
&&&ÒÒÒ���XXXÚÚÚB
Signals and Systems

1116ÙÙÙ ...ÊÊÊ...dddCCC���

ÜïI

ÜS�Ï�Æ
>f�&Eó§Æ�

2013 c 11�

���ÙÙÙSSSNNN

1 V>.Ê.dC�

2 .Ê.dC��Âñ�

3 .Ê.dC��5�

4 ~^&Ò�.Ê.dC�

5 .Ê.d�C�

6 ëY�mLTIXÚ�Eª�©Û

7 ü>.Ê.dC�

8 |^ü>.Ê.dC�©ÛO
þ�5XÚ

9 �Ù�(

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 2 / 49

ÄÄÄ������¦¦¦

1 ÝºV>.Ê.dC��½Â�Âñ�!"4:ã�Vg§9Ù�
Fp�C��'X¶

2 �a&Ò.Ê.dC�Âñ��Ä�A�¶

3 Ýº.Ê.dC��5�¶~^&Ò�.Ê.dC�, ÏLÜ©©
ªÐmÚ~^C�é¦�.Ê.d�C���{¶

4 ÝºLTIXÚ�Eª�©Û�{¶

5 Ýºü>.Ê.dC�9|^ü>.Ê.dC�©ÛOþ�5XÚ
��{"

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 3 / 49

6.1 V>.Ê.dC�

VVV>>>...ÊÊÊ...dddCCC������½½½ÂÂÂ

ò14Ù¥ëY�mLTIXÚ�A�¼ê£E�u¼ê¤ejΩt*Ð�
ECþs(s = σ + jΩ)�E�ê¼êest§=�.Ê.dC�§q¡Eª�
©Û"

E�êÑ\&Òest´��ëY�mLTIXÚ�A�¼ê"�XÚ�
ü À-�A�h(t)�§XÚ�ÑÑ�A�µ

y(t) = H(s)est, Ù¥H(s) =

∫ +∞

−∞
h(t)e−stdt

s�XJê�éAh(t)�Fp�C�"
�déA§&Òx(t)�V>.Ê.d

C�½Â�µ

X(s) =

∫ +∞

−∞
x(t)estdt

{¡.¼C�§§´'ugCþs�¼ê"gCþs��
óÏ~´
Eê§äks = σ + jΩ�/ª"Ù¥σÚΩ©O´s�¢ÜÚJÜ"
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6.1 V>.Ê.dC�

...¼¼¼CCC���ÚÚÚFFFppp���CCC������mmm���'''XXX

é���s(s = σ + jΩ)5`§þª�U��µ

X(σ + jΩ) =

∫ +∞

−∞
x(t)e−(σ+jΩ)dt =

∫ +∞

−∞
[x(t)e−σt]e−jΩtdt

¤±.¼C�´F¼C��í2"x(t)�.¼C��±w¤§¦±��
¢�ê&Òe−σt��F¼C�"

��kÜ·�σ§Ò�±¦Nõ�5F¼C�ØÂñ�¼ê§3Ú
\e−σt�÷vÂñ^�"¤±.¼C��Âñ5�'F¼C��Âñ5
r§ù�´�Ù�?Ø.¼C��Ì��Ï��"

XJX(s)3s = jΩ�Âñ§Kk

X(jΩ) =

∫ +∞

−∞
x(t)e−jΩtdt, =X(s) |s=jΩ = X(jΩ)

`²Fp�C�´.¼C�3jΩ¶þ�A~"
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6.1 V>.Ê.dC�

...ÊÊÊ...ddd���CCC���

|^Fp�C���C�§kµ

x(t)e−σt =
1

2π

∫ +∞

−∞
X(σ + jΩ)ejΩtdΩ

x(t) =
1

2π

∫ +∞

−∞
X(σ + jΩ)e(σ+jΩ)tdΩ

e-s = σ + jΩ§KdΩ = 1
j ds§¤±kµ

x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

Ôn¿Âµ&Òx(t)�±©)¤

�Ã¡õ�E�Ì�X(s)
2πj �E�ê&

Òest��5|Ü"

.¼C�éµ

x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

X(s) =

∫ +∞

−∞
x(t)e−stdt
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6.2 .Ê.dC��Âñ� 6.2.1 Âñ��Vg

ÂÂÂñññ���( Region of Convergence )���VVVggg

dþ!�§��x(t)e−σt÷výé�È^�§x(t)�.Ê.dC�
Ò�½�3"
x(t)e−σt´Äýé�ÈQ�ûu&Òx(t)�5�§��
ûuëêσ = <{s}�À�"

r¦&Òx(t)�.¼C��3�s����¡�&Òx(t).¼C��
Âñ�§{P�ROC§~^s²¡�ÒKÜ©L«"

�
`².¼C��Âñ�§�Ä�
~�&Ò�.¼C�§¿5
¿&Ò���A5�Âñ��'X"

~1µ�	&Òx(t) = e−tu(t)�.¼C�9Âñ�"

X(s) =

∫ +∞

−∞
e−tu(t)e−stdt =

∫ +∞

0
e−(s+1)tdt = −e

−(s+1)t

s+ 1

∣∣∣∣+∞
0

�k<{s}+ 1 > 0�§È©Âñ§d�

e−tu(t)↔ 1

s+ 1
, <{s} > −1
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6.2 .Ê.dC��Âñ� 6.2.1 Âñ��Vg

ÂÂÂñññ���( Region of Convergence )���VVVggg

~2µ�	&Òx(t) = −e−tu(−t)

X(s) =

∫ +∞

−∞
−e−tu(−t)e−stdt =

e−(s+1)t

s+ 1

∣∣∣∣0
−∞

−e−tu(−t)↔ 1

s+ 1
, <{s} < −1

��§ü�ØÓ�&Òäk�Ó�.¼C�§==´ROCØÓ"ù
L²§�k.¼C�ªÚROC�åâU�&Ò��éA"

: ~1�Âñ� : ~2�Âñ�
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6.2 .Ê.dC��Âñ� 6.2.1 Âñ��Vg

ÂÂÂñññ���( Region of Convergence )���VVVggg

~3µV>&Òx(t) = e−a|t|�.¼C�ªÚÂñ�"

X(s) =

∫ 0

−∞
eate−stdt+

∫ +∞

0
e−ate−stdt

= −e
−(s−a)t

s− a

∣∣∣∣0
−∞
− e−(s+a)t

s+ a

∣∣∣∣+∞
0

a > 0�§ü�äkú�Âñ�−a < <{s} < a"d�X(s)�3§

X(s) =
1

s+ a
− 1

s− a
=
−2a

s2 − a2

a < 0�§ü�ROCÃú�«�§X(s)Ø�3"

(Øµ

1 .¼C���3Âñ¯K¶
2 ROCÏ~´��²1ujΩ¶��G«�"
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6.2 .Ê.dC��Âñ� 6.2.1 Âñ��Vg

ÂÂÂñññ���( Region of Convergence )���VVVggg

~4µü ��&Òu(t)�.¼C�"

U(s) =

∫ +∞

0
e−stdt =

1

s
, <{s} > 0

~5µü À-¼êδ(t)�.¼C�"

X(s) =

∫ +∞

−∞
δ(t)e−stdt = 1

ROC���s²¡"

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 10 / 49

6.2 .Ê.dC��Âñ� 6.2.1 Âñ��Vg

ddd...¼¼¼CCC���¦¦¦FFF¼¼¼CCC���

�x(t)�.Ê.dC�X(s)�Âñ��¹jΩ¶�§x(t)�F¼C
�X(jΩ)�3µX(Ω) = X(s) |s=jΩ
eX(s)�ROCØ¹jΩ¶§@oX(jΩ)k�U�3§�k�UØ�
3"

��5`§eX(s)�ROCØ¹jΩ¶§
�jΩ¶Ø´ROC�>.§
Kx(t)�F¼C�Ø�3"X~2¥�&Òx(t) = −e−tu(−t)�F¼
C�ÒØ�3"
eROCØ¹jΩ¶§�jΩ¶´X(s)�ROC�>.§@ox(t)�F¼C
��^À-¼êL«"

X(Ω) = X(s) |s=jΩ + π
n∑

k=1

akδ(Ω− Ωk)

Ù¥µΩk´X(s)3jΩþ�4:§ak��4:¤éA�3ê"

Xü ��¼êu(t)§U(s) = 1/s§<{s} > 0§jΩ¶´ROC�>
.§X(s)�4:�s = 0§4:?�3ê�1§¤±µU(Ω) = 1

jΩ +πδ(Ω)
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6.2 .Ê.dC��Âñ� 6.2.2 .¼C��AÛL«µ"4:ã

...¼¼¼CCC������"""444:::ããã

d±þ~f�±w�§���¹eX(s)�±L«�ü�õ�ª�
'µ

X(s) =
E(s)

D(s)

©fõ�ªE(s)��¡�":¶©1õ�ªD(s)��¡�4:"

òX(s)��Ü":Ú4:L«3s²¡þ§Ò�¤
"4:ã"

"4:ã9ÙÂñ��±L«��.¼C�§�õ�3~êÏf�
�É"Ïd§"4:ã´.¼C��ã«�{"
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6.2 .Ê.dC��Âñ� 6.2.3 Âñ��A�

ÂÂÂñññ������AAA���

d~f�±wÑ§eX(s)�3§KÙÂñ�>.� �´
dX(s)�4:û½�"�«a.�&Ò§Ù.¼C��ROCäk�

ÊH�A�µ

A�1µROCds²¡þ²1ujΩ¶��G«�|¤"

`²µû½x(t)e−σt´Ä�È��´s�¢Ü§
�s�JÜÃ'"
duROC��ûus�¢Ü§ÏdROC�>.7,²1ujΩ¶"

A�2µkn.¼C��ROCSØ�¹?Û4:"

`²µXJ3ROCSk��4:§KX(s)3T:�Ã¡�§.¼C
��È©3T:ÒØ�UÂñ"

A�3µXJ&Òx(t)´���§¿����3��s�§¦Ù.¼
C�X(s)�3§KÙROC´��s²¡"

`²µ�x(t)´[t1, t2]þ���&Ò§s = s0´¦Ù.¼C��3
�s�§Kkµ

∫ t2
t1
|x(t)| e−σ0tdt <∞, σ0 = <{s0}
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6.2 .Ê.dC��Âñ� 6.2.3 Âñ��A�

ÂÂÂñññ������AAA���

é?¿�skµ∫ t2

t1

|x(t)| e−σtdt =

∫ t2

t1

|x(t)| e−σ0te−(σ−σ0)tdt σ = <{s}

3k�±YÏ[t1, t2]S§

XJσ < σ0§K∫ t2

t1

|x(t)| e−σtdt ≤ e−(σ−σ0)t2

∫ t2

t1

|x(t)| e−σ0tdt <∞

XJσ > σ0§K∫ t2

t1

|x(t)| e−σtdt ≤ e−(σ−σ0)t1

∫ t2

t1

|x(t)| e−σ0tdt <∞

Ïdé?¿skµ
∫ t2
t1
|x(t)| e−σtdt <∞

=3��s²¡þýé�È§X(s)3��s²¡Âñ"
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6.2 .Ê.dC��Âñ� 6.2.3 Âñ��A�

ÂÂÂñññ������AAA���

A�4µex(t)´m>&Ò§�Ù.¼C��3§KROC´Ù�m>
4:�m>"

`²µm>&Ò´�t < t0�§x(t) = 0�&Ò"e.¼C�é,�
�s0Âñ§Kkµ∫ +∞

t0

|x(t)| e−σ0tdt <∞, σ0 = <{s0}

XJσ1 > σ0§Kkµ∫ +∞

t0

|x(t)| e−σ1tdt =

∫ +∞

t0

|x(t)| e−σ0te−(σ1−σ0)tdt

≤ e−(σ1−σ0)t0

∫ +∞

t0

|x(t)| e−σ0tdt <∞

¤±σ1 > σ0�«�3Âñ�S"qÏ�Âñ�SØUk4:§�Âñ
��½ uX(s)��m>4:�m>"
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6.2 .Ê.dC��Âñ� 6.2.3 Âñ��A�

ÂÂÂñññ������AAA���

A�5µex(t)´�>&Ò§�Ù.¼C��3§@oROC�½´Ù
��>4:��>"

A�6µex(t)´V>&Ò�Ù.¼C��3§@oX(s)�Âñ�
�½´ds²¡��^�G«�¤|¤"

`²µ��V>&ÒÒ´ét > 0Út < 0ÑäkÃ����&Ò"
�±À�?¿�mt0§ò§©¤���>&ÒÚ��m>&Ò"�â
A�4ÚA�5§XJx(t)�.¼C��3§ÙROC�½�ùü�ü>&
ÒROC�ú�Ü©§ù�ú�Ü©7½´���G«�"XJvkú�
Ü©§Ò¿�XV>&Òx(t)�.¼C�Ø�3"

�X(s)´kn¼ê�§ÙROCo´dX(s)�4:©��§7,÷
v±e5Æµ

m>&Ò�ROC�½´X(s)�m>4:�m>¶

�>&Ò�ROC�½´X(s)��>4:��>¶

V>&Ò�ROC�±´?¿ü��4:�m��G«�"
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6.2 .Ê.dC��Âñ� 6.2.3 Âñ��A�

ÂÂÂñññ������AAA���—ÞÞÞ~~~

~µ

X(s) =
1

s2 + 3s+ 2
=

1

s+ 1
− 1

s+ 2

X(s)�4:µs = −1, s = −2

X(s)�±/¤n«ROCµ

1 ROCµ<{s} > −1§d�x(t)´m>&Ò¶

2 ROCµ<{s} < −2§d�x(t)´�>&Ò¶

3 ROCµ−2 < <{s} < −1§d�x(t)´V>&
Ò"

��§�â4:©ÙÚROC�A�§�±�ä&Ò�«a"
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���(Properties of the Laplace Transform)

.¼C�ïá
&Ò��ÚEª��m�éX".¼C�ÚF¼C
���äkéõ­��5�§ùpX­?ØROC�Cz"
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—���555

1. �55�

if x1(t)↔ X1(s), ROC = R1; x2(t)↔ X2(s), ROC = R2

then ax1(t) + bx2(t)↔ aX1(s) + bX2(s), ROC�¹R1 ∩R2

XJü�ROC��´�8§KL²&Ò�5|Ü�.¼C�Ø�3"

�aX1(s) + bX2(s)L§¥u)"4:�-���¹�§Âñ�Ò�
UØ==´ü�ROC��§
k�U*�"

~µ®�

x1(t)↔ X1(s) =
1

s
, <{s} > 0; x2(t)↔ X2(s) =

1

s(s+ 1)
, <{s} > 0

Kx(t) = x1(t)− x2(t)�.¼C��µ

X(s) =
1

s
− 1

s(s+ 1)
=

s

s(s+ 1)
=

1

s+ 1
, <{s} > −1
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—²²²£££

2. ��²£5�µ
XJµx(t)↔ X(s), ROC = R
Kµx(t− t0)↔ e−st0X(s), ROC = R
Eª�¦±�êÏf¿ØUCX(s)�
4:§�ROCØC"

3. Eª�²£5�µ
XJµx(t)↔ X(s), ROC = R
Kµx(t)es0t ↔ X(s− s0)
ROC : R1 = R+ <{s0}
Âñ�²£��<{s0}

~µ¦Ý/óÀ&Òx(t) = u(t+ T )− u(t− T )�.¼C�"

)µ|^��²£5�§k

u(t+ T )↔ 1

s
eTs,<{s} > 0; u(t− T )↔ 1

s
e−Ts,<{s} > 0

2d�55���µX(s) =
1

s
(eTs − e−Ts)

ROC���s²¡"£"4:��§ROC*�¤
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—ºººÝÝÝCCC���

4. ºÝC�5�

if x(t)↔ X(s), ROC = R

then x(at)↔ 1

|a|
X
(s
a

)
, ROC : R1 = aR

A~µ�=C�x(−t)↔ X(−s), ROC = −R

~µ®�x(t)↔ X(s), ROC = R§¦&Òx(at− b)�.¼C�"
�{1µk��²£§�
x(t− b)↔ X(s)e−bs, ROC = R
2ºÝC�§�

�{2µkºÝC�§�
x(at)↔ 1

|a|X( sa), ROC = aR

2��²£§�

x(at− b) =
1

|a|
X
(s
a

)
e−

b
a
s, ROC = aR
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—òòòÈÈÈÚÚÚ���������©©©

5. òÈ5�µ

if x1(t)↔ X1(s), ROC = R1

x2(t)↔ X2(s), ROC = R2

then x1(t) ∗ x2(t)↔ X1(s)X2(s), ROC�¹R1 ∩R2

òÈA5´LTIXÚEª�©Û�nØÄ:"

6. ���©5�µ

if x(t)↔ X(s), ROC = R

then
d

dt
x(t)↔ sX(s), ROC�¹R

�X(s)3s = 0k��4:§�T4: uROC>.þ�§dus�Ú\
ò��T4:§l
¦ROC*�"
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—������ÈÈÈ©©©

7. ��È©5�µ

if x(t)↔ X(s), ROC = R

then

∫ t

−∞
x(τ)dτ ↔ 1

s
X(s), ROC�¹R ∩ (<{s} > 0)

�dòÈ5�5y²µ∫ t

−∞
x(τ)dτ =

∫ +∞

−∞
x(τ)u(t− τ)dτ = x(t) ∗ u(t)

u(t)↔ U(s) =
1

s
, <{s} > 0

x(t) ∗ u(t)↔ X(s)U(s) =
1

s
X(s),ROC�¹R ∩ (<{s} > 0)

���©ÚÈ©5�L²&Ò3��?1�©½È©§��u3
Eª�é§¦±½Ø±ECþs"�âd5��±ò����©½È©
$�=C�Eª���ê$�"ù3LTIXÚ©Û¥�©k^"
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—EEEªªª������©©©

8. Eª��©5�µ

if x(t)↔ X(s), ROC = R

then − tx(t)↔ d

ds
X(s), ROC = R

ù�5��d.¼C�ªü>Ó�és�©��"

~µx(t) = tnu(t)

tu(t)↔ − d

ds
U(s) =

1

s2
, <{s} > 0

­E¦^Eª��©5�§��

tnu(t)↔ n!

sn+1
, <{s} > 0

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 24 / 49



6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—EEEªªª���ÈÈÈ©©©

9. Eª�È©5�µ

if x(t)↔ X(s), ROC = R

then t−1x(t)↔
∫ +∞

s
X(s1)ds1, ROC = R

y²µ

∫ +∞

s
X(s1)ds1 =

∫ +∞

s

[∫ +∞

−∞
x(t)e−s1tdt

]
ds1

=

∫ +∞

−∞
x(t)

[∫ +∞

s
e−s1tds1

]
dt

=

∫ +∞

−∞
x(t)

1

t
e−stdt, ROC = R

∴ t−1x(t)↔
∫ +∞

s
X(s1)ds1 ROC = R
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6.3 .Ê.dC��5�

...ÊÊÊ...dddCCC������555���—ÐÐÐ���½½½nnn

10. Ð�½nµ

eÏJ&Òx(t)�.¼C��X(s)§
� lim
s→∞

sX(s)�3§K

x(0+) = lim
s→∞

sX(s)

y²µòx(t)3t = 0+?Ðm��V?êx(t) =
+∞∑
n=0

1
n! t

n dn

dtnx(0+)

ü>?1.¼C�§�Ä�ÏJ5§�

X(s) =
1

s
x(0+) +

+∞∑
n=1

1

sn+1

dn

dtn
x(0+)

∴ lim
s→+∞

sX(s) = x(0+) + lim
s→+∞

+∞∑
n=1

1

sn
dn

dtn
x(0+)

¤±x(0+) = lims→∞ sX(s)
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11. ª�½nµ

eÏJ&Òx(t)�.¼C��X(s)§
�X(s)Ø
3s = 0�±k
��4:	§Ù{4:þ3s²¡���²¡"K

lim
t→+∞

x(t) = lim
s→0

sX(s)

y²µXJx(t)�ª��3§|^x(t)�ÏJ5§k∫ +∞

0−

d

dt
x(t)e−stdt = x(t)e−st

∣∣∣+∞
0−

+

∫ +∞

0−
sx(t)e−stdt = sX(s)−x(0−)

�s→ 0§

lim
s→0

∫ +∞

0−

d

dt
x(t)e−stdt =

∫ +∞

0−

d

dt
x(t)dt = lim

s→0
sX(s)− x(0−)

þª�>È©�µlimt→+∞ x(t)− x(0−) = lims→0 sX(s)− x(0−)
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A^ª�½n¦&Ò3��¥�ª��§7L�yª��3"ù�
^�ÒNy�3Eª�¥X(s)�4:Ñ7L3s²¡���²¡§�:
?�Uk��4:"

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 28 / 49



6.4 ~^&Ò�.Ê.dC�

~~~^̂̂&&&ÒÒÒ���...ÊÊÊ...dddCCC���

x(t) = −u(−t)

u(t)↔ U(s) =
1

s
,<{s} > 0

X(s) = −U(−s) =
1

s
,<{s} < 0

ºÝC�5�

x(t) = e−atu(t)

X(s) = U(s+ a)

=
1

s+ a
, <{s} > −a

Eª�²£5�

x(t) = −e−atu(−t)

X(s) = −U(−s− a) =
1

s+ a
, <{s} < −a

Eª�²£!ºÝC�
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6.4 ~^&Ò�.Ê.dC�

~~~^̂̂&&&ÒÒÒ���...ÊÊÊ...dddCCC���

ó&Òx(t) = e−a|t| = e−atu(t) + eatu(−t), a > 0§dþ�(J��µ

X(s) =
1

s+ a
− 1

s− a
=
−2a

s2 − a2
, −a < <{s} < a

Û&Òx(t) = e−atu(t)− eatu(−t), a > 0

X(s) =
1

s+ a
+

1

s− a
=

2s

s2 − a2
, −a < <{s} < a

é.¼C�kµ ó&Ò⇔ó¼ê¶Û&Ò⇔Û¼ê"

x(t) = [cos(Ωct)]u(t)

cos(Ωct) =
1

2
(ejΩct + e−jΩct)

X(s) =
1/2

s− jΩc
+

1/2

s+ jΩc
=

s

s2 + Ω2
c

, <{s} > 0

|^Eª�
²£5�Ú
�55�"
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x(t) =
[
e−at cos(Ωct)

]
u(t)

X(s) =
s+ a

(s+ a)2 + Ω2
c

, <{s} > −a

3c�(JÄ:þ2g|^Eª�²£5�"

x(t) =
1

(n− 1)!
tn−1e−atu(t)

X(s) =
1

(s+ a)n
, <{s} > −a

�a = 0�§k

1

(n− 1)!
tn−1u(t)↔ 1

sn
, <{s} > 0

�EA^ª��©5�µ

e−atu(t)↔ 1

s+ a
,<{s} > −a

te−atu(t)↔ − d

ds
(

1

s+ a
) =

1

(s+ a)
2

<{s} > −a
t2

2
e−atu(t)↔ 1

(s+ a)
3 ,<{s} > −a

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 31 / 49

6.4 ~^&Ò�.Ê.dC�
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~µ¦eã/±Ï0&Ò�.¼C�"

x(t) =
∞∑
n=0

x0(t− nT ), x0(t) = t[u(t)− u(t− T )]

x′0(t) = u(t)− u(t− T )− Tδ(t− T )↔ X̂0(s) =
1

s
(1− e−sT )− Te−sT

X0(s) =
1

s2
(1− e−sT )− T

s
e−sT ,ROC���s²¡

X(s) =
∞∑
n=0

e−nTsX0(s) =
X0(s)

1− e−Ts
, <{s} > 0
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6.5 .Ê.d�C�

...ÊÊÊ...ddd���CCC���(The Inverse Laplace Transform)

�X(s)´kn¼ê�§Ï~|^Ü©©ªÐm{¦.¼�C�"

eX(s) = E(s)
D(s)§�E(s)��ê$uD(s)�§¡�kný©ª§�

��òÙÐm�Ü©©ª¶�E(s)��ê�u½�uD(s)�§k�Ø§
2ò{ªÐm�Ü©©ª"

�©ªþ�k��4:§ÙROCØ´T4:�m>Ò´§��>"
(½��K´�©ªROC�ú�Ü©AÎÜX(s)�ROC��¦"

Ü©©ªÐm{´�.¼�C��Ì��{"

~µX(s) =
8s− 16

s3 + 9s2 + 23s+ 15
, <{s} > −1
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...ÊÊÊ...ddd���CCC���—ÞÞÞ~~~

)µ?1Ü©©ªÐm§k

X(s) =
8s− 16

(s+ 1)(s+ 3)(s+ 5)
=

A

s+ 1
+

B

s+ 3
+

C

s+ 5

A = X(s)(s+ 1)|s=−1 =
8s− 16

(s+ 3)(s+ 5)

∣∣∣∣
s=−1

= −3

Ón�¦�µB = 10, C = −7"

X(s) =
−3

s+ 1
+

10

s+ 3
+
−7

s+ 5
<{s} > −1

n�©ªéA�ROC©O�µ

<{s} > −1,<{s} > −3,<{s} > −5

x(t) = (−3e−t + 10e−3t − 7e−5t)u(t)

ÜïI (ÜS�Ï�Æ>&Æ�) 16Ù .Ê.dC� 2013c 11� 14F 35 / 49

6.6 ëY�mLTIXÚ�Eª�©Û 6.6.1 Eª�©Û{

ëëëYYY���mmmLTIXXXÚÚÚ���EEEªªª���©©©ÛÛÛ

Continuous-Time LTI System Analysis in s-Domain

y(t) = x(t) ∗ h(t) ⇒ Y (s) = X(s)H(s)

H(s)¡�XÚ¼ê½=£¼ê§½Â�µ

H(s) , LT{h(t)}, H(s) =
Y (s)

X(s)

eXÚ­½§H(s)�ROC�)jΩ¶§-s = jΩ§=��ª�©Û
{"

�ª�©Û{�'§Eª�©Û{Ø=U©Û­½XÚ§
��U
^uNõØ­½XÚ�©Û"
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6.6 ëY�mLTIXÚ�Eª�©Û 6.6.2 XÚ¼êO�
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1. d�5~Xê�©�§¤£ã�LTIXÚµ

N∑
k=0

ak
dky(t)

dtk
=

M∑
k=0

bk
dkx(t)

dtk

ü>?1.¼C�§k
N∑
k=0

aks
kY (s) =

M∑
k=0

bks
kX(s)

H(s) =
Y (s)

X(s)
=

M∑
k=0

bks
k

N∑
k=0

aksk
⇒ ´��'us�kn¼ê

d�§�½�H(s)§¿vkéROC\±�å§�©�§��Ø´X
Ú���£ã"XJÓ��ÑXÚ�ÏJ5½­½5§@Ò�±��£
ã��XÚ"
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XXXÚÚÚ¼¼¼êêêOOO���—ddd"""444:::ããã£££ããã���XXXÚÚÚ

XJXÚ´­½�§KH(jΩ)�3§H(s)�ROC7½�¹jΩ¶¶

XJXÚ´ÏJ�§Kh(t)´m>&Ò§H(s)�ROC7��m>4
:�m>¶

éXÚ¼ê´kn¼ê�ÏJ!­½XÚ§ÙH(s)��Ü4:�½
 us²¡���²¡"

2. d"4:ã¤£ã�XÚµ

®���knXÚ¼ê�"4:ãÚÂñ�§�d"4:©Ù�
ÑH(s)§�õ���~êÏf"eH(0)®�§KT~ê�±(½"

~µ,ëY�mLTIÏJXÚ�"4:ãXã¤«§dã��Ñ

H(s) = H0
s+ 3/2

(s+ 1)(s+ 2)

e®�H(0) = 1§��H0 = 4/3
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6.6 ëY�mLTIXÚ�Eª�©Û 6.6.2 XÚ¼êO�

XXXÚÚÚ¼¼¼êêêOOO���—ddd���µµµããã£££ããã���XXXÚÚÚ

u´µ

H(s) =
4
3s+ 2

(s+ 1)(s+ 2)
=

2
3

s+ 1
+

2
3

s+ 2
ROC : <{s} > −1

3. d�µã£ã�XÚµ

�µã�~Xê�©�§´�±p�=��§��±��d�µã
�ÑH(s)§,��âXÚ�ÏJ!­½5(½ROC"

~µ®�ã«XÚ´ÏJ�§¦XÚ¼ê"
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6.6 ëY�mLTIXÚ�Eª�©Û 6.6.2 XÚ¼êO�

XXXÚÚÚ¼¼¼êêêOOO���—ddd���µµµããã£££ããã���XXXÚÚÚ

)µdã�±�ÑXe�§|µ

Y (s) = −3Y1(s) + 2sY1(s) + s2Y1(s)
s2Y1(s) = X(s)− 5sY1(s)− 6Y1(s)

��Y1(s))�XÚ¼ê�µ

H(s) =
Y (s)

X(s)
=
s2 + 2s− 3

s2 + 5s+ 6
<{s} > −2

ÏJXÚ�ROC´�m>4:�m>"

éud�µã£ã�XÚ§Ï~o´©Oé\{ì�ÑÑà���
§",��{��¤��¥mCþ§����Ñ\ÑÑ�§§?
��
ÑXÚ¼ê"
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6.7 ü>.Ê.dC�

üüü>>>...ÊÊÊ...dddCCC���(The Unilateral Laplace Transform)

3�9.¼C���õê¢S¯K¥§&Ò  ´k©&Ò§�å
©����m�I��:"ù�.¼C����µ

X(s) =

∫ +∞

0
x(t)e−stdt

þª=�&Ò�ü>.¼C�§ÙÈ©e��±�0+½0−§��
�3t = 0?kÀ-¼ê9Ù�ê��¹�§��0−§Ù§�¹Ø7«
©"

¢Sþ&Òx(t)�ü>.¼C�Ò´&Òx(t)u(t)�V>.¼C�§
¤±kµ

x(t)u(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

ü>.¼C��V>.¼C��«O=3uÈ©e�"
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6.7 ü>.Ê.dC�

üüü>>>...ÊÊÊ...dddCCC������555���

1 ü>.¼C�´V>.¼C��A~§=µÏJ&Ò�V>.¼C
�"

2 eü�&Ò3t > 0��Ó§3t < 0�ØÓ§Ò¬k�Ó�ü>.
¼C�ÚØÓ�V>.¼C�"

3 ROCµduü>.¼C�Ò´ÏJ&Ò�V>.¼C�§¤
±ROC�½´s²¡¥�m>4:�m>§�±Ø7AÏrN"

Ø
���©!��È©Ú�ò5�ÑkØÓ	§Ù§5�þ�V
>.¼C��Ó"Ù¥���©ÚÈ©5�é©Ûäk�"Ð©^��
XÚ£=Oþ�5XÚ¤´�©­��"
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6.7 ü>.Ê.dC�

���������©©©555���

if x(t)↔ X(s)

then
dx(t)

dt
↔ sX(s)− x(0−)

`²µdu∫ +∞

0−

dx(t)

dt
e−stdt = x(t)e−st

∣∣∣+∞
0−

+ s

∫ +∞

0−
x(t)e−stdt = sX(s)− x(0−)

¤±dx(t)
dt ↔ sX(s)− x(0−)"Ón��µ

d2x(t)

dt2
↔ s2X(s)− sx(0−)− dx(0−)

dt

dnx(t)

dtn
↔ snX(s)−

n−1∑
k=0

s(n−k−1)d
kx(0−)

dtk
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6.7 ü>.Ê.dC�
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if x(t)↔ X(s)

then

∫ t

−∞
x(τ)dτ ↔ 1

s
X(s) +

1

s

∫ 0−

−∞
x(t)dt

`²µdu∫ +∞

0−

[∫ t

−∞
x(τ)dτ

]
e−stdt =

∫ +∞

0−

[∫ 0−

−∞
x(τ)dτ +

∫ t

0−
x(τ)dτ

]
e−stdt

Ï�þª¥�
∫ 0−

−∞ x(τ)dτ�~ê§mà1����u��¼ê�.¼C

�§(J�1
s

∫ 0−

−∞ x(t)dt§1��^©ÜÈ©{§k

−1

s
e−st

∫ t

0−
x(τ)dτ

∣∣∣+∞
0−

+
1

s

∫ +∞

0−
x(t)e−stdt =

1

s
X(s)
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if x(t)↔ X(s)

then x(t− t0)u(t− t0)↔ e−st0X(s), t0 > 0

y²µ∫ +∞

0
[x(t− t0)u(t− t0)]e−stdt =

∫ +∞

t0

x(t− t0)e−stdt

-τ = t− t0§k∫ +∞

t0

x(t− t0)e−stdt =

∫ +∞

0
x(τ)e−s(τ+t0)dτ

= e−st0
∫ +∞

0
x(τ)e−sτdτ = e−st0X(s)

5¿ùpü>.¼C���£&Ò´�&Òx(t)u(t)��ò"
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6.8 |^ü>.Ê.dC�©ÛOþ�5XÚ

üüü>>>...ÊÊÊ...dddCCC���©©©ÛÛÛOOOþþþ���555XXXÚÚÚ

éud���5~Xê�©�§£ã�XÚµ

�Ð©^��Ü�"�§XÚ´�5�ØC�¶

eÐ©^�Ø��"§K´��Oþ�5XÚ"

·�c¡?Ø���©Û{!ª�©Û{ÚEª�©Û{§Ñ´�
é�5XÚ?1�§ù
�{�U^5©ÛOþ�5XÚ¥�"G��
A"

ü>.Ê.dC��±^5©ÛdÐ©^�Úå�"Ñ\�A§·
^uOþ�5XÚ"
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6.8 |^ü>.Ê.dC�©ÛOþ�5XÚ
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~µ£ãXÚ��©�§�

d2y(t)

dt2
+

3

2

dy(t)

dt
+

1

2
y(t) = x(t)

Ð©^��y(0−) = 0, y′(0−) = 1§XÚ�Ñ\x(t) = u(t)§¦y(t)"

)µ�§ü>Ó��ü>.¼C�§k

s2Y(s)− sy(0−)− y′(0−) +
3

2
sY(s)− 3

2
y(0−) +

1

2
Y(s) = X(s)

�n�µ

Y(s) =
sy(0−) + y′(0−) + 3

2y(0−)

s2 + 3
2s+ 1

2

+
X(s)

s2 + 3
2s+ 1

2

1��=�Ð©^�ÚXÚA5k'§ÏdéAu"Ñ\�A"1��
��Ñ\þÚXÚA5k'§ÏdéAu"G��A"
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�\Ð©^�ÚX(s) = 1/s�§kµ

Y(s) =
1

s2 + 3
2s+ 1

2

+
1

s(s2 + 3
2s+ 1

2)

=

(
2

s+ 1
2

− 2

s+ 1

)
+

(
2

s
− 4

s+ 1
2

+
2

s+ 1

)

?1.¼�C�§�µ

y(t) =
(

2e−
1
2
t − 2e−t

)
u(t) +

(
2− 4e−

1
2
t + 2e−t

)
u(t)

éu>´£ã�XÚ§�±�â>´�(�Ú-y§ïá>´��
©�§§,�^ü>.¼C�¦)"
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.¼C�´F¼C��í2§§�±ò�©�§C���ê�§§
3LTIXÚ©Û¥�~k^"

ROC´V>.¼C�¥�©­��Vg"

"4:ã´.¼C��AÛL«§2�A^uó§¢S¥"

ü>.¼C�´V>.¼C��A~§�2�^u©ÛOþ�5X
Ú"

��µ

11gµ6.1(b)(c)(f)(h)§6.2(b)(e)(f)§6.3§6.4

12gµ6.7(d)(e)§6.8(b)(d)(f)§6.10(a)§6.12ã(a)(c)

13gµ6.15§6.17§6.19(b)(d)§6.22
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