£differencing and summation¤

���©�CTFT����©A5�éA:

ex(n)↔ X(ejω) Kkx(n)− x(n− 1)↔ (1− e−jω)X(ejω)

��¦Ú�CTFT���È©�éAµ

n∑
k=−∞

x(k)↔ X(ejω)

1− e−jω
+ πX(ej0)

∞∑
k=−∞

δ(ω − 2πk)

q�gw�§DTFT¥�1− e−jωÒ��uCTFT¥�jΩ"

��¦Ú5��±^�¡�òÈ5�y²"
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

6. ��Úª��ºÝC�£decimation & interpolation¤

dulÑ�m&Ò�gCþ�U��ê�§ÏdØU�ëY�m&
Ò@�?1ºÝC�"ùp�ºÝC��´éS���ÝCz
ó�§
Ù¢�´&Ò�Ä�ÚS�"

½Â&Òµx(k)(n) =

{
x(nk ), n´k��ê�

0, Ù§n

X(k)(e
jω) =

∞∑
n=−∞

x(k)(n)e−jωn =
∞∑

r=−∞
x(k)(rk)e−jωrk

=

∞∑
r=−∞

x(r)e−jωrk = X(ejkω)

=x(k)(n)↔ X(ejkω)"�k = −1�§k x(−n)↔ X(e−jω) "
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

7. ª��©A5

XJx(n)↔ X(ejω)§ü>Ó�éω�©kµ

dX(ejω)

dω
= −

∞∑
n=−∞

jnx(n)e−jωn, nx(n)↔ j
dX(ejω)

dω

8. òÈA5£convolution¤

�CTFT�òÈA5���Ó§kµ

if x(n)↔ X(ejω), h(n)↔ H(ejω)
then x(n) ∗ h(n)↔ X(ejω)H(ejω)

òÈA5´éLTIXÚ?1ª�©Û�nØÄ:"

��¦ÚA5�^òÈA5y²"
n∑

k=−∞
x(k) = x(n) ∗ u(n)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

9. N�A5

if x(n)↔ X(ejω), y(n)↔ Y (ejω)

then x(n)y(n)↔ 1
2πX(ejω)⊗ Y (ejω) = 1

2π

∫
2πX(ejθ)Y (ej(ω−θ))dθ

duX(ejω)!Y (ejω)Ñ´±2π�±Ï�§ÏdþãòÈ¡�±ÏòÈ"

±ÏòÈ�ÊÏòÈ�«O=3uÈ©«m´��±Ï§òÈ�(
J�´±Ï5�"

�	x(n)ejω0n�DTFT§|^N�A5�±��µ

X(ejω)⊗
∞∑

k=−∞

δ(ω − ω0 − 2πk) =

∫ 2π

0

X(ejθ)δ(ω − θ − ω0)dθ = X
(
ej(ω−ω0)

)

£ªA5µ x(n)ejω0n ↔ X
(
ej(ω−ω0)

)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

10. ød��½n£Parseval¤

∞∑
n=−∞

|x(n)|2 =
1

2π

∫
2π

∣∣X(ejω)
∣∣2dω

éu±Ï&ÒK�Akµ

1

N

∑
n=<N>

|x(n)|2 =
∑

k=<N>

∣∣∣Ȧk∣∣∣2
�ëY�m&Ò�Parseval½naq§í����aq"∣∣X(ejω)

∣∣2 → ¡�x(n)�UþÌ�Ý"∣∣∣Ȧk∣∣∣2 →¡�±Ï&Ò�õÇÌ"
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

11. éó5

1¤lÑ�mFp�?ê�éó

ò±Ï&Òx(n)�Fp�?êXêL«�µ

a(k) =
1

N

∑
n=<N>

x(n)e−j(2π/N)kn

é�kÚn§k

a(n) =
1

N

∑
k=<N>

x(k)e−j(2π/N)kn =
∑

k=<N>

1

N
x(−k)ej(2π/N)kn

þªL²§ 1
N x(−k)�´±N�

±Ï�S�a(n)�lÑ�mFp�
?ê�Xê§u´��éó'X

x(n)
DTFS←−−→ a(k) = Ȧk

a(n)
DTFS←−−→ 1

N
x(−k)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

|^éó5�±é�B/òDTFS3�����5�éó�ª�§
��ª��A�5�"

~1µl�£�ª£
|^�£A5kµ

a(n− n0)↔ 1

N
x(−k)e−j(2π/N)kn0

x(n)
DTFS←−−→ a(k) = Ȧk

a(n)
DTFS←−−→ 1

N
x(−k)

déó5kµ

1

N
x(−n)e−j(2π/N)Mn ↔ 1

N
a(−k −M)

∵ x(−n)↔ a(−k)

∴ x(n)ej(2π/N)Mn ↔ a(k −M)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

~2µdòÈA5��¦A5

DTFS���òÈA5�µ

x1(n)⊗ x2(n)↔ NȦkḂk

-Ȧn = a(n), Ḃn = b(n)"
ka(n)↔ 1

N x1(−k) b(n)↔ 1
N x2(−k)

x(n)
DTFS←−−→ a(k) = Ȧk

a(n)
DTFS←−−→ 1

N
x(−k)

d��òÈA5kµ

a(n)⊗ b(n)↔ 1

N
x1(−k) · 1

N
x2(−k) ·N =

1

N
x1(−k) · x2(−k)

déó5µ

1

N
x1(−n)x2(−n)↔ 1

N

∑
m=<N>

a(m)b(−k −m)

x1(n) · x2(n)↔
∑

m=<N>

a(m)b(k −m) = a(k)⊗ b(k)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

2¤DTFT�CTFSm�éóµ

dDTFTkµ

X(ejω) =

∞∑
n=−∞

x(n)e−jωn x(n) =
1

2π

∫
2π
X(ejω)ejωndω

duX(ejω)éuω´±2π�±Ï�ëY¼ê§�Ù�À�����
�±Ï&Ò�§�±ò§Ðm�ëY�mFp�?ê"d�&Ò�±Ï
�2π§ÄÅªÇ�1§u´kµ

X(ejt) =
∞∑

k=−∞
a(k)ejkt a(k) =

1

2π

∫
2π
X(ejt)e−jktdt

'�x(n)Úa(k)�L�ª§kµx(k) = a(−k)½a(k) = x(−k)

u´��éó'Xéµx(n)
DTFT←−−→ X(ejω) X(ejt)

CTFS←−−→ x(−k)
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5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

|^ù�éó'X§�±òDTFT�eZA5éó�CTFS¥�§½
ö��"

~µlCTFS����©�DTFT�ª��©

CTFS����©A5µ

dx(t)

dt

CTFS←−−→ j
2π

T
kȦk

x(n)
DTFT←−−→ X(ejω)

X(ejt)
CTFS←−−→ x(−k)

d

dt
X(ejt)

CTFS←−−→ j
2π

T
kx(−k) = jkx(−k), (T = 2π)

déó'Xkµ

−jnx(n)
DTFT←−−→ d

dω
X(ejω)→ DTFT�ª��©A5

ÜïI (ÜS�Ï�Æ>&Æ�) 15Ù lÑ�m&Ò�XÚ�ª�©Û 2013c 11� 5F 41 / 54

5.5 lÑ�mFp�C��5�

lllÑÑÑ���mmmFFFppp���CCC������555���

nÜ?ØëY�mÚlÑ�m�±ÏÚ�±Ï&Ò§±9ëY�m
ÚlÑ�m�Fp�?êÚFp�C�§5¿±eé¡'Xµ

DTFS!DTFT�5�9~^Ä�C�é�L5.1*5.3"
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5.6 lÑFp�C�DFT

lllÑÑÑFFFppp���CCC���DFT(Discrete Fourier Transform)

lÑ�mFp�C�£DTFT¤3ª�´ëY¼ê"�
3ª�?
1êi?n§ÒI�òÙlÑz§=I��«��lÑ!ª��l
Ñ�'X"
lÑ�m±Ï&Ò9ÙDTFSÄ�÷vù��¦"

DTFS£½ö±��DFS¤���´ò��N�Õá�:C��ª
�N�Õá�:§ò��±ÏS��Ì±Ï§=�N:k��S
�§éÙDTFS£½ö±��DFS¤Xê�ÙÌ±Ï�´N�Õá
�:"

�±@���N:k��S��ª�N:k��S��mk�«C
�'X§ù«'XÒ¡�lÑFp�C�§{¡DFT"�5¿«©lÑ
Fp�C�£DFT¤ÚlÑ�mFp�C�£DTFT¤"

½ÂÝ/IS�:

RN (n) =

{
1, 0 ≤ n ≤ N − 1

0, Ù§N
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5.6 lÑFp�C�DFT 5.6.1 lDTFS²DFS�DFT

lllÑÑÑFFFppp���CCC���DFT(Discrete Fourier Transform)

x(n)´����N�k��S�§òÙ±N�±Ïòÿ¤±ÏS�µ

x̃(n) =

∞∑
r=−∞

x(n− rN)
P�−−→ x̃(n) = x ((n))N

Kkx̃(n) = x ((n))N x(n) = x̃(n)RN (n)

UDTFS�½ÂL«±Ï&Òµ

x̃(n) =
N−1∑
k=0

Ȧke
j(2π/N)kn

Ȧk =
1

N

N−1∑
n=0

x̃(n)e−j(2π/N)kn

C�lÑFp�?êDFSL«

x̃(n) =
1

N

N−1∑
k=0

X̃(k)W−knN

X̃(k) =
N−1∑
n=0

x̃(n)W kn
N

Ù¥µNȦk → X̃(k), e−j(2π/N) →WN"
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5.6 lÑFp�C�DFT 5.6.1 lDTFS²DFS�DFT

lllÑÑÑFFFppp���CCC���DFT(Discrete Fourier Transform)

ù�C/�8�´¦Ù�DTFT�/ª�aq"

òx̃(n)!X̃(k)Ñ�ÙÌ�±Ï§¦Ú��þ�«m0 ∼ N − 1§��µ

x(n) =
1

N

N−1∑
k=0

X(k)W−knN , 0 ≤ n ≤ N − 1

X(k) =
N−1∑
n=0

x(n)W kn
N , 0 ≤ k ≤ N − 1

ùÒ´k��S��DFTé"ùL²µ���N:k��S�x(n)�±
C�¤ª��N:k��S�X(k)"

éw,§DFT�DFS�m�3X±e'Xµ

X̃(k) = X ((k))N , X(k) = X̃(k)RN (k)
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5.6 lÑFp�C�DFT 5.6.2 DFT�ª�Ä��'X

DFT���ªªª���ÄÄÄ������'''XXX

ék��S�x(n)�DTFT§k

X(ejω) =
N−1∑
n=0

x(n)e−jωn

é'DFTµ

X(k) =

N−1∑
n=0

x(n)W kn
N

�±wÑµ

X(k) = X(ejω)
∣∣
ω=(2π/N)k, 0 ≤ k ≤ N − 1

ùL²§k��S��DFT�´éTS��DTFT3��±ÏS�m�
ÄN�:¤�����"

ATrN�ÑµDFT¿Ø´k��S��x(n)�ªÌ§�´ÙªÌ
�æ�"DFT3�½§Ýþ�N
x(n)�ªÌ"�k3÷vª�æ��
�¦�§DFTâ�±���L&Ò�ªÌ"
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5.6 lÑFp�C�DFT 5.6.2 DFT�ª�Ä��'X

ªªª���ÄÄÄ���nnnØØØ

£Áþ!óÀG�DTFTµ

∞∑
k=−∞

δ(n− kN)
DTFT←−−→ 2π

N

∞∑
k=−∞

δ(ω − 2π

N
k)

1 ª�æ�éAX��±Ï5òÿ§�¦x(n)��"ex(n)kM:§
éÙªÌ3��±ÏSæ�N:§@ox(n)ò±N�±Ïòÿ"�
k�N ≥ M�§ù«òÿâØ¬u)·U§=3��±ÏS��
�æ�M:âU¡E�&Ò"

2 ex(n)���§KØØ3ªÌ���±Ïæ�õ�:§ÑÃ{l±
Ïòÿ�&Ò¥¡E�&Ò"ùÒ´��oDFT�Uék��S�

ó����Ï"
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5.10 lÑ�mLTIXÚ�ª�©Û 5.10.1 lÑ�mLTIXÚ�ª�©Û

lllÑÑÑ���mmmLTIXXXÚÚÚ���ªªª���©©©ÛÛÛ

ª�©Û�nØÄ:µE�ê&Ò´��LTIXÚ�A�¼ê¶F
á�C��òÈA5"

�,lÑ�mLTIXÚ�ü ó
À�A�h(n)§Ñ\�x(n)§K

��µy(n) = x(n) ∗ h(n)
ª�µY (ejω) = X(ejω)H(ejω)

H(ejω)´h(n)�DTFT§¡�XÚ�ªÇ�A"

ex(n)´±N�±Ï�&Ò§kDTFSµ

x(n) =
∑

k=<N>

Ȧke
j(2π/N)kn

KXÚ��Ay(n)�±N�±Ï�µ

y(n) =
∑

k=<N>

ȦkH(ej(2π/N)k)ej(2π/N)kn
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5.10 lÑ�mLTIXÚ�ª�©Û 5.10.2 XÚ�ªÇ�A

XXXÚÚÚ���ªªªÇÇÇ���AAA

ex(n)´��k��S�§�XÚ�h(n)�´��k��S��§
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