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9.0 Úó
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k^�óä"ùÌ�´Ï���2���a&ÒÑU^±Ï5E�ê&
Ò£ejωt¤��5|Ü5L«§ejωt´LTIXÚ�A�¼ê"

òejωt*Ð�E�ê¼êest£Ù¥s = σ + jω¤§=�.Ê.dC
�§q¡C��£½Eª�¤©Û"

k
ëY�mFp�C�£F¼C�¤§��o��Ú\.Ê.d
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9.1 .Ê.dC�

VVV>>>...ÊÊÊ...dddCCC������½½½ÂÂÂ

E�êÑ\&Òest´��ëY�mLTIXÚ�A�¼ê"�XÚ�
ü À-�A�h(t)�§XÚ�ÑÑ�A�µ

y(t) = H(s)est, Ù¥H(s) =

∫ +∞

−∞
h(t)e−stdt

w,�s = jω�§þª=éAh(t)�Fp�C�"

�déA§&Òx(t)�V>.Ê.dC�½Â�µ

X(s) =

∫ +∞

−∞
x(t)e−stdt

{¡.¼C�§��ógCþs´Eê§äks = σ + jω�/ª"

w,�s = jω�§þª=�&Òx(t)�Fp�C�"
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9.1 .Ê.dC�

...ÊÊÊ...dddCCC���ÚÚÚFFFppp���CCC������mmm���'''XXX

é���s(s = σ + jω)5`§þª�U��µ

X(σ + jω) =

∫ +∞

−∞
x(t)e−(σ+jω)tdt =

∫ +∞

−∞
[x(t)e−σt]e−jωtdt

¤±.¼C�´F¼C��í2"x(t)�.¼C��±w¤§¦±��
¢�ê&Òe−σt��F¼C�"

��kÜ·�σ§Ò�±¦Nõ�5F¼C�ØÂñ�¼ê§3Ú
\e−σt�÷vÂñ^�"¤±.¼C��Âñ5�'F¼C��Âñ5
r§ù�´�Ù�?Ø.¼C��Ì��Ï��"

~1µ�	&Òx(t) = e−atu(t)�.¼C�9Âñ�"

X(s) =

∫ +∞

−∞
e−atu(t)e−stdt =

∫ +∞

0
e−(s+a)tdt = −e

−(s+a)t

s+ a

∣∣∣∣+∞
0

�k<{s} > −a�§È©Âñ"
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9.1 .Ê.dC�

VVV>>>...¼¼¼CCC������«««~~~

e−atu(t)↔ 1

s+ a
, <{s} > −a

�a > 0�§x(t)�Fp�C��3

X(jω) =

∫ ∞
0

e−ate−jωtdt =
1

a+ jω
(a > 0)

w,§3a > 0�§.¼C�Âñ�«�£<{s} > −a¤�)
σ =
0£=jω¶¤"

'�X(s)ÚX(jω)§w,kX(s)|s=jω = X(jω)"

�a = 0�§x(t) = e−atu(t) = u(t)§��

u(t)↔ 1

s
<{s} > 0

~2µx(t) = −e−atu(−t)

X(s) =

∫ +∞

−∞
−e−atu(−t)e−stdt = e−(s+a)t

s+ a

∣∣∣∣0
−∞

=
1

s+ a
, <{s} < −a
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9.1 .Ê.dC�

ÂÂÂñññ���( Region of Convergence )���VVVggg

'�þ¡ü�~f§ü�ØÓ&Ò.¼C���êL«ª�Ó§«
O=3uÂñ�ØÓ"

1 .¼C��Fp�C����3Âñ¯K"¿�?Û&Ò�.¼C
�Ñ�3§�Ø´s²¡þ�?ÛEêÑU¦.¼C�Âñ"

2 ¦.¼C�È©Âñ�@
Eês�8Ü§¡�.¼C��Âñ
�".¼C��Âñ�ROC£Region of Convergence¤é.¼C�
´�~��Vg"

3 ØÓ�&Ò�U¬k���Ó�.¼C�L�ª§�´§��Âñ
�ØÓ"

4 �k.¼C��L�ªëÓ�A�Âñ�§âUÚ&Òïá��é
A�'X"¤±�Ñ��&Ò�.¼C��§�Ó��Ñ�êL�
ªÚÂñ�"

5 XJ.¼C��ROC�¹jω¶§KkX(jω) = X(s)|s=jω
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9.1 .Ê.dC�

ÂÂÂñññ���( Region of Convergence )���VVVggg

~3µx(t) = e−tu(t) + e−2tu(t)

X(s) =

∫ +∞

0
e−te−stdt+

∫ +∞

0
e−2te−stdt

e−tu(t)↔ 1

s+ 1
, <{s} > −1

e−2tu(t)↔ 1

s+ 2
, <{s} > −2

X(s) =
1

s+ 1
+

1

s+ 2
=

2s+ 3

s2 + 3s+ 2
, <{s} > −1

��µ.¼C��Âñ�´��Âñ��ú
�Ü©"ROCo´±²1ujω¶�����>.
�§ROC�>.o´��©1���éA�"
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9.1 .Ê.dC�

...¼¼¼CCC������"""444:::ããã

eX(s)´kn¼ê

X(s) =
N(s)

D(s)
=M

∏
i
(s− βi)∏

i
(s− αi)

©fõ�ª��¡�":¶©1õ�ª��¡�4:"

òX(s)��Ü":Ú4:L«3s²¡þ§Ò�¤
"4:ã""
4:ã9ÙÂñ��±L«��X(s)§�õ�ý¢�X(s)����~
êÏfM"Ïd§"4:ã´.¼C��ã«�{"

X(s) =
2s+ 3

s2 + 3s+ 2
= 2

s+ 3/2

(s+ 1)(s+ 2)
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9.2 .Ê.dC��Âñ�

...ÊÊÊ...dddCCC���ÂÂÂñññ������555���

d~f�±wÑ§eX(s)�3§KÙÂñ�>.� �´
dX(s)�4:û½�"�«a.�&Ò§Ù.¼C��ROCäk�

ÊH�A�µ

5�1µROCds²¡þ²1ujω¶��G«�|¤"

`²µû½x(t)e−σt´Ä�È��´s�¢Ü§�s�JÜÃ'"
duROC��ûus�¢Ü§ÏdROC�>.7,²1ujω¶"

5�2µkn.¼C��ROCSØ�¹?Û4:"

`²µXJ3ROCSk��4:§KX(s)3T:�Ã¡�§.¼C
��È©3T:ÒØ�UÂñ"

5�3µXJ&Òx(t)´���§¿�´ýé�È�§KÙROC´�
�s²¡"

`²µ�x(t)´[t1, t2]þ���&Ò§du§´ýé�È�§¤±
kµ

∫ t2
t1
|x(t)| dt <∞
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9.2 .Ê.dC��Âñ�

...ÊÊÊ...dddCCC���ÂÂÂñññ������555���

é?¿�skµ

X(s) =

∫ t2

t1

x(t)e−stdt =

∫ t2

t1

x(t)e−σte−jωtdt σ = <{s}

3k�±YÏ[t1, t2]S§

XJσ < 0§K∫ t2

t1

|x(t)| e−σtdt ≤ e−σt2
∫ t2

t1

|x(t)| dt <∞

XJσ > 0§K∫ t2

t1

|x(t)| e−σtdt ≤ e−σt1
∫ t2

t1

|x(t)| dt <∞

Ïdé?¿skµ
∫ t2
t1
|x(t)| e−σtdt <∞

=3��s²¡þýé�È§X(s)3��s²¡Âñ"
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9.2 .Ê.dC��Âñ�

...ÊÊÊ...dddCCC���ÂÂÂñññ������555���

5�4µex(t)´m>&Ò§�s = σ0 + jω�.¼C��3§K
é<{s} > σ0�s§Ù.¼C���3"

`²µm>&Ò´�t < t0�§x(t) = 0�&Ò"e.¼C�és =
σ0 + jωÂñ§Kkµ∫ +∞

t0

|x(t)|e−σ0tdt <∞

XJσ1 > σ0§Kkµ∫ +∞

t0

|x(t)| e−σ1tdt =
∫ +∞

t0

|x(t)| e−σ0te−(σ1−σ0)tdt

≤ e−(σ1−σ0)t0
∫ +∞

t0

|x(t)| e−σ0tdt <∞

¤±σ1 > σ0�«�3Âñ�S"qÏ�Âñ�SØUk4:§�Âñ
��½ uX(s)��m>4:�m>"
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9.2 .Ê.dC��Âñ�

...ÊÊÊ...dddCCC���ÂÂÂñññ������555���

5�5µex(t)´�>&Ò§�s = σ0 + jω�.¼C��3§K
é<{s} < σ0�s§Ù.¼C���3"

5�6µex(t)´V>&Ò�Ù.¼C��3§@oX(s)�Âñ�
�½´ds²¡��^�G«�¤|¤"

`²µ��V>&ÒÒ´ét > 0Út < 0ÑäkÃ����&Ò"
�±À�?¿�mt0§ò§©¤���>&ÒÚ��m>&Ò"�â
A�4ÚA�5§XJx(t)�.¼C��3§ÙROC�½�ùü�ü>&
ÒROC�ú�Ü©§ù�ú�Ü©7½´���G«�"XJvkú�
Ü©§Ò¿�XV>&Òx(t)�.¼C�Ø�3"

�X(s)´kn¼ê�§ÙROCo´dX(s)�4:©��§7,÷
v±e5Æµ

m>&Ò�ROC�½´X(s)�m>4:�m>¶

�>&Ò�ROC�½´X(s)��>4:��>¶

V>&Ò�ROC�±´?¿ü��4:�m��G«�"
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9.2 .Ê.dC��Âñ�

...ÊÊÊ...dddCCC���ÂÂÂñññ���—ÞÞÞ~~~

~1µ

x(t) = e−b|t|

x(t) = e−btu(t) + ebtu(−t)

e−btu(t)↔ 1

s+ b
, <{s} > −b

ebtu(−t)↔ − 1

s− b
, <{s} < b

�b > 0�§þãROCkú�Ü©§

X(s) =
1

s+ b
− 1

s− b
− b < <{s} < b

�b < 0�§þãROCÃú�Ü©§L²X(s)Ø�3"
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9.2 .Ê.dC��Âñ�

...ÊÊÊ...dddCCC���ÂÂÂñññ���—ÞÞÞ~~~

~2µX(s) =
1

s2 + 3s+ 2
=

1

s+ 1
− 1

s+ 2

X(s)�4:µs = −1, s = −2
X(s)�±/¤n«ROCµ

1 ROCµ<{s} > −1§d�x(t)´m>&Ò¶

x(t) =
[
e−t − e−2t

]
u(t)

2 ROCµ<{s} < −2§d�x(t)´�>&Ò¶

x(t) =
[
e−2t − e−t

]
u(−t)

3 ROCµ−2 < <{s} < −1§d�x(t)´V>&Ò"

x(t) = −e−tu(−t)− e−2tu(t)

��§�â4:©ÙÚROC�A�§�±�ä&Ò�«a"
ÜïI (ÜS�Ï�Æ>&Æ�) 19Ù .Ê.dC� 2016c 6� 2F 16 / 72



9.3 .Ê.d�C�

...ÊÊÊ...ddd���CCC���(The Inverse Laplace Transform)

|^Fp�C���C�§kµ

x(t)e−σt =
1

2π

∫ +∞

−∞
X(σ + jω)ejωtdω

x(t) =
1

2π

∫ +∞

−∞
X(σ + jω)e(σ+jω)tdω

e-s = σ + jω§Kdω = 1
j ds§¤±kµ

x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

Ôn¿Âµ&Òx(t)�±©)¤

�Ã¡õ�E�Ì�X(s)
2πj �E�ê&

Òest��5|Ü"

.¼C�éµ

x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

X(s) =

∫ +∞

−∞
x(t)e−stdt
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9.3 .Ê.d�C�

...ÊÊÊ...ddd���CCC���

�X(s)´kn¼ê�§Ï~|^Ü©©ªÐm{½3ê{¦.¼�
C�"

Ü©©ªÐm{´¦.¼�C��Ì��{" äNÚ½Xeµ

1 òX(s)Ðm�Ü©©ª"
2 �âX(s)�ROC§(½z���ROC"
3 |^~^&Ò�C�é�.¼C��5�§éz��?1�C�"

~µX(s) =
1

(s+ 1)(s+ 2)

(½�U�Âñ�9¤éA&Ò�á5"

4:µs = −1, s = −2

X(s) =
1

(s+ 1)(s+ 2)
=

1

s+ 1
− 1

s+ 2
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9.3 .Ê.d�C�

...ÊÊÊ...ddd���CCC������¦¦¦{{{—ÜÜÜ©©©©©©ªªªÐÐÐmmm

m>&Ò§ROCµ<{s} > −1

1

s+ 1
,<{s} > −1⇔ e−tu(t)

− 1

s+ 2
,<{s} > −2⇔ −e−2tu(t)

∴ X(s) =
1

s+ 1
− 1

s+ 2
,<{s} > −1⇔ x(t) =

[
e−t − e−2t

]
u(t)

V>&Ò§ROCµ−2 < <{s} < −1

1

s+ 1
,<{s} < −1⇔ −e−tu(−t)

− 1

s+ 2
,<{s} > −2⇔ −e−2tu(t)
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9.3 .Ê.d�C�

...ÊÊÊ...ddd���CCC������¦¦¦{{{—ÜÜÜ©©©©©©ªªªÐÐÐmmm

X(s) =
1

s+ 1
− 1

s+ 2
,−2 < <{s} < −1⇔ x(t) = −e−tu(−t)− e−2tu(t)

�>&Ò§ROCµ<{s} < −2

1

s+ 1
,<{s} < −1⇔ −e−tu(−t)

− 1

s+ 2
,<{s} < −2⇔ e−2tu(−t)

∴ X(s) =
1

s+ 1
− 1

s+ 2
,<{s} < −2⇔ x(t) =

[
e−2t − e−t

]
u(−t)

ÜïI (ÜS�Ï�Æ>&Æ�) 19Ù .Ê.dC� 2016c 6� 2F 20 / 72



9.3 .Ê.d�C�

...ÊÊÊ...ddd���CCC������¦¦¦{{{—333êêê{{{

�X(s)´kn¼ê�§�^3ê{¦�C�µ

1 ¦ÑX(s)��Ü4:"
2 ¦ÑX(s)est3ROC �>�¤k4:?�3ê�Ú§§��¤

x(t)�ÏJÜ©"

3 ¦ÑX(s)est3ROC m>�¤k4:?�3ê�Ú§¿\KÒ§§
��¤
x(t)��ÏJÜ©"

~µX(s) =
1

(s+ 1)(s+ 2)
,ROC:− 2 < <{s} < −1

X(s)�4:s1 = −1 uROC�m>§s2 = −2 uROC��>"

x(t) = −Res[X(s)est, s1] + Res[X(s)est, s2]

= − 1

s+ 2
est |s=−1u(−t) +

1

s+ 1
est |s=−2 u(t)

= −e−tu(−t)− e−2tu(t)
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9.4 d"4:ãéFp�C�?1AÛ¦�

ddd"""444:::ãããéééFFFppp���CCC���AAAÛÛÛ¦¦¦���

�±^"4:ãL«X(s)�A�"�ROC�)jω¶�§±s = jω�
\X(s)§Ò�±��X(jω)"±d�Ä:�±^AÛ¦���{l"4
:ã¦�X(jω)�A5"ù3½5©ÛXÚªÇA5�ké�^?"

EêÚ²¡þ�¥þ´��éA�"

1. ü":�¹µX(s) = s− a§":s = a§�¦Ñs = s1��X(s1)"

Eês1Úa�±©Ow�²¡þ�
¥þs1Úa"
�âX(s1) = s1 − a§EêX(s1)é
A�¥þ=�þãü�¥þ��¥
þs1 − a§¡��":¥þ"":¥
þ��£�Ý¤|s1−a|éA|X(s1)|§
Ì�=�]X(s1)"
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9.4 d"4:ãéFp�C�?1AÛ¦�

ddd"""444:::ãããéééFFFppp���CCC���AAAÛÛÛ¦¦¦���

2. ü4:�¹µ4:s = a

X(s) =
1

s− a

|X(s1)| =
1

|s1 − a|
]X(s1) = −](s1 − a)

��d4:�:s1�¥þ§¡��4:¥þ"4:¥þ�Ý£�¤
��ê�|X(s1)|§K�Ì��]X(s1)"

3. ���¹µékn¼ê/ª�X(s)

X(s) =
N(s)

D(s)
=M

∏
i
(s− βi)∏

i
(s− αi)
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9.4 d"4:ãéFp�C�?1AÛ¦�

ddd"""444:::ãããéééFFFppp���CCC���AAAÛÛÛ¦¦¦���

Ïdkµ

X(s1) =M

∏
i
(s1 − βi)∏

i
(s1 − αi)

⇒


|X(s1)| = |M |

∏
i
|s1−βi|∏

i
|s1−αi|

]X(s1) =
∑
i
] (s1 − βi)−

∑
i
] (s1 − αi)

=µl¤k":�s1:�":¥þ§l¤k4:�s1:�4:¥þ"
¤k":¥þ��Ý�È�M�Ø±¤k4:¥þ��Ý�È=
�|X(s1)|"¤k":¥þ�Ì��Ú~�¤k4:¥þ�Ì��Ú
=�]X(s1)§XJ'~ÏfM´K�§K�Ak��N\���π"

�s1��jω¶þ�:�§=�Fp�C��AÛ¦�"�
�s13jω¶þ£Ä�¤k"!4:¥þ��ÝÚÌ��Cz§=�
�ÑX(jω)�ÌªA5Ú�ªA5"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.1 ��XÚ

ddd"""444:::ãããLLL«««������XXXÚÚÚ

τ
dy(t)

dt
+ y(t) = x(t)

h(t) =
1

τ
e−

t
τ u(t),

H(s) =
1/τ

s+ (1/τ)
,<[s] > −1

τ

|H(jω)|3ω = 0�����§Ï�d�
4:�þ�á"
�XωO\§|H(jω)|üNeü"
ω = 1

τ�§eü�����
1√
2
"

τ��m~ê§τ��§4:l�I�:
��§XÚ�3dB�°�°"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.1 ��XÚ

ddd"""444:::ãããLLL«««������XXXÚÚÚ

� A5µ�ω = 0�§]H(jω) = 0
�XωO\§]H(jω)ª�u−π/2"
�Xω~�§]H(jω)ª�uπ/2"
ω = 1/τ�§]H(jω) = −π/4"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.2 ��XÚ

ddd"""444:::ãããLLL«««������XXXÚÚÚ

d2y(t)

dt2
+ 2ζωn

dy(t)

dt
+ ω2

ny(t) = ω2
nx(t)

s2Y (s) + 2ζωnsY (s) + ω2
nY (s) = ω2

nX (s)

H(s) =
Y (s)

X (s)
=

ω2
n

s2 + 2ζωns+ ω2
n

=
ω2
n

(s− c1) (s− c2)

c1,2 =
−2ζωn ±

√
4ζ2ω2

n − 4ω2
n

2
= −ζωn ± ωn

√
ζ2 − 1

h(t) =M
(
ec1t − ec2t

)
u(t),M =

ωn

2
√
ζ2 − 1
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.2 ��XÚ

ddd"""444:::ãããLLL«««������XXXÚÚÚ
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.2 ��XÚ

ddd"""444:::ãããLLL«««������XXXÚÚÚ

�ζ > 1�§H(s)kü�K�
¢ê4:§d�XÚ?uL{ZG
�"c1åÌ��^"�Xζ ↓, ü4
:��£Ä§�−ζωn?� "

�ζ = 1�§ü4:Üu−ωn?§¤���4:"XÚ?u�.
{ZG�"

ζ?�Ú~�§K��4:©���ÝEê4:§��ζ�~�Å
Ú�Cjω¶"4:$Ä�;,—�;,´���»�ωn��±"

d�XÚ?uj{ZG�§�Xω ↑§ u12���4:¥þ'
13 ���4:¥þ�á§Ïd§éXÚA5�K���£�¡�Ì4
:¤"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.2 ��XÚ

ddd"""444:::ãããLLL«««������XXXÚÚÚ

�ζ < 1/
√
2�§duT4:¥þC�éá§Ï¬¦H(jω)Ñy¸

�"Ù¸: uωn
√

1− ζ2NC§¸��

|H(jω)|max =
1

2ζ
√

1− ζ2

3ζ < 1/
√
2�§e@�Ì4:¥þ

O�
√
2��§éA�ªÇ´XÚ�°�

��ªÇ§K�±Cq(½d��XÚ
�°��2ζωn"
�ζ = 0�§ü4:©O ujω¶þ�±jωn?§d�XÚ?uÃ{

ZG�"

XÚ�� A5��±l"4:ã��"d�§�I�	�Ä:
÷jω¶£Ä�¤k4:¥þÚ¤k":¥þ�Ì�Cz§^¤k":
¥þ�Ì��Ú~�¤k4:¥þ�Ì��Ú§=���XÚ�� A
5"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.3 �ÏXÚ

ddd"""444:::ãããLLL«««���ÏÏÏXXXÚÚÚ

�	"4:é¡©Ù���XÚH(s) = s−a
s+a"

TXÚ�|H(jω)|3?Û�ÿÑ�u1§¤±¡
��ÏXÚ"
Ù� A5]H(jω) = θ1 − (π − θ1) = 2θ1 − π
�ÏXÚ�"4:©Ù¥o�é¡A�"�Ï
XÚ�2�^uéXÚ?1� þï"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.3 �ÏXÚ

ddd"""444:::ãããLLL«««���������   XXXÚÚÚ

�	ü�XÚ§§��4:�Ó§":
©Ù'ujω¶é¡"Ù¥��XÚ�":þ
3��²¡§,��XÚ�":þ3m�²
¡"

w,ùü�XÚ�ÌªA5´�Ó�"
�":3��²¡�XÚÙ� o�u":
3m�²¡�XÚ"Ïdò"4:þ u�
�²¡�XÚ¡���� XÚ"

ó§A^¥�O��«ªÇÀJ5ÈÅ
ì§XµButterworth!Chebyshev!CauerÈ
ÅìÑ´��� XÚ"
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9.4 d"4:ãéFp�C�?1AÛ¦� 9.4.3 �ÏXÚ

ddd"""444:::ãããLLL«««���������   XXXÚÚÚ

l��þùXÚ�A5´dXÚ�"!4:©Ùû½�"éXÚ?
1`z�O§¢�þÒ´`zÙ"!4:� �"

�ó§A^¥�¦¢y������ XÚ�§Ï~æ^ò���
�� XÚÚ���ÏXÚ?é5¢y"
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9.5 .Ê.dC��5� 9.5.1 �5

...ÊÊÊ...dddCCC������555���—���555

1. �55�

if x1(t)↔ X1(s), ROC = R1; x2(t)↔ X2(s), ROC = R2

then ax1(t) + bx2(t)↔ aX1(s) + bX2(s), ROC�¹R1 ∩R2

XJü�ROC��´�8§KL²&Ò�5|Ü�.¼C�Ø�3"

�aX1(s) + bX2(s)L§¥u)"4:�-���¹�§Âñ�Ò�
UØ==´ü�ROC��§k�U*�"

~µ®�

x1(t)↔ X1(s) =
1

s
, <{s} > 0; x2(t)↔ X2(s) =

1

s(s+ 1)
, <{s} > 0

Kx(t) = x1(t)− x2(t)�.¼C��µ

X(s) =
1

s
− 1

s(s+ 1)
=

s

s(s+ 1)
=

1

s+ 1
, <{s} > −1
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9.5 .Ê.dC��5� 9.5.2-3 ²£

...ÊÊÊ...dddCCC������555���—²²²£££

2. ��²£5�µ
XJµx(t)↔ X(s), ROC = R
Kµx(t− t0)↔ e−st0X(s), ROC = R
Eª�¦±�êÏf¿ØUCX(s)�
4:§�ROCØC"

3. Eª�²£5�µ
XJµx(t)↔ X(s), ROC = R
Kµx(t)es0t ↔ X(s− s0)
ROC : R1 = R+ <{s0}
Âñ�²£��<{s0}

~µ¦Ý/óÀ&Òx(t) = u(t+ T )− u(t− T )�.¼C�"
)µ|^��²£5�§k

u(t+ T )↔ 1

s
eTs,<{s} > 0; u(t− T )↔ 1

s
e−Ts,<{s} > 0

2d�55���µX(s) =
1

s
(eTs − e−Ts)

ROC���s²¡"£"4:��§ROC*�¤
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9.5 .Ê.dC��5� 9.5.4 ��ºÝC�

...ÊÊÊ...dddCCC������555���—������ºººÝÝÝCCC���

4. ��ºÝC�5�

if x(t)↔ X(s), ROC = R

then x(at)↔ 1

|a|
X
(s
a

)
, ROC : R1 = aR

A~µ�=C�x(−t)↔ X(−s), ROC = −R

~µ®�x(t)↔ X(s), ROC = R§¦&Òx(at− b)�.¼C�"
�{1µk��²£§�
x(t− b)↔ X(s)e−bs, ROC = R
2ºÝC�§�

�{2µkºÝC�§�
x(at)↔ 1

|a|X( sa), ROC = aR

2��²£§�

x(at− b) = 1

|a|
X
(s
a

)
e−

b
a
s, ROC = aR
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9.5 .Ê.dC��5� 9.5.5 �Ý

...ÊÊÊ...dddCCC������555���—���ÝÝÝ

5. �Ý5�µ

ex(t)↔ X(s), ROC = R

Kx∗(t)↔ X∗(s∗), ROC = R

�x(t)�¢&Ò�§kµx∗(t) = x(t)

∴ X(s) = X∗(s∗)½X∗(s) = X(s∗)

dd��±e�(Øµ

XJx(t)´¢&Ò§�X(s)3s0k4:£½":¤§KX(s)�½
3s∗0�k4:£½":¤"ùL²µ¢&Ò�.¼C�ÙEê"!4:
7�Ý¤éÑy"
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9.5 .Ê.dC��5� 9.5.6 òÈ

...ÊÊÊ...dddCCC������555���—òòòÈÈÈ555���

6. òÈ5�µ

if x1(t)↔ X1(s), ROC = R1

x2(t)↔ X2(s), ROC = R2

then x1(t) ∗ x2(t)↔ X1(s)X2(s), ROC�¹R1 ∩R2

òÈA5´LTIXÚEª�©Û�nØÄ:"

X1(s) =
1

s+ 1
, ROC : R1 = σ > −1

X2(s) =
s+ 1

(s+ 2) (s+ 3)
, ROC : R2 = σ > −2

w,k:R1 ∩R2 = σ > −1

X1(s)X2(s) =
1

(s+ 2) (s+ 3)
, σ > −2

Âñ�*�"�Ï
´X1(s)�X2(s)�¦
�§u)
"4:
�-��y�"�
�-��4:TÐ
3ROC�>.þ�§
Ò¬¦Âñ�*�"
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9.5 .Ê.dC��5� 9.5.7-8 ���©Ús��©

...ÊÊÊ...dddCCC������555���—���������©©©

7. ���©5�µ

if x(t)↔ X(s), ROC = R

then
d

dt
x(t)↔ sX(s), ROC�¹R

�X(s)3s = 0k��4:§�T4: uROC>.þ�§dus�Ú\
ò��T4:§l¦ROC*�"

8. s��©5�µ

if x(t)↔ X(s), ROC = R

then − tx(t)↔ d

ds
X(s), ROC = R

ù�5��d.¼C�ªü>Ó�és�©��"
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9.5 .Ê.dC��5� 9.5.7-8 ���©Ús��©

...ÊÊÊ...dddCCC������555���—EEEªªª������©©©ÞÞÞ~~~

~µ¦e�X(s)�x(t)

X(s) =
1

(s+ a)2
, ROC : σ > −a

∵
1

(s+ a)2
= − d

ds
(

1

s+ a
)

∴ x(t) = te−atu(t)

~µx(t) = tnu(t)

tu(t)↔ − d

ds
U(s) =

1

s2
, <{s} > 0

E¦^Eª��©5�§��

tnu(t)↔ n!

sn+1
, <{s} > 0
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9.5 .Ê.dC��5� 9.5.9 ��È©

...ÊÊÊ...dddCCC������555���—������ÈÈÈ©©©

9. ��È©5�µ

if x(t)↔ X(s), ROC = R

then

∫ t

−∞
x(τ)dτ ↔ 1

s
X(s), ROC�¹R ∩ (<{s} > 0)

�dòÈ5�5y²µ∫ t

−∞
x(τ)dτ =

∫ +∞

−∞
x(τ)u(t− τ)dτ = x(t) ∗ u(t)

u(t)↔ U(s) =
1

s
, <{s} > 0

x(t) ∗ u(t)↔ X(s)U(s) =
1

s
X(s),ROC�¹R ∩ (<{s} > 0)

���©ÚÈ©5�L²&Ò3��?1�©½È©§��u3E
ª�é§¦±½Ø±ECþs"�âd5��±ò����©½È©$
�=C�Eª���ê$�"ù3LTIXÚ©Û¥�©k^"
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9.5 .Ê.dC��5� 9.5.10 Ð��ª�½n

...ÊÊÊ...dddCCC������555���—ÐÐÐ���½½½nnn

10. Ð�½nµ

eÏJ&Òx(t)�.¼C��X(s)§� lim
s→∞

sX(s)�3§K

x(0+) = lim
s→∞

sX(s)

y²µòx(t)3t = 0+?Ðm��V?êx(t) =
+∞∑
n=0

1
n! t

nx(n)(0+)

ü>?1.¼C�§�Ä�ÏJ5§�

X(s) =
1

s
x(0+) +

+∞∑
n=1

1

sn+1
x(n)(0+)

∴ lim
s→+∞

sX(s) = x(0+) + lim
s→+∞

+∞∑
n=1

1

sn
x(n)(0+)

¤±x(0+) = lims→∞ sX(s)
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9.5 .Ê.dC��5� 9.5.10 Ð��ª�½n

...ÊÊÊ...dddCCC������555���—ªªª���½½½nnn

11. ª�½nµ

eÏJ&Òx(t)�.¼C��X(s)§�X(s)Ø
3s = 0�±k
��4:	§Ù{4:þ3s²¡���²¡"K

lim
t→+∞

x(t) = lim
s→0

sX(s)

y²µXJx(t)�ª��3§|^x(t)�ÏJ5§k∫ +∞

0−

d

dt
x(t)e−stdt = x(t)e−st

∣∣∣+∞
0−

+

∫ +∞

0−
sx(t)e−stdt = sX(s)−x(0−)

�s→ 0§

lim
s→0

∫ +∞

0−

d

dt
x(t)e−stdt =

∫ +∞

0−

d

dt
x(t)dt = lim

s→0
sX(s)− x(0−)

þª�>È©�µlimt→+∞ x(t)− x(0−) = lims→0 sX(s)− x(0−)
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9.5 .Ê.dC��5� 9.5.10 Ð��ª�½n

444:::333s²²²¡¡¡���©©©ÙÙÙ���ªªª������'''XXX

A^ª�½n¦&Ò3��¥�ª��§7L�yª��3"ù�
^�ÒNy�3Eª�¥X(s)�4:Ñ7L3s²¡���²¡§�:
?�Uk��4:"
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9.6 ~^&Ò�.Ê.dC�

~~~^̂̂&&&ÒÒÒ���...ÊÊÊ...dddCCC���

x(t) = −u(−t)

u(t)↔ U(s) =
1

s
,<{s} > 0

X(s) = −U(−s) = 1

s
,<{s} < 0

ºÝC�5�

x(t) = e−atu(t)

X(s) = U(s+ a)

=
1

s+ a
, <{s} > −a

Eª�²£5�

x(t) = −e−atu(−t)

X(s) = −U(−s− a) = 1

s+ a
, <{s} < −a

Eª�²£!ºÝC�
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9.6 ~^&Ò�.Ê.dC�

~~~^̂̂&&&ÒÒÒ���...ÊÊÊ...dddCCC���

ó&Òx(t) = e−a|t| = e−atu(t) + eatu(−t), a > 0§dþ�(J��µ

X(s) =
1

s+ a
− 1

s− a
=
−2a
s2 − a2

, −a < <{s} < a

Û&Òx(t) = e−atu(t)− eatu(−t), a > 0

X(s) =
1

s+ a
+

1

s− a
=

2s

s2 − a2
, −a < <{s} < a

é.¼C�kµ ó&Ò⇔ó¼ê¶Û&Ò⇔Û¼ê"

x(t) = [cos(ωct)]u(t)

cos(ωct) =
1

2
(ejωct + e−jωct)

X(s) =
1/2

s− jωc
+

1/2

s+ jωc
=

s

s2 + ω2
c

, <{s} > 0

|^Eª�
²£5�Ú
�55�"
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9.6 ~^&Ò�.Ê.dC�

~~~^̂̂&&&ÒÒÒ���...ÊÊÊ...dddCCC���

x(t) =
[
e−at cos(ωct)

]
u(t)

X(s) =
s+ a

(s+ a)2 + ω2
c

, <{s} > −a

3c�(JÄ:þ2g|^Eª�²£5�"

x(t) =
1

(n− 1)!
tn−1e−atu(t)

X(s) =
1

(s+ a)n
, <{s} > −a

�a = 0�§k

1

(n− 1)!
tn−1u(t)↔ 1

sn
, <{s} > 0

�EA^ª��©5�µ

e−atu(t)↔ 1

s+ a
,<{s} > −a

te−atu(t)↔ − d

ds
(

1

s+ a
) =

1

(s+ a)
2

<{s} > −a
t2

2
e−atu(t)↔ 1

(s+ a)
3 ,<{s} > −a
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9.7 ^.Ê.dC�©Û�L�LTIXÚ

XXXÚÚÚ¼¼¼êêê���VVVggg

±òÈA5�Ä:§�±ïáLTIXÚ�.¼C�©Û�{§=

y(t) = x(t) ∗ h(t) ⇒ Y (s) = X(s)H(s)

Ù¥H(s)´h(t)�.¼C�§¡�XÚ¼ê½=£¼ê!D4¼ê"

XJY (s)�ROC�)jω¶§KX(s)ÚH(s)�ROC7½�)jω¶§
±jω�\§=k

Y (jω) = X(jω) ·H(jω)

ùÒ´LTIXÚ�Fp�©Û"H(jω)=´XÚ�ªÇ�A"

ù
�{�¤±¤á����Ï3uE�ê¼ê´��LTIXÚ
�A�¼ê"�±ejωt�Ä.©)&Ò�§LTIXÚéÑ\&Ò��A
Ò´X(jω) · H(jω)"±est�Ä.©)&Ò�§XÚ�ÑÑ�AÒ
´X(s) ·H(s)"

H(s)ëÓ�A�ROC�U��£ã��LTIXÚ"XÚ�Nõ�
A53H(s)9ÙROC¥�½käN�Ny"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.1 ÏJ5

^̂̂XXXÚÚÚ¼¼¼êêêLLL���LTIXXXÚÚÚ—ÏÏÏJJJ555

XJt < 0�h(t) = 0§K¡XÚ´ÏJ�"XJt > 0�h(t) = 0§
K¡XÚ´�ÏJ�"

Ïd§ÏJXÚ�h(t)´m>&Ò§ÙH(s)�ROC73�m>4:
�m>"du�ÏJXÚ�h(t)´�>&Ò§H(s)�ROC73��>4
:��>"

ATrN�Ñ§dROC�A�§�L5¿ØU�½XÚ´ÄÏ
J"ROC3�m>4:�m>¿Ø�½XÚÏJ"

~Xµ

h (t) = e−(t+1)u (t+ 1) ⇔ H (s) =
es

s+ 1
, <{s} > −1

ÒØ´ÏJ�"¤±�k�H(s)´kn¼ê�§_·Kâ¤á"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.2 ½5

^̂̂XXXÚÚÚ¼¼¼êêêLLL���LTIXXXÚÚÚ—½½½555

XJXÚ½§Kk∫ ∞
−∞
|h(t)| dt <∞

ÏdH(jω)7�3"¿�XH(s)�ROC7,�)jω¶"

nÜ±þü:§�±��µÏJ½XÚ�H(s)§Ù�Ü4:7L
 us²¡���>"

~1µ,XÚ�h(t) = e−tu(t) + e−2tu(t) w,TXÚ´ÏJ�§(
½XÚ�½5"

H(s) =
1

s+ 1
+

1

s+ 2
=

2s+ 3

s2 + 3s+ 2
, ROC : <{s} > −1

w,§ROC3�m>4:�m>"Ï�ROC�)jω¶§¤±XÚ´½
�"H(s)��Ü4:Ñ3s²¡���>"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.2 ½5

^̂̂XXXÚÚÚ¼¼¼êêêLLL���LTIXXXÚÚÚ—«««~~~

~2µH(s) =
es

s+ 1
,<{s} > −1

H(s)�ROC3�m>4:�m>§�h(t) = e−(t+1)u(t + 1)§¤±
XÚ´�ÏJ�"ù´Ï�H(s)´�kn¼ê"éXÚ

H(s) =
e−s

s+ 1
,<{s} > −1

H(s)E´�kn¼ê§ROC3�m>4:�m>§�duh(t) =
e−(t−1)u(t− 1)§¤±XÚ´ÏJ�"

1 XJLTIXÚ�XÚ¼ê´kn¼ê§��Ü4: us²¡���
²¡£ROC´�)jω¶�m�²¡¤§KXÚ´ÏJ!½�"

2 XJLTIXÚ´½�§KXÚ¼ê�ROC7,�)jω¶"
3 XJLTIXÚ�XÚ¼ê´kn¼ê§�XÚÏJ§KXÚ¼ê
�ROC3�m>4:�m>"eXÚ�ÏJ§KXÚ¼ê�ROC3
��>4:��>"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêêOOO���—dddLCCDE£££ããã���XXXÚÚÚ

1. d�5~Xê�©�§¤£ã�LTIXÚµ

N∑
k=0

ak
dky(t)

dtk
=

M∑
k=0

bk
dkx(t)

dtk

ü>?1.¼C�§k
N∑
k=0

aks
kY (s) =

M∑
k=0

bks
kX(s)

H(s) =
Y (s)

X(s)
=

M∑
k=0

bks
k

N∑
k=0

aksk
⇒ ´��'us�kn¼ê

d�§�Ñ�H(s)§¿vkéROC\±�å§�©�§��Ø´X
Ú���£ã"XJÓ��ÑXÚ�ÏJ5½½5§@Ò�±��£
ã��XÚ"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêêOOO���—ddd"""444:::ããã£££ããã���XXXÚÚÚ

XJLCCDEäk�|�Ü�"�Ð©^�§½ö`LCCDE£ã�
XÚ´ÏJ�§KH(s)�ROC7��m>4:�m>¶

XJ®�LCCDE£ã�XÚ´½�§KH(s)�ROC7½�
¹jω¶¶

2. d"4:ã¤£ã�XÚµ

®���knXÚ¼ê�"4:ãÚÂñ�§�d"4:©Ù�
ÑH(s)§�õ���~êÏf"eH(0)®�§KT~ê�±(½"

~µ,ëY�mLTIÏJXÚ�"4:ãXã¤«§dã��Ñ

H(s) = H0
s+ 3/2

(s+ 1)(s+ 2)

e®�H(0) = 1§��H0 = 4/3
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêêOOO���—ddd���µµµããã£££ããã���XXXÚÚÚ

u´µ

H(s) =
4
3s+ 2

(s+ 1)(s+ 2)
=

2
3

s+ 1
+

2
3

s+ 2
ROC : <{s} > −1

3. d�µã£ã�XÚµ

�µã�~Xê�©�§´�±p�=��§��±��d�µã
�ÑH(s)§,��âXÚ�ÏJ!½5(½ROC"

~µ®�ã«XÚ´ÏJ�§¦XÚ¼ê"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.3 d�5~Xê�©�§L��LTIXÚ

XXXÚÚÚ¼¼¼êêêOOO���—ddd���µµµããã£££ããã���XXXÚÚÚ

)µdã�±�ÑXe�§|µ

Y (s) = −3Y1(s) + 2sY1(s) + s2Y1(s)
s2Y1(s) = X(s)− 5sY1(s)− 6Y1(s)

��Y1(s))�XÚ¼ê�µ

H(s) =
Y (s)

X(s)
=
s2 + 2s− 3

s2 + 5s+ 6
<{s} > −2

ÏJXÚ�ROC´�m>4:�m>"

éud�µã£ã�XÚ§Ï~o´©Oé\{ì�ÑÑà���
§",��{��¤��¥mCþ§����Ñ\)ÑÑ�§§?�
�ÑXÚ¼ê"
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.5 nA»[ÈÅì

ButterworthÈÈÈÅÅÅììì

Ï~ButterworthÈÅì�A5dªÇ�A��²�¼ê�Ñ"
éN�Butterworth$ÏÈÅìkµ

|B(jω)|2 = 1

1 + (ω/ωc)
2N

du|B(jω)|2 = B(jω)B∗(jω)�ButterworthÈÅì´¢ÈÅì§¤±

B∗(jω) = B(−jω)

ò|B(jω)|2¼êÿÐ���S²¡kµ

B(s)B(−s) = 1

1 + (s/jωc)
2N

sk = (−1)
1

2N (jωc) = |sk| ej∠sk
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9.7 ^.Ê.dC�©Û�L�LTIXÚ 9.7.5 nA»[ÈÅì

ButterworthÈÈÈÅÅÅììì

4:©Ù�A�µ
2N�4:�m�þ!©Ù3�»�ωc�
�±þ"

jω¶þØ¬k4:"�N�Ûê�3¢¶
þk4:§N�óê�¢¶þÃ4:"

��ü4:�m��Ý��π/N"

4:©Ùo´'u�:é¡�"

du�¢y�ÈÅìAT´ÏJ½X
Ú§Ïd u��²¡�N�4:�½´á
uB(s)�"âd§(½ÑB(s)�§�Ò�±n
ÜÑ��ButterworthÈÅì"
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9.8 XÚ¼ê��êá5��µãL« 9.8.1 LTIXÚpé�XÚ¼ê

LTIXXXÚÚÚpppééé���XXXÚÚÚ¼¼¼êêê

?éµ

H(s) = H1(s)H2(s) ROC:�)R1 ∩R2

¿éµ

H(s) = H1(s) +H2(s) ROC:�)R1 ∩R2

�"é(µ

X1(s) = X(s)−G(s)Y (s)

Y (s) = X1(s)H1(s)

= [X(s)−G(s)Y (s)]H1(s)

H(s) =
Y (s)

X(s)
=

H1(s)

1 +G(s)H1(s)
ROC:�)R1 ∩R2
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9.8 XÚ¼ê��êá5��µãL« 9.8.2 d�©�§ÚknXÚ¼ê£ã�ÏJLTIXÚ��µãL«

LTIXXXÚÚÚ���???ééé...(((���

LTIXÚ�±dLCCDE5£ã"

N∑
k=0

ak
dky(t)

dtk
=

N∑
k=0

bk
dkx(t)

dtk

éÙ?1.¼C�kµ

N∑
k=0

aks
kY (s) =

N∑
k=0

bks
kX(s)

H(s) =
Y (s)

X(s)
=

N∑
k=0

bks
k

N∑
k=0

aksk
=
N(s)

D(s)

H(s)´��kn¼ê"

òH(s)�©fÚ©1õ�ªÏª©)

H(s) =
bN
aN
·

P∏
k=1

(
s2 + β1ks+ β0k

)
Q∏
k=1

(s2 + α1ks+ α0k)

·

N−2P∏
k=1

(s+ λk)

N−2Q∏
k=1

(s+ γk)
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9.8 XÚ¼ê��êá5��µãL« 9.8.2 d�©�§ÚknXÚ¼ê£ã�ÏJLTIXÚ��µãL«

LTIXXXÚÚÚ���???ééé...(((���

ùL²µ��N��LTIXÚ�±©)�eZ���XÚÚ��X
Ú�?é"3N�óê�§�±�Ü|Ü¤��XÚ�?é/ª"

H(s) =
bN
aN
·
N/2∏
k=1

Hk(s) Ù¥ Hk(s) =
s2 + β1ks+ β0k
s2 + α1ks+ α0k

XJN�Ûê§Kk����XÚÑy"
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9.8 XÚ¼ê��êá5��µãL« 9.8.2 d�©�§ÚknXÚ¼ê£ã�ÏJLTIXÚ��µãL«

LTIXXXÚÚÚ���¿¿¿ééé...(((���

òH(s)Ðm�Ü©©ª£b½H(s)�©f�êØpu©1�ê§
¤k4:Ñ´ü��¤§Kkµ

H(s) =
bN
aN

+

N∑
k=1

Ak
s+ γk

ò�Ý¤é�Eê4:¤éA�ü�Ü¿:

H(s) =
bN
aN

+

Q∑
k=1

β1ks+ β0k
s2 + α1ks+ α0k

+

N−2Q∑
k=1

Ak
s+ γk

�N�óê�

H(s) =
bN
aN

+

N/2∑
k=1

Hk(s)
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9.8 XÚ¼ê��êá5��µãL« 9.8.2 d�©�§ÚknXÚ¼ê£ã�ÏJLTIXÚ��µãL«

LTIXXXÚÚÚ���¿¿¿ééé...(((���

N�óê�q�ò?¿ü����Ü¿����§dd��ÑXÚ
�¿é(�µ
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9.9 ü>.Ê.dC�

üüü>>>...ÊÊÊ...dddCCC���(The Unilateral Laplace Transform)

3�9.¼C���õê¢S¯K¥§&Ò  ´k©&Ò§�å
©����m�I��:"ù�.¼C����µ

X(s) =

∫ +∞

0
x(t)e−stdt

þª=�&Ò�ü>.¼C�§ÙÈ©e��±�0+½0−§��
�3t = 0?kÀ-¼ê9Ù�ê��¹�§��0−§Ù§�¹Ø7«
©"

¢Sþ&Òx(t)�ü>.¼C�Ò´&Òx(t)u(t)�V>.¼C�§
¤±kµ

x(t)u(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds

ü>.¼C��V>.¼C��«O=3uÈ©e�"
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9.9 ü>.Ê.dC�

üüü>>>...ÊÊÊ...dddCCC������VVV>>>...ÊÊÊ...dddCCC���

1 ü>.¼C�´V>.¼C��A~§=µÏJ&Ò�V>.¼C
�"

2 eü�&Ò3t > 0��Ó§3t < 0�ØÓ§Ò¬k�Ó�ü>.
¼C�ÚØÓ�V>.¼C�"

3 ROCµduü>.¼C�Ò´ÏJ&Ò�V>.¼C�§¤
±ROC�½´s²¡¥�m>4:�m>§�±Ø7AÏrN"

Ø
���©!��È©Ú�ò5�ÑkØÓ	§Ù§5�þ�V
>.¼C��Ó"Ù¥���©ÚÈ©5�é©Ûäk�"Ð©^��
XÚ£=Oþ�5XÚ¤´�©��"
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9.9 ü>.Ê.dC� 9.9.1 ü>.Ê.dC�Þ~

üüü>>>...ÊÊÊ...dddCCC���ÞÞÞ~~~

~µ x(t) = e−a(t+1)u(t+ 1)
�V>.¼C�µ

X(s) =
1

s+ a
es,<{s} > −a

�ü>.¼C�µ

X(s) =

∫ ∞
0−

e−a(t+1)e−stdt

= e−a
∫ ∞
0−

e−(s+a)tdt =
1

s+ a
e−a,<{s} > −a

X(s)�X(s)ØÓ§´Ï�x(t)3t < 0�Ü©éX(s)k�^§éX(s)v
k?Û�^¤�"
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9.9 ü>.Ê.dC� 9.9.2 ü>.Ê.dC��5�

���������©©©555���

if x(t)↔ X(s)

then
dx(t)

dt
↔ sX(s)− x(0−)

`²µdu∫ +∞

0−

dx(t)

dt
e−stdt = x(t)e−st

∣∣∣+∞
0−

+ s

∫ +∞

0−
x(t)e−stdt = sX(s)− x(0−)

¤±dx(t)
dt ↔ sX(s)− x(0−)"Ón��µ

d2x(t)

dt2
↔ s2X(s)− sx(0−)− dx(0−)

dt

dnx(t)

dtn
↔ snX(s)−

n−1∑
k=0

s(n−k−1)
dkx(0−)

dtk

ÜïI (ÜS�Ï�Æ>&Æ�) 19Ù .Ê.dC� 2016c 6� 2F 66 / 72

9.9 ü>.Ê.dC� 9.9.2 ü>.Ê.dC��5�

������ÈÈÈ©©©555���

if x(t)↔ X(s)

then

∫ t

−∞
x(τ)dτ ↔ 1

s
X(s) +

1

s

∫ 0−

−∞
x(t)dt

`²µdu∫ +∞

0−

[∫ t

−∞
x(τ)dτ

]
e−stdt =

∫ +∞

0−

[∫ 0−

−∞
x(τ)dτ +

∫ t

0−
x(τ)dτ

]
e−stdt

Ï�þª¥�
∫ 0−

−∞ x(τ)dτ�~ê§mà1����u��¼ê�.¼C

�§(J�1
s

∫ 0−

−∞ x(t)dt§1��^©ÜÈ©{§k

−1

s
e−st

∫ t

0−
x(τ)dτ

∣∣∣+∞
0−

+
1

s

∫ +∞

0−
x(t)e−stdt =

1

s
X(s)
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9.9 ü>.Ê.dC� 9.9.3 |^ü>.Ê.dC�©ÛOþ�5XÚ

üüü>>>...ÊÊÊ...dddCCC���©©©ÛÛÛOOOþþþ���555XXXÚÚÚ

éu��d�5~Xê�©�§£ã�XÚµ

�Ð©^��Ü�"�§XÚ´�5�ØC�¶

eÐ©^�Ø��"§K´��Oþ�5XÚ"

·�c¡?Ø���©Û{!ª�©Û{ÚEª�©Û{§Ñ´�
é�5XÚ?1�§ù
�{�U^5©ÛOþ�5XÚ¥�"G��
A"

ü>.Ê.dC��±^5©ÛdÐ©^�Úå�"Ñ\�A§·
^uOþ�5XÚ"
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9.9 ü>.Ê.dC� 9.9.3 |^ü>.Ê.dC�©ÛOþ�5XÚ

üüü>>>...¼¼¼CCC���©©©ÛÛÛOOOþþþ���555XXXÚÚÚ—ÞÞÞ~~~

~µ£ãXÚ��©�§�

d2y(t)

dt2
+

3

2

dy(t)

dt
+

1

2
y(t) = x(t)

Ð©^��y(0−) = 0, y′(0−) = 1§XÚ�Ñ\x(t) = u(t)§¦y(t)"

)µ�§ü>Ó��ü>.¼C�§k

s2Y(s)− sy(0−)− y′(0−) + 3

2
sY(s)− 3

2
y(0−) +

1

2
Y(s) = X(s)

�n�µ

Y(s) =
sy(0−) + y′(0−) + 3

2y(0
−)

s2 + 3
2s+

1
2

+
X(s)

s2 + 3
2s+

1
2

1��=�Ð©^�ÚXÚA5k'§ÏdéAu"Ñ\�A"1��
��Ñ\þÚXÚA5k'§ÏdéAu"G��A"
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9.9 ü>.Ê.dC� 9.9.3 |^ü>.Ê.dC�©ÛOþ�5XÚ

üüü>>>...¼¼¼CCC���©©©ÛÛÛOOOþþþ���555XXXÚÚÚ—ÞÞÞ~~~

�\Ð©^�ÚX(s) = 1/s�§kµ

Y(s) =
1

s2 + 3
2s+

1
2

+
1

s(s2 + 3
2s+

1
2)

=

(
2

s+ 1
2

− 2

s+ 1

)
+

(
2

s
− 4

s+ 1
2

+
2

s+ 1

)

?1.¼�C�§�µ

y(t) =
(
2e−

1
2
t − 2e−t

)
u(t) +

(
2− 4e−

1
2
t + 2e−t

)
u(t)

éu>´£ã�XÚ§�±�â>´�(�Ú-y§ïá>´��
©�§§,�^ü>.¼C�¦)"
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�Ù�(

���ÙÙÙ���(((

.¼C�´F¼C��í2§3LTIXÚ©Û¥AOk^"§�±
ò�©�§C��ê�§§ùé©ÛXÚpé!XÚ(�!^XÚ
¼êL�XÚ!©ÛXÚA5�Ñäk�¿Â"

ROC ´V>.¼C���Vg"lm
Âñ�ROC§&Ò�V
>.¼C��L�ªòØ2k��éA�'X"

��.¼C��AÛL«§"4:ãé©ÛXÚ�ªÇA5!"4
:©Ù�XÚA5�'Xäk�¿Â"l��þù§XÚ�A5
��´dXÚ¼ê�"4:©Ùû½�"

.¼C��Nõ5�éu3C��©ÛLTIXÚ§äk��^"

��V>.¼C��A~§ü>.¼C�AO·^u©ÛOþ�5
XÚ"
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�Ù�(

������

CH9-1µ9.6§9.8§9.10§9.21

CH9-2µ9.14§9.23§9.25§9.27

CH9-3µ9.35§9.40§9.47§9.50(a)(d)
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