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10.1 zC�

zCCC������½½½ÂÂÂ

d��©Û{§E�êS�znÏLü óÀ�A�h[n]�LTIXÚ§
ÑÑ�A�

y[n] = zn ∗ h[n] = H(z)zn"
Ïd§E�êS�´��lÑ�mLTIXÚ�A�¼ê"Ù¥

H(z) =

+∞∑
n=−∞

h[n]z−n

´ECþz = rejω�¼ê§¡�ü óÀ�Ah[n]�V>zC�"

�d�éA§&Òx[n]�V>zC�½Â�µ

X(z) =

+∞∑
n=−∞

x[n]z−n

�z = ejω�§=�lÑ�mFp�C�£DTFT¤"
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10.1 zC�

zCCC������lllÑÑÑ���mmmFFFppp���CCC������'''XXX

zC��½Âª�±��Xe/ªµ

X(z) = X(rejω) =
+∞∑

n=−∞
x[n]

(
rejω

)−n
=

+∞∑
n=−∞

{x[n]r−n}e−jωn

��&Òx[n]�zC�Ò´éx[n]r−n�DTFT"ÏdzC�´DTFT�í
2§§�Âñ5�r"

zC��DTFT���3XÂñ�¯K"

1 ¿�?Û&Ò�zC�Ñ�3"
2 ¿�z²¡þ�?ÛEêÑU¦X(z)Âñ"z²¡þ@
U¦X(z)Â
ñ�:�8Ü§Ò�¤
X(z)�Âñ�£ROC¤"

�z = ejω=r = 1�§zC�Ò¤�lÑ�mFp�C�"�
�§DTFTÒ´3z²¡¥§3�»�1��±þ�zC�"3z²¡þ§
ù��¡�ü �"ü �3zC�¥¤å��^§aqus²¡¥jω¶
3.¼C�¥¤å��^"
ÜïI (ÜS�Ï�Æ>&Æ�) 110Ù zC� 2016c 6� 2F 5 / 54

10.1 zC�

VVV>>>zCCC������«««~~~

~1µm>&Òx[n] = anu[n]

X(z) =
+∞∑
n=0

anz−n =
1

1− az−1
ROC:|z| > |a|

�|a| < 1�§ROC�)ü �§x[n]�DTFT�3"

X(ejω) =
1

1− ae−jω
|z| > |a| X(ejω) = X(z) |z=ejω

~2µü ��&Òx[n] = u[n]

X(z) =

+∞∑
n=0

z−n =
1

1− z−1
ROC:|z| > 1

duROCØ�)ü �§ØUÏL
òz → ejωlX(z)��X(ejω)"
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10.1 zC�

VVV>>>zCCC������«««~~~

~3µ�>&Òx[n] = −anu[−n− 1]

X(z) = −
−1∑

n=−∞
anz−n = −

+∞∑
n=1

a−nzn

= − a−1z

1− a−1z
=

1

1− az−1
ROC:|z| < |a|

~4µV>&Òx[n] = (1
3)nu[n]− (1

2)nu[−n− 1]

X(z) =
1

1− 1
3z
−1

+
1

1− 1
2z
−1

ROC:
1

3
< |z| < 1

2

���¹e§X(z)�ROC´z²¡þ��±�:�¥%���"
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10.1 zC�

VVV>>>zCCC������AAA:::

1 zC��3XÂñ¯K§Ø´?Û&ÒÑ�3zC�§�Ø´?ÛE
êzÑU¦X(z)Âñ"£Âñ�´z�C���)�"¤

2 ==dX(z)�L�ªØU��/(½��&Ò§�kX(z)ëÓ�
A�ROC��§âU�&Òx[n]ïá��éA�'X"

3 zC��ROC§��´z²¡þ±�:�¥%��/«�"

4 XJx[n] =
∑

i xi[n]§KÙROC´��xi[n]�ROC�ú�Ü©"e
vkú�«�KL²x[n]�zC�Ø�3"

5 �X(z)´kn¼ê�§ÙROC�>.o´dX(z)�4:¤3��
±.½�"

6 eX(z)�ROC�)ü �§Kk

X(ejω) = X(z) |z=ejω
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10.1 zC�

X(z)���AAAÛÛÛLLL«««—"""444:::ããã

XJX(z)´kn¼ê§òÙ©fõ�ª�©1õ�ª©OÏª©)
�±��µ

X(z) =
N(z)

D(z)
= M

∏
i

(z − zi)∏
p

(z − zp)

dÙ�Ü�"!4:=�(½ÑX(z)§�õ����~êÏfM"

Ïd§e3z²¡þL«ÑX(z)��Ü"!4:§=�¤X(z)�A
ÛL«))"4:ã"

XJ3"4:ãþÓ�IÑROC§KdT"4:ã�±��/(½
��&Ò"

"4:ãé£ãLTIXÚÚ©ÛLTIXÚ�A5§äk��^å"
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10.2 zC��Âñ�

zCCC������ÂÂÂñññ���

�.¼C���§zC�Âñ��>.�´d4:� �û½
�§ROC�&Òx[n]�A5k'"¤±§zC��Âñ��.¼C�ka
q�A�"e¡äN?Øµ

5�1µROC´z²¡þ±�:�¥%��/«�"

`²µdu X(z) =
+∞∑

n=−∞
{x[n]r−n}e−jωn

��éu�½�x[n]§X(z)´ÄÂñ=�r���k'§�ωÃ'"

|z| = r´z²¡þ±�:�¥%§r��»��§¤±ROC´±�:
�¥%�Ó%��¤���"

5�2µROCSØ�¹?Û4:"

5�3µk��S�zC��ROC´��z²¡§��UØ�¹z =
0½£Ú¤|z| =∞"
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10.2 zC��Âñ�

ÂÂÂñññ������AAA���

`²µéuk��S�§ÙzC���k��?ê§=

X(z) =

N2∑
n=N1

x[n]z−n, N2 ≥ N1

1 �N1 < 0, N2 > 0�§Úª¥Qkz����§q�¹z�K��§
d�ROCØ�¹z = 0½|z| =∞"

2 eN1�"½��§Úª¥=kz�K��§d�ROCÒ�)|z| =
∞§�Ø�)z = 0"

3 eN2�"½K�§Úª¥=kz����§d�ROCÒ�)z = 0§
�Ø�)|z| =∞"

~µδ[n]�zC�

δ[n]↔
+∞∑

n=−∞
δ[n]z−n = 1

ROC���z²¡§�)z = 0Ú|z| =∞"
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10.2 zC��Âñ�

ÂÂÂñññ������AAA���

5�4µm>S��ROC´�	Ü4:�	Ü§��UØ�)|z| =∞"
`²µ m>S��n < N1�§x[n] = 0�S�"�N1 < 0�§d

uX(z)Ðmª¥keZ�z����§d�ROCØ�¹|z| =∞"
5�5µ�>S��ROC´�SÜ4:�SÜ§��UØ�)z = 0"

`²µ�>S��n > N1�§x[n] = 0�S�"�N1 > 0�§d
uX(z)�Ðmª¥�¹keZz�K��§d�zØU�""

5�6µV>S��zC�XJ�3§KROC7½´���/«�"

5�7µXJx[n]�zC�X(z)´kn�§@o§�ROCÒ�4:¤.
½§½´ò��Ã��"

5�8µXJx[n]�zC�X(z)´kn�§�ex[n]´m>S�§ROC 
u�	�4:�	>"

¯KµROCÛ��±�¹z = 0½|z| =∞
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10.2 zC��Âñ�

ÂÂÂñññ������AAA���

~1µx[n] =

{
an, 0 ≤ n ≤ N − 1, a > 0

0, Ù§n

X(z) =
N−1∑
n=0

anz−n =
1− aNz−N

1− az−1
=

zN − aN

zN−1(z − a)

4:µz = a, z = 0(N − 1�)¶":µz = aej
2π
N
k(k = 0, 1, . . . , N − 1)

~2µx[n] = b|n|, b > 0

x[n] = bnu[n] + b−nu[−n− 1]

bnu[n]↔ 1

1− bz−1
, |z| > b

b−nu[−n− 1]↔ 1

1− b−1z−1
, |z| < b−1

�0 < b < 1�§ROC�b < |z| < b−1"
�b > 1�§üÜ©Âñ�Ãú�Ü©§L²d�X(z)Ø�3"
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10.2 zC��Âñ�

ÂÂÂñññ������AAA���

~3µ

X(z) =
1

(1− 1
3z
−1)(1− 2z−1)

4:µz1 = 1
3 , z2 = 2 ":µz = 0£��¤

eÙROC�µ

|z| > 2�§Kx[n]�m>S�§�´ÏJ�§�ÙDTFTØ�3"

|z| < 1/3�§Kx[n]��>S�§�´�ÏJ�§ÙDTFTØ�
3"

1/3 < |z| < 2�§Kx[n]�V>S�§ÙDTFT�3"

ROC´Ä�)|z| =∞§´x[n]´ÄÏJ�I�¶

ROC´Ä�)|z| = 0§´x[n]´Ä�ÏJ�I�¶

ROC´Ä�)ü �§´x[n]�Fp�C��3�¿�^�"
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10.3 z�C�

z���CCC������½½½ÂÂÂ

dux[n]�zC�Ò´éx[n]r−n�DTFT§dDTFT��C�kµ

x[n]r−n =
1

2π

∫
2π
X(rejω)ejωndω ∴ x[n] =

1

2π

∫
2π
X(rejω)rnejωndω

-z = rejω§Kdz = jrejωdω = jzdω"�ωl0 → 2πCz�§z÷
XROCS�»�r��±Cz�±"

x[n] =
1

2πj

∮
c
X(z)zn−1dz

Ù¥C´ROC¥_������±"

z�C�L²µ&Ò�±3z�©)�E�ê&Ò��5|Ü§ù

E�ê©þ©Ù3���±þ§z�E�ê©þ�ÌÝ� 1

2πj
X(z)
z "
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10.3 z�C�

z���CCC���—ÜÜÜ©©©©©©ªªªÐÐÐmmm{{{

z�C��Ü©©ªÐm{Ú.¼�C��Ü©©ªÐm{�Ó"
d�X(z)AUì 1

1−az−1/ªÐm�Ü©©ª"

äNÚ½Xeµ

1 ¦ÑX(z)�4:§òX(z)Ðm�Ü©©ª"

2 �âX(z)�ROC§(½z���ROC"

3 |^~^&Ò�C�é�.¼C��5�§éz��?1�C�"

5¿µdu~^C�éÑL«�z−1�kn©ª/ª§Ïd�½�Ýº
rz−1�kn©ªÐm¤Ü©©ª��{"

X(z) =
z−1

1− 5
6z
−1 + 1

6z
−2

=
z−1

(1− 1
2z
−1)(1− 1

3z
−1)

=
6

1− 1
2z
−1

+
−6

1− 1
3z
−1
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10.3 z�C�

z���CCC���—ÜÜÜ©©©©©©ªªªÐÐÐmmm{{{

~µ

X(z) =
3− 5

6z
−1

(1− 1
4z
−1)(1− 1

3z
−1)

ROC:
1

4
< |z| < 1

3

�âo�ROC(½z�Ü©�ROC"

X(z) =
1

1− 1
4z
−1

+
2

1− 1
3z
−1

1���ROCµ|z| > 1/4§1���ROCµ|z| < 1/3"

∴ x[n] =

(
1

4

)n
u[n]− 2

(
1

3

)n
u[−n− 1]
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10.3 z�C�

z���CCC���—���???êêêÐÐÐmmm{{{£££���ØØØ{{{¤¤¤

dX(z)�½Â§òÙÐm��?ê§k

X(z) = · · ·+ x[−1]z + x[0] + x[1]z−1 + · · ·+ x[n]z−n + · · ·

Ðmª¥���Xê=�x[n]§�X(z)´kn¼ê�§�±ÏL�Ø�
�{òÙÐm��?ê"

dum>S��Ðmª¥A�¹Ãêõ�z�K��§¤±�Uü
��Ø"

du�>S��Ðmª¥A�¹Ãêõ�z����§¤±�U,
��Ø"

V>S�Kk�òÙ©¤üÜ©§©OéA&Ò�m>Ú�>Ü
©§2©OUþã�K�Ø"

�?êÐm{�":´�X(z)�E,£¹õ�4:¤�§J±�
�x[n]�4ªL�ª"`:µØ^Ïª©)§·Ü^O�Å¦�C��
ê�)"�?êÐm{·Ü^5¦)�kn¼ê/ªX(z)��C�"
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10.3 z�C�

���???êêêÐÐÐmmm{{{£££���ØØØ{{{¤¤¤—ÞÞÞ~~~

~µ^�Ø{O�z�C�"

X(z) =
1 + 1

2z
−1

1− 5
6z
−1 + 1

6z
−2

ROC:
1

3
< |z| < 1

2

)µdROC´�§ù´��V>S�§ÏdÄkòÙ©¤ü�

X(z) =
6

1− 1
2z
−1
− 5

1− 1
3z
−1

1���Âñ��|z| < 1/2§AU,��Ø§1���Âñ�
�|z| > 1/3§AUü��Ø"

��éì§�C��(J�µ

x[n] = −6

(
1

2

)n
u[−n− 1]− 5

(
1

3

)n
u[n]
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10.4 d"4:ãéFp�C�?1AÛ¦�

ddd"""444:::ãããéééFFFppp���CCC���AAAÛÛÛ¦¦¦���

�ROC�)|z| = 1�§zC�3ü �þ��¹Ò´X(ejω)§Ïd
��±|^"4:ãéÙ?1AÛ¦�"Ù�{�.¼C����a
qµ

�	Ä:3ü �þ£Ä�±�§�4:¥þÚ":¥þ��Ý�
Ì�Cz��¹§=��NXÚ�ªÇA5"

~1: ��XÚy[n]− ay[n− 1] = x[n]

H(z) =
1

1− az−1
, |z| > a h[n] = anu[n]

�|a| < 1�§ROC�)ü �"

H(ejω) =
1

1− ae−jω
∣∣H(ejω)

∣∣ =
|v1|
|v2|
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10.4 d"4:ãéFp�C�?1AÛ¦� 10.4.1 ��XÚ

ddd"""444:::ãããééé������XXXÚÚÚAAAÛÛÛ¦¦¦���

w,|v1| = 1§|H(ejω)|�ûu|v2|�Cz"
�0 < a < 1�§
3ω = 0?§|H(ejω)|k���"
3ω = π?§|H(ejω)|k���"
|H(ejω)|�ω¥üNCz"
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10.4 d"4:ãéFp�C�?1AÛ¦� 10.4.1 ��XÚ

ddd"""444:::ãããééé������XXXÚÚÚAAAÛÛÛ¦¦¦���

�−1 < a < 0�
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10.4 d"4:ãéFp�C�?1AÛ¦� 10.4.2 ��XÚ

ddd"""444:::ãããééé������XXXÚÚÚAAAÛÛÛ¦¦¦���

|a|��§4:��:�C§XÚ�ªÇ�A�²�§XÚ��°�°¶
|a|��§4:�ü ��C§XÚª��kb§ª��4����§X
Ú�°�Ä§� ���5§Ý�x³"

~2: ��XÚµ

y[n]− 2r cos θy[n− 1] + r2y[n− 2] = x[n] 0 < r < 1, 0 ≤ θ ≤ π

h[n] = rn
sin(n+ 1)θ

sin θ
u[n]

H(z) =
1

1− 2r cos θz−1 + r2z−2

4:µz1,2 = re±jθ"":µz = 0£2�¤
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10.4 d"4:ãéFp�C�?1AÛ¦� 10.4.2 ��XÚ

ddd"""444:::ãããééé������XXXÚÚÚAAAÛÛÛ¦¦¦���

�	Ä:3ü �þ£Ä�±�§�4:
¥þÚ":¥þ��Ý�Ì��Cz�¹§=
�����XÚ�ªÇA5"
��XÚ�ªÇA5µ

0 < r < 1, 0 ≤ θ ≤ π
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10.4 d"4:ãéFp�C�?1AÛ¦� 10.4.2 ��XÚ

ddd"""444:::ãããééé������XXXÚÚÚAAAÛÛÛ¦¦¦���

�ωl0→ π�§3�Cω = θ?ªÇ�A¬Ñy4��"

er��Cu1§|H(ejω)|�¸��kb"�Xr~�§4:ÅÚ�C
�:§ªÇ�Aªu²""

�4:é�Cü ��§��±l"4:
ãoÑ(½XÚ��°"

�����¹§��XÚ��Ukü�¢
ê4:§d�XÚ?uL{ZG�"ÙA5�
�uü���XÚ?é�(J"
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10.5 zC��5� 10.5.1-2 �5Ú�£5�

zCCC������555���—���555ÚÚÚ���£££

zC��Nõ5��DTFTaq§ùpX?ØROC�Cz"

1. �55�

if x1[n]↔ X1(z), ROC = R1 x2[n]↔ X2(z), ROC = R2

then ax1[n] + bx2[n]↔ aX1(z) + bX2(z),ROC�¹R1 ∩R2

e3�5|ÜL§¥Ñy"4:��y�§KROC�U�'�&
ÒzC�ROC�ú�Ü©�"

2. �£5�

if x[n]↔ X(z), ROC = R

then x[n− n0]↔ z−n0X(z), ROC = R

du&Ò��£k�U¬UCÙÏJ5§�ROC3�:ÚÃ¡�:
�UkOí"
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10.5 zC��5� 10.5.3 z�ºÝC�

zCCC������555���—z���ºººÝÝÝCCC���

3. z�ºÝC�

if x[n]↔ X(z), ROC = R

then zn0 x[n]↔ X
(
z−1

0 z
)
, ROC = |z0|R

d5�L²µ&Ò3��¦±zn0§3z���?1ºÝC�"
∞∑

n=−∞
zn0 x[n]z−n =

∞∑
n=−∞

x[n]

(
z

z0

)−n
= X

(
z

z0

)

ez0 = r0e
jω0§z�ºÝC�Ò´"4: �3z²¡S^=���

Ýω0§¿�3»� �k��r0��Cz"du3»�kCz§Ï
dÙROC�k��ºÝþ�Cz"
ez0 = r0§ºÝC�Ò==´"4: �3»�kr0��C
z§ROC�ò��u)Cz"
ez0 = ejω0§ºÝC�ÒC¤
ª£§�é"4: �?1^=§
d�ROCØu)Cz"
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10.5 zC��5� 10.5.3 z�ºÝC�

zCCC������555���—z���ºººÝÝÝCCC���

ª£5�

if x[n]↔ X(z), ROC = R

then ejω0nx[n]↔ X
(
e−jω0z

)
, ROC = R

ª£5��Ñµ&Ò3��¦±E�ê&Ò§3z���uz²¡�
�^=§=�Ü"4: �^=���Ýω0"w,§XJX(z)�"4:
´�Ý¤é�§��5ùª£�ÒØ2kù«'X
"

�ω0 = ±π�§kx[n](−1)n ↔ X(−z)§"4:^=180◦"
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10.5 zC��5� 10.5.4 ���=

zCCC������555���—���������===

4. ���=5�

if x[n]↔ X(z), ROC = R

then x[−n]↔ X
(
z−1
)
, ROC>.��

�µX(z) =
z − c
z − p

KµX(z−1) =
z−1 − c
z−1 − p

=
1− cz
1− pz

&Ò3���=§¬ÚåX(z)�"4:©ÙU�þé¡u)UC"
ec (p)´X(z)�"£4¤:§K1/c (1/p)´X(z−1)�"£4¤:"

é¢&ÒóµX(z)�X(z−1)�"4:�
Ý�þé¡"
~µeX(z)�ROC�a < |z| < b

KX(z−1)�ROC�1
b < |z| <

1
a
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10.5 zC��5� 10.5.5-6 �m*Ð��Ýé¡

zCCC������555���—���mmm***ÐÐÐ������ÝÝÝééé¡¡¡

5. �m*Ð£��S�¤

eµx[n]↔ X(z), ROC: R

x(k)[n] =

{
x
[
n
k

]
, n´k��ê�

0, Ù§n

Kµx(k)[n]↔ X(zk), ROC: R1/k

X(k)(z) =
∞∑

n=−∞
x(k)[n]z−n =

∞∑
r=−∞

x[r]z−rk = X(zk)

6. �Ýé¡5

if x[n]↔ X(z),ROC: R then x∗[n]↔ X∗(z∗),ROC: R

�x[n]´¢&Ò�§x∗[n] = x[n]§u´kX(z) = X∗(z∗)"ùL
²µXJX(z)kEê"4:§7�Ý¤éÑy"
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10.5 zC��5� 10.5.7-8 òÈ5�Úz��©

zCCC������555���—òòòÈÈÈ555���ÚÚÚz������©©©

7. òÈ5�

if x1[n]↔ X1(z), ROC = R1; x2[n]↔ X2(z), ROC = R2

then x1[n] ∗ x2[n]↔ X1(z)X2(z),ROC�¹R1 ∩R2

e�¦L§¥k"4:-�§KROC�U*�"T5�´LTIX
ÚzC�©Û{�nØÄ:"

8. z��©5�

if x[n]↔ X(z), ROC = R

then nx[n]↔ −z dX(z)

dz
, ROC = R

|^T5��±�B/¦Ñ,
�kn¼êX(z)��C�½äkp
�4:�X(z)��C�"
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10.5 zC��5� 10.5.7-8 òÈ5�Úz��©

^̂̂z������©©©¦¦¦)))z���CCC���

~1µX(z) = ln(1 + az−1), |z| > |a|

∵
dX(z)

dz
=
−az−2

1 + az−1
∴ −z dX(z)

dz
=

az−1

1 + az−1

az−1

1 + az−1
↔ a(−a)n−1u[n− 1] = nx[n]

x[n] =
a

n
(−a)n−1u[n− 1] = − 1

n
(−a)nu[n− 1]

~2µ

X(z) =
az−1

(1− az−1)2 , |z| > |a|

∵ anu[n]↔ 1

1− az−1
, |z| > |a| d

dz

(
1

1− az−1

)
= − az−2

(1− az−1)2

∴ nanu[n]↔ az−1

(1− az−1)2 , |z| > |a|
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10.5 zC��5� 10.5.9 Ð�½n

zCCC������555���—ÐÐÐ���½½½nnn

9. Ð�½n

eÏJS�x[n]�zC��X(z)§� lim
z→∞

X(z)�3§

Kx[0] = lim
z→∞

X(z)

y²µduÏJ&Òx[n]�zC��±L«�

X(z) =
∞∑
n=1

x[n]z−n + x[0] ∴ x[0] = limz→∞X(z)

�±w�§eÏJS�x[n]�Ð�k�§KX(∞)�´k��"e
rX(z)L«�z�ü�õ�ª�'§Ù©1õ�ª��ê�½�u�u
©fõ�ª��ê"

íØµz{X(z)− x[0]} = x[1] + x[2]z−1 + x[3]z−2 + · · ·

x[1] = lim
z→∞

z[X(z)− x[0]] · · · x[n] = lim
z→∞

zn

[
X(z)−

n−1∑
k=0

x[k]z−k

]
`²�±��lX(z)4íÑx[n]�?Û�:��"
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10.5 zC��5� 10.5.9 Ð�½n

444:::   ������¤¤¤éééAAA���&&&ÒÒÒ���ªªª���mmm���'''XXX

z²¡þ4: ��¤éA�&Ò�ª�m�'Xµ
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10.6 ~^&Ò�zC�

~~~^̂̂&&&ÒÒÒ���zCCC���

Ø
d½ÂO�	§�±|^zC��5�l{ü&Ò�zC��Ñ
~^&Ò�zC�é"

x[n] = δ[n−m]

∵ δ[n] ↔ 1§ROC���z²
¡§|^²£5�µ

δ[n−m]↔ z−m

Øz = 0(m > 0)½
|z| = ∞(m < 0)	§ROC�
�Üz²¡"

x[n] = −u[−n− 1]

u[n]↔ 1

1− z−1
, |z| > 1

u[n− 1]↔ z−1

1− z−1
, |z| > 1

∵ x[−n]↔ X(z−1)

∴ u[−n− 1]↔ z

1− z
= − 1

1− z−1
|z| < 1

∴ x[n] = −u[−n− 1]↔ 1

1− z−1
|z| < 1

ØïÆ^d�{�§½Â�{ü"
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10.6 ~^&Ò�zC�

~~~^̂̂&&&ÒÒÒ���zCCC���

x[n] = anu[n]

��dz�ºÝC�5�kµanu[n]↔ U(a−1z) = 1
1−az−1 , |z| > |a|

x[n] = nanu[n]

|^þ¡�(J§2�âz��©5�§��µ

nanu[n]↔ −z d
dz

(
1

1− az−1

)
=

az−1

(1− az−1)2 , |z| > |a|

x[n] = [cosω0n]u[n]

x[n] =
1

2

(
ejω0n + e−jω0n

)
u[n]

�âª£A5��µ
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10.6 ~^&Ò�zC�

~~~^̂̂&&&ÒÒÒ���zCCC���

X(z) =
1

2
[U(ze−jω0) + U(zejω0)]

=
1/2

1− ejω0z−1
+

1/2

1− e−jω0z−1
=

1− cosω0z
−1

1− 2 cosω0z−1 + z−2
, |z| > 1

x[n] = [rn cosω0n]u[n]

dþ~(J§2|^z�ºÝC�5�

[rn cosω0n]u[n]↔ 1− (r cosω0)z−1

1− (2r cosω0)z−1 + r2z−2
, |z| > r

L10.1�Ñ
zC��~^5�"

L10.2¥�Ñ
�
~^&Ò�zC�"
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10.7 |^zC�©Û�L�LTIXÚ 10.7.1-2 ÏJ5�½5

XXXÚÚÚ���ÏÏÏJJJ555!!!½½½555���H(z)���'''XXX

lÑ�mLTIXÚ�©Û�{§k��©Û{!ª�©Û{�kz�
©Û{"dzC��òÈ5�kµ

y[n] = x[n] ∗ h[n] Y (z) = X(z)H(z) ROC�)R1 ∩R2

éY (z)��C�=���ÑÑ�Ay[n]"H(z)¡�XÚ�XÚ¼ê½=
£¼ê§§ÚROC�å§�±��/L���XÚ"

ÏJ5µXJLTIXÚ´ÏJ�§=�n < 0�h[n] = 0§¤
±H(z)�ROC´�	Ü4:�	Ü§¿��)|z| =∞"
½5µeLTIXÚ½§K

∑
n |h[n]| <∞§=h[n]�DTFT�3§

L²ü �3H(z)�ROCS"=H(z)�ROC7�)ü �"

nÜ±þ©Û�±�Ñµ��ÏJ½�lÑ�mLTIXÚ�XÚ
¼ê§Ù�Ü4:�½ uz²¡�ü �S" ��½,íº�H(z)´
'uz�kn¼ê�§ÏJ5�¦H(z)�©f�êØUpu©1�ê"
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10.7 |^zC�©Û�L�LTIXÚ 10.7.3 d�5~Xê�©�§L��LTIXÚ

LTIXXXÚÚÚz���©©©ÛÛÛ{{{ÚÚÚ½½½999ÞÞÞ~~~

LTIXÚz�©Û{Ú½µ

1.¦X(z)9ÙROC¶2.dXÚ£ã¦H(z)9ÙROC¶

3.dY (z) = X(z)H(z)¦Y (z)¿(½ROC¶4.¦z�C���y[n]"

~µ®�x[n] =
(
−1

2

)n
u[n], h[n] =

[
6
5(1

2)n − 1
5(−1

3)n
]
u[n]§¦y[n]"

)µ

X(z) =
1

1 + 1
2z
−1
, |z| > 1

2

H(z) =
6
5

1− 1
2z
−1
−

1
5

1 + 1
3z
−1

=
1 + 1

2z
−1

(1− 1
2z
−1)(1 + 1

3z
−1)

, |z| > 1

2

Y (z) =
1

(1− 1
2z
−1)(1 + 1

3z
−1)

=
3
5

1− 1
2z
−1

+
2
5

1 + 1
3z
−1
, |z| > 1

2

?1z�C�§�µy[n] =

[
3

5

(
1

2

)n
+

2

5

(
−1

3

)n]
u[n]
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10.7 |^zC�©Û�L�LTIXÚ 10.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêê���OOO���—���©©©���§§§£££ããã���XXXÚÚÚ

��2��lÑ�mLTIXÚ§Ñ�±^��äk"Ð©^�
�N��5~Xê�©�§5L�µ

N∑
k=0

aky[n− k] =
M∑
k=0

bkx[n− k]

é�§ü>?1zC�§Kk

N∑
k=0

akz
−kY (z) =

M∑
k=0

bkz
−kX(z) ∴ H(z) =

Y (z)

X(z)
=

M∑
k=0

bkz
−k

N∑
k=0

akz−k

d�§Xê�±�B/¦ÑH(z)"
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10.7 |^zC�©Û�L�LTIXÚ 10.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêê���OOO���—���µµµããã

�©�§��¿vk�¹ROC�&E"Ïd§3^�©�§L�X
Ú�§7L�ÑXÚ�ÏJ5!½5�A�§�kù��©�§âU
��/£ã��XÚ"

�ëY�mLTIXÚ�aq§��±^�µã!"4:ã��ª5
£ã��lÑ�mLTIXÚ"

W (z) = X(z)− 1

2
z−1W (z)− z−2W (z)

Y (z) = W (z) + 2z−1W (z) + 3z−2W (z)

H(z) =
1 + 2z−1 + 3z−2

1 + 1
2z

−1 + z−2

�?�Ú�Ñ�©�§"

y[n] +
1

2
y[n− 1] + y[n− 2] = x[n] + 2x[n− 1] + 3x[n− 2]
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10.7 |^zC�©Û�L�LTIXÚ 10.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêê���OOO���—"""444:::ããã

�â"4:ã9ROC��Ñ��kn¼ê�H(z)§�õÚ¢S
�H(z)����~ê"

~µ

5¿�:?�":"

)µd"4:ã�±�Ñ

H(z) = H0
z
(
z + 1

2

)(
z + 1

3

) (
z − 1

2

)
= H0

1 + 1
2z
−1

(1− 1
2z
−1)(1 + 1

3z
−1)

ROC: |z| > 1

2

2�âÙ§^�(½H0
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10.7 |^zC�©Û�L�LTIXÚ 10.7.3 d�5~Xê�©�§L��LTIXÚ

LTIXXXÚÚÚ���z���©©©ÛÛÛ—ÞÞÞ~~~

~µde��©�§�Ñ�ä(�§¿¦ÙXÚ¼êH(z)Úü óÀ�
Ah[n]"

y[n]− 3y[n− 1] + 3y[n− 2]− y[n− 3] = x[n]

)µd�§��

(1− 3z−1 + 3z−2 − z−3)Y (z) = X(z)

H(z) =
1

(1− z−1)3

|^zC��5���

h[n] =
1

2
(n+ 1)(n+ 2)u[n]
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10.8 XÚ¼ê��êá5��µãL« 10.8.1 LTIXÚpé�XÚ¼ê

XXXÚÚÚpppééé���XXXÚÚÚ¼¼¼êêê

1. ?éµ

H(z) = H1(z)H2(z)

ROC�)R1 ∩R2

2. ¿éµ

H(z) = H1(z) +H2(z)

ROC�)R1 ∩R2

3. �"é(µ

H(z) =
H1(z)

1 +H1(z)G(z)

ROC�)R1 ∩R2
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10.8 XÚ¼ê��êá5��µãL« 10.8.2 �©�§ÚknXÚ¼ê£ã�ÏJLTIXÚ��µãL«

LTIXXXÚÚÚ���???ééé...(((���

òH(z)Ïª©)§3Ã�"4:�£N�óê�¤��

H(z) =

N∑
k=0

bkz
−k

N∑
k=0

akz−k
=
b0
a0

N∏
k=1

1 + µkz
−1

1 + ηkz−1

=
b0
a0

N/2∏
k=1

1 + β1kz
−1 + β2kz

−2

1 + α1kz−1 + α2kz−2
=
b0
a0

N/2∏
k=1

Hk(z)
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10.8 XÚ¼ê��êá5��µãL« 10.8.2 �©�§ÚknXÚ¼ê£ã�ÏJLTIXÚ��µãL«

LTIXXXÚÚÚ���¿¿¿ééé...(((���

òH(z)Ðm�Ü©©ª§3Ã�4:�N�óê�k

H(z) =
b0
a0

+
N∑
k=1

Ak
1 + ηkz−1

=
b0
a0

+

N/2∑
k=1

r0k + r1kz
−1

1 + α1kz−1 + α2kz−2

=
b0
a0

+

N/2∑
k=1

Hk(z)
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10.9 ü>zC�

üüü>>>zCCC������½½½ÂÂÂ

&Òx[n]�ü>zC�½Â�µ

X(z) =

+∞∑
n=0

x[n]z−n

�ü>.¼C���§&Òx[n]�ü>zC�Ò´&Òx[n]u[n]�V
>zC�§Ïdk

x[n]u[n] =
1

2πj

∮
c
X(z)zn−1dz

duü>zC��½Âª¥��)z�K��§Ø¹kz����§
Ïü>zC��ROC�ÏJ&ÒV>zC��ROCA5�Ó"=�½´
�	Ü4:�	Ü¿��)|z| = ∞§Ø�UkÙ§�¹"�éü>zC
�Ø2rNROC"
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10.9 ü>zC� 10.9.1 ü>zC�Úü>z�C�Þ~

üüü>>>zCCC���—ÞÞÞ~~~

�&Òx[n]´��ÏJS��§Ùü>zC��V>zC��Ó§Ä
Kü>zC��V>zC�´k«O�"

~1µx[n] = anu[n]

X(z) =
1

1− az−1
, |z| > |a| X(z) =

1

1− az−1
, |z| > |a|

w,§ÏJS��ü!V>zC��Ó"

~2µx[n] = an+1u[n+ 1]

X(z) =
z

1− az−1
, |a| < |z| <∞

X(z) =
∞∑
n=0

an+1z−n =
a

1− az−1
, |z| > |a|

w,§�ÏJS�
�ü!V>z C�Ø
Ó"
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10.9 ü>zC� 10.9.2 ü>zC�5�

üüü>>>zCCC������£££   555���

�&Ò�ÏJ5ØUC�§V>zC��5�Ò´ü>zC��5
�"£ A5~	§Ï����£ �U¬UC&Ò�ÏJ5"

if x[n]↔ X(z)

then x[n− n0]↔ z−n0X(z) + z−n0

−1∑
n=−n0

x[n]z−n, n0 > 0

y²µ
+∞∑
m=0

x[m− n0]z−m =

+∞∑
n=−n0

x[n]z−(n+n0) = z−n0

+∞∑
n=0

x[n]z−n

+z−n0

−1∑
n=−n0

x[n]z−n = z−n0X(z) + z−n0

−1∑
n=−n0

x[n]z−n

Ón��µx[n+ n0]↔ zn0X(z)− zn0

n0−1∑
n=0

x[n]z−n, n0 > 0
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10.9 ü>zC� 10.9.3 |^ü>zC�©ÛOþ�5XÚ

^̂̂üüü>>>zCCC���©©©ÛÛÛOOOþþþ���555XXXÚÚÚ—ÞÞÞ~~~

�ü>.¼C��aq§^ü>zC��±�B/©ÛOþ�5XÚ"

~µXÚ�§µy[n]− 3y[n− 1] + 2y[n− 2] = x[n]
Ð©^�µy[−2] = 1/2, y[−1] = 1§Ñ\x[n] = u[n]§¦y[n]"

é�§ü>�ü>zC�§Kk

Y(z)−3{z−1Y(z)+y[−1]}+2{z−2Y(z)+z−1y[−1]+y[−2]} = X(z)

�n�k

Y(z) =
3y[−1]− 2z−1y[−1]− 2y[−2]

1− 3z−1 + 2z−2
+

X(z)

1− 3z−1 + 2z−2

Ù¥1���"Ñ\�A§1���"G��A"�\Ð©^�9

X(z) =
1

1− z−1
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10.9 ü>zC� 10.9.3 |^ü>zC�©ÛOþ�5XÚ

^̂̂üüü>>>zCCC���©©©ÛÛÛOOOþþþ���555XXXÚÚÚ—ÞÞÞ~~~

Y(z) =
2− 2z−1

1− 3z−1 + 2z−2
+

1
1−z−1

1− 3z−1 + 2z−2

=
2

1− 2z−1
+

−3

1− z−1
+

−z−1

(1− z−1)2 +
4

1− 2z−1

?1�C��§��XÚ�A�

y[n] = [2(2)n]u[n] + [−3− n+ 4(2)n]u[n]

nþ§^ü>zC�©ÛOþ�5XÚ�Ú½´µ

1 é�©�§ü>?1ü>zC�§¿�\Ð©^�¶

2 )Ñü>zC�Y(z)¶

3 éY(z)?1�C�§=����Ay[n]"
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�Ù�(

zCCC������...¼¼¼CCC���

�.¼C���¹éì§�±uys²¡�z²¡�m�3X�«N
�'X§z = esTÒ´ù«N�'X"

dz = eTs = eσT ejωT = rejΩ§��r = eσT , Ω = ωT"¤±kµ

σ < 0, r < 1; σ > 0, r > 1; σ = 0, r = 1

−π
T
≤ ω ≤ π

T
, −π ≤ Ω ≤ π ω = 0, Ω = 0
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�Ù�(

���ÙÙÙ���(((

lÑ�m&Ò�V>zC�L«§9Ù�DTFT�'X"

V>zC��Âñ�9ÙA�§Âñ�Ú&Ò«a�'X"
ROC´Ä�)|z| =∞§´x[n]´ÄÏJ�I�¶
ROC´Ä�)z = 0§´x[n]´Ä�ÏJ�I�¶
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