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Abstract

We consider overdetermined problems for Hessian quotient equations and Hessian
quotient curvature equations, which are fully nonlinear elliptic equations. We establish
Rellich—Pohozaev-type identities for Hessian quotient equations and Hessian quotient
curvature equations. Based on these identities and the maximum principle for P func-
tions, the symmetry of solutions can be proved in the Euclidean space. We also prove
the related result for Hessian quotient equations in the hyperbolic space. Our results
generalize the overdetermined problems for k-Hessian equations and k-curvature
equations.
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1 Introduction

Serrin [20] considered the following symmetry problem:

Au=n in Q,

u=0 on 9L, (1.1
g_;zl on 9%,
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where Q is C? bounded domain in R” and y is the unit outer normal to 2. If

u e Cz(ﬁ) solves (1.1), Serrin [20] proved that up to a translation u = |X|22_1 and Q2 is
the unit ball. Serrin’s proof was based on the moving plane method and it was applied
to more general uniformly elliptic equations. Based on the maximum principle for the
P function and a Rellich—Pohozaev type identity, Weinberger [23] gave another proof.

There were lots of generalizations of Serrin and Weinberger’s work to quasilinear
elliptic equations (see e.g. [6, 7, 9] and references therein) and fully nonlinear equa-
tions such as the k-Hessian equation and Weingarten curvature equations (see e.g.
[1, 12, 22]). In the Euclidean space, Brandolini—Nitsch—Salani—Trombetti [1] solved
the overdetermined problem for the k-Hessian equation i.e. Sy (D*u) = C,lj using a
Rellich—-Pohozaev type identity and Newton inequalities. The same problem was later
proved by Bao—Wang [22] where they used the method of moving planes.

P functions are very useful in the study of elliptic partial differential equations. For
example, Ma [13] gave the P function for 2-dimensional Monge—Ampere equation. For
k-Hessian equations and k-curvature equations, P functions were given by Philippin
and Safoui [15].

Let  be a bounded C? domain and y be the unit outer normal to 9€2. Let k, [
be integers such that 0 </ < k < n. In the first part of this paper, we consider the
following overdetermined problem for Hessian quotient equations in the Euclidean
space R",

k
SK(D%u) = SS(D?u)  in Q.

u=20 on 082, (1.2)
g—;: 1 on 082,

where Si(D?u) is the k-th elementary symmetric function of D?u (see Sect.2).
Our first result is the following.

Theorem 1.1 Let Q2 be a C? bounded domain in R", u € C3(Q)NC*(Q) be a solution
to (1.2) with the integer k, [ satisfying 0 <1 < k < n and S;(D*u) > 0 in Q. Then

2_ . . .
up to a translation u = % and 2 is the unit ball with the center at 0.

Since S; (Dzu) > 0, similar as the argument in [1], we can prove that « is k-convex
which means S;(D?u) > 0,1 < i < k in Q. Then by maximum principle, # < 0 in
k
€2, and the solution to Dirichlet problem of Si(D%u) = %SI(DZM) is unique.

In the second part, we consider the following Hessian quotient type equations in
the hyperbolic space H",

k
Sp(D%u — ul) = g—le(Dzu —ul) inQ,

u=20 on 9%, (1.3)
g—; =1 on 9.

Our result is as follows.
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Theorem 1.2 Let Q be a C? bounded domain in ", u € C3(Q)NC?(Q) be a solution
to (1.3) with the integer k, [ satisfying 0 <1 < k < n and S;(D?*u —ul) > 0in S.
Then, up to a translation u = % — 1 and S is the ball of radius tanh ' 1 with the
center at 0.

In the third part, we consider Hessian quotient curvature equations in the Euclidean
space R",

k
(DB = @SB inQ,

u=20 on 9€2, (1.4)
g—;’ =1 on 9.

where w = /1 + | Du/|?.

Our result is as follows.

Theorem 1.3 Let Q be a C2 bounded domain in R, u € C3(Q)NC%(Q) be aﬁ)lution
to (1.4) with the integer k, | satisfying 0 <[ < k < n and SZ(D(%)) > 0in Q. Then
1

up to a translation u = —/1 — |x|? + 7 and 2 is the ball of radius \L@

The organization of this paper is as follows. In Sect.2, we recall some preliminaries
for the Hessian operator in the Euclidean space and the hyperbolic space and some
known facts about Weingarten hypersurfaces in the Euclidean space. In Sect. 3, we
first prove a Rellich—Pohozae-type identity for Problem (1.2) in the Euclidean space.
Then by the Rellich—Pohozaev-type identity and the P function, we prove the Theorem
1.1. In Sect. 4, we derive the Rellich—Pohozaev-type identity for Problem (1.3) in the
hyperbolic space, then combing with a P function, we give the proof of Theorem 1.2.
In the last section, we prove Theorem 1.3.

2 Preliminaries
2.1 Elementary Symmetric Functions

We denote by A = (a;;) a matrix in R"*". Recall the definition of k-th elementary
symmetric functions of A,

0.0k
TSk J1see kS0

1 o
Sk(A) = > ST TR A G A

where 8{'11_'_'.'1{;" is the Kronecker symbol. For A = (A1, ..., A,) € R",

Sk0) =Sk Oy d) = D iy g

1<ij<--<iy<n

It is clear that §;(A) = §x(A(A)) provided that the eigenvalues A(A) of A are all
real.
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Denote by
Sk (A)

S7(A) = oy

’

then it is easy to see from the definition above that
n B n N

> 8! (Maij = kSi(A), and Y S(A) = (n—k+ DS_1(A). (2.1

i,j=1 i=1
For 1 < k <n — 1, we have the following Newton’s inequality

(n =k + D)k + DSi_1(A)Skr1(A) < k(n — k)SF(A). 2.2)
For 1 < k < n, recall that the Garding cone is defined as
Mr={eR":85() >0,...,8(R) > 0}.

For A(A) e Ty andk >1>0,r > s >0,k > r,l > s, we have the following
Maclaurin’s inequality.

1 1
Sk(A)/CENTT (S, (A)/Ch\
Si1(A)/C, S5(A)/C;,
In particular,
1 1
Sk(A)\ * Si(A)\ 7
(k(k)> s(l(l)> L Vk=lz1, (2.4)
Cl’l Cl’l
and
Si(A)/Ck Si(A)/C!
K ( )/ Zil < 1( )/ rlzil’ k>1>1. 2.5)
Sk—1(A)/C Si-1(A)/Cy
By (2.3), we also have
1
Sk (A)/ it (Skm)/cf;)k—f _ S()/c! 2.6)
Se(A)/Ck T\ Ssay/cL) T SiA/C '
The equalities in (2.3), (2.4), (2.5) and (2.6) hold if the eigenvalues A, ..., A, of
A are equal to each other. The following proposition in [17] is very useful.
Proposition 2.1 For any n x n symmetric matrix A, we have
SE(A) = Sic1 (A8 — Y SiL (A)aj. 2.7)

=1
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In the following, we write D, D? and A for the gradient, Hessian and Laplacian on
R™. We also follow Einstein’s summation convention.

2.2 Hessian Operators
2.2.1 Hessian Operators in Euclidean Space

Let 2 be an open subset of R” and let u € C 2($2). The k-Hessian operator Sk(D%u)
is defined as the k-th elementary symmetric function of D?u. Notice that

S1(D*u) = Au and S, (D*u) = detD?u. (2.8)
A function u is called kjconvex in Q, if D?u(x) € Iy for any x € 2. A direct
computation yields that (S,lj (D%u), ..., SZ] (D%u)) is divergence free, that is
d i 2
— 8 (D7u) =0. 2.9
3)(,'

By using (2.7), it is easy to see that
S (D*uyui = S (D uyu;. (2.10)
2.2.2 Hessian Operators in Hyperbolic Space
Let 2 be an open subset of H" and let u € C 2(Q). The k-Hessian operator Sy [u] is
defined as the k-th elementary symmetric function Sk (D%u —ul) of D*u—ul. Notice
that

Si{u] = Au—nu and S,[u] = det(Dzu —ul). (2.11)

A function u is called k-admissible in 2 if A(D?u(x) —u(x)I) € Ty for any x € Q.
We list the following propositions proven in [8], which will be used in Sect. 4.

Proposition 2.2 Suppose u € C3(S), then
D;(SY (D*u — ul)) =0,
Proposition 2.3 Let u € C2(), then
S,ij(Dzu —ul)ujy = S,il(Dzu —ul)u;;.
2.3 Weingarten Hypersurfaces

Let M be ahypersurface in R”*!, which is locally represented as a graph x,, .1 = u(x),
x = (x1,...,x,) € Q, where 2 C R". Then v = —=Du.D_ s the unit outer normal

A/ 1+1Dul?
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of M. Recall that w = /1 + | Du/|2. The first and second fundamental forms can be
respectively expressed as

Ujj
gij = 5,'/' +ujuj, and b,‘j = ?

Then, the principal curvatures Aq, ..., A, of M are the eigenvalues of the second
fundamental form with respect to the first fundamental formi.e. g;; := g by j» Where
i ] _ ujuj . . . -
gl =46 — s the inverse matrix to g;;. Hence

i Uij  UiUgULj u;
aij=g8"bkj=——-—5—=(—) .
J

w3 w

We say u is k-admissible if A(a;;) € I'k.
The following divergence free property is due to Reilly [17].

Proposition 2.4 Suppose u € C3(), A;j = (44). Then,
D;SY(A) =o0.

For general (non-symmetric) matrices, we need the following formula proved by
Pietra—Gavitone—Xia [5].

Proposition 2.5 For any n x n matrix A = (a;;), we have

n
SE(A) = S (A8 — D S (Aaj.
=1

The following proposition can be inferred from above proposition, we omit the
proof.

Proposition 2.6 For any n x n matrix A = (a;;), we have
il lj
Sy (Aaj = S (A)ay;.
2.4 Minkowskian Integral Formulas
Let Q be a C? bounded domain, and 9<2 is the boundary of §2. Denote the principle
curvatures of 92 by k = («1, ..., kn—1). For I <k < n — 1, the k-th curvature of 92
is defined as
Hy = Sk (k).

Q is called k-convex, if H; > 0 for all 1 <i < k. In particular, (n — 1)-convex is
strictly convex, 1-convex is also called mean convex.
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We refer to [10, 11, 19] for Minkowskian integral formula in R” and H". Suppose
Q is a bounded C? domain of R”, then the Minkowskian integral formula says

Hy
Ck

H_
x-ydo = / ]Ii_} do. (2.12)
Y n—1 Yo Cn—l

Suppose €2 is a domain of H". Let p € €, r be the distance from p. Let V(x) =
cosh(r(x)). Then the Minkowskian integral formula says

H H_
Ck—kVyda :/ Vo (2.13)
n—1

s ! a0

2.5 Curvatures of Level Sets

Let u be a smooth function in R” or H", for any regular ¢ € R of u (that is, Du(x) #
0 for any x € R” such that u(x) = c¢), the level set . := u~!(c) is a smooth
hypersurface by the implicit function theorem. The k-th order curvature Hj of the
level set X, is given by

(2.14)

which can be found in [14, 17].

At the last of this section, we introduce some notations. For convenience, we use S,
and S;; instead of S,, (D?u) and S;;) (D?u) in Sect. 3, instead of instead of S,,, (D*u—ul)
and Sy, (D*u — ul) in Sect. 4, instead of S,,(D(2%)) and S;; (D(24)) in Sect.5.

3 Overdetermined Problem for Hessian Quotient Equations in
Euclidean Space

In this section, we present a Rellich—Pohozaev type identity for Hessian quotient
equations in R" with zero Dirichlet boundary condition, and use a P-function to give
a proof of Theorem 1.1.

The following type lemma was proven in [1] for k-Hessian equation, which implies
the solution to overdetermined problem for k-Hessian equation is k-convex. We also
have the following lemma for Hessian quotient equation, which ensures MacLaurin
inequalities (2.4) can be applied.

Lemma 3.1 Ler Q C_R" be a bounded C* domain and u € C*(Q) is a solution to
(1.2) with S; > 0 on , then u is k-convex in 2.
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Remark 3.2 The proof is almost the same as that in [1], except that a key inequality
turns into

1
0< El(unnHk—l + Hyp).

Hi
Hp—1"

So we need S; > O to ensure that u,, > —

Based on Lemma 3.1, we are able to derive the lemma below, which was proved in
[15]. So we can apply the maximum principle on the P function. For completeness,
we present the proof.

Lemma 3.3 ([15]) Let u € C3(2) be an admissible (i.e. u is k-convex ) solution of

k

C
Sy = =28, in Q CR", 3.1
Cl
n
with 0 <1 < k < n. Then, the maximum of P := |Du|2 — 2u is attained only on the
boundary 92 unless P is constant.
Proof Denote by
.. 0 S
Fii= "2 (S"Sl kS,
auu S[ S

By (2.1), we have
p S
Pwu=w—ni,
PmmW=7«H4mH&—@+U&HM
l

Differentiating the Eq. (3.1), we have
Fiju,‘jx =0.
Then, we have

FUpj =2F" (ugitgj + usttgij — uij)
=2Fijusiusj —2Fiju,'j
S S
m+nlﬂ—m+niﬂ—w—m. (3.2)
Sk

By (2.6) and (3.1), we have

S CH—I S Ck I
1+1/Cy, Z( %/ n) _ 1 (33)

S[/Cfl S[/Cfl
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and
Sk /ChHL s/ ck\ 7
k+1/C - k/Ch _ (3.4)
Sk/Ch S1/C}
That is
S
(+ D" =01, (3.5)
S
and
S
k+ D)2 -y (3.6)
Sk
Plugging (3.5) and (3.6) into (3.2), we obtain
FU P,'j > 0.
By maximum principle, the maximum of P is attained on 9€2. O

The Rellich—Pohozaev type identity for k-Hessian equation has already been found
[1, 21]. Brandolini—Nitsch—Salani—-Trombetti [1] gave the Rellich-Pohozaev type
identity for Sy = f(u) in Q, with u = 0 on 9€2,

n—2k

—_— Siju,'ujdx+L/‘x~y|Du|k+lHk_1do :n/F(u)dx,
k(k+1) ) °*
Q

k+1
aQ Q

0
where F(u) = [ f(s)ds.

For Hessian quotient equations, we first prove identities for [ Sgu and [ Sju in
Q Q
which the bad terms f Js (Sk)xsu and f 05 (87)xu arise. By differentiating the Hessian
Q

Q
quotient equation, these two terms can be cancelled. Then we can prove the following
Rellich-Pohozaev type identity.

Lemr_na 3.4 Let Q C R" be a bounded C? domain, 0 <1 < k < n. Ifu € C3(Q) N
C%(Q) is a solution to the problem

" (3.7

k
Sc=g S inQ,
u=20 onof2.

Suppose S; > 0 on Q, then

(n—k+1)C,§/Sk_1|Du|2dx—(n—l+ 1)C’,§/s,_1|Du|2dx
Q Q
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—-c! / SY|DulPxiy;do + CF / SV |DuPxiyjdo —2(k — )CL / Spu = 0.
a0 a0 Q
(3.8)
Proof By direct computation,
kSru = S,ijuij = S,iju,-su(xs)j = (S,ijuisuxs)j — X0 Spu — S,ijuisujxs. 3.9)
By (2.10), we have
ij is 1 ij 2
S uisujxg = S uijujxs = ES" (IDul?)ix;. (3.10)
Using (2.1) and (2.9), we get
S (Dul)ix; = (S 1Dul?x )i — (n — k + 1)Sx—1|Dul. (3.11)
Putting (3.9), (3.10) and (3.11) together, we find

20050 Skt = (S wisu(1x17)y)j — (S 1Dulx))i + (n = k + DSy | Du|* — 2k Sgat.
(3.12)

Similarly, we obtain

20,05 S = () wzsu(x17))j — (S 1Dux))i + (0 = L+ 12811 Duf® = 21 Spu.

(3.13)
Differentiating the Eq. (3.7), we have

Clo,Sp = Crags). (3.14)
By (3.7), (3.12), (3.13) and (3.14), we obtain
(n—k+1)C! / S—1|Dul?dx — (n — 4+ 1 C* f S;_1|Dul>dx

Q Q
- Cfl/ S| DulPx;yjdo + CF / S/ |Dulxiy;do —2(k — 1)C} / Spu =0
o% Q2 Q
O

The following two lemmas in [8] help us to handle with boundary term arise in
(3.8).
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Lemma3.5 Let Q@ C R" be a C? bounded domain, u € C*(Q) satisfies u = 0 and
u, = 1and 0%, then

S,ijxjy,-|Du|2 = S,ijuiujx -y ondf2.
Lemma3.6 Let Q@ C R" be a C? bounded domain, u € C*(Q) satisfies u = 0 and
u, = 1and 0%, then
/S,iju,-ujx -ydo = —k+ 1)/Sk_1dx.
a0 Q
Proof of Theorem 1.1. By Lemmas 3.4, 3.5 and 3.6, we obtain

2(k—l)cf,/uskdx =(n—k+ 1)c,§/sk,](|Du|2— 1)dx
Q Q

—(n—1+ 1)C,’f/S1_1(|Du|2 — 1)dx,
Q

or equivalently,

-1
2(k—l)f(—u)5kdx =mn—k+ l)f(l - |Du|2)5k—1(1 LS/ G )dx.
Q Q

ok Sk—1/Cr!
(3.15)
By (1.2) and (2.3), we have
<Sk_1/C,§—l>k’—f N (Sk/cz‘)kl—f L SCk
Si—1/Cy! 51/C, T Se/C
So
Si_1 (n—1+1DCk 1 —k+1
1 A DG L g s <R L (3.16)
Sk—1 (n—k+1)CL ~ k k
By Lemma 3.3,

1 —|Dul®> > —2u > 0in Q.

Then, substituting (3.16) into (3.15), we get

/Sk_l(lDu|2 —2u — 1)dx > 0.
Q
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By Lemma 3.3,

P <maxP =1.
Q2

It follows that
P=|Dul*>-2u=1 inQ.
Since the derivatives vanish, by (3.2) and (3.3), we obtain

Sk+1

O>n—k—(k+1)—. (3.17)
Sk
Hence, Si+1 > 0 and the equality in (3.4) holds. By (2.3), the eigenvalues of D%u
2
are equal to 1. Using the boundary condition in (1.2), we derive that u = %
Hence, we complete the proof of Theorem 1.1 O

4 Overdetermined Problem for Hessian Quotient Equations on the
Hyperbolic Space

In this section, we present a Rellich—-Pohozaev type identity for Hessian quotient
equations in H" with zero Dirichlet boundary condition, and use a P-function to give
a proof of Theorem 1.2.

The following lemma can be proved almost the same as [8], which implies the
solution to (1.3) is k-admissible.

Lemma4.1 Let Q@ C H" be a bounded C* domain and u € C*(2) is a solution to the
problem (1.2) with S; > 0 on %2, then u is k-admissible in 2.

P = |Du|* — u?® — 2u was proven to be a P function for the k-Hessian equation
on H”" in [8]. In the following lemma, we prove it is also a P function for the Hessian
quotient equation on H". By the appointment in Sect. 2, we use Sy and S,’c] instead of

Sk(D%u — ul) and S (D%u — ul) in this section.
Lemma 4.2 Let u € C3(Q) be a solution to
Ck
Sy =28 inQ, “4.1)
c,
with 0 <1 < k < n. Then the maximum of P = |Du|2 — u? —2u is attained on Q.
Proof Let Fi/ = %i—’l‘ then

g i ij
FY = ?(Sk S —SkSl )
I
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Let A;; = u;j — ud;; for short. Then by direct calculations, we have

1
S b= AsiAgj — Aij +urAjjr +u(Aij — 6ij).

Contracting with F'/| we obtain

1. -
EFl]Pij =FY (A5 Asj — Aij +urAijr +u(Aij — 8ij))

= FYU(AsiAgj — Aij) + (—u)F (8;j — Aij)

1
= —2<(515k — (k+ DSks1)S1 — (185 — 4+ DS S, — (k — Z)Sksl)
[
”(( k418 18— (n—1+ 1S 1S, — (k Z)SS)
Slz n k—191 n [—19k k9l |-

4.2)
The same argument as in Sect. 3 yields

1
5 (518K = e+ DSki1) S = (S8 = €+ D) Sk — Kk = DSES) = 0. (4.3)
1

By (2.3) and (4.1), we have

Sk—1/Cy” N\ S/ G\ |
S]/Cfl - Sl/Cfl ’

and
( Sk/Cf, )k—}—] ><Sk/ck>kl_1
S /C1 —\sy/c} '
So
k—1 -1
Skt S G g St G (4.4)
N C,ll St — Ck
Hence

u
- E((n k4 DSy S — (=14 1)S_ 1 Sk — (k — l)sks,)
1

Si—1 ,Ck ck
. u)((n—k+l)——( —1+1)—k(c—n) —(k—l)C—’l)
k k 1 Cl 1
> (- u)—((n— — (=1 D —k-D)

=0, (4.5)
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where we use (4.1) in the second line and (4.4) in the third line. Substituting (4.3) and
(4.5) into (4.2), we finally have

FPp; > 0. (4.6)
By maximum principle, the maximum of P is attained on 9€2. O

We will use the following Rellich—Pohozaev type identity.

Lemma4.3 Let u € CH(Q) N C3(Q) be a solution of

4.7

k
Sc=g S inQ,
u=20 on o0<2.

Then, there holds

—k+1 —1+1
%Cé/&{_l(mulz —W)Vdx — %cﬁ/&_l(mmz — u?)Vdx
Q Q
1 ,
— Ec,i/s,nguFVSy,»da
Q2
1 ”
+ =C* | S 1Du)?Vsyido — (k — )CL | Sruvdx = 0. (4.8)
2 n 1 n
02 Q

Proof Multiplying the equation by uV, we obtain
kSguV =S¢ (uij — uipuV = Sl ujjuV — (n —k + 1)S_1u>V. (4.9)
Since D2V = VI, we have
S,ijuijuv = S]l;ju,-,uV,j = (S,ijui,uV,)j — S]iju[,juV, — S,ijui,uj V..
Using u;rj = u;jr — ur8ij + u;diy = (ujj — udj)r + u;d;,, we have

STuijuV = (S uipuVy); — SY (uij — udip) uVe — S ujuVi — S wipu;Vy

= (S uiruVy); — uVy Dy Sp — S ujuVi — S uipuj V. (4.10)
Furthermore, we have
ij L ogij 2 Lij o Ui 2
S uuV; :E(Sk u-Vy)j — ESk u’Vij = E(Sk u-Vi);

n—k—+1

5 Si_1u?V. (4.11)
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By Proposition 2.3, we obtain

S wipu Ve = S uzju Ve = %S]ij(lDulz)i = %(s,’;jwuﬁvj),- e Dy
(4.12)
Putting (4.9)—(4.12) together, we obtain
uVy Dy Sk = (S uipu V) — %(S,i’uzv,-)j - %(S,’;"|Du|zv,~>j
#Sk_lﬂsz—uz)V — kSuuV. (4.13)
Similarly, we have
uV, D, S = (S uiruVy); — %(S;'fuzvi)j - %(S,""muﬁm,-
+ #Sl,l(wmz —uH)V —ISuV. (4.14)
By (4.7), we have
Cl'p, Sy = Ckp,s;. (4.15)
Substituting (4.13) and (4.14) into (4.15), we have
Ch(({ wiruv,), - %(S,ifﬁw)j - %(S,‘;"|Du|2v,-),-
”_—gHsk,l(qu — WAV — kSkuV)
= k(s wiruvy); - %(S;"#vi)j - %(S,"’|Du|2v,-),-
+ #Sl_l(wm? — Wy — lSmV). (4.16)

Integrating the above on 2 and use (4.7), we finally obtain (4.8), thus finish the
proof. O

The following two lemmas are from [8], we use them to deal with the boundary
terms appear in (4.8).

Lemma4.4 Letu € C*(Q) satisfying u = 0 and uy, = 1o0n 9, then

S/VivilDul® = S uiu; v, on aQ.
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Lemma4.5 Letu € C*(Q) satisfying u = 0 and uy, =10n0d%R, then
/S]ijuiuijda = (n—k+1)/Sk_1de.
I Q
Proof of Theorem 1.3. By Lemmas 4.3, 4.4 and 4.5 we obtain
(n—k+1C! / Sk—1(|Dul> — u? — 1) Vdx
Q
—(n—1+1)Ck f Si—1(1Dul* — u* — 1)Vdx
Q
=2(k—1)cf,/skuw1x.
Q
That is
(n—1+1)Cks_,
—k+1) [ S D2—2—1<1— n )Vd
(n—k+ )f k—1(|Dul™ —u ) =kt ClS x
Q
:2(k—l)/Skqux.
Q
By (2.3) and (4.7), we have
(Skl/C,’;”)klf N (Sk/c’,;>klf S
S/t Si/C, T S/l
So
Si_1 (n—1+1DCk 1 —k+1
-1 (n +)"§—and Skfusk—l
Sk—1 (n —k+1)CL ~ k k
Note that by Lemma 4.2, we have
|Dul> —u®>—1<2u inQ.
So
(n—1+1)Cks_4
—k+1) [ S D2—2—1<1— n )Vd
(n +)/kl(| ul® —u ) kDTS x
Q
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On the other hand,
2n—k+ 1Dk —1
2(k—l)/Skqux > 2o J; ) )/sk_Wde.
Q Q
So we have
n—k+1
Tsk_l = S.

By (2.5), we infer the eigenvalues of D?u — u[ are all equal to 1. Follows from an
Obata type result ([18], see also [2—4, 16]), 2 must be a ball Br and u depends only
on the distance from the center of B, where R = tanh™! 1. Tt is easy to see that u is

of the form
coshr

coshR

5 Overdetermined Problem for Quotient Curvature Equations

In this section, we present a Rellich-Pohozaev type identity for Hessian quotient
curvature equations with zero Dirichlet boundary condition, and use a P-function to
give a proof of Theorem 1.3.

The following lemma can be proved almost the same as [12], which implies the
solution to (1.4) is k-admissible.

Lemma 5.1 Let Q be a C? bounded domain of R" and u € C2(Q) be a solution ro
problem (1.4) with S; > 0 on 0S2, then u is a k-admissible function in Q2 and Q is
(k — 1)-convex.

The following lemma is from [12].

Lemma5.2 Let Q@ C R”" be a C? bounded domain, u € C*(Q) satisfies u = 0 and
uy, =1o0n0d%R, then

Sij n). k41
/ XY gy TR [ dr,
w J2

Q2

In [12], Jia prove that P = % + u is a P function to constant curvature equation
k
Sk = C,’;. The following lemma implies it is also a P function for S = %Sl. As

agreed in Sect. 2, we use S; and S,ij instead of Sk(D(%)) and S,ij(D(%)) in this
section.

Lemma 5.3 Let 2 be a C? bounded domain of R", u € C2(Q) N C3(RQ) be a solution
to problem (1.4), the minimum of%, —uand P = % + u is attained on 0X2.
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Proof Let X = (x,u) € M ande,1; = (0,...,0,1) € R". Choose a local orthogo-
nal frame {eq, ... .e,} on M. The unit normal is N = H?U#l). Then we have

1
o (N,ent1), u=(X,ent1), Xi=e,

and
eij =hijN, Ni=—hjjej,
where £;; is the coefficient of the second fundamental form. Thus

1
P=—fu=(N.enr) + (X, ens).

By direct computation, we obtain

1 1
Pij = =hijrer, ensr) = —himhmj + —hij.

ij 3 Si(hg))
Let F'/ = ohi; 1({h,,,})’then

ij

— ij _ Gl
RGI) (8¢ (hseDSi(Ghse)) = S Qe Se{hse)).-

Note that Fijhij,, = 0, we have

y 1 . y
FY P = m(@kl({hsz})&({hn}) = Sk({hg DS (hsi D) (hij — himhm;))

1
=———(k=DSc({hu})Si{hs}) + T+ DS hg}) Sk ({h
T (k= DS DS Uhseh) + A+ DS Uhse DSk (hsr)
— (k+ DSeer (DS (i)
507
where the last inequality can be derived similar as in Sects. 3 and 4. By maximum prin-

ciple, the minimum of P is attained on 0€2. The same argument leads the conclusion
for % and —u. O

We prove the following Rellich-Pohozaev identity.
Lemma 5.4 Let Q C R” be a C? domain, u € C2(Q) N C3(Q) be a solution to the
following problem

k
Si =g inQ,

u=0 onod<,

5.1
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with0 <1l < k <n. Then

Ci/S“xsy'd —c,’;/S“S—V‘ —(k—l)Cf,/uSkdx
w w

Q2 02 Q

(n—k—l—l)Cl/——i-( l+l)C,’§/%=O. (5.2)

Proof By direct computation, we obtain

w\ oL (IDuPy 10 1N 53
() =3(5) =0 - ) =

Multiplying the equation with ku, we obtain

kSru = S,ij <%> (x5) ju = <S,ij (%) x5u> —uxs Dy S — S,ij <%> Xsllj.
s s J N

(5.4)

By using (5.3), we obtain

(n—k+1)S;_

sy <b:7[> xsuj =S}’ (i)_xxuj = =53 ™ Nixy = — (S w ™ Hy), + - (5.5
s 1

Putting (5.4) and (5.5) together, we obtain
oy ) Sk—
uxy Dy S = (S;j<”—’> w) H(SIE), =k + D2 ks (5.6)
w /g j w w

Note that from (5.2)
Cl DS, = Crpys). (5.7)

By (5.6) and (5.2) we have

. . S _
cl <<S;j<ﬁ> x5u> FSTEy — i — k)L kuSk)
w /g j w w
k ij [ Wi Si 5 Si—1
=Cil(S/ =) xu) +S=)i—n—1+D)— —1usS |.
w /g j w w

Integrate it on €2 and use (5.2), we obtain the identity we want. O
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Proof of Theorem 1.3. By Lemmas 5.2 and 5.4, we obtain

_ ! AN k/ (L_l>
(n k+1)CnQ/Sk_1(ﬁ w)dx (n IH)C"Q Si_1 5w dx

= (k —l)c;/uskdx.
Q

That is

1 1 (n—1+1)Cks_y B
(n—k+ 1)/Sk_1<ﬁ - E)(l — Ty I)CflSkl)dx = (k—l)/uSk.
Q Q

(5.8)
By (2.3) and (5.1), we have
<Sk_1/C,’§1>kll . (Sk/Cfl‘)kll . Sck
S—1/ch! —\8/C T Sp/Ckl
So it follows
Sy (m—14+DCk 1
-1 (n—=14+1C, L (5.9)
Sp—1 (n—k+ l)Cfl k
and
—k+1
St < %sk_l. (5.10)
Note that by Lemma 5.3, we have
Lol e (5.11)
—_— u m . .
V2w
So by (5.9) and (5.11), we obtain
11 (n—1+1)Cks_
n—k+1/S(———)(l— 1 dx
( ) | Skt V2w (n—k+ DCLS,_,
Q
—k+1)(k—1
L& +k it )/Sk_ludx. (5.12)
Q

On the other hand, by maximum principle, we have u < 0 in €2, it follows by (5.10)

2 —k+ 1)k =1
k

(k—l)/Skqux > fSk_lqux. (5.13)
Q Q
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So we have

n—k+1

Sk—1 = Sk.
A k—1 k

By (2.5), we infer the eigenvalues of D(%

) are all equal to 1. Combining with the

boundary conditions in (1.4), we obtain

1
u=—y1-x>+—,
. V2

. . . 1
and  is a ball with radius Nt O
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