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1. Introduction

Let Q be a bounded domain containing the origin in R” with C® boundary 052, and
let 6(z) be a C? function over 2 with 0 < (x) < 7. We consider a mean curvature flow
in the cylinder  x R with prescribed contact angles 6(z) on 9Q x R:

n-(3,0) = cosd(x) on T (92 x R), "

{V:H+A onT; C Q xR,
where Ty (t > 0) is a family of hypersurfaces moving in the cylinder Q x R, V and H
denote the normal velocity and the mean curvature of I'y, respectively, A is a real number
denoting a driving force, n denotes the upward unit normal vector to I'; and v denotes
the inner unit normal to 02. Then H = —divn. In the case that I'; is the graph of a
function y = u(x,t), the problem (1.1) can be converted into the following problem:

uy = a”(Du)Djju+ Ay/1+ |Dul?, (z,t) € Q x [0,00),
? — —cos(z)y/1 1 | Dul, (@,1) € 92 x [0, 00), 12)
» .

duo

i = —cosf(z)/1 + |Dug)?, x € 08,

where Du = (Dyu, -+, Dyu),

PPy
L+ [p[?

a’(p) == 6 for p € R™,

and uy € C*(Q) denotes the initial data. The problem (1.1) or (1.2) describes the
evolution of the graph of u(-,t) by its mean curvature (together with a driving force A)
in the normal direction with prescribed contact angle 8 on the boundary.

The problem (1.2) without driving force (i.e. A = 0) has been studied by many authors
since 1980s. To name only a few, Altschuler and Wu [2] considered the case n = 2 and
proved that when  is strictly convex and |D76| < min k(z), where k(z) denotes the
curvature of 90 at x, the solution either converges as ¢ — oo to a minimal surface (when
/. 90 CosB(x)do = 0), or to a translating solution. For higher dimensional cases, Huisken
[9] considered the case §(x) = %, and proved that the solution remains smooth, and
converges as ¢ — 0o to a minimal surface. Gao, Ma, Wang and Weng [5] considered
the problem with nearly vertical contact angle condition and proved that when € is
strictly convex, the solution converges to a translating solution. Recently, Ma, Wang
and Wei [12] derived the uniform gradient estimates for the problem without the driving
force and with Neumann boundary condition g—: = ¢(x), and proved that when € is
strictly convex, the solution converges to a translating solution. Wang, Wei and Xu [15]
generalized the results in [12] to a kind of general capillarity-type boundary conditions
which does not include the prescribed contact angle case. In a recent long paper, Giga,
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Onoue and Takasao [6] even derived a mean curvature flow with an interesting type of
dynamic boundary conditions by taking limit for the Allen-Cahn equation.

Mean curvature flows with driving forces arise in the fields of geometry analysis (cf.
[3,4] etc.), and in the singular limit problems for reaction diffusion equations such as
Allen-Cahn equation (cf. [1,8], where the driving force describes the slight difference
between two stable phases). The asymptotic behavior for the solutions to such equations
has also been studied by some authors. For example, in case n = 1, Angenent [3],
Chou and Zhu [4] studied the shrinking plane curves driven by V = a(n)H + b(n).
Nara, Ninomiya and Taniguchi [13,14] considered the existence and stability of the V-
shaped translating solutions to V' = H + A. Matano, Nakamura and Lou [10,11] studied
the translating solutions to the same equation in two dimensional periodic or almost
periodic band domains. In higher dimensional case, Guan [7] considered the following
general equation

uy = a” (Du)Djju — ¢(u, Du), (x,t) € Q x [0, 00). (1.3)

He gave time-dependent gradient estimates for the solutions. In the special case where
¥(u,p) = kuy/1 + |p|2 with k > 0, or ¥(u,p) = —n/u with u > 0, he showed that the C*
estimates of the solutions are independent of the time (that is, the solutions are bounded
ones), and then proved the convergence of such solutions to stationary ones.

In this paper we study the asymptotic behavior for the solutions to (1.2). Note that
in our problem, the equation involves a driving force term, the cross section 2 of the
cylinder can be convex or non-convex, and the solutions can be bounded or unbounded.

To study the quasilinear equation in (1.2), a crucial step is to give a priori bounds
like

lulle@xo,ry) < Co(T), 1 Dullc@xo,ry) < C1(T)-

In many cases, when the CY bound is dependent on (resp. independent of) T', the gradient
bound is also dependent on (resp. independent of) T'. To guarantee the well-posedness
on the time interval [0, 7], the time-dependent bounds Co(T) and Cy(T') are sufficient.
However, to study the asymptotic behavior for the solutions, one generally needs uniform-
in-time bounds. More precisely, in order to study the convergence of u(x,t) — u(0,1)
(no matter u is bounded or not), one usually establishes the C?T bounds by using
the gradient bounds. The important thing is that, to derive a convergence result these
bounds must be independent of the time, or uniform-in-time. In this sense, we say that
the uniform-in-time gradient bounds are of special importance in the qualitative study for
(1.2), which are generally not easy, especially for unbounded solutions in high dimensional
cylinder with a general cross section. The following theorem gives such a result for the
problem (1.2).

Theorem 1 (Uniform-in-time gradient bound). Assume @ C R™ is a bounded domain
with 90 € C3, O(x) € C%(Q) with 0 < O(z) < m. Let u be a classical solution to (1.2)
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in the time interval [0,T) for some T € (0,00]. Then there exists a positive number Cq
depending only on ug such that

sup Juy| < Ch.
Qx[0,T)

Moreover, there exists a positive number Cy independent of t and T such that

sup |Du| < Cy, (1.4)
Qx[0,T)

if one of the following conditions holds:

(i) n =2 and the positive curvature r(z) of OSY satisfies k(x) > |A[ + || DO|| (g
(i) n > 2, Q is strictly convex and || cos 0| o2y < 1;
(iii) n > 2 and |A| > 1.

Remark 1.1. Note that the gradient bound in (1.4) is a uniform-in-time one, which, as
we have mentioned above, is crucial in the study of the convergence of the solutions. Such
uniform gradient bounds were also obtained in [2,5,12] etc. for unbounded solutions to
equations without driving force and in convex cylinders. However, in (iii) of the previous
theorem, we do not need the convexity for the cylinder. As far as we know, there are
no relevant results on the uniform gradient bounds for unbounded solutions in non-
convex cylinders. In [7, Theorem 4|, Guan considered a general equation (1.3) without
the convexity assumption for 2, but the gradient bounds he obtained for unbounded
solutions are time-dependent ones, which are not applied to the qualitative study for
unbounded solutions (see (1.4) and the beginning of Section 3 in [7]).

The gradient bound in the above theorem not only guarantees the global well-
posedness, but also helps us to derive the convergence for the solutions. Denote

I:= A|Q| +/cos€(x)da. (1.5)
o0

According to the sign of I, we will prove a trichotomy result on the asymptotic behavior
of the solutions.

Theorem 2 (Trichotomy and its criterion on the asymptotic behavior). Assume the hy-
potheses in the previous theorem hold.

(i) IfI =0, then the problem (1.2) has a (unique up to a shift) stationary solution V (z).
Any solution u to (1.2) converges as t — 0o to this stationary solution (with suitable

shift);
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(ii) If I > 0, then the problem (1.2) has a (unique up to a shift) translating solution
®(x) 4 ct with ¢ > 0. Any solution u to the problem (1.2) converges ast — oo to this
translating solution (with suitable shift);

(iii) If I < O, then the problem (1.2) has a (unique up to a shift) translating solution
O(x) + ct with ¢ < 0. Any solution u to (1.2) converges as t — oo to this translating
solution (with suitable shift).

Remark 1.2. From the above theorems we see that (a) the cross section €2 of the cylinder
in our problem can be a non-convex one; (b) our equation involves a driving force term
A; (c) the gradient bounds we obtained are uniform-in-time ones; (d) the trichotomy of
the asymptotic behavior for the solutions is characterized simply by the sign of I.

The proof of Theorem 1 needs very careful calculations and is rather technical, we
postpone it to Section 3. In Section 2 we study the asymptotic behavior for the solutions
o (1.2). In the first subsection we consider bounded solutions and their convergence
to stationary ones, in the second subsection we consider unbounded solutions and their
convergence to translating solutions, and finally, in the last subsection we complete the
proof of Theorem 2.

2. Asymptotic behavior for the solutions to (1.2)

In this section we always assume that the hypotheses in Theorem 1 hold. Then the
problem (1.2) with any smooth initial data has a classical global solution, which has the
uniform-in-time gradient bound as in (1.4). We will study the asymptotic behavior for
such solutions and prove Theorem 2.

Clearly, there are exactly three possibilities for the solutions to (1.2):

(A1) all the global solutions to (1.2) are bounded;
(B1) there is a global solution to (1.2) which is unbounded from above;
(C1) there is a global solution to (1.2) which is unbounded from below.

We will show that these possibilities correspond respectively to the following statements:

(A2) the problem (1.2) has a unique (up to a shift) stationary solution V(x);

(B2) the problem (1.2) has a unique (up to a shift) translating solution ®(x) + ct with
c>0;

(C2) the problem (1.2) has a unique (up to a shift) translating solution ®(z) + ¢t with
c<0.

Moreover, each possibility can be characterized simply by the sign of I.
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In the first subsection we consider bounded solutions, in the second subsection we
consider unbounded solutions, and in the last subsection we complete the proof for
Theorem 2.

2.1. Bounded solutions converge to stationary solutions

We first prove a lemma.

Lemma 2.1. Assume the hypotheses in Theorem 1 hold. If the problem (1.2) has a bounded
classical solution u, then (1.2) has a unique (up to a shift) stationary solution V(x).

Proof. We first use the Lyapunov functional to derive a quasi-convergence result, that

is, any w-limit of u(-,t) is a stationary solution to (1.2). Precisely, for any ¢ € H*(Q),
define

E[Y] ::/(W—A¢)dw+/¢(m)cos€(m)da.
[5}9]

Q

By our assumption, u is a bounded classical solution to (1.2). So Efu(-,t)] is well-defined
and bounded from below for all ¢ > 0. A direct calculation shows that

d 2

—Elu(, 1) = g ﬁdm <o.
Using this fact one can show in a standard way that
gll) (-, )| 20 < C, i {lug (5 )| L2 ) = 0,
for some C' > 0. Thus, u has w-limits in H'(2). Suppose that V() is one of them, then
lu(,tn) = V(@)1 @) =0, n— o0
for some time sequence {t,}. Taking ¢t = ¢,, in the following equality

Dp - Du

Q/ /71+|Du|2p($)d$:§[ l_ /_1+|DU|2

and then sending n — oo we have

+Ap|dx,  pe Hy(Q),

Dp-D
O:/ _p7V+Ap dz.
J 1+ |DV|?
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This implies that V € H'(Q) is weak stationary solution. Finally, by the regularity
theory of elliptic equations, we see that V' is actually a classical stationary solution. This
proves the quasi-convergence result.

We now show the uniqueness (up to a shift) for the stationary solution. By contradic-
tion, we assume that both Vi (z) and Va(z) are stationary solutions to (1.2). Since the
equation as well as the boundary condition in (1.2) is invariant in vertical spatial shift,
Vi(z) + h, for any h € R, is also a stationary solution. Now we take a suitable h such
that

Va(z) < Vi(x)+h, x€Q,

and the “equality” holds at some point o € Q. Then the maximum principle implies
that Va(x) = Vi(x) + h. This proves the uniqueness. O

For convenience, in the rest of the paper, we denote by V(x) the unique stationary
solution to (1.2) satisfying V' (0) = 0.
Now we can prove the main result for bounded solutions.

Theorem 2.2. Assume the hypotheses in Theorem 1 hold. Then the statements (A1), (A2)
and (A3) are equivalent, where
(A3) any solution u to (1.2) converges ast — oo to a stationary solution.

Moreover, in any of the above cases, I = 0.

Proof. (A1) = (A2). This is proved in the previous lemma.
(A2) = (A1). For any initial function ug we take a large h > 0 such that

Vizg)—h <wup(z) <V(z)+h, zel

By comparison, u(x,t; ug), the solution to (1.2) with initial data ug, remains bounded
between V + h and V' — h. This proves (Al).

(A1) = (A3). Let u be a bounded solution to (1.2). From the proof of the previous
lemma we see that any w-limit of u(-,¢) is V(-) + h for some h € R. To prove (A3) we
only need to show that such & is unique. By contradiction, we assume both V' (z) + hy
and V(z) + he with hy < hg are w-limits of u(-,t). Then there exists sufficiently large T'
such that

ha — hy

[u(-T) = V() = hllo@) < 5

Hence, u(z, T) is smaller than the stationary solution V(z) + 21Fh2

, s0 is u(z,t) for all
t > T by comparison. This, however, contradicts the assumption that V(x) + hq is also
an w-limit of u.

(A3) = (A1). This is obvious.
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Finally, we prove I = 0. Denote by H(V) and n the mean curvature and the upward
unit normal vector of the graph of V(x), respectively. Then

(-=DV, 1) . . Dv
n=———7—>— and H(V)= —div(gyn = divy———mv.
’ 1+ |DV|?

V14 |DV|?

Integrating the equation of V: 0 = H(V) + A over Q and using the boundary condition
in (1.2) we have

de + AlQ| =1 := /cosﬂ(m)do—i— AlQ).
o9

DV
0= / div, ———
1+ |DV|?
Q
This proves the theorem. O
2.2. Unbounded solutions converge to translating solutions

In this subsection we consider the asymptotic behavior for unbounded solutions. Since
the discussion for solutions unbounded from below is similar as that for solutions un-
bounded from above. We only study the latter case.

Lemma 2.3. Assume the hypotheses in Theorem 1 hold. If the problem (1.2) has a classical
global solution u which is unbounded from above, then (1.2) has a unique (up to a spatial
shift) translating solution moving upward.

Proof. We divide the proof into four steps.
Step 1. Convergence to +0o. By Theorem 1, |Dul| has a uniform-in-time bound C.
Since u is assumed to be unbounded from above, there exists T' > 0 such that

w(x, T) > u(z,0)+1=ug(z) +1, =z
By the comparison principle we have
w(z,t+T) >u(z,t)+1, z€Q, t>0. (2.1)
In particular, for any positive integer k&, we have

u(z,t + kT) > u(z,t) +k, x€Q, t>0.

Together with the boundedness of u; in Theorem 1 we conclude that u actually tends to
+o0 as t — oo.
Step 2. Construction of an entire solution. Set

ug(x,t) == u(z,t + kT) —u(0,kT), z€Q, t>—kT. (2.2)
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Then we have
luge (2, )], |Dug(z,t)| <C, x€Q, t>—kT, (2.3)

by the a priori bounds in Theorem 1. Thus, for any 77 > 0 and any « € (0,1), when
k > 1, by the parabolic theory we have

el corantar@xi—m,my) < C1
for some positive C; depending on 77 but independent of k. Then, there is a subsequence
{ur,} of {uy} and a function Uy (z,t) € C*Fo1+2/2(Q x [Ty, T}]) such that ugy, — Uy as
j — ooin C%1(Q x [~Ty,T1]) norm. Using the Cantor’s diagonal argument, we can find a

subsequence of {uy, }, denoted it again by {uy,}, and a function U € C*+*1+¢/2(() x R)
such that

ug, (z,t) = U(x,t) as j — oo, in the 0120’61 (2 x R) topology.

Clearly, U is an entire solution to (1.2), that is, a solution defined for all ¢t € R. Moreover,
by (2.3) and (2.1) we have

|Us(z,t)|, |DU(z,t)| < C and U(x,t +T) > Uz, t) +1, €, tcR. (2.4)

Step 8. Uniqueness (up to a shift) of the entire solution. We show that the entire

solution U is unique up to a shift in the sense that, for any entire solution W(z,t) to
(1.2) satisfying similar estimates as in (2.4), there exists a unique ! € R such that

W (z,t) = U(z,t) +1. (2.5)

We apply a similar approach as that in [11]. For simplicity, we use the notation
wy S wy if wy(x) < wa(x) and the “equality” holds at some points in Q. Define

L(t) := max{l € R | U(z,t) +1 < W(z,1), z € Q}
and
D(t) :=min{d € R | W(z,t) < U(z,t) + L(t) + d, = € Q}.
Then,
U(z,t) + L(t) S W(x,t) S U(x,t) + L(t) + D(t). (2.6)

Moreover, we have the following properties:
Claims. (1) D(t) > 0 for all ¢t € R;
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(2) if D(to) = 0 for some to € R, then L(t) = L(tg) and D(t) = 0 for all ¢ > to;

(3) if D(tp) > 0 for some to € R, then for all ¢ < tg, L(t) is strictly increasing,
L(t) + D(t) and D(t) are strictly decreasing. Both D and L are bounded in ¢ < t.

We only prove the boundedness for L and D in Claim (3) since other conclusions

follow from the maximum principle easily. Since |DU|,|DW| < C by our assumption,

we see that the oscillations of U and W are bounded by C - ¢(€2), where ¢(Q2) denotes
the diameter of Q. Hence, by (2.6) we have

D(t) <3C-¢(Q), teR.
Since L(t) is strictly increasing and D(t) + L(t) is strictly decreasing in ¢ < ¢ty we have
L(to) > L(t) > [D(to) + L(to)] — D(t) > [D(to) + L(to)] — 3C - (), t <to.

This proves the boundedness for L and D. Hence, in case (3) holds, there exist D >
0, £ € R such that

D) — D, L(t)— L ast— —oo. (2.7)

Clearly, in order to prove (2.5) we only need to show that D(t) = 0. Assume by
contradiction that D(ty) > 0, then Claim (3) holds. For allz € Q, t € R and k € N, set

Uk(z,t) :=U(z,t — k) — U0, —k) and Wi (x,t) := W(z,t — k) — U(0,—k).

Since U (0,0) = 0 and W% (0,0) € [L(—k), L(—k)+ D(—k)] are bounded, we have similar
C! bounds for Uy and W}, as above. Hence, we can take limit as k — oo (if necessary,
we take a subsequence) to obtain

U, —U and Wy, - W as k — oo, in the topology of Clzo’cl(ﬁ x R),
for some entire solutions & and W. By (2.6) and (2.7) we then have
Uz, t) + L SW(z,t) SU(z,t) + L+ D.

This, however, contradicts Claim (3) for the entire solutions & and W instead of the
entire solutions U and W. Therefore, D(t) = 0 holds, and so L(t) = [ € R. This proves
(2.5).

In what follows, we use U(x,t) to denote the unique entire solution satisfying the
normalized condition U(0,0) = 0. (For, otherwise, we just use U(x,t) —U(0,0) to replace
the original U). By the definition we see that uy also satisfies the normalized condition
ur(0,0) = 0. Hence, due to the uniqueness of U, the whole sequence {uy} converges to
U:

ug(z,t) = u(x,t + kT) — uw(0,kT) — U(x,t), ask — oco.
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Since T' can be any large number by Step 1, we actually have
u(z,t +s) —u(0,s) - U(z,t), ass— oo, (2.8)

that is, u(x,t) converges to the unique entire solution in a moving frame.

Step 4. The existence and uniqueness of the translating solution. Let U(x,t) be the
unique entire solution obtained above. Then, for any 7 € R, U(x,t + 7) is also an entire
solution to (1.2). We can regard this solution as W in Step 3 to conclude that, there
exists a unique ! = [(7) such that U(z,t +7) = U(x,t) + (7). Therefore,

lim I(r) — lim U(z,t+7)—U(z,t)

T—0 T 7—0 T

= c:=U(x,t).

Hence U(z,t) is nothing but a translating solution with the form ®(z) + ¢t for some
function ®(x) (P satisfies (0) = 0 by the normalized condition). The sign ¢ > 0 can be
determined directly by the second inequality in (2.4). The uniqueness (up to a spatial
shift) of this translating solution follows from the uniqueness of the entire solution in
Step 3. O

Now we prove some equivalent statements for solutions unbounded from above.

Theorem 2.4. Assume the hypotheses in Theorem 1 hold. Then the statements (B1), (B2)
and (B3) are equivalent, where
(B3) any solution u to (1.2) converges ast — oo in a moving frame to an upward moving
translating solution.

Moreover, in any of the above cases, I > 0.

Proof. (B1) = (B2). This is proved in the previous lemma.
(B2) = (B3). Let ®(z) + ¢t with ®(0) = 0, ¢ > 0 be a translating solution. For any
initial function uy we take a large h > 0 such that

uo(z) > ®(x) —h, z€Q.

By comparison we know that u(x,t;ug) > ®(x) + ¢t — h, and so u(z,t;ug) is a solution
unbounded from above. Using Lemma 2.3 and its proof we see that u converges in a
moving frame to the translating solution, that is,

u(z,t + s;up) — u(0, s;up) = P(x) +ct, as s— oo.

(B3) = (B1). This is obvious.
Finally, we prove I > 0. The equation for ®(x) + ct is

c=a"(D®)D;j® + A\/1+ |D®|?,
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or, equivalently,

< di D 4
= div
V1+[DoJ? 1+ D3]

Integrating this equation over €2 and using the fact ¢ > 0 and the boundary condition in
(1.2) we have

Do
0< [ divyg——==sdx + A|Q| = /cos O(x)do + A|Q = 1.
Q V1+|Def? a0

This proves the theorem. O
2.8. Proof of Theorem 2

Now we can complete the proof of Theorem 2. Note that the statements (A1), (B1)
and (C1) give all the possible cases and they are independent to each other. When (B1)
holds, it follows from Theorem 2.4 that I > 0. When (C1) holds we have I < 0 in a
similar way. Therefore, when I = 0, the only possible case is (A1), and so the conclusions
in Theorem 2 (i) follow from Theorem 2.2. Similarly, when I > 0, only the case (B1) is
possible and so Theorem 2 (ii) follows from Theorem 2.4. This completes the proof of
Theorem 2. O

3. A priori bounds

Let u € C32(Q x [0,T)) be a classical solution to (1.2) in the time interval [0, 7] for
some T € (0, 00]. In this section we will derive some a priori bounds for u; and Du. The
bounds are uniform ones, that is, they are independent of ¢ and T'. For simplicity, we use
the following notations:

U; = Diu, U5 = Diju, V= 1+ |DU|2

In addition, we will follow the Einstein’s sum convention: all the repeated indices denote
summation from 1 to n.
On the contact angles, we assume 6(x) € C%(Q) with 0 < §(x) < 7, and so

So :=max |cosf(z)| < 1. (3.1)
Q

In the first subsection we derive a bound for u;, and in the rest parts we derive the
bounds for Du, including the case Q C R2 being convex in Subsection 3.2, the case
Q C R” being convex in Subsection 3.3, and the case 2 C R™ being a general domain in
Subsection 3.4. Since non-convex results are rarely seen, we give a more detailed proof
of this situation. In the paper, for convenience, we will use subscript indices to denote
derivatives for functions and follow the summation convention.
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3.1. A priori bound for uy

Lemma 3.1. Let u € C32(Q x [0,T)) (for some T > 0) be a solution to (1.2). Then

max |us| = max |us(+,0)].
Q

Qx[0,T]
Proof. Following the method in [2, Lemma 2.2], it suffices to prove the following fact:
For any fixed Ty € (0,77, if u; admits a positive local maximum at some point (zg,tg) €
Q x [0, Tp), that is,

ug (o, tp) = max wuy > 0,
Qx[0,To]
then tg = 0.
Suppose by contradiction that tg > 0. It is easy to calculate that wu; satisfies the
equation
iut =a" (ut);j — gaijviuf + —ujuy. (3.2)
dt iT Y 3ttt

This implies that u,; satisfies the parabolic maximum principle, and so zg can be taken
on 0f2. Choose the coordinates in R™ such that the positive x,-axis is the interior normal
direction to 99 at z¢. Then at the point (zo, o),

Uz, =0, k=1,....n—1, (3.3)
and
Ut:M:M:—COSH~um. (3.4)
v v
Differentiating the boundary condition in ¢, we have
Unt (o, to) = — cos O(xg) - vi(xo, to) = cos? 0(xo) - unt(xo,to)- (3.5)
Therefore,
Unt (X0, o) =0. (3.6)
This however, contradicts the Hopf lemma at (zg,t9). O

3.2. Uniform |Dul-bounds when Q C R? is convex

Theorem 3.2. Assume Q C R? is a strictly convexr bounded domain with C® boundary
O0. Let u € C*2(Q x [0,T)) be a solution to the problem (1.2) in the time interval [0,T)
for some T € (0,00]. If the curvature k(x) of Q) satisfies
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k(z) — |A| — max |D6| > 61,
Q

for some 01 > 0, then

sup | Dul < C1(2 S0, 6] 1y 1. o).
Qx[0,7T]

Proof. We first show that the maximum of | Du/|? is attained on £2x {0} or on 9Q x [0, T].
A direct calculation shows that

(|Dul?); =2ugup. (3.7
From the first equation in (1.2), we have

QU Utk :2aijuijkuk + 2a§f;numkuijuk + 2Auvy

y . . Auy, (3-8)
=q J(|Du\2)ij = 2a" uirugn + 20, wmpigug + T(|Du|2)k,
where
i ZUinUm 5imuj + 5jmui
apjnL = 'U4 - UQ ° (39)
Substituting (3.9) into (3.8) we have
L . 4 .. A
QU Ut :a”(|Du|2)ij = 20" Uig gt — 5 @ U Ui U Uk, + ﬂ(\Du\g)k
v v (3.10)

(| Dul).

ii i 1 i Auy,
=qa ]|D1_I,|Z2j — 2a ]Uiku]'k - ﬁa J(|DU|2)Z(‘DU‘2L + T

Hence (3.7) becomes
2 ij 2 ij L i 2 2 Auy, 2
(1Duf*) =a¥|Dulf; = 207wz, — —a” (|Dul*)i(| Dul*); + —=(|Duf*)y. (3.11)

Since a¥ is a semi-positive definite matrix, we have a® uipj > 0. It follows that

(1DuP), <a|Dulfy ~ L (IDuP)(Dul); + 2 Duf). (3.12)
Now we can use the maximum principle to conclude that the maximum of |Dul|? is
attained on Q x {0} or 9Q x [0, T7.

Next we assume that |Du|? attains its maximum at the point (xg,to) € 9Q x [0,T].
Following the idea of Altschuler and Wu [2], denote the unit inner normal vector and
the unit tangential vector by A" and 7T, respectively. On 9, we define a7V = a” T;Nj,

aTT = aTT;, a™VN = a9 N;Nj. As did in [2], we can give a smooth extension of N
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and 7 to a thin neighborhood of 9€2. Consider the set of coordinate vectors {%, %},
2 is orthogonal to the level sets of the distance function d(z) = dist(z, 99) such that
|%|2 =1 and % loa= N, a% is taken such that (%, %) =0 and % loo= T. Let ¢ be
a function such that |¢>*1a%|2 = 1. Now we can extend N and 7 by {%,¢*1%}. By

Lemma 2.1 in [2], we have

V'TT :K/Na VTN = _K/T7 VNT = 0) VNN = 0’ (3 13)
UTN =UNT + KUuT. .

We shall deal with the second order derivatives uaan and ugar. For the term wras, we
will use the boundary condition to obtain the following equalities.

up = —cosb - v, (3.14)
uir =cos? 0 - v?, (3.15)
uF =sin®6 - v* — 1. (3.16)

Assume, without loss of generality, that |ur(zo,9)| > 1. Otherwise, by the boundary
condition we obtain the bound

| Dul?(z0,t0) < s 1. (3.17)
Hence, at (zo,to),
(IDul)T =0=vr, upnunT +ururs =0, (3.18)
and
(|Du )ar <0,  unupn +urury < 0. (3.19)

Differentiating the equalities (3.14)-(3.16) in the tangential direction, we have

upnT = sin 007v — cos v, (3.20)
ug N =sin 007v — cos Qv + Kur, (3.21)

2 : 20
w =cos fsin 997—0— 4 2 T (3.22)

uT uT

In particular, at (xg,to), by (3.18) we have
upn7 = sin 607, (3.23)
ur N =sin 007v 4+ kur, (3.24)
v2

w7 = cos 6 sin 00+ —. (3.25)

ur
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For the term wuprpr, we will rewrite u; in the equation (1.2) under the A/, T directions.

0; =T'0r + N'o,
0 =(T7 07 + N7on)(T'0r + N'oy)
=TIT 0707 + TN 010N + N T 0507 + NIN ON O + kTN 07 — 6T/ Ty

(3.26)
Since
2
aTT :aijTiTj _ 1 +;‘LN’
v
a™N =g TINT = —UZZN, (3.27)

2
N =@l NNT = Ll +2u7— =sin? 6,
v
by (3.23)-(3.25), we can rewrite u; at (x,%p) as the following.

U = a”uij + Av

TT

=a’ "urT + aNTuNT +a™

urn + A Nunn + kN Tur — kaT Tup + Av
=a"Turr 4+ 208 Tunt + ¥ Nupn + 260N Tur — kaT Tupn + Av
2

1
= sin? Qupnn + +2UN
v

UTUN
2

2
cos f sin 9970— -2 sin 6001v
ur

UTU, 1+ u?
TN i — & NuN+Av

— 2K
2 T 12

2k + 1+,

(G
2 2 2 2
= sin? Quarn + ucos@sinHHT—I—.‘iM cos 0 + Av. (3.28)
uTt v

2k + 1+ ud,

= sin? Quprn + cosfsin00r + k cosf + Av

Hence, we have

v? + u%— u%— + v?
uT

cos 6 sin 06 7. (3.29)

sin? Quan =up — Av — K cos @
Multiplying sin? # at both sides of (3.19), and using (3.24) and (3.29), we have

0 > up sin? Oupn + g sin? Qugpr
v+ u%— ugr + v?

cos f sin 997—]
ur

= —cosHv[ut — Av — Kkcos@

+ wrsin? 6 [ sin 00rv + mu'r]
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2 20,2 2 v(v? —1)
= — cos Buv + A cos Bv* + k(cos® v* + u5) + sin 0 ———=
ur
0

= k|Du|? 4+ A cos Ov* — cos Ousv + 7T [uF + cos® ]

sin Quy

v|b7]
> (k—|Acosf| — |0 2 - = 3.30
> (5~ Acost] — 07 ]? ~ ufo — 10T (3.30)

By our assumption k — |A| — |67 > §1 > 0, we obtain

sup \Du\ S Cl(Q,SQ, ||9||01(§)761,U0>.
Qx[0,T]

This proves the theorem. O
3.3. Uniform |Dul|-bounds when Q C R™ is convex

When (2 is a strictly convex smooth domain in high dimensions, we firstly state the
result as follows.

Theorem 3.3. Assume 2 C R™ (n > 2) is a strictly convex bounded domain with 0§ € C3.
Let u € C32(Q x [0,T)) be a solution to the problem (1.2) in the time interval [0,T] for
some T € (0,00]. If § € C%(Q) and

| cos Ol oz < 1, (3.31)

then

sup |Du| < 02(n7Q’u0’ ” COSGHC%@))'
Qx[0,T]

Remark 3.4. The proof of Theorem 3.3 is based on the maximum principle method by
choosing a suitable auxiliary function. Though many auxiliary functions can be seen to
get the gradient bound for such problems in the article or the references therein, the key
point for us is to get the uniform gradient bound (independent of the time t). Ma, Wang
and Wei in [12] initially gave the uniform gradient bound for Neumann boundary value
problem, which depends on the strict convexity of the domain 2. Here we follow the idea
of [12] by choosing the auxiliary function (slightly different from theirs)

o(z,t) == logw + ah,
where w 1= v — ughy cos 0, « is a positive constant and h is a function defined over €.

As the detailed proof is similar to theirs or can be seen in our arXiv:2210.16475 version,
we omit it here.
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3.4. Uniform |Dul-bounds when @ C R™ is a general domain

Let Q be a bounded smooth domain in R™ with 99 € C2. Recall that the distance

function
d(z) := dist(z, 00Q)

is smooth near 92 and Dd = v on 0f). Moreover, we assume that d is extended to be a
smooth function over Q) satisfying d > 0 and |Dd| < 1 in Q.

Our next theorem gives a uniform gradient bound for the solutions to (1.2) when 2
is not a convex domain. Though its proof is also to use the maximum principle, the
auxiliary function we will construct is different from the previous one and so the proofs
are independent of each other. Compared to the convex case, the non-convex one is more
novel. Hence we will give a more detailed proof in the following.

Theorem 3.5. Assume Q C R™ (n > 2) is a bounded domain (does not have to be convex)
with 0 € C3. Let u € C3%(Q x [0,T]) be a solution to the problem (1.2) in the time
interval [0, T] for some T € (0,00]. If § € C*(Q) and |A| > 1, then

sup |Du| < C3(n, Q, uo, So, [|0]|c2(q))-
Qx1[0,7]

Proof. Choosing the auxiliary function
o(z,t) :=logw + apd,

where w := v 4+ updy cos 0 and «aq is a positive constant to be determined later. We will
derive the uniform bound for |Dul.

As above, we assume (x,t) attains its maximum at (zg,%y) € Q7 := Q x [0,T], and
divide the proof into three cases.

Case (i): 2o € 0.

At (xg,to), we choose the coordinate in R™ so that the positive x,-axis is the inner
normal direction to 9, which is exactly equal to v. We denote by D'u = (uy,...,up—_1)
and u, the tangential and normal part of Du on the boundary by the choice of the
coordinate. Let % be the tangential directions, 3 =1,--- ,n—1.Let 8, =1,--- ;n—1
be numbered corresponding to the coordinates of the tangential space.

Then on the boundary 0%,

dg =0, dy=1, dg,=0, dg;=0, Bn=1,2-- ,n—1 (3.32)
First by the boundary condition in (1.2), we have

w =v + u, cos® = vsin® 6, on 9N, (3.33)
u? =cot? §(1 4 |D'ul?), on 0Q. (3.34)

n =
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Then at xg € 09, by the Hopf lemma and the boundary condition, we can compute
directly to derive
w
0= vn =— + o
w

1
= [v5 4 (urdi)n cos 0 + (cos 0)nurdi] + ag

:i [ukukn

+ Ugndy cos 0 + ugdgy, cos 0 + u, (cos 9)n] + o
w

n—1
1.1 1
=— [— E UBUBY + —UnUnp + Unp COS O + Updyy O 0 + Uy, (cos H)H} + ap
v v

Rt
11 n—1
= [— Z UBUBR, + Undny cOs 0 + uy, (cos Q)n] + ap
w v i
11 n—1 1 n—1
= [; Z UgUng + - Z KBnUaty + Updpy, cos 0 + uy(cos 0)n] + ag.
B=1 B,m=1

(3.35)

By the definition of w, we obtain

wg v+ (updy) cos b
0=="y = w 7
(3.36)

0 =wg = vg + upg cos  + uy(cos B) s,

which implies that

Vg = — Upg €08 0 — uy,(cosb)g. (3.37)

Differentiating the boundary condition u, = —cosfv along the tangential directions,
then

Upg =(—cosbv)g = —(cos 0)gv — cos Hvg. (3.38)

From (3.37), (3.38) and the boundary condition in (1.2), we deduce that

Unp = — csc? 0(cos 0) gv + uy, csc? @ cos O(cos 0) 5 = vesc O(1 + cos? 0)05. (3.39)

Inserting (3.39) into (3.35), we have
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n—1 n—1
1 1
0>, == [escO(1 + cos® 0) Z ugls + . Z K gnUaiy
B=1 Bm=1
+ Updpy, cos 6 + (cos G)nun} + o
cscO(1 4 cos? ) v 1 = )
S — Z uglg + P Z KgnUply — dpy cot 0 4 cot 00, + ag
p=1 Bn=1
2(n — 1)|D 1
>ag — w csc 0|01 a0y — | cot 0]10,] — —|/§0|\D'u|2 — |dnnl cot? 0
w wv
2n—1 1
>0 — (730)||6”Cl(89) - EWOHDI“F — |dpn| cot® 6
(2n—1) Ko | D2d|
>ag — ——2||6 - — =
=ao sin® 6 I ||Cl(8§2) sin?f  sin% 6
>1

)

(3.40)

where we have chosen kg > 0 satisfying —rodg, < kgy < Kodgy and

ap 2n —1 Ko | D2d|

=140

2 inf sin® @ I ”Cl(aﬂ
o0

+ .
) infsin?@ = infsin?4
o o0

Therefore, ¢ cannot attain its maximum on 0€).
Case (ii): zg € 2 and ¢y = 0, then we have

o(x,t) < p(xg,0) =log(v/1 + | Dug|? + (uo)rdi cos 6) + apd < C(n, Q,ug, So),

and

sup |Du| < C(n,Q,ug,So). (3.41)
Qx[0,7]

Case (iii): o € Q and T >ty > 0. Then at (zg, to), we have

0=p; = — + aod;,
v (3.42)
Wy
0<pr=—.
w
Thus
w; = — apd;w, for 1<1<n, (3.43)

and
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0 >ap;; — ¢y

1, . a¥w;w; iy
— 2 (ae) 1
——(a Jwij — wt) — ) + apa Jdij

w w

1

- - 9 i
:E(a”wij - wt) + Oé()a”dij — aoa”didj.

At (z0,t0), rotating the coordinate (x1,z3,...,x,) such that

|Du| =u; >0, and {uaglo<a,p<n is diagonal.

21

(3.44)

(If ui(zo,to) = 0, then the gradient bound is easily to be obtained. As we can see

V(z,t) € Q x (0,T], p(x,t) < ¢(xo,t0) = apd(zo), we have

logw + apd < apd(zp), and w < e®0d(zo)

By the definition of w, we observe that (1 — Sp)v < w < 2v. So v is bounded.)

Then it follows that at (xg, ),

all = —; a* =1, for i>2; a7 =0, for
v
By (3.43), for ¢ > 1 we have
—apd;w = w; =v; + updy cos O + (dy, cos 0);ug
:Ukuki
v
=Skuk; + up(dy cosh);,

where we set
(e
Sk = — +cosfd, 1 <k<n.
v
Then, by (3.46) we have
Spug; = — u1(dy cos @); — wapd,;.
For ¢ = 1, it follows that
Skukl = — U (dl COS 9)1 — w()éodl,
and for ¢ > 2, we replace i by 8 > 2 to obtain

Srurg = — ui(dy cos)g — woypdg,

Siuig = — Spugs — ui(dy cosb)g — wapdgs.

+ cos Odiuy; + ui(dy cosf);

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Next we shall calculate %(aij w;; — wy). Firstly we differentiate w to obtain

w; — Uk + upidy cos 0 + ug(dg cos ); = Skug; + ug(dy cos ),
v

e (3.52)
=—— 4 cosOdpug = Spuks,

and
wij = k‘:}bk J 4 ukvuk] — ukuk:?’ Umj + g (di cos 8); + ug; (dy cos0); + ug(di cos 0),;
2
=Skuri; + kv A 1)13 LS Ugj(dy cos 0); + up;(dy cos 0); + uq(dy cos §);;.
(3.53)

Thus from (3.52) and (3.53) we have

ij 2
aupiug; Ui ij

aw;; —wy =Sk (auijE — uke) + Ty 3wty (3.54)
+2a" (dy, cos 0);uk; + uya* (dy cos 0)ij-
Since
aug + Av = uy, (3.55)
we have
IS gt — A (3.56)
p=2

Differentiating (3.55) in xy for k > 1, we have

.. .. Au1
auij — Uk = — ) UmkWi; — —, Utk (3.57)
Therefore, by (3.9), (3.57) becomes
ij 2 ij Au1
g = gy =—5 0" Uit — — =1
(3.58)
2u ii AU1
=—-augjur; — ——uk
v
Inserting (3.58) into (3.54), we have
Iy 2u1 aYupiug;  ud o -
aw;; — wy :—21a“5kukju1i 4k —éa”uuulj + 2a" (dj, cos 0);u;
v v v (3.59)

A g
— ﬂSkum +uia" (dy cos0);;.
v
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By (3.48), (3.51) and (3.55), we have

. 1 & - Au .
a"wi; — wy =2 Z “%B +2 Z(d/g cos)pugs — TlSkukl +u1a¥ (dq cos 0);
B=2 =2
d 0059
Zum+22 [(d1cosf)s ( B ) }um (3.60)
1 u 2u u 2u
v( Ulzl) [—ISkukl + 2(d; cos b)), 11 i ZSkukguw

In the following, we need to calculate the last three formulas in (3.60). By (3.56), (3.51)
and (3.49), we have

1wy U11 2U1

~(—%

s )2+ [—Skukl + 2(d; cos0); }

Z Skurguig

2 -
= [ Z upg + Av — ut]z + [%Skukl + 2(dy cos 9)1] [ut — Av — Z UB,H}

B=2
20y —
- v—; [u1(d1 cos8) g + wagds|uip
B=2
" 2ut 2u1w (3.61)
Zuﬁg 2 - —+ apdy — d1 cos ), Zu,g/g
2a0u1w -

2u2
Z dﬁSﬁUﬁﬁ - —5 Z(dl COs 0)5u15
B=2

2uqw

2 1
+ [U—Q(dl cosf); — 2 aody] [ur — Av] + " [Av — ut]z

200U W
51’02

> " dgur(dy cos0) 5 + wagdg).

B=2

Inserting (3.61) into (3.60), we have

aijwij — Wt = thﬂ + - ZUBﬁ +22 d@ COS@ S d/@S@]ulgﬁ

2 2 2
[QA — ﬂ + U1w050d1 d1 0059 Z ugp

2 o 2 o 1
+ v_?’;;ﬁﬂ + s ;22 [(dg cos8)y + (di cos ) g]uis + ;[Av - ut]2
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2 2 A
+ [F(dl Ccos 9)1 — Z;waodl} [ut — AU] + % [ul (d1 cos 9)1 + wa0d1]

200U w
511}2

Z ds [ul(dl cosf)g + waodg] +u1a” (dy cos 0)ij. (3.62)
B=2

Then inserting (3.62) into (3.44), we have

0 >a"pij — ¢

{ ZUﬂB + - ZU,BB—FQZ dﬂCOb@ ;’Uq dﬂS@]Uﬁg

2uy  2uqw 2
[2A77+ 7 aodl— 5 (dy cos ), Zuw+ Zum

n

2 1
+ Z [(dg cos )y + (dy cosb)g|uis + . [Av — ut]Q
B=2

2 2 A
+ [vfz(dl COS 9)1 — lewaodl] [ut — AU} + % [Ul(dl COS 9)1 + waodl]

200U W — - .
501,012 Z dg [u1(dy cos0) g + wandg| + uia (dy cos8);; + aowa® d;;
f=2
2 i
— owa did]}
1
:—{I+II+III}7
w
(3.63)
where
1 o 2 1= n
:;[Z“Bﬂ} T D ubs+2)  bsugs, (3.64)
B=2 p=2 B=2
and
1
by =[A - % “;_waodl — —5(dycosO)1] + [(ds cos0)5 + Soulwdﬂsﬂ} (3.65)

2 — 2 &
=3 Z u%ﬁ + e Z [(dg cos )1 + (dy cos@)ﬁ]um
B=2 B=2

1 & (3.66)

>— % BZ_Q[(dg cosf)y + (dy cos0)s]?

> = C(n,|D%d], 0]l 2 )v ™"
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and
1 2 2 2uw
T1T = [Av — )™ + [v_2(d1 cosf); — — aody ] [uy — Av]
Auq 20U w "
+ Y [ul (dy cos )y — waodl] + 507 [32_:2 dg [ul (dy cosf)s + waodg]
+ upa¥ (dq cosB);; + aowaijdij — a%waijdidj
1 2 2 2uiw
Z; [A’U — ’U,t] + [’Uﬁ(dl COS 9)1 — ’U12 Oéodl] [Ut — A’U]
Au1 3
+ T [ul(dl Ccos 9)1 + U)Oéodl] — C’(n, So, ‘D d|, ||0||C2(§))’U
2 _
> A% + A[ul 2 (dy cosB); + 3u1wa0d1 — 2ut]

v
— C(n, So, uo, |D?d|,[10]] o2 () )v-
(3.67)

Next we will estimate the term Z. It is easy to see that Z is a quadratic polynomial of
ugg, 2 < B < n. We will calculate the minimum of Z. Consider the function IR !
R defined by

_ 1 n ) 1 n n o
I(p)ZE(Z;pi) +;§p?+2;bim p=(p2, - ,pn) ER" . (3.68)

At the minimum point of I, we have

ol
B Op;

2 & 2 )
0 == Z;pj +opit 20, 2<i<n. (3.69)
1=

It follows that

ij =— %Z by, (3.70)

j=2 j=2
n v n
piz—ij—vbiZEij—vbi, QS’LSTL (371)
Jj=2 j=2

So inserting (3.70) and (3.71) into (3.68), we have

~ 1 n 1 n n n n
Imin:;[%Zbgf-i-;Z[% bg—vb5]2+z2b3[%§:b5—vb5]
=2 B=2 B=2 f=2 B=2

= [ b -0
p=2 B=2

(3.72)
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From (3.65), we have

Zbg nfl A*&‘FMO[odl 7(61100:9)1]
v
. (3.73)
+ [Z(dﬁ 6089 OU1w Z ngg
B=2
Then combining (3.65), (3.73) and (3.72), it follows that
n—1)v U UL w 1
Tnin = — %[A - ?t + 7&0(11 — U_2(d1 COS@)1]2
2v U U W 1 - QoUW
- =A- f + %aodl —5(di cos )] > [(dg cos ) + ﬁdgsg]
p=2
+ %[Z ((dgcost)s + gulwngg —v Z (dgcosb)s gulwnggP
B=2
27(n_l)vA272A(n_1)v[%aodl 1(dlcost9)1f&]
n n v v2 v
2A0 QoUW 2
i [(dg cos0)s + S0 ——54858] — C(n,uo, So,|D?dl, ||0]| o= 3y )v-
p=2

(3.74)

Inserting (3.74), (3.66) and (3.67) into (3.63), we have

0> a”p;; —

1 -1 2A(n —1 1
> _{ B (n )UAQ _ (n Jv [U1;Ua0d1 (dl cosf); — ﬂ]
w n n v v2 v
2Av &
-2 [(dg cosb)s + OulwdQSQ] + A%y
n Siv
p=2
ud —2 U w
+ A[ (dy cos )y + Taodl — 2ut]

— C(n,u0, So, | D*dl, 0]l o2 m))v — C(n, | D*d], 9||c2(§))v_1}

1 (A% 240 <& QoUW
> )27 27
> w{ - - [(dgcos)s + 510 dﬁSﬁ]
p=2
2
+ A[(ﬂ _ 1)(611 cos6); + = * 2Maod1 _ gut]
v v n

= C(n,ug, So, | D*d|, |0l| c2 ) Jv = C'(n, | D?d], 9||c2(§))v_1}
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1 (A%
> E{% — C7(n, uo, So, |D3d|v ||9||CQ(§)>U - Cs(n, |D2d|7 HgHCQ(ﬁ))}
1 (A% 2
> L2 ol D0 Wl o) (8.75)

where we have chosen f—; = Cr(n,ug, So, | D3d|, ||0]| o (@) and have used the inequality
(1 —=5p)v <w < 2v. Thus we obtain the gradient bound.
Thus we complete the proof of Theorem 3.5. O
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