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ÆS�{��zUå �zUå

JpÆS(J��zUå

�zOKéÆS�{�\
�«��ØÓ��å"
1 ²;�ÅìÆS�{�3�¯K

Å�ªÆS£rote learning¤
é��êâ�Ñ��Ã'�ýÿ"
L[Ü£overfit¤
�
��5¦b�C�LÞE,"�kUwÍUõ©a�(Ç�
E,5â´���"

2 |±�þÅ�{ÏL¦^�zØ��ÚO>.¢yò©"

":§�{Ø¬ÐuÚO(J"
`:§ÚO(J��{Jø
��k¯¢�â�Ä:§ÏdU;�
éuª�{�UÄu�Ø�ú��x"

3 O�E,Ý�K©Û
lä¯K£toy problems¤�¢SA^£real-world applications¤"
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ÆS�{��zUå ÆS��å9":

ÆS�{�cµ9¡��(J

1 ÆS�{�cµ´p<�

�±^d�{)û�¯Kéõ¶
�";�DÚ)û�{¥q£��O�?§¶
/d�±É	<a�S3ó��ª"

2 ÆS�{�k�(J

Ñ\ÑÑN�¼êa�ÀJ¶�v
�qØUL�¶
�3ÛÜ4��§ÆS�{´$��¶
ÑÑb��5�²~��Ø�¢S¶
Ôö��k��§Lõ�b�a¬��L[Ü¶
ÆS�{Ï~dNõI�Á&N��ëê��§J±��¦^"
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ÆS�{��zUå |±�þÅ

|±�þÅ

|±�þÅ´Äu�znØ¤Jø�É	å§|^`znØ3ØA��
m¥k�Ôö�5ÆSÅ�ÆSXÚ"XÚ��A�´3(�É�z
nØéu�ÆS��5�Ó�§�Ñb��DÕéóL�§l¼�4
Ùk���{",���A�´÷vMercer^��ØéA�`z¯K

´à�§ÏdÃÛÜ4�"
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�5ÆSì �5©a�a�ì

Rosenblatta�ì�{—�©/ª

�½�5�©�êâ8SÚÚÌα ∈ R+

w0 ← 0; b0 ← 0; k ← 0
R← max16i6N‖xi‖
E

for i = 1 to N
if di (〈wk · xi〉+ bk) 6 0 then

wk+1 ← wk + αdixi

bk+1 ← bk + αdiR
2

k ← k + 1
end if

end for
��forÌ�¥vk�Ø
�£(wk, bk)
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�5ÆSì �5©a�a�ì

m�£Margin¤ I

�{�S�gê���¡�m��þk'"

½Â

½Â,���(xi, di)��²
¡(w, b)�£�¼¤m��µ

γi = di (〈w · xi〉+ b)

m�k�kK

�m�¿�X�²¡�±�
(©aT��

Di=d i〈w⋅x i 〉b
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�5ÆSì �5©a�a�ì

m�£Margin¤ II

m�©Ù �²¡(w, b)'uÔö8S�m�©Ù´S¥���m�©
Ù"

m� rm�©Ù����¡��²¡(w, b)'uÔö8S�m
�"

��AÛm� Ôö8S�m�´¤k�²¡���AÛm�"

��m��²¡ ¢y��m���²¡¡���m��²¡"

½n

-S���²�Ôö8§¿-R = max16i6N‖xi‖"��3�
þwopt§Ù‖wopt‖ = 1§�é1 6 i 6 Nkµ

di (〈wopt · xi〉+ bopt) > γ

Ka�ì�{���Ø©gê�µ(2R/γ)2
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�5ÆSì �5ÆSì�éóL«

(J��þ�L« I

la�ì�ÆS�{�±wÑ§XJ-Ð©��þ�"§KÆS¤����þ

�±L«�µ

w =

N∑
i=1

ρidixi.

��xiéAXê�ÎÒdÙ¤á�aO£di¤(½"

ρi´���éA���Ø©gê¤�'��"Ï~¡Tþ���xi��k
rÝ£embedding strength¤"�±^§�âêâ�&ESNéêâ?1
üS"

e��8S�½§�þρ�±w�´b�3ØÓ£éó¤�I¥�,�«
L«"

é��5�©êâ§Ø©:�Xê¬Ã�O\"

ÜïI (ÜS��>&Æ�) |±�þÅ¥�Ä�Vg 2011c 10� 11 / 45

�5ÆSì �5ÆSì�éóL«

(J��þ�L« II

3éó�I¥§ûü¼ê�±��µ

h(x) = sgn(〈w · x〉+ b)

= sgn

〈 N∑
j=1

ρjdjxj · x

〉
+ b


= sgn

 N∑
j=1

ρjdj〈xj · x〉+ b
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�5ÆSì �5ÆSì�éóL«

a�ì�{—éó/ª

�½�5�©�êâ8SÚÚÌα ∈ R+

w0 ← 0; b0 ← 0; k ← 0
R← max16i6N‖xi‖
E

for i = 1 to N
if di

(∑N
j=1 ρjdj〈xj · xi〉+ b

)
6 0 then

ρi ← ρi + 1
b← b+ diR

2

end if
end for
��forÌ�¥vk�Ø
�£(ρ, b)
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A��m�Ø¼ê Úó

��oI�A��m�Ø¼ê I

1 �5ÆSÅ�O�Uåk�
E,�¢S¯KI�L�å�r�b��m§8IÏ~ØUL«��½á

5�{ü��5|Ü"¦^õ��ä�±)ûd¯K"

2 Ø¼êL«Jø
,�«�{

Ø¼êL«ÏLòêâÝK�p�A��mO\�5ÆSÅ�O�
Uå"
3éóL«¥¦^�5ÆSÅ¦ÝKL§�±Ûª?1"
¦^éóL«�ÆSÅ�`:´�Nëê�ê�¤^�á5�êÃ
'¶^Ü·�Ø¼ê�OSÈ�±Ûª/òêâN��p��m
ØO\�Nëê�ê"
Ø¼êO�ü�Ñ\éA�A��þ�SÈ"

3 Ø�{�Ú<�?
ÆS�{ÚnØ3����§Ýþ�A^�A5Ã'"� ²�äA^À

J(��¯KC¤
�|±�þÅÀJÜ·Ø¼ê�¯K"
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A��m�Ø¼ê Úó

��oI�A��m�Ø¼ê II

4 Ø�{�A^��
¿Ø==Û�uÑ\�m´î¼�m�f�m§��±^uÃX©�ù�

�lÑ(�"Ø�{$��±^uÃ{½Â�5¼ê�Ñ\�m"

5 �Ý ¹£the curse of dimensionality¤
¦^Ø�±�ÑO�Ú�z��Ý ¹"
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A��m�Ø¼ê 3A��m¥ÆS

ÏLA�N�{z©a?Ö I

ÆS?Ö�JÝ
I�ÆS�8I¼ê�E,Ý�ûu§�L«�ª"n�/§AÀJ�A½Æ

S¯K���L«"ÅìÆSÏ~ÏLý?nUCêâ�L«µ

x = (x1 . . . xn) 7→ φ(x) = (φ1(x) . . . φN (x))

~X§é�kÚå½Æµ

f(m1,m2, r) = C
m1m2

r2

XJ¦^Xe�IC�µ

(m1,m2, r) 7→ (x, y, z) = (lnm1, lnm2, ln r)
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A��m�Ø¼ê 3A��m¥ÆS

ÏLA�N�{z©a?Ö II

KL�C�µ

g(x, y, z) = ln f(m1,m2, r) = lnC + lnm1

+ lnm2 − 2 ln r = c + x + y + 2z

A� �£ãêâÚ\�þÏ~¡�A�"

á5 êâ�©�þ¡�á5"

A�ÀJ ÀJ�Ü·L�ª�?Ö¡�A�ÀJ"

Ñ\�m Ñ\�þ¤3��m"

A��m A�N�¤�A��þ¤3��m"

ÏLA�N��±r��5�©a¯KN�¤�5�©a¯K"

¯K´µXÛUN�¤�5�©�º
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A��m�Ø¼ê 3A��m¥ÆS

A�ÀJ�{ I

1 �ê�~
Ï~Ï¦(½EUL��©á5¥¤¹��&E����A�8Ü"

x = (px1 , p
y
1, p

z
1, p

x
2 , p

y
2, p

z
2,m1,m2)

7→ φ(x) =

√ ∑
i∈{x,y,z}

(pi1 − pi2)2,m1,m2

 .

2 Ã'A��uÿ��Ø
X¦^Úî�kÚå½Æ�§UN�ôÚ!§Ý�A�"

3 Ì©þ©Û
òêâN��A��m¥§¦�#A�´�á5��5¼ê�Uêâ3z

���þ¥yÑ������üS"
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A��m�Ø¼ê 3A��m¥ÆS

A�ÀJ�{ II

A�8Ü��§¦^IOÆSÅÒ�U�O(�L«�ÆS�¼ê"

-<¢Ã�´§A�ê�O\¬O\O�þ!ü$�z5U"

¦^|±�þÅU;�ù«5U�eü"

n)|±�þÅ;��z5U�eüI�é�znØ��\n)"

|±�þÅÏLÛªN��Ãã;�A�êO\�5�O�¯K"
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A��m�Ø¼ê 3A��m¥ÆS

�A��m�ÛªN�

^���½���5N�òêâN��A��m§,�3A��m¥¦^�5

ÆSÅ"b�8Ü´Xea.�¼ê"

f(x) =

M∑
i=1

wiφi(x) + b

3éóL�¥§b�^Ôö:��5|ÜL«"Ïd§ûü5K£¼ê¤�±

^ÿÁ:ÚÔö:�SÈO�µ

f(x) =
N∑
i=1

ρidi〈φ(xi) · φ(x)〉+ b.

XJk�{^�©Ñ\�¼ê��O�A��m¥�SÈ§Ò�±òü�Ú½

Ü¿ïá����5ÆSÅ"¡ù«��O��{�Ø¼ê£�{¤"
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A��m�Ø¼ê Ø¼ê

Ø¼ê�½Â I

½Â

Ø´��¼êK§é¤k�x, z ∈ X§kµ

K(x, z) = 〈φ(x) · φ(z)〉 ,

Ù¥φ´lÑ\�mX�£SÈ¤A��mF�N�"

¶i/Ø0�gÈ©�fnØ§TnØ´Ø�ÙéA�A��m�mNõ
'XnØ�Ä:"

éóL�����¿Â´A��m��êØ2K�O�"ÏLØ¼êO
�SÈ¤I�$�êØ2�'uA�ê"

Ø�¦^£;£7L¤
O�A�N���k�O�¯K"
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A��m�Ø¼ê Ø¼ê

Ø¼ê�½Â II

��¦^Ôö���&E´��3A��m¥�GramÝ
§q¡�ØÝ

§^KL«"

T�{�'�´é��Uk�O��Ø¼ê"

��kùo��¼ê§�û5K�±ÏL�õNgØ�O���µ

f(x) =
N∑
i=1

ρidiK(xi,x) + b.

¦^Ø���¯¢µ�
U3A��m¥ÆS§·�Ø2I�
)d3�A�
N�"
Ø�A�~f

〈Ax ·Az〉 ; 〈x · z〉2 ; (〈x · z〉+ c)
d
.
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A��m�Ø¼ê Ø¼ê

�EØ¼ê��{

¦^Ø¼ê´káÚå�O�$»"
¦^�{ºÄk�ï��E,�A��m¶,�3T�m¥O�ÑSÈ¶

��Ïé�«U�â�©Ñ\��O�SÈ��{"

¢S¦^�´��½ÂØ¼ê§lÛª½ÂA��m"
æ^ù«�{§3O�SÈ½ö�OÆSì�þ;m
A��m"���

Ñ\�m½Â��Ø¼ê  '�E��E,�A��m�g,"

K(x, z)´A��m¥���Ø¤7I�5�"

K(x, z) = K(z,x), é¡

K(x, z) 6 K(x,x)K(z, z). �Ü-��]Ø�ª
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A��m�Ø¼ê Ø¼ê

Ø¼ê�A5 I

·K

-X´k�Ñ\�m§K(x, z)´Xþ�é¡¼ê"@o
K(x, z) ´Ø¼ê�¿©7�^�´ØÝ


K = (K(xi,xj))
n
i,j=1

´��½�£=A���K¤"

Mercer½n�Ñ
÷ve�L�

K(x, z) =
∞∑
i=1

λiφi(x)φi(z) λi�K

�ëYé¡¼ê´A��m¥�SÈ�¿©7�^�"

ÜïI (ÜS��>&Æ�) |±�þÅ¥�Ä�Vg 2011c 10� 24 / 45



A��m�Ø¼ê Ø¼ê

Ø¼ê�A5 II

XdÏLØ¼êÛªÚ\
��dA��þ½Â��m"T�m¥��
5¼ê�±Xc¤ãL«�µ

f(x) =
∞∑
i=1

λiψiφi(x) + b =
N∑
j=1

αjdjK(x,xj) + b,

Ù¥1�«L�´�©/ª§1�«´éó/ª"

�©L��¦Ú�ê�uA��m��ê§éóL�¥�¦Ú�
ê´����ê"=«L���B�ûu¤�Ä�A��m��ê
��"

lTL�/ª�±wÑ§��Ø¼ê´��5�§T¼êÒ´��
5�"

�y��é¡¼ê´Ø�'�´§3?¿k�:8þdTé¡¼ê
¤½Â�Ý
´��½�"
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A��m�Ø¼ê Ø¼ê

^Ø¼ê�EØ¼ê I

·K

-K1�K2´X × Xþ�Ø§X ⊆ Rn§a ∈ R+§f(·)´Xþ�¢
�¼ê§φ : X −→ Rm �K3´Rm × Rmþ�Ø§B ´��é¡��
½n× nÝ
"Ke¡�¼ê´Ø"

K(x, z) = K1(x, z) +K2(x, z)

K(x, z) = aK1(x, z)

K(x, z) = K1(x, z)K2(x, z)

K(x, z) = f(x)f(z)

K(x, z) = K3(φ(x),φ(z))

K(x, z) = x′Bz

ÜïI (ÜS��>&Æ�) |±�þÅ¥�Ä�Vg 2011c 10� 26 / 45

A��m�Ø¼ê Ø¼ê

^Ø¼ê�EØ¼ê II

íØ

-K1(x, z)´X × Xþ�Ø§x, z ∈ X §p(x)´�Xêõ�ª"K
e¡�¼ê�´Ø"

K(x, z) = p (K1(x, z))

K(x, z) = exp (K1(x, z))

K(x, z) = exp
(
−‖x− z‖2/σ2

)
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�znØ Úó

��oI��znØº

Ø�Ú\4�/O\
ÆSÅ�L�Uå§§�±
S3�55l
¦ÆS´u��"

·A5�O\O�
L[Ü�ºx§Ï�gdÝ�O\O�
m�
�²¡ÀJ�Ø·½5"

¤õ��ØA��mO\�·A5I��@�õ��znØ§§U
°(£ã��ÆSÅ¥�=�ÏfâU�yÐ��zUå"

VCnØr?
SVM�Ñy§3®k�A¥nØ¥^§£ãSVM´
�Ü·�"

VCnØ�Ì�(Ø�Ñ
�5©aì�z5���.§dd�Ñ

XÛ��Ø�m¥�5¼ê�E,Ý"
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`znØ ¯K£ã

Úó

d�znØ§b�¼êAÀ���½��z,«�¼"é�5ÆS
ÅLLM§ù��u3�
�å^�eÏé��£��¤zA½�d¼
ê�ëê�þ"

`znØ£ãda¯K�)¿ïÄé�)�k��{"

�âA½��d¼ê9�å�5�§�±©ÑNõ«®��\ïÄ��3
k�){�¯K"

à�g5y¯K§�d¼ê´à�g¼ê§�å´�5�"

`znØØ=Jø�{Eâ§�½Â
�½¼ê´)�¿�^�"éó
nØÒ´��~f§§�Ñ
LLM éóL��g,)º"
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`znØ ¯K£ã

��`z¯K I

½Â

£�©`z¯K¤�½3�Ω ⊆ Rnþ½Â�¼êf§gi§
i = 1, . . . , k§9hi§i = 1, . . . ,m§

minimise f(w), w ∈ Ω,

subject to gi(w) 6 0, i = 1, . . . , k,

hi(w) = 0, i = 1, . . . ,m

Ù¥§f(w) ¡�8I¼ê§{e�'X©O¡�Ø�ª9�ª�å"

{zL«µ
^g(w) 6 0L«gi(w) 6 0, i = 1, . . . , k"h(w) = 0�dÓn"
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`znØ ¯K£ã

��`z¯K II

8I¼ê�½Â��÷v�å^��«���8¡��1«�§L«X
eµ

R = {w ∈ Ω : g(w) 6 0,h(w) = 0}

:w∗ ∈ R¡��`z¯K�)§XJ∀w ∈ R§�w 6= w∗�§kf(w) <
f(w∗)"£ÛÜ4�¤

8I¼ê!�ª±9Ø�ª�åþ´�5¼ê�`z¯K¡��55
y"8I¼ê´�g¼ê§�å´�5¼ê�`z¯K¤��g5y"

ÏLÚ\tµCþξ§�±òØ�ª�å=���ª�å§Xµ

gi(w) 6 0⇐⇒ gi(w) + ξi = 0,Ù¥ξi > 0.

ÜïI (ÜS��>&Æ�) |±�þÅ¥�Ä�Vg 2011c 10� 31 / 45

`znØ ¯K£ã

��`z¯K III

��¢�¼êf(w)¡�w ∈ Rnþ�à¼ê§XJ∀w,u ∈ Rn§é?
¿θ ∈ (0, 1)§k

f(θw + (1− θ)u) 6 θf(w) + (1− θ)f(u).

XJØ�Òî�¤á§K¡�î�à"

XJ���g��¼ê�HessianÝ
´��½�§K§´à�"

��¼ê´��±^,�Ý
AÚ�þbL«�f(w) = Aw + b/ª
�¼ê"��¼êäk"HessianÝ
§Ïd§´à�"

éΩ ⊆ Rn§XJ∀w,u ∈ Ω,∀θ ∈ (0, 1)§þkµ

(θw + (1− θ)u) ∈ Ω,

K¡T8Ü´à�"

ÜïI (ÜS��>&Æ�) |±�þÅ¥�Ä�Vg 2011c 10� 32 / 45



`znØ ¯K£ã

��`z¯K IV

XJÃ�å`z¯K�8I¼ê´à�§@oÛÜ4�:w∗�´
�Û��:"à¼ê�ù�5�¦�§XJ`z¯K�¼ê�8Ü
´à�§KT¯K´�)�"

XJ���`z¯K�8ÜΩ§8I¼ê±9¤k�åÑ´à�§
K¡T¯K´à�"

éÔö|±�þÅ5`§·��±ÏL��¦��å´�5�§
8I¼ê´à�Ú�g�§�Ω ∈ Rn"Ïd§·�?Øà�g5
y"
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`znØ .�KFnØ

Ã�å`z¯K

.�KFnØ��Ð�8�´�x�k�ª�å�`z¯K�)"
TnØ�Ì�Vg´.�KF¦êÚ.�KF¼ê"

.�KFnØ£1797c¤´éFermat�ïÄ(J£1629c¤?1í
2���"1951c§KuhnÚTuckerqòTnØí2�kØ�ª�å��
¹"

½n

w∗´¼êf(w), f ∈ C1�����7�^�´∂f(w∗)/∂w = 0"XJ¼
êf´à�§@oT^��´¿©^�"

é�å¯K§I�½Â.�KF¼ê§§´8I¼ê\þ�å��
5|Ü"
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`znØ .�KFnØ

�ª�å`z¯K–.�KF¦ê{ I

½Â

��½`z¯K�8I¼ê�f(w)§�ª�åhi(w) = 0§i =
1, . . . ,m§.�KF¼ê½Â�µ

L(w,β) = f(w) +
m∑
i=1

βihi(w)

Ù¥Xêβi¡�.�KF¦ê"

�k�ª�å�§�
�Å,��å§7L3R�u�å{�
£∂hi(w)/w¤���þ£Ä"XJ´õ��å§�
�Å¤k�ª�
å§7L3R�u¤k�å{�Ü¤�f�mþ£Ä"=µ∂f(w∗)/∂w+∑m

i=1 βihi(w
∗) = 0.
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`znØ .�KFnØ

�ª�å`z¯K–.�KF¦ê{ II

½n

:w∗´¼êf(w)3hi(w) = 0§i = 1, . . . ,m�åe�4���7�
^�´µé,
β∗

∂L(w∗,β∗)

∂w
= 0,

∂L(w∗,β∗)

∂β
= 0

Ù¥§f, hi ∈ C1"XJL(w,β∗)´w�à¼ê§@oþã^��´¿©
�"

du�å�u"§.�KF¼ê3�`:���u8I¼ê��§
=L(w∗,β∗) = f(w∗)
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`znØ .�KFnØ

�Ø�ª�å�`z¯K–2Â.�KF¼ê

½Â

�½�Ω ⊆ Rnþ�`z¯K§

minimise f(w), w ∈ Ω,

subject to gi(w) 6 0, i = 1, . . . , k,

hi(w) = 0, i = 1, . . . ,m

2Â.�KF¼ê½Â�µ

L(w,α,β) = f(w) +
k∑

i=1

αigi(w) +
m∑
i=1

βihi(w)

= f(w) +α′g(w) + β′h(w).
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`znØ .�KFnØ

�Ø�ª�å�`z¯K–Kuhn-Tucker½n

½n

�½��à�Ω ⊆ Rnþ�`z¯K§

minimise f(w), w ∈ Ω,

subject to gi(w) 6 0, i = 1, . . . , k,

hi(w) = 0, i = 1, . . . ,m

Ù¥§f ∈ C1´à�§�gi, hi´��¼ê"K:w∗´�`:�¿�^�´�
3α∗,β∗÷vµ

∂L(w∗,α∗,β∗)

∂w
= 0,

∂L(w∗,α∗,β∗)

∂β
= 0,

α∗
i gi(w

∗) = 0, i = 1, . . . , k,

gi(w
∗) 6 0, i = 1, . . . , k,

α∗
i > 0, i = 1, . . . , k.
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`znØ .�KFnØ

pÖ^�

1n�'X¡�Karush-Kunhn-TuckerpÖ^�£KKT^�¤"§¿
�XéÈ4�åkα∗i > 0§é�È4�åkα∗i = 0"

ù`²éØ�ª�å§�`)�o u>.þ§�o u�å«�
�SÜ"é1�«�¹§TØ�ª´È4�å§�±w����ª�
å¶é1�«�¹§TØ�ª��å´�È4�§��uT�åT`z
¯KvkK�§ÏdéA�.�KF¦ê�0"

äkØ�ª�å�`z¯K�3.�KFéó¯K§§��5ÆS
ÅLLM�éóL�Jø
g,)º"
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`znØ .�KFéó`z¯K

.�KFéó¯K

½Â

�©`z¯K�.�KFéó¯K�µ

maximise θ(α,β)

subject to α > 0

Ù¥θ(α,β) = infw∈Ω L(w,α,β)"8I¼ê3�`)?��¡�¯K
�)"

e¡�féó½n�Ñ
�©`z¯K�éó`z¯Km�Ä�'
X"

réó½n`²§÷v�½^���©`z¯K�éó¯Käk�
Ó��"
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`znØ .�KFéó`z¯K

féó½n I

½n

�w ∈ Ω´�©`z¯K��1)§(α,β)´éó`z¯K��1
)§Kf(w) > θ(α,β)"

y²µ dθ(α,β)�½Â§éw ∈ Ω§k

θ(α,β) = inf
u∈Ω

L(u,α,β)

6 L(w,α,β)

= f(w) +α′g(w) + β′h(w) 6 f(w).

Ï�w)��1¿�Xµg(w) 6 0�h(w) = 0§(α,β)��1¿�
Xα > 0"
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`znØ .�KFéó`z¯K

féó½n II

íØ

éó`z¯K��þ.´�©`z¯K��§=

sup{θ(α,β) : α > 0} 6 inf{f(w) : g(w) 6 0,h(w) = 0}.

�©¯K�éó¯K��m��¡�éómY£duality gap¤"

íØ

XJf(w∗) = θ(α∗,β∗)§Ù¥α∗ > 0§�g(w∗) 6 0,h(w∗) = 0§
Kw∗Úθ(α∗,β∗) ©O´�©`z¯KÚéó`z¯K�)"3d�¹
eα∗i gi(w

∗) = 0, i = 1, . . . , k"
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`znØ .�KFéó`z¯K

réó½n

½n

�½��à�Ω ⊆ Rnþ�`z¯K§

minimise f(w), w ∈ Ω,

subject to gi(w) 6 0, i = 1, . . . , k,

hi(w) = 0, i = 1, . . . ,m

Ù¥gi, hi´��¼ê§=�3Ý
A��þb§¦�µ

h(w) = Aw − b,

3d^�e§éómY�""
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